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Abstract

Sigma models on semi-symmetric spaces provide the central building block for string theories on AdS
backgrounds. Under certain conditions on the global supersymmetry group they can be made one-loop
conformal by adding an appropriate fermionic Wess—Zumino term. We determine the full one-loop dilation
operator of the theory. It involves an interesting new XXZ-like interaction term. Eigenvalues of our dilation
operator, i.e. the one-loop anomalous dimensions, are computed for a few examples.
© 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Non-linear sigma models (NLSM), such as the famous O(N) or CPVN models, play an im-
portant role in high and low energy physics as well as mathematics. For a long time, research
focused on cases in which the target is a symmetric space, i.e. can be written as a quotient G/ H
of a (super)group G by a subgroup H C G that is invariant under the action of an involution
o0 : G — G, i.e. by an automorphism of order two. The AdS/CFT correspondence has brought
more general homogeneous spaces into the spotlight, including

PSU(2,2|4) /SO(I, 4) x SO(5) and SPO(2,2|6) /SO(I, 3y xU@3)
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which describe strings moving on AdSs x S° and AdSy x CP3, respectively. These spaces are
examples of so-called generalized symmetric spaces G/H. By definition, the stabilizer sub(su-
per)group H of a generalized symmetric space is left invariant by the action of an automorphism
o of order M > 2. Sigma models on such generalized symmetric spaces are not uniquely fixed by
the target space manifold since the G symmetry leaves us with some M — 1 dimensional space
of metrics. Additionally, it is possible to add 6 or Wess—Zumino (WZ) terms.

Since all the known relevant examples, such as the two displayed above, involve automor-
phisms or order four, we shall restrict to M = 4. The corresponding coset spaces G/H are often
referred to as semi-symmetric and their sigma models appear as a part of the world-sheet ac-
tion for strings in homogeneous AdS backgrounds, regardless of whether one works within the
Green—Schwarz [ 1-5], pure spinor [6] or hybrid formalism [7,8]. Only the choice of couplings
depends on which formulation of superstring theory is actually being used. In this paper we are
not concerned with the relations between the different approaches [9-14] and simply pick the
couplings in the action such that we recover the NLSM of the hybrid and pure spinor models. In
these cases, the metric conspires with a fermionic WZ term in order to make the action classically
integrable and the one-loop beta-function vanish [15].

The aim of this work is to study the spectrum of one-loop anomalous dimensions for one-loop
conformal NLSMs on semi-symmetric superspaces. Our analysis is valid for all such models,
compact and non-compact. In order to fully control the one-loop spectrum, one also needs to
enumerate possible vertex operators in the free theory. This is a problem of harmonic analysis
which will not be addressed in the present work, see [16], however, where the corresponding
issue has been solved for compact supercoset geometries. The analysis of [16] carries over to
non-compact cosets as long as the stabilizer subgroup H is compact and a generalization to
noncompact H is possible at least on a case-by-case basis.

Our results for the full one-loop dilation operator of one-loop conformal NLSMs on semi-
symmetric spaces will be given in section 4. For non-derivative fields (zero modes) the one-loop
dilation operator is given by the Bochner Laplacian, just as in the case of symmetric superspaces,
see [16]. For operators including world-sheet derivatives the results becomes more interesting.
In this case, the one-loop dilation operator turns out to involve an interesting new XXZ-like in-
teraction term that we introduce in section 4 and derive in section 5. The interacting spins take
values in space of tangent vectors to the semi-symmetric background. We shall also evaluate the
general formulas for fields involving two derivatives. In this case the dilation operator can be
diagonalized easily so that we can read off the anomalous dimensions.

The structure of the paper is as follows. In section 2 we will recall some facts of sigma models
on semi-symmetric spaces, focusing on the one-loop conformal case that appears as part of the
action in hybrid and pure spinor models. We will also present the one-loop expansion of the
action. In section 3 we briefly describe how to build fields for the model and we spell out the
leading terms of these vertex operators in the background field expansion. Section 4 contains the
main result of this work. There we describe the full one-loop dilation operator and we analyze
the anomalous dimensions for a particular subset of fields. The results are then derived in the
section 5. Auxiliary integral formulas, finally, are collected in an appendix at the end of the

paper.
2. Sigma models on semi-symmetric spaces

The goal of this section is to introduce and discuss the models we are dealing with. In the
first subsection we construct their action. Their background field expansion is the subject of the
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second subsection where we present all terms that are relevant for our one-loop computation of
anomalous dimensions.

2.1. Semi-symmetric spaces and the coset action

The models we are about to discuss belong to the class of sigma models on coset superspaces
G/ H with couplings chosen such that the beta-function vanishes, at least to leading order. Sym-
metric spaces, i.e. coset spaces G/ H for which the Lie subalgebra ) C g is fixed by a Lie algebra
homomorphism o of order two, are the most commonly considered cases, at least for bosonic
groups G. When G is a supergroup, it is natural to consider so-called semi-symmetric spaces in
which the denominator Lie (super-)algebra ) C g is kept fixed by a homomorphism o : g — g of
order four, i.e. o* = 1. Such a homomorphism determines a decomposition of the form

3 .
g:@)ga, Whel‘e Ulga = exp <%a>1 (1)
o=l

We shall also assume that g, is contained in the bosonic subalgebra g for « = 0, 2 while the
subspaces g, for o =1, 3 are contained in the odd part g7 of the algebra. As we have reviewed
in the introduction, semi-symmetric superspaces of this type play an important role, in particular
in the AdS/CFT correspondence.

Before we move on to the action of our sigma models, let us introduce some more notation.
It will be convenient to define the shorthands b := gp and m := @221 g« Furthermore, to each
component g, we can associate a projector Py : g — ¢ . For the projector onto the complement
of h we introduce the symbol

3
P=1-Py=) P, 2)
a=1

in accordance with [16]. Let us finally fix an invariant bilinear form (-, -) on g. We note that any
such form satisfies

(X,Y)=0 for Xegy,Yegg and o+ B 7#Omods - 3)

This fundamental property of the invariant form will be used frequently in what follows.
The action of our sigma models is defined on maps g : ¥ — G from the 2-dimensional world-
sheet X to the supergroup G [17]

R [d% &
Stgl="5 [ 5 (a0 (Pas. ) @
) a=1

where o’ := 4 — « and the currents j and J are defined as

J=glog, J=g¢"3g. 5)
Note that the action S is invariant under right multiplication g — gh by an H-valued function
h since P,h =0 for o« = 1,2, 3. By construction, the model is also invariant under a global left
action of G, regardless of how we choose the coefficients (couplings) p, and g,. Reality of the
action requires that

Do = po and o = —qq' - 6)
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Integrability and the vanishing of the one-loop beta-function imposes strong constraints on the
couplings. These have been worked out in [7,8,17]. In our analysis, we shall adopt the following
solution

po=qo=0,
pazl,qazl—%,fora=1,2,3 %

This choice reproduces the supercoset sigma models that appear in the pure spinor and hybrid
formalisms for string theory on AdS spaces [7].

2.2. One-loop action in background field expansion

For our one-loop computation of anomalous dimensions we need to expand the action to
leading order in the background field expansion. In order to do so, we introduce the coordinates

1:G/H— G, goe¢xr—>goe¢, ®)

where ¢ € m. The expansion of the currents ; in these coordinates is

1 1
J=Pe—¢3€¢=P[3¢—§[¢,8¢]+g[¢>,[¢,3¢]]]+~~ €))

and similarly for j. Let us introduce the notation ¢y := Py¢ = tJ ¢S, where 1t with a =
1,...,dim g, denotes a basis of g,. Note that the objects ¢, are Grassmann even by construction.
Hence, in working with ¢, we do not have to worry about the grading.

The projected currents P, j that appear in the action can now be rewritten as

1 1

Paj=0¢u—5 D l#p. 00 ]+¢ D [op. [oy. 00]] 4+ (10)
Bt+y=a Bt+yti=a
B.y#0 B.y.86#0

Inserting this expression into the action (4) and expanding S ~ Sp + S1 up to the leading non-
trivial order in the coupling we obtain

3

R? [ d?z _
So=7f72pa (0¢ha, Iepar) (11)
b)) o

=1

for the tree level (free) action and S; = S} + S} where the symmetric part of the one-loop
interaction is given by

. R* [d? 3 i )
Si:T/ nZ[ > %{—(aqba,[d),g,a¢y])_([¢ﬁ,3¢y],3%)}
b a+p+y=0
+ 2 p—g{(a%,w,[¢y,5¢s]])+([¢ﬂ,[¢y,3¢5]],5¢a)}
a+p+y+6=0
£ 3 Be(lp. 00, (03, 50 ], .
o Bty=a
S+e=a’

while the antisymmetric part takes the form
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=S [ X T 00u s 50 ) + (96 04,].500)

v
> a+p+y=0

Y B0 [0 (8. 305]) — (85 [8y . 005]).30) )

a+p+y+5=0

22 Gles00].[95. 50]) | (13)

o B4y=a
S+e=a’

From the tree level action Sy in eq. (11) we read off that the free two-point correlation function

is given by

2 dim gg
S . (14)
a=1

(=pl
——5—log

(e (2.2) ® dar (w. W))o = —— »

—w
€

In our conventions (¢, 1%) = n® and t* = 5?1, In passing we note that the two point function
between a holomorphic and anti-holomorphic derivative of the fundamental fields contains a
contact term,

B B B (_l)lal 5 dimga , ,
(0 (2, 2) ® Do (w, D)), = R S G w doen . (15)
o a=1

These need to be taken into account if one or both of the insertion points are integrated over, see
below.

In our analysis we shall split the one-loop terms of the interaction into three vertices and four
vertices,

d?z _ _
S = / @D+ D) (16)

Once again, we can then split these vertices into a symmetric and an antisymmetric part, i.e. 2, =
2}, + 2. If we consider the one-loop conformal case (7), the previous expressions simplify
drastically. In particular the first row of eq. (12) cancels so that

Q(z,2) =0 (17)

and the first row of eq. (13) is

R? _
A== D T Guta)06 [¢p, 06/ . (18)

a+p+y=0
For some of the calculation we go through later is will be useful to see this interaction explicitly,
2

R 1 - 1 _
Q3(z,2) = 7{ - 5(3¢>1, [¢2,091]) + 5(3¢>3, [¢2, 0¢3])

1 - 1 -
- 4_1(8¢2’ [¢1,9¢1]) + Z(8¢2’ (93, 9¢3])

1 - 1 -
= 2001101, 9¢2]) + 7 (943, [43. I} - 19)
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In some calculations we will modify the vertex €23 by adding a total derivative. This can simplify
the expression significantly. One example is given by the following modification of the three
vertex,

2

R - _
QY =3(z, D) + ?3(@2, [f1,0¢1]) — (62, [¢3, 33]))

R?_
+ ?3((3451» [¢1. $2]) — (3¢3, [$3. $2]))

R? - R? -

= —7(3¢>1, (92, 9¢1]) + 7(3¢3, (92, 9¢3]) . (20)

In order to spell out the four vertex €24 we make use of the following simple equality
@, [dp. (8. 0051 = ([$y . [0p. I¢all. 0bs) = —([dp. Dal. [y, Ip5]) - 1)

This allows to bring €24 into the form
R? Pa+p Pa do — 45 qa+p =

Q= — _fx 1o B 22
4= a+§_0( T —+ )([¢ﬁ,a¢a],[¢y,a¢a]) (22)

which concludes our discussion of the action and in particular the various interaction terms.
3. Coset fields and their expansion

Our discussion of fields splits into two parts again. First we will review the construction of
vertex operators for coset spaces G/H, see [16,18]. Then, we expand these operators up to the
first non-trivial order in the background field expansion.

3.1. Vertex operators in coset models

As explained in [16,18], vertex operators for coset models are composed of a zero mode
contribution and a tail of currents. The latter contains all the derivatives.

The zero mode factor of a vertex operator is associated with a square integrable section of a
homogeneous vector bundle over the coset. The bundle depends on the tail of currents, see below.
Following the notation used in [16], we will denote the space of sections by I'y, where A labels
a representation of the denominator subgroup H C G and hence a homogeneous vector bundle
over G/H. The space of such sections can be obtained as

. =Tx(G/H)={F € Ly(G) ® S, : F(gh) = S$,.(h"")F(g) Vh € H) (23)

where S, denotes the carrier space of the representation S, of H. For the associated vertex
operators we use the symbol

Var(z. ) E VDA 2 for Dy el . (24)

Let us note that the space of sections I', of a homogeneous vector bundle on G/H carries an
action of the global symmetry (super-)group G. Under this action, the space I') decomposes into
irreducible representations. The latter are labeled by A. How many times any given A appears
within I’ can only be determined with the tools of harmonic analysis. When both G and H are
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compact, there exists a universal formula for the multiplicities, see [16]. However, the count-
ing of fields is an issue that can be treated separately from the computation of their anomalous
dimensions.

In addition to the zero mode factor, vertex operators also contain a tail factor composed of
currents and their derivatives. For these we introduce the compact notation

-
(D=2, (25)

p=1
with a multi-index m = {m, ..., m,} such that m, > m 1 > 1. The definition of j is analo-

gous. Note that these composite fields transform in (a subrepresentation of) the tensor product of
the r-fold tensor product of the b representation m = g/b.

Let us now assemble the complete vertex operators from the zero mode factor and the tail of
currents as follows

_ _ _ def _
DA, D =i (Var ® m @ Jm) (2,20, AS (A, A, 1, 1) . (26)

This formula contains one new ingredient, namely the intertwiner d which ensures that @4 is ac-
tually invariant under global H transformations, as it has to in order for it to represent a physical
operator of the G/H coset model. The intertwiner d is itself composed of several pieces,
def
i = Cun(1®pu ®pa) - 27

Here, c denotes an intertwiner between the triple tensor product of the representations [A], [u]
and [1] of the denominator algebra h and the trivial representation on the complex numbers, i.e.

MA@ R — C. (28)

The maps p project from a (partially symmetrized) tensor power of the representation m = g/h
down to the irreducible representations w and i of the denominator algebra b.

In our discussion below we shall often suppress the g and h representation labels A, A, u, fi
and simply write

PA(z,2)=d oV m® jm - (29)
3.2. Background field expansion of vertex operators

The one-loop expansion of a general coset field around an arbitrary point goH may be written
schematically as

Pa(z, 21 g0)=do (VO+VvD N (@ +,0. )oY+ -). (30)

Let us spell out concrete expressions for the various terms in the expansion. For the zero mode
contribution V,; = V the leading terms in the background field expansion read

V =Dan(80) — La(Adg,¢(z,2)Dan(g0) + - -+ (31
VO£ 3 VOt (32)
a=1,2,3

Here, L 5 (X) denotes the right invariant vector field that is associated with an element X € g, see
[16] for more details. By definition, V(@ is the constant term in the expansion around go.
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Similarly, we can also expand the tail of currents. For the current ; one finds that

1

J=00—5 > g 90y ]+ .
B+y#0
B.y#0

Note that in the case of symmetric spaces, i.e. when the index « runs over o = 0, 1 only, the
leading nontrivial term vanishes because the sum of 8 =1 and y = 11is 8+ y = 0 mod 2. Hence,
while this term did not appear in [16], we need to consider it in dealing with semi-symmetric
spaces. When the expansion of the current is inserted into our expression (25) it gives

.
=10+ 50+ =Q) e
p=1

r k—1 r

—Z@a"’w@amk—lB > [¢ﬂ»3¢7/]:|® & 8"9...
k=1 p=1 B+y#0 o=k+1
B.y#0

and similarly for the tail factors jm in which all the unbarred labels m are replaced by barred
ones and antiholomorphic derivatives d appear instead of the holomorphic ones.

4. One-loop dilation operator: summary of results

Since the computation of the one-loop dilation operator is a bit involved, we shall state our
results beforehand and also apply the formula to one set of operators that includes the sigma
model interaction. This will allow us to re-derive the vanishing of the beta-function for the models
under consideration.

4.1. The one-loop dilation operator

It is useful to begin with a short description of the space of states which our dilation operator
acts upon. As one may infer from the discussion in the previous section, this space is constructed
out of two building blocks. To begin with, the zero mode term in our vertex operators contributes
a factor L2(G) of square integrable functions on G. Recall that the space L,(G) carries two
commuting actions of g. After restricting the right action from g to the subalgebra f we obtain

Ly(G) =PTi(G/H)® S,
A

which describes the decomposition of L, (G) into g left and § right modules. The second building
block of the state space is the familiar h module m = g/ which comes with the currents. From
these two elements we can construct

Hpr = (L2(G) @m® @m®)" = DT (G/H) ® (S, @ m® @m®)” (33)
A

where the superscript ) means that we project to the space of f) invariants. The space of all vertex
operators with naive scaling dimension (hg, o) = (n, n) has the form

7—[(”"3) = @ |:Z pi(n—r)+ Z[’l(ﬁ - F):| Hr 7 (34)

r;r LI=0 =0
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where p;(m) denotes the number of partitions of m that have length /. These multiplicities arise
from the placement of derivatives in the tail of currents.
We will now construct the 1-loop dilation operator from an ) invariant operator on the space
L>(G) @ m"” @ m’. It consists of three separate pieces,
D1 loop Hh + Hht + Htt . (35)

r,r

The first term acts on the zero mode factor only and it is identical to the so-called Bochner
Laplacian for sections of vector bundles,

b — Casy —Casy, .

Let us stress that this operator acts only on L2(G) = @D, I''(G/H) ® S), where = is an iso-
morphism of a g left and an b right module. In particular, the second term acts through the right
action of § on functions.

The second term in our dilation operator (35) describes an interaction between the tail of
currents and the head. It reads

Z(( D+ Qay)R(1e) ( Z(( D¢ + Quy)R (1) (1°)"

p=1 p=1
where R(t.) denotes the right action of elements 7. € g on L>(G). The indices on 7. € g,, indicate
that the generator acts on a component of the pth current that lies in the subspace g, C m. Finally,
we have also introduced

Oup =qa + 48 — Go+p - (36)
Note that the action of H™ on vertex operators induces transitions between different vector bun-
dleson G/H.

The most interesting contribution is the tail-tail interaction term. It consists of a sum of pair-
wise interactions between left- and right moving currents. The interaction terms resemble the
XXZ Hamiltonian for spin—spin interaction, at least when written in an appropriate form. Let us
recall that the XXZ Hamiltonian can be written as

H*? = 6" Q06 40" Q0" +Ac’®c*=(1+A) I +P)+(1—A)K .

pair
Here, the o are Pauli-matrices, / is the identity on the tensor product of two spin representations,

P the permutation and K the projection to the spin zero subspace. Similarly, we now define three
operators on the tensor product m ® m that are somewhat similar to 7/, P and K,

abcd — (—1)lelial pai fc 37)
z’,é;",s (=Dl pedr ety (38)
Hgg% (—1)lbl+lld] paci fbd (39)
Here, the Greek letters run through «, --- =1, 2, 3 and the corresponding Roman letters a, ...
run through a basis of gq, ... ." Let us also stress that the index i runs over a basis of g. In terms

of the operators X, A and H, we can write tail—tail interaction terms as

' To be fully precise we should actually let Greek indices run over irreducible subrepresentations of the b action on
m and the corresponding Latin indices over a basis of these irreducible subspaces. We think of these additional (finer)
projections as being implemented implicitly.
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r,r 3
. - 1 . 5 1
H'= 3" 3 5 (Purs + (D005 0,5 ) X055 + 5 (Pucss +
p.p=la,..,s=1

. 5 1 . 5
+ (D119 0450,5) A% 5 = 3 (Paty + (D100, 055 ) HI

+ (24 Quy — Ops) Hygys
Note that all three contributions to the operator (35) commute with the action of h on L>(G) ®
m" " and hence the sum descends to a well-defined operator on the space (34) of vertex operators
in the sigma model.

Let us conclude with two remarks on the validity of our formula (35) of the dilation operator.
We want to stress that the expressions we provided also hold for non-compact semi-symmetric
spaces, such as AdS geometries. In those cases, the zero mode spectrum is continuous and that
allows us to analytically continue the results beyond L, (G) to some non-normalizable functions
on the target space. Thereby, the formulas can also be applied, e.g. to the Noether currents of
the global g symmetry which involve functions on the target space that transform in the adjoint
representation.

Finally, while the formulas are derived for semi-symmetric spaces, they can also be applied to
symmetric spaces in which the denominator algebra b is left invariant under an automorphism of
order two rather than four. In that case, only the zero model Hamiltonian H h and one term from
the tail-tail interaction H™, namely the term 2H(f/§’y s> can contribute, and we recover what has
been found in [16]. Let us stress that our analysis here assumes that all elements in a subspace
g are either bosonic or fermionic. The investigations in [16] were a bit more general in that they
did not impose such a condition. In fact, for many interesting symmetric spaces the subspace g
contains both fermionic and bosonic directions.

4.2. Example: marginal operators

As an example, let us consider the subspace of operators of naive dimension (#, ﬁ) =(,1
whose head is a constant function on the semi-symmetric target space. In this case, the contri-
butions from H" and HM vanish trivially. This implies that the space of such operators does not
mix with operators whose zero mode factors are non-trivial. To be even more concrete let us pick
the example of AdS5 x S° in which the space m decomposes into four irreducible representations
of the denominator subgroup. These are the fermionic subspaces g; and g3 along with the direct
summands of g» = go+ @ g, that are associated with tangent vectors of the sphere > and of
AdSs, respectively. It follows that the space of f invariant operators is spanned by the following
four basis elements

(1. 73) > (25 J2+) s (2= J2-) - (U35 J1)) (40)

From these fields of naive scaling dimension (Ao, ho) = (1, 1) one can build the kinetic operator

3 _ _ _ 1 _
=3 U1, J3) + oty Jot) + (G- J2-) + 2 (3, J1) - (41)

This is the combination of marginal operators that appears in the integrand of the action. In order
for the AdSs x S° sigma model to be one-loop conformal, the operator £ must possess vanishing
one-loop anomalous dimension. Using the results we sketched in the previous subsection we
shall verify that £ is an eigenvector of our one-loop dilation operator with zero eigenvalue.
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In the basis (40), our one loop dilation operator acts as a 4 x 4 matrix whose elements are
quadratic in the structure constants. The matrix elements can easily be worked out from the gen-
eral formula for H" with p = 1 = p. Each matrix element corresponds to a specific configuration
of the parameters «, B, y, 8. After inserting the values of p, and g, from eq. (7) it turns out that
the matrix elements are all given by ==C where C is the value of the Casimir element Casy in
the representation g,+ of the denominator algebra h. More precisely, using the relation

Faa Fpe"n"™" =0 42)
which holds for all Lie superalgebras g with vanishing dual Coxeter number, one finds that

0 1 -1 0

1-loop __ . -1 1 0 1
Diim=C-11 o -1 -
0o -1 1 0

It is now easy to verify that the vector (3/2, 1, 1, 1/2) is indeed an eigenvector of the dilation
operator with vanishing eigenvalue, as we anticipated.

Similarly one can also analyze the anomalous dimensions of operators V., with naive scal-
ing weight (hg, ho) = (1,0) with A the adjoint representation of g. Once again there are four
vertex operators of this type and the dilation operator can be worked out easily. In this case it
receives contributions from the Bochner Laplacian and the head-tail interaction H". The dila-
tion operator can be shown to possess an eigenvector with zero eigenvalue, corresponding to a
component of the conserved Noether current of the theory.

5. One-loop dilation operator: the derivation

Having stated the main results we now want to go through our calculations. These are a lot
more involved than in the case of symmetric superspaces since the action we consider here con-
tains many new terms that have no analogue for NLSM on symmetric spaces. The section begins
with a brief outline of the computation. Then we dive into the details and evaluate all the various
contributing terms.

5.1. Outline of the computation

The one-loop anomalous dimension éh = §he of a field @ appears in the coefficient of the
logarithmic singularity of the two point function at one-loop, see e.g. [16] for a detailed discus-
sion,

2

(@A, u) ® Pz (v,V))) = (26h - Py (u, i) ® Pz (v, V))g log +oe

u-—v

The correlation function on the right hand side is evaluated in the free theory, i.e. by performing
Wick contractions with the propagator (14). By definition, the one-loop correlation function on
the left hand side is obtained as the leading non-trivial term in

(@A, u) @ Pz (v,v) =

= [ dutaom (@rti g ® 020,51 e S), 3)
G/H
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where the subscript ¢ stands for ‘connected’. When counting loops, recall that each propagator

carries a factor 1/R? and each insertion of the interaction produces a factor R2. The one-loop

contribution contains all terms that are suppressed by a factor 1/R? relative to the tree level.
Expanding the two point correlation function (43) to one-loop, we have

(DA, i) @ Dz (v, D)) = / du(goH)d@d(Iop+ 11 +...) , (44)
G/H
where
h=(V" e Y we Y wev® e wwe o) . (45)

Here we used the schematic representation (30) and the fact that derivatives of the fundamental
field are (anti)holomorphic in the free theory. In order to have a non-vanishing tree level result,
the total Z4 grading of all currents ; and their derivatives has to vanish. The same condition must
be satisfied for j and all their derivatives. One may note that this simple selection rule ceases to
hold at loop level, at least on the face of it.

Let us now turn to I;. As we noted above, the R~2 corrections to the correlation functions
are collected in 7. There are a variety of different terms. To begin with, there are three different
terms in which no interaction term appears. In order to produce the desired factor 1/R?, these
must involve one additional Wick contraction compared to the tree-level term. This contraction
can either involve the two zero mode factors (case A), or two fields from the tails (case C)
or one field from the head and one from the tail (case G). Next, there exist several terms that
involve one interaction term. If the latter is given by the three vertex €23, then we must expand
either a zero mode factor V (case F) or a tail j (case D) to the leading non-trivial order. Terms
involving a single interaction term €24 contain two additional Wick contractions compared to the
tree-level computation and hence also contain one factor 1/R? (case B). Finally, we also have to
consider one type of contribution with two interaction three-vertices €23 since these contain three
additional Wick contractions compared to tree-level (case E).

The quantity /; is obtained by summing all these different contributions, i.e. Iy = ) Iy where

I _<V(1) ®J(0) ®J1£?>u ® VD ®J(o> ®Jl(1?)v> (46)
:<V(0) ® 50, ®J1‘E?)u 2V ;9 ®-]l(1?)v 04) (47)
1 =(V? © 10 @ 1 @V @ 1), @ 7)) (48)
=<V(0) ® 10, ®J1£?)u ® VO ®J(o> ®Jl(1?)v 03) (49)
:<v<0> ® 10 ® T ® V¥ @ 10, @ T 202> (50)

<V<1> ® 59, ®J1(r?)u V0,0, ®]$)v 03> (51)

Ik <V(1) ® 59, ®in?)u AR FI0] ®J.§?)U> (52)

Here, the subscripts u# and v label fields that are inserted at (u, u) and (v, v), respectively. We
have introduced the following shorthand notation for integrated interaction vertices

d? d2
—/—Zszg(z,zx O4=—/—ZQ4(Z,Z)~
T T
C C
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Note that we included the minus sign from the exp(—S) into our definition of O3 4. Similarly,
we also put a factor 1/2 into our definition of /g because this term arises from the second order
term in the expansion of exp(—S). We have to consider /3, I}, and I, with v =1, 2, 3, 4 that are
given by all the possible combination obtained by expanding one of the elements in the first field
(V1, J1, J1) and one of the elements in the second field (V3, j2, j2).

We would like to stress again that, unlike in the case of symmetric superspaces, the one loop
dilation operator for semi-symmetric spaces does no longer act diagonally on the basis of fields
we have selected. The diagonal terms of the dilation operator are obtained considering those
pairs of fields from our basis that possess a non-vanishing tree level two-point function. We shall
see that these diagonal terms are formally identical to Z, case, at least after all cancellations are
taken into account. The existence of off-diagonal entries in the dilation operator is quite crucial,
however. As we have seen at the end of the previous section, for example, these terms conspire
to make the one-loop anomalous dimension of the action vanish.

5.2. Detailed calculation of cases A-G

5.2.1. Contributions from case A

In this case the result is the same as for symmetric spaces. It is determined by the logarith-
mic contribution from /4. Since the only logarithmic term arises from a contraction of the two
dimension zero fields ¢, without any derivative, the only expression that needs to be evaluated is

/ du(goH) (V“)(u, eV @, 1'))) =
G/H
2

=R 2log u-v
€

/ du(goH) [Casg — Casg] VO g yO 53)
G/H

The details of the calculations can be found in subsection 3.2.1 of [16]. Note that it is impor-
tant here that we chose the parameters p, = 1. Beyond this conformal case, the results takes a
more complicated form which cannot be written in terms of Casg‘ - Casg. Hence, while it was
very easy to compute the corrections to the scaling behavior in symmetric spaces beyond the
conformal case, see [16], a simple extension to non-conformal semi-symmetric spaces does not
exist.

5.2.2. Contributions from case B
Let us now turn to the more interesting case B and analyze the following integral that is
contained in it

Iy =~ f @z (1) @ ® 7@ © 11 ) ® 13" () (2. 9) (54)

Ce

0"

Compared to the original /g we just dropped the group theoretic factor that is associated with
the zero modes. It may be reinstalled easily.

While an integral similar to I also appears for symmetric spaces and was computed for
these in [16], we now have to pay attention to the grading and the coefficients, in particular the
nontrivial g, in the action. As a result, while a subset of terms turns out to reproduce those
found for symmetric spaces, we shall also find new contributions that have no counterpart in the
previous computation. To begin with, we can rewrite the quantity (54) in the form,
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—_II. |: Z < (0)(14)@](0)(14) ® ]nd)(v)®](0)(v)>

15,6=

d2Z m amj - n ang = =
®/7<8 o) ® 0" (1) ® 3" p(v) ® 3" P (V) Q4(Z,Z)>O . (55)

Ce

Here, ],(,?: denotes the tensor product (32) of currents with the p-th factor removed and we intro-
duced a permutation IT that acts on a tensor power of m, see [16] for details. In evaluating I B We
insert the representation (22) for the four vertex €24.

Let us begin with a general statement and consider the integrand of eq. (55) with some definite
choice of Z4 grading for the currents,

= (0" ¢() ® 8795 (1) © 3", (v) © "5 (D) (9. 0by ). [9p. B, ]) (2. D) .

We can now split the symbols ¢, = t,¢4 into products of fields and generators. Moving all
generators to the left of the fields and outside the correlator, we obtain

T = (= )lal+lalibl+blFelidl _qyhl+Iglhl+HgHel fly @ 1 @ 1. @ 14
x (amqsz(u)é%z(ﬁ)aw; ()35 (0)($£00] 6582 (2, D) [, "fgh,-)o : (56)

We observe that the sign factors we picked up while moving the generators past fields cancel
in all terms that are allowed by Wick contractions. After inserting the resulting expression for
the integrand Z back into the Iz we can perform the integration with the help of the following
integral formula that we derive in Appendix A

d? albleld!
/ T (2 —w)atl (=P E — )t — o)t

2 (=1D)*(a+b)(c +d)!

(u — v)a+h+l(,; _ 5)c+d+1

u—v

=2log + non-log. 67

€

If we take all possible Wick contraction schemes into account and make repeated use of the
properties (7) of our parameters we obtain

r r

2 0 0) (0)

13=n-[2 P (J,E.j<u>®1 (@) ® Ja) () @ Ty, (v))
p,0=1p,0=1a+B+y+5=0

2

U —
® log | —— fmprﬁ/;ngﬁ(, (U, )t @ty Qt: Rty

+
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1
+ (— + Pt @ —ap+ay —%))( 1)"*""X“b°d)] +non-log,

Pats 1 :
S @ —aptay - cm) (=Dl Aghed

4 1
x (— (—5 + Paty = 3a —dp+ay — ) + qa+y) (=Pl s
2
3
2
3

2



356 A. Cagnazzo et al. / Nuclear Physics B 906 (2016) 342-366

where we introduced the following convenient shorthand that will appear frequently below,

(=)™ (m 4+ n — DI+ — 1)!
RO(u — vyt (ii — oy t7

Smmna (u, v) = (58)
In addition we have used the matrices H, A and X that were defined in eqs. (37)—(39). It follows
from the Jacobi identity of the Lie superalgebra g that these matrices obey,

_(_1)\C|+|d|+\c‘| |d|[_[06ll/{57)¢;d(S — (_1)|b\+|d\Aglf?}¢)‘/ﬂg + (_1)‘C|+‘dlxé’z§§/‘g (59)

so that we are able to bring our result for I into the following form

r r

[g=T1- [ XYY (mweigde lwe o)
p,0=1p,0=1a+p+y+6=0

2

® log Tmpimsngiis (s Vg @ty @te @ g

u v
€

1 > ~ -
X ((2 ~ Paty +5(Qay — Qﬂ3)> (—Dleiditlerid] gaped
+ %(_I)WHWIAZZ% + %(—1)":”ng§%>:| + non-log. (60)

In order to read off the contributions to the dilation operator we still have to reexpress the function
f(u, v) through currents. This is possible and in the process we actually absorb all the sign
factors that appear in front of the matrices H, A and X. As an example, let us consider the terms
involving H and observe that

(07 0u ) ® 875 @) © 0", (1) © 8 45D) =

sc,a’ad,b’
PaPB

= (=DlalblFlal+ bl ) 1, @ 1y @17 @17 (61)

once this is inserted into our expression for I, we can read off the corresponding contribution
to the dilation operator from the coefficient of the tree level correlation function. For details we
refer to section 3.2.1 of [16]. A similar analysis may be performed for the terms involving A and
H . In these cases, the relevant correlation functions are

(070 ) ® 37 95i) © 87, () © "5 (),

and
(070u ) ® 0", () © 8" 8@ © 8¢5 (D)), -
We leave all details to the reader. The general conclusion is that the factor f(u, v) along with

the grading signs in front of H, A and X are absorbed. Similar comments apply at many places
below even if we refrain from stressing this again.
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5.2.3. Contributions from case C

Next we need to compute the part of the one-loop correction that arises from the expansion
of the currents. In our discussion we shall work with the component fields ¢; := (¢, #;). When
written in terms of these component fields, the subleading part of the current becomes

1 .
)V =2 11 bi0g

Here i, j and a run over a basis of the quotient space m = g/b. In this case we can divide the
discussion in diagonal and off-diagonal contributions. We call diagonal those contributions that
do not cancel at tree level, i.e. come from correlation functions of two fields that have comple-
mentary grading of the (anti)holomorphic tails.

Diagonal contributions. In this case only one type of terms appears which looks as follows
@D ea" ) =
(— 1)m+|a|
T 4Rd

2 m+n+ 1)
(u _ v)m+n+2 f

u-—v

iju Hnin it ® 12 + O(e). (62)
€

Similar contributions arise from the anti-holomorphic currents. If we take into account that the
Killing form of G vanishes by assumption and then compare with eq. (5.8) in [8] we can identify
the combination of the structure constants that appears in the previous expression with the Ricci
tensor of the coset space, i.e.

£ M ninji = 4Ry (G/H) . (63)

Below we shall see that a similar term involving the Ricci tensor also arises from case E. The
latter actually cancels the contributions from case C.

Off-diagonal contributions. We take an example. From case C we have two possible contribu-
tions, that contribute equally, namely

1 g __
X = (0" 6300 ® 62, 8761 | @) @ [82. 0"61] 0. D) © 3765 (D))

and

~ 1 _ - -
X =292, 9"1] (. © 5703@) @ "3 (1) ® ¢ 371 | (0. D)) -

In both expressions we have moved all the derivatives into the commutator, using the fact that
terms in which derivatives act on the non-derivative field cannot give rise to logarithms. The sum
of the previous two quantities is easily seen to give

2

5 1 A .
X+X=—-log t3i®f3j®l3k®l3z<[t{,t{],[tf,ti])x

2
X fmni (4, v) + non-log. (64)

u—v

€

The results of this analysis can be summarized through the following expression for the off-
diagonal contributions to /¢,
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r r

Foff 0 -(0) - 0 -(0) =

7o =n-[ Y Y (Reweiloeweilo)
p,o=1p,c=1a+p+y+5=0

2

fmpn_fl;,naﬁ;, (M, U)

u—

®

log

Pa+y
2

X 1q @ty ® fe @ tg(— )/ ""H;’,é’;‘é} (65)
where we introduced py 4, to implement the fact that these terms are off-diagonal.

5.2.4. Contributions from case D
In the calculation we shall make use of the following integral formula

/dzz 1 B
7 (z— x)a+1(z _ i)b'H(E _ )-,)c+l -
Ce

— Ya

)bt In|x=2|?
il (“C) il IV (66)

a! c (x — y)b+c+l
This formula is derived in Appendix A. Let us point out that logarithmic singularities only exist
when a = 0. This implies that most terms that appear in the evaluation of case D do not contain
any logarithmic divergencies. Having made this observation, let us discuss the contributions from
Ip. Once again we shall distinguish between diagonal and off-diagonal contributions.

Diagonal contribution. Recall that 23 = Q4 and that we can add a total derivative in order to
bring QF into the simple form Q' This is the form we shall use. We address the two terms of Q7'
separately. Given our introductory comment, there are few terms that contribute. The following
integral is an example

d*z m+1 — n+l1 3 -
/7<[¢3,a 92| (. ) @ 0" $3(0) (91, [ 82, B D (2, D) =
Ce

(_1)m+l n

R4

This term is actually canceled by the following contact term

u—vl? m+n+1)!

(u _ v)m+n+2

e [l‘zi ) t3j] ® [té, tlj] + non-log. (67)

d*z m+1 P n+1 3 =
f7<[¢z,a 63| (. ) @ 0" $30) (91, 182, B D (2. ) =

C.
1 dZZ u—z 2 2 : i
—Faga;"/71n e =20, )@, ] =
(=)™l —v 2 m4n+ 1) .
_ 7 In - ( —oynini2 [tzl- , tgj] ® [té, L5 ] + non-log. (68)

A similar cancellation occurs if we consider terms in which the current at v is expanded and the
second contribution of Q' employed in the contractions. Following this reasoning one may see
that all diagonal contributions for case D cancel each other.
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Off-diagonal contribution. In this case we shall work with the generic expression (18) for 3.
First we consider the expansion of one of the holomorphic currents

d*z m+1 A+l _ n+1 A+l -
/7«[@,8 6o | @™ ) (0, 1) @ ("', @ 57 9) (v, D)

Ce
X (3¢p, [py, 00D (2, 2)) , (69)
from this we get
1 u—vl? . . )
— 3 Qpa10g| | foina (4, V) ta ® 1 ® te @ 14 (= DI Fgged (70)

and similarly for the expansion of the other holomorphic current. If we consider the expansion
of the anti-holomorphic current we obtain instead
2

u—v
Fonsinit (4, 0) ta @ 1y @ t @ tg(— 1) IHAIFI ] praped (71)

1
+§Qay10g
Summing all the contributions we find
SRS B A ) © 0 ©
Beyml X Y Y (mwepeewei)o)
L p,0=1p,6=1a+B+y+5=0

_ 2
(Quy — Qpp)log | “—2
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la ® 1y ® e @ tg(—1)|THAIHE stg;%} . (72)

This contribution is antisymmetric in fields of grading 1 and 3 and it is identical to the antisym-
metric contribution from case B.

5.2.5. Contributions from case E

Let us now address the final case with two insertions of the vertex €23. Recall that in a theory
with vanishing one-loop beta-function, the three vertex is purely antisymmetric, i.e. Q23 = Q5.
To ease the calculation we added a total derivative. Throughout this section we shall use the three
vertex 7', as we did before.

In the calculation we have two types of terms. The first type consists of contributions which
involve two contractions between the two 23 and two more contractions between the vertices
and two currents. These only contribute to the diagonal part. On the other hand, we can also have
terms in which there is a single contraction between the two vertices and four contractions with
the tails of currents. We shall argue that the first type cancels the contributions from case C while
the second type contributes new terms to the dilation operator.

In the case of two contractions we get only terms that contribute to the diagonal part of the
anomalous dimension.

1 d2 d2 _
8 / B / (0" 6200 © 0" g2 (1) @1 192, B D (2. ) X

Ce Ce _
X (063, [¢2, 3¢3])(w W) =
—nm —v (m+n+l)
iy nl“ - T )m+"+2f [k L nikn jit$ ® 2 4 non-log. (73)
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Here we have inserted the first term of Qg“ at (z, z7) and the second term at (w, w). The opposite
choice turns out to give exactly the same result so that we get a numerical prefactor —1/4 in place
of —1/8 after summing both contributions. We see that the result cancels against the contribution
from case C for a and b labeling basis elements of g3, i.e. when |a| = |b| = 0. In evaluating the
relevant integrals, we have used the formula

/ / T < X < Z l,L
’

__/il 1 1 In|
o T (Z2—=x)@E-y2GE-)) (x—yiE—7)?2

&

and derivatives thereof. This can be derived using formulas in Appendix A. We can perform a
similar analysis in case the currents from the tails possess odd grade rather than even. The result
is

1 [d2 42
_/ _Z/ nz<8m+l¢1(“>®3"“¢3(v>(8¢1 [$2. 311)(z. 7) x

8 T
Ce Ce
X (3¢3,[¢z,5¢3])(w w)), =
(=n" Pmtn+)
= grs 1n - @ v)m+n+2f’ fkbn,knjztl ®t3 + non-log. (74)

In the process we have used the integral formula (89) from Appendix A. Once again, the result
cancels the contribution from case C.

Let us then turn to the second type of terms in which we have four contractions between
the vertices and the tail of currents. As above, we illustrate the computations with a concrete
example,

—/—/ - (3™ 1 (1) ® 3" pa(it) ® 8" 3 (v) ® 3" o (V) x

8 T
Ce Ce
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If we insert the second non-trivial term in Q%' we obtain an identical contribution so that we just
have to multiply the right hand side of the previous formula by a factor of two.

There is another qualitatively somewhat different example we want to consider in which the
only contraction between the two vertices is a contraction between non-derivative fields. This
happens e.g. in

1 dzz d2 m m n n
—/7/ — (0910 ® 0791 () ® 0"3(1) © 9" $3(D) x

8
Ce Ce
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1 u—nvl?
= _Zln Smmni (U, v) X
X1 ®11; @ 13 @13 ([t{ , tf] [t§ té]) + non-log. (76)

This and similar terms can be evaluated using the integral formula (88). Off diagonal terms are
evaluated similarly and all the relevant integrals can be found in Appendix A. The final result
reads
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5.2.6. Contributions from case F and G

These two cases turn out to contribute only off-diagonal terms. Contributions from case G are
symmetric in the exchange of the grading 1 and 3, those from case F are antisymmetric. Note that
these contributions appear only if all the fields in the tail of the two fields have complementary
grading except for one. This means that from these terms we read the off-diagonal entries of
the dilation operator that, at one loop, change the grading of one of the fields in the tail at the
time. In case G the evaluation of the new terms is fairly straightforward since no integrals need
to be performed. The calculation of F is very similar to the one for case D. Without presenting
any more details we state the answer for two vertex operators that differ in the grading of one
holomorphic field,

Ip+1Ic=-T11- / dli(goH)|: Z Z VD) @ v©®
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A similar results applies for the anti-holomorphic case. This concludes our derivation of the
one-loop dilation operator.

6. Conclusion

In this paper we calculated the one-loop dilation operator on the space of all vertex operators
in NLSMs on semi-symmetric coset superspaces, at least for a special choice of the background
parameters that appears in pure spinor and hybrid formulations and makes the one-loop beta-
function vanish. While the diagonal terms are identical to the ones found for conformal NLSMs
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on symmetric spaces [16], there exist interesting new off-diagonal contributions to the dilation
operators. These involve a new XXZ-like interaction term between left and right moving currents
in the vertex operator. Of course, it would be very interesting to diagonalize the dilation operator
for general states, not just for the small subsector of fields we considered in section 4.2.

In the case of symmetric spaces it was very easy to extend the analysis beyond the confor-
mal case. In fact, [16] discusses a simple additional term that must be added to the formula
for anomalous dimensions in order to be applicable for symmetric spaces G/H with numerator
group G other than G = PSU(N|N), OSP(2N + 2|2N) or D(2, 1; ) when the corresponding
sigma model ceases to be conformal. The extension of our analysis for semi-symmetric spaces to
couplings with non-vanishing beta-function, however, would certainly require significantly more
work and not lead to a simple result.

Let us stress once again that the calculations we have performed apply to all NLSMs
that appear in the hybrid formulation of AdS backgrounds [7.8]. This includes e.g. the coset
PSU(1,1|2)/U(1) x U(1) whose bosonic base is AdS> x S? [8]. It would be interesting to list
all vertex operators for this case, to compute the full one-loop partition function and to extend the
required input from harmonic analysis to higher dimensional AdS backgrounds for which the sta-
bility subgroup H is non-compact. Of course, in most worldsheet models of AdS backgrounds,
including the pure spinor description of strings in AdSs x S°, the matter NLSM interacts non-
trivially with a (pure spinor) ghost sector. It would be interesting to study how our analysis is
affected by such an interaction. Some first steps in this direction were taken recently in [19].

A key motivation for this work arises from the challenge to find a dual world-sheet description
of strongly curved AdS backgrounds. In order to test any future proposal for such a 2-dimensional
dual model, one will have to compare at least parts of the spectra. We have recently outlined
the contours of such investigations at the example of the supersphere sigma model [18]. The
target space S>I? that was used in the analysis is a symmetric superspace. In this case, a dual
Gross—Neveu model description had been proposed by Candu and Saleur. We showed how recent
all-loop results in deformed WZNW models could be used to test this duality by matching the
spectrum of the free sigma model and its one-loop corrections. The results of the present work,
which can be straightforwardly applied to the sigma model e.g. on AdS> x S2, provide plenty
of data that could be matched with a potential dual formulation. Unlike the supersphere model,
for which no string embedding is known, the AdS> x S? model can be made into a true string
theory. This brings in additional techniques which could complement the analytic tools developed
here and help to resolve some of the issues that were left open in our previous investigation of
supersphere models, such as e.g. the role of strongly RG relevant high gradient operators.

In this work we have not discussed the relation between various different formulations of su-
perstring theory and we focused on the models that appear in the hybrid formalism. It would
certainly be interesting to repeat our analysis within the («-gauge fixed) Green—Schwarz formu-
lation.
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Appendix A. Derivation of integral formulas

First of all we recall a useful formula that was derived in [16]

/dzz 1 _ 2log |2
T E-0E-NE-HDE-y  |x—y]?

€

+ O(e) . (79)

By taking now the appropriate number of derivatives in x, y, X or y on both sides of the above
equation, we recover eq. (57).
Another useful integral is

2
[ e /
T (2=x)Z—X)(Zz—Y) T i- Cz—x
_ = Inlx=2|?
=—1§£ a: M= =—n_| 8-‘ +O(e) (80)
xX—y 2ri z—x x—-y)
aC,

Note the differences with the previous case with four factors in the denominator. In particular,
only taking derivatives with respect to barred variables retains the logarithmic factor. This ex-
plains the delta factor in the above formula. The difference by a factor % is due to the difference
in the number of poles.

Using (79) and (80) and their derivatives we can calculate a series of double integrals:

/d2 1 1 1 1 1
T u—zv—w(u—z)2 (v — w)? (z—w)2
21n|$|2
(e — )2 — 0)>

That can be derived by starting with the w-integral:

(81)
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1
=229
Plugging this in the double integral:
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Similarly one can calculate:

/dz 11 1 1 1
T u—wv—z(u—z)z(v—w)z(z—w)z_
mm%ﬁZ
(u —v)*(i — 0)?
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In the main text we need also some double integrals containing logarithms. For this reason we
need to calculate:

/dz 1 L
7 (u—w)? (1 —w)?

Ce
(528 e+ s (52
In (4522) n |52 + Li (25)
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6 uU—z &
1 1
__ .t (87)
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Where we have used the fact that Lir (1) = %2. This result can be used to calculate:
/d2/ 1 1 1 z—wl|?
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Other useful logarithmic integrals are:
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