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Abstract

In this paper continuous numerical solutions expressed in terms of matrix exponentials are constructed to approximate
time-dependent systems of the type u; — A(t)u.. — B(t)u=0, 0 <x < p, t >0, u(0,t)=u(p,t)=0, u(x,0)=f(x),0<
x < p. After truncation of an exact series solution, the numerical solution is constructed using Fer’s factorization. Given
&> 0 and fo,4, with 0 < # < 1 and D(t, ;)= {(x,1); 0<x<p, tr<t<t,} the error of the approximated solution with
respect to the exact series solution is less than ¢ uniformly in D(%,#). An algorithm is also included. © 1999 Elsevier
Science B.V. All rights reserved.
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1. Introduction

Systems of partial differential equations are frequent in many different problems such as the study
of heat conduction and diffusion problems [21], or in the analysis of pollutant migration through soil
modelling coupled thermoelastoplastic hydraulic response clays [22]. In the evaluation of coupled
microwave heating processes the constant coefficient model often leads to misleading results due to
the complexity of the field distribution within the over and the variation in dielectric properties of
material with temperature, moisture content, density and other properties [23, 15, Ch. 3].

In this paper we consider mixed problems for time-dependent systems of the type

w,(x,t) — A(u,(x,t) — B(u(x,t)=0, 0<x<p, t>0, N
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u(0,)=u(p,t)=0, >0, )
u(x,0)=f(x), 0<x<p, (3)

where the unknown u(x,?) and the right-hand side f(x) are vectors in 4", and A(z), B(¢z) are con-
tinuous ¥ valued functions such that

there exists a positive number ¢ such that for all >0
and every eigenvalue z of (4(z) + A7(¢))/2, z=0 >0 (4)

where A%(¢) denotes the Hermitian conjugate of the matrix A(¢). Problem (1)—(3) has been treated
in [25] for the case where A(t)=A and B(t)= B are constant matrices, and in [19] for the case
where B(t)=0 and A(¢) is an analytic matrix function.

The aim of this paper is not the comparison with respect to other discrete methods but the
construction of exact and continuous numerical solutions of problem (1)-(3) in terms of matrix
exponentials, with a prefixed accuracy in a bounded subdomain. In spite of the expensive cost of the
numerical computation of matrix exponentials the proposed method has several possible important
advantages:

(1) It permits the determination of a priori error bounds for the constructed analytic-numerical
solutions, in terms of the available information of the problem.

(ii) The matrix coefficient A(¢) does not need to be an analytic function, but only continuous, see
[19].

(iii) With respect to discrete methods, the constructed approximation is defined simultaneously for
all the points (x,¢) of the prefixed subdomain, and not only at a discrete mesh of points.

The organization of the paper is as follows. Section 2 deals with a revisited version of the error

analysis developed in [4], adapted to the problem

V'(t)=[B(t) — XA@OIV(¢), Wa)=V,, ay<t<a, (5)

using Fer’s factorization to approximate the solution of (5) by matrix exponentials. In particular,
using the concept of logarithmic norm, error bounds given in [4] are improved. In Section 3 an
exact series solution of Problem (1)—(3), is constructed under hypothesis (4), using a separation
of variables technique. Given an admissible error ¢ > 0 and #, > ¢, > 0 we propose a truncation
strategy so that the error of the truncated series be less than ¢ in

D(ty,t;)= {(x,1); 0<x<p, 0<t<t<t}. (6)

Section 4 deals with the construction of Fer’s approximations to each of the exact solutions of
vector problems of the type

nT

2
T, ()= |B(t) - (;) A(t)} T.(1), Tn(0)=c, 1<n<ny, (7)

where

= % /0 * fx)sin (’-’pﬁ) dx, (8)
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is the sine Fourier series coefficient of f(x) and n, is the truncation index. Given ¢ > 0 we determine
the index m of Fer’s approximations T!™(t), so that the error of the numerical approximation of
Problem (1)—(3), after replacing the exact solution T,(t) of Problem (7)—(8) by its Fer’s approx-
imation T!™l(¢), be smaller than ¢ uniformly in D(#,t), when the whole interval of integration is
split in subintervals. Section 5 provides the algorithm and an illustrative example.

Throughout this paper the set of all the eigenvalues of a matrix D in "% is denoted by o(D) and
the spectral radius of D, denoted by p(D) is the maximum of the set {|z|; z € o(D)}. We denote
by ||D|| the 2-norm of D, [13, p. 56; 16, p. 295]:

D
1] = sup L2212
v Iyl

= max{|w|"?; w e a(D"D)},

where for a vector ye 4", |y|.=(""y)"* is the usual euclidean norm of y. In accordance with
[12, p. 110; 14, p. 59], the logarithmic norm (D) is defined by

. I+ hD| — 1
HD)= h_.l(},1}111>o h ’
and satisfies
lu(D)| <D, %)
w(aD) =au(D) for a>=0, (10)
DH
[L(D):max{(l);wEO'(D_; )} (11)

2. Fer approximation to V' = [B(t) — A2A(t)]V

The interest in recovering qualitative features of the exact solution of time dependent matrix
differential equations, and in particular the fundamental solution of a time-dependent linear system,
has claimed the attention of many authors who have developed methods based on Lie groups.
Although Lie groups are not mentioned in [17], the well-known method of the iterated commutators is
a rediscovering by Iserles of Fer’s approach, and is now being intensively investigated as a powerful
tool to treat both linear and nonlinear differential equations on Lie groups and other manifolds
[3, 27]. Application of Fer’s approximation as a symplectic integrator may be found in [6], and may
be found as a tool for solving certain initial value problems for linear partial differential equations
in [7]. Apart from [11] other recent relevant works related to Fer’s method are [4, 8, 20].

In this section, starting from recent results of [4], we introduce some improvements in the error
analysis of Fer’s method addressed to find a connection between the order of approximation and a
prefixed accuracy.

Fer’s algorithm approximates the solution V(¢) of the matrix initial problem

Vit)=S(OVE)  V(0)=1, (12)

by a product of matrix exponentials. Convergence of the approximations appear already in Fer’s
original work [11]. Our starting point is Section 3 of [4] where, using a slightly different argument,
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the convergence region is enlarged and upper error bounds are improved. The aim of this section is
to improve some of the results given in [4] using the concept of the logarithmic norm of a matrix
and introducing a different iterative mapping. We recall that Fer’s expansion is generated by the
following recursive scheme:

y=efiel:...efny,
V! =Sty Val0)=L m=1,2,3..., (13)

where F, (), S.(t) are given by
it
Foor(t)= / S,(s)ds, So(t)=S(t), m=0,1,2...
0

1 X
Sm+1=/0 dx/o du e~(=9Fne [5, F, . ] e~ (14)

where [P, Q] =PQ — QP.

When after m steps we impose F,,(t)=1 we are left with an approximation V'™(¢) to the exact
solution ¥(¢). Let us consider that the matrix S(¢) is bounded and || S(¢) || is a piecewise continuous
function such that || S(¢) || <k(t)=k®(¢). Fer’s algorithm, Egs. (13)—(14), provides then a recursive
relation among corresponding bounds £(¢) for ||S,(¢)||. Let us denote K)(£,0)= f, k™(s)ds.
Using the mapping

X 1 __ a2s _
M= [ 1S,
0 S

presented in [4], we can take as bounds (for ||F,.(¢)|]), K™*(¢,0)=M(K")(¢,0)) and the conver-
gence is assured if K"(z,0) < & with £ =0.8604065. But, considering that for 0 < x < ¢

M(x) < x*/¢ < x, (15)
we can use the mapping
K"(¢,0)=G (K™(1,0)), G(x)=x*/¢. (16)

Then lim,,_.., K (2,0)=0 if 0 is a stable fixed point for the iteration and K is within its basin
of attraction. It is clear that x =0 is a stable fixed point of x = G(x) and x = ¢ is the next, unstable,
fixed point [10]. Thus we have still assured the convergence of Fer’s expansion for values of time
t such that

t
/0 18(s)|| ds <KO(t,0) < 0.8604065. (17)

Note that if K(™(¢,0) < & then K™*1(z,0) < K™)(¢,0). Expression (16) is simpler than using the
mapping M(x). Further it has the same convergence domain and provides the iteration
KO = (KO/EY
The next result provides a priori error bounds of the theoretical solution of the matrix problem

V(t)=[B(t) — ADINE), W)=V, ag<t<ai, 1> 0. (18)
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Theorem 1. Under hypothesis (4), let o(ag, a1), B(ao, a1) be positive numbers defined by

H
oc(ao,al)zmin{zea (A—(Qizi—(t—)> ; a0<t<al}, 19)
B(ap, a1) = max{p (E(Q—%i‘&t_)) ; do stSaI} . (20)
Then the solution V(t) of (18) satisfies
vl < VO“e(t_“o)[ﬁ(“mal)‘}-Z(x(aOsal)], ap<t<a. (21)

Proof. By [12, p. 114] the solution ¥(¢) of (18) satisfies

vl <ivallexs( | 1 (86) = ) as), msi<a. 22)
By (11) one gets

u (B(s) — 2A(s)) = maX{z co (B(’ ) +23H () _ pAW) +2AH(t )) } , (23)
and by [2, p. 246] it follows that

. (B(t)+23“(t) _ pA® -;AH(t)) c QGi(s), L<i<r 24

Gi(s)= {we(g; 5

o+ 2, (A(r) + A“(t))

<p (ﬂ%@)}’ (25)

where A;(4(¢) + A"(¢)/2) is the ith eigenvalue of the matrix (A(2) + 4"(2))/2. By (22)—(25) and
(19)—(20), it follows that

u (BGs) — 2A(s)) < p (MZ—BH@) e min{z co (A(t) - AH(t))}

< Blag, ar) — Kaag, ar), ap<s<ar. (26)
Thus the result is established. O
Now from [4], see also [3], if ¥(¢) is the solution of
V'(¢)=[B(t) — PADIV(E), WV(ao)=Vo, ao<t<ai=ao+h,
and V'(¢) is the Fer approximation of order m of ¥(t), for ap<?<a, one gets

[V(8) — V)| < [ Voll K™ (ar, ap) e enrt 2K e, (27)
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but in the problem we are considering it is preferable to take a refined bound. From Fer’s algorithm
we have V= V"V, so V- V" =yD, with D,,=I— V'. If we consider that

(%) ==¥'Sn (28)
then

Du(t)= — / 1 (5)Su(s) ds. (29)
Taking norms and considering || ¥"'(s)|| < eX"@ %) we have ||D,(¢)|| < eX™ @K m)(q,, g,), then

IV(5) = V)| < ([ M1]eX™ K™ a1, a0), (30)
where

KOs, a0) > / CIB(E) - 24(6)] dt. 31)

By (30) and Theorem 1 for ay < ¢ < a; one gets

||V(t) _ V['"](t)H < || %He(t_”")[ﬁ(“ma')_}'za(a“’”’)]eK(M)(“"“O)K('")(al,ao). (32)

Remark 2. Once we approximate the solution of (12) by the Fer approximation VI"l(#)=¢efi®...
e it is necessary to compute the matrix exponentials (), where matrices F(t) are related by
(14). Numerous algorithms for computing matrix exponentials have been proposed, but most of them
are of dubious numerical quality, as is pointed in [24]. In accordance with [24], scaling and squaring
with Padé approximants and a careful implementation of Parlett’s Schur decomposition method, see
[13, Ch. 11], were found the less dubious of the nineteen methods scrutinized. A promising method
for computing matrix exponentials has been recently proposed in [9].

3. Exact and approximated theoretical solutions

The eigenfunction method suggests to seek a series solution of Problem (1)—(3) of the form

u(x, )= T,,(t)sin(n—g)—c) : (33)

nzl

where T,(t) is the ¢”"-valued solution of the initial value Problem (7)—(8). The solution of the vector
problem can be written in the form

T,(t) = Uy(t)cn, (34)
where U, is the solution of the matrix initial value problem

nm

2
Ul(e)= {B(t) - (;) A(t)] U®), U(0)=I (35)
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By the Riemann-Lebesgue lemma, there exists a constant A such that

leadl <M, n2=1, (36)
and by Theorem 1 and (34), solution of (7)—(8) satisfies
T < Me PO~/ pyo,n) (37)
< MehPOme—nlm/pya0n) 0 <4 <t <8, (38)
1T,N < (I1BO| + (nn/ pY | AODI T (39)

2
< (b(tl) + (E) a(tl )) Mellﬁ(O,!l)e—to("ﬂ/P)zd(O,tl)’
14

where
a(t;) = max{||4(2)||; 0 <t <4},
b(t;) =max{||B(*)||; 0 <t <t} (40)

Hence the series appearing taking termwise partial differentiation in (33), once with respect to ¢,
Z T)(t) sm( )
nzl

and twice with respect to x,

5= 2 ryeos( ).

nzl

_nz>l< > T(t)sm(n;x) ,

are uniformly convergent in D(t,t;)={(x,1); 0 <x < p, 0 <1, <t <t }. By the derivation the-
orem of functional series [1, p. 402], one gets that u(x,¢) is termwise partially differentiable with
respect to the variable 7 and twice termwise partially differentiable with respect to the variable x.
By (7)—(8) it follows that

u(x,1)=B(t)u(x,t) + A(Duu(x,t), 0<x<p, t>0.
If each component f; of f=(f},..., f;)" satisfies one of the conditions:

(1) f; is locally of bounded variation at every point x in [0, p].
(ii) f; admits one-side derivatives (f/)r(x) and (f}).(x) at

every point x in [0, p], (41)
and f is continuous in [0, p] with f(0)=f(p)=0, then by [5, p. 57] it follows that
=Y c sin(%’—‘> =u(x,0), 0<x< p. (42)

nz1

Thus the following result has been established:
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Theorem 3. Let A(t),B(t) continuous €™ -valued functions such that condition (4) is satisfied.
Let f(x) be continuous in [0, p] with f(0)=f(p)) =0 and let each component f; of f satisfy one
of the conditions of (41). Then u(x,t) defined by (33) when T,(t) satisfies (7)—(8), is a solution
of Problem (1)—(3).

Given ¢ > 0 we are interested, under hypotheses of Theorem 3, in the determination of an index
ny so that

Z T(t)sm( )

nzny

€
< —

5 (LD EDM, ). (43)

From (38), considering that

oo
—to(nn/pYa(0,1) / 0GP Pa(0,1) ( )
e < dx= Viteo(0,t
Z = e 2\/1ttooc(0 t, 0x(0,11)

n>ny

where erfc(z) = (2/v/®) ft°° e dx is the complementary error function, and from (43) it follows
that

MehBO, tl)p
SO0 < 5 rgerte (M0 ) (#4)

Hence, taking the first positive integer n, such that

&v/mte0i(0, ¢
erfc ( » vV tod(o t )) _Aj—e_tloﬂ((fT;_)’ (45)
inequality (43) holds and
OEDY ﬁ,(t)sin(n—;x—) < g (x,1) € D(to, 11)- (46)
n=1

Thus the following result has been established:

Corollary 4. Under hypothesis of Theorem 3, let t, > ty > 0, ¢ > 0 and let D(t,t,) be defined by
(6). If u(x,t) is the exact series solution of Problem (1)—(3) given by Theorem 3, and nq is the
first positive integer satisfying (45), then

s m0)= 3 T,,(t)sin(”—:%) @7)

is an approximation satisfying (46).

4. Continuous numerical solution

Section 2 was concerned with the study of the local error, in the convergence domain, using
Fer’s approximation for the solution of Problem (7). If we are interested in the approximation of
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Problem (7) using Fer’s algorithm in an interval [#,#;] where Fer’s method is not convergent, then
we may split the interval in subintervals with guaranteed convergence. In this section we address
the following question: Given ¢ >0, 0 <, <# and ny given by Corollary 4, how to determine
the order m of the Fer’s approximation T!"!(¢) of the exact solution 7,(¢) of Problem (7)~(8) such
that the error with respect to the exact solution be smaller than ¢/(2ny) when the whole interval of
integration is split in N subintervals and the algorithm is used in each interval, i.e. to look for m
such that

IT,(t) — T"(t)|| < % O<to<t<tn, 1 <n<n, (48)
0

Let 2 > 0 and consider the partition 0=hg < h; < .-- < hy=t;, where h;=jh, 0 <j <N and
Nh=t. If h; <t < h;;,, then we can write

I;,(t)= Un(t,o)cm (49)

d 2
~ Uity = [B(t) - (%) A(t)} Un(t, 1)), (50)

Udhjhj)=1 h; <t < hjy,
U (t,0)=U(t,h)U,(h;,h; 1) - - Uy(h,0), h <t <h,. (51

Let us introduce the notation

Uth)=U, (),  U"(th)=U"1), (52)
0<j<N-1, h<t<hy,
where for simplicity we will write U, j(h;11) = U, j(h), ULP(hje1)= U (h). Thus for b; <t < by,
0<i<N -1 we can write
U,(£,0) — U™(,0) = U, () Uy i1 (h) - - - Uy o(h) — USHOUL () - - UL (h)
= (U, (t) — U' (&)U, ;_1(h) - - - U, o(h)
+UTNEN U, i1 (B) — U (B))U,i_o(R) - - - Uy o)
+UR@) - U (Ui (B) — UYL () Uy i—j—1(R) - - Uy (k)
+U() - - - UV (YU, o(h) — UTH(R)).

Hence

1 0.(,0) = U (6,00 < YN - | UL )| Unim () — UL (B

j=0

X N Upiejmrr (M| - Uno(B)||, A <t < By (53)
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By (30), for h; <t < h;y; it follows that

1T < (|G, ()], (54)

m m ) b

1T i-(2) = UFL )] < Ui KR (8, By Y= EH=0), (55)
By (54)—(55) one gets

IGEON - - O O Uni— () = L ()|

L NGOl - - Ui jir (W || T, i-j(h)“KrEn;)—](h'—jHa i—j)
x exp(K\P(t he) + Ko (hiyhisy) + -+ K (i i) (56)

Note that by Theorem 1, for 0 < #; < ¢ < ¢; one gets

1G]] -+ ([T o] < POmI—tolrm/pYa0), (57)
By (53)—(56) and (57) it follows

[U,(2,0) — UM (1,0)|] < e #O0—ioln/p)o0,n)

x}jkﬁgm_ﬁb-ﬂ)mmxﬂkthy+ K (b)) + -+ K5 (hizjir, hiey))
Jj=0
11
B <t < by, N0=Z°<i<N—l. (58)

Let 0 < 6 < 1, and let ny be given by Corollary 4, then take 2 > 0 and select the integer N such
that

a(t)(nom/p)* + b(t1) _t
N>t 58 . h== (59)
Then taking
a(t)(nm/ p)* + b(t)
= , 1< n<n,g, 60
a(t)(nom/ p)* + b(tr) ’ 0
where 6, < 6 and J,, =9, one can consider
t nm 2 2
/ B(s) — (—) A(s)|| ds <KDt h)=h [a(tﬂ( ) + b(t, )} < 8,¢,
Jh p P
Jh<t<(G+Dh 0Sj<N-1, 1 <n<ny (61)
By (60) and (61) it follows that
K1) < Kp)(hyn by) < 8,8, (62)

(0)
K"t k) = & (K (gt b )) , (63)
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" KO, )Y
Kt h) < K (hypr, ) =& (—J(—éﬂ—’)) < 8, m(8), (64)
Sum(&)=02¢,  lim K"(t,h;)=0. (65)

Under hypothesis (59), by (58), (65) it follows that

i
| U,(2,0) — U,E'"](t,())“ < etlﬁ(o,tl)-m("ﬁ/ﬁ)za(o,tl)5n’m(€)eén.m(c) Z g/omm®)
j=0
el+15nn(@) _ |
e‘sn.m(é) _— 1
ih<t<(i+1h Ng<i<N-1 (66)

2
= e B0.t)~toln/p) d(O,tl)én,m(é) eOnn(&)

Note that if « > 0, x > 0, by the mean value theorem e** — 1 = axe™ for some s € 0, x[. Hence,
using that ¢* — 1 > x, one gets

e —1
er —1

By (66), (67) one gets

A

<ae* <ae*”, x>0 a>0. 67

||U,,(t,0) _ Un[”‘](t, 0)” <ehﬂ(O,h)—to(nﬂ/p)za(O,n)(l- + 1)5n’m(5) e(i+2)5n,m(c')’
and by (34) it follows that
IT(1) — T ()] < e[| Nt PO —0n/pF 201§ (2)eN+1onn(E),
0<t<st<y, 1<n<ng. (68)
Let p, be the unique root of equation

‘ (0, ¢
(N+1)X _ e 0("”/17) d( 1)

— 2|le,||Nenb@n)p,’

xe 1<n<ng (69)

and let m, be the first positive integer m satisfying

m ln(”?")

2> oy (70)
then

2"1n(5,) < In (%) L GO =88 < p (71
and

||1;,(t)—1;,['”](t)||<§i—0, 0<t<t, 1<n<n. (72)
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5. The algorithm and an example

We begin this section summarizing the algorithm proposed in Sections 3 and 4 for the construction
of a continuous numerical solution of Problem (1)—(3), such that under hypothesis (4) satisfies

u(x,t) = Y T"(¢)sin (%)
n=1

STEP 1. Truncated theoretical approximation.

Given 0 <ty <t, e>0:

e Compute M given by (36) and «(0, #,), B(0, t;) given by (19) and (20).
e Take ny as the first positive integer » satisfying (45).

STEP 2. Construction of continuous numerical solution.

Given ng, let 0 < 6 < 1 fixed and &= 0.8604065:

o Compute a(ty), b(t;) given by (40).

Select # > 0 and an integer N such that Nh=1¢, and satisfying (59).
Compute the root p, of Eq. (69) for 1 <n<ny.

Given p, take the first positive integer m, satisfying (70) for 1 <n<n,.
Compute T™)(¢) for 1<n<n,.

u(x,t,ng,m)= 31, T"l(¢t)sin(nnx/p) is an approximate solution satisfying (73) uniformly
for (x, t) < D(t(), 4 )

<g, (x,t) € D(8y,1,). (73)

Example. Let us consider Problem (1)~(3) in ¥*** where

(N (1
A(t)—(%e_, 1), B(’)—<_%er 1

and f(x) any function in ¢ satisfying the hypotheses of Theorem 3, such that [[¢,|| < M with M =1.
We will consider p=1, 0 < t, <t <ty with 1= % and #;, = 1 and the error bound ¢ = 10—3. Then we
can choose

(X(O,I)ZI - %(e_'_e_l)a
B0, 1)=1+g(e+e™").

The next step is to look for the minimum n, satisfying (45). That happens for ny, =3 where

Vi (0,1) 200(0, 1
erfc <Z1;Tn to(0, 1)) =2.9885 x 107° < 1.5539 x 10~* _ ;Y0 T)

MehBO.D
Following the second step we choose 6 = ﬁ, and taking
a(t))=b(t))=1+ ;e
the number of steps to consider is

b+ (2 a(n)

4 o =1928.8 <2000=N
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or equivalently £ =1/2000. The values of ¢, are
61 =1100x107%, 8, =4.097x 107, 4 =d=4.

Now we compute the root p, of Eq. (69) for 1<n<3, giving us
p1=7009x 1075 p,=2.649 x 107%, p;=4.577 x 107*.

Finally we take the first positive integer m, satisfying (70) for 1 <n<3. We obtain
2™ > 3619, 2™ >3972, 2™ >3.144

and so m; =m, =m; =2. To sum up, using the Fer’s factorization to second order for the three first
terms of the series, the error of the approximate solution will be smaller than ¢= 107>, For e=10"*
(with ny =3) and taking now J =1/22.8 we can choose N =4000. Following the same calculations
we find also m; =my =m; =2.

Remark 5. Note that previous algorithm involves a free parameter 6 with 0 < é < 1 and its choice
is significant. In accordance with (59) if 6 — 0 then 4 must tend to 0 also. This means that we need
to apply Fer’s approximation more times, in more subintervals in which the original interval [#,,¢,]
is split. If 6 — 1, then we apply Fer’s approximation a minor number of times but, by (70), the
integer m proposed by the algorithm as the order of the Fer’s approximation to construct T")(¢),
increases as well as 4 — 1. Taking into account the complexity of the nested integrals (13)—(14),
in general, we suggest to take ¢ < % Of course the optimal value of é is also depending on the
interval [fy,#] and the minimum of the positive eigenvalues of the real part of A(¢), see Condition

(4).

Acknowledgements

S.B. has been supported by DGICYT under contract no. PB92-0820 and by EEC network no.
ERBCHRXCT940456. The work of L.J. is supported by DGICYT under contract no. PB96-1321-
C02-02 and Generalitat Valenciana under contract no. GV-C-CN-10057/96.

References

[1] T.M. Apostol, Mathematical Analysis, Addison Wesley, Reading, MA, 1957.

[2] F.L. Bauer, A.S. Householder, Absolute norms and characteristic roots, Numer. Math. 3 (1961) 241-246.

[3] S. Blanes, Estudio de la evolucion de sistemas dinamicos clasicos y cuanticos utilizando métodos algebraicos, Ph.D.
Thesis, University of Valencia, 1998.

[4] S. Blanes, F. Casas, J.A. Oteo, J. Ros, Magnus and Fer expansions for matrix differential equations: the convergence
problem, J. Phys. A 31 (1998) 259-268.

[S] JW. Brown, R.V. Churchill, Fourier Series and Boundary Value Problems, McGraw-Hill, New York, 1978.

[6] F. Casas, Fer’s factorization as a symplectic integrator, Numer. Math. 74 (1996) 283-303.

[7] F. Casas, Solution of linear partial differential equations by Lie algebraic methods, J. Comput. Appl. Math. 76 (1996)
159-170.

[8] F. Casas, J.A. Oteo, J. Ros, Lie algebraic approach to Fer’s expansion for classical Hamiltonian systems, J. Phys.
A 24 (1991) 4037~4046.



202

9]
[10]
[11]
[12]
[13]
[14]
[15]
{16]
[17]
[18]
(19]
[20]
[21]
[22]

[23]
[24]

[25]

[26]
[27]

S. Blanes, L. Jodar ! Journal of Computational and Applied Mathematics 101 (1999) 189-202

E. Celledoni, A. Iserles, Approximating the exponential from a Lie algebra to a Lie group, DAMTP 1998/NA3,
University of Cambridge, Cambridge, 1998.

P. Collet, J.-P. Eckmann, Iterated maps on the interval as dynamical systems, Progress in Physics, Birkhduser, Boston,
1980.

F. Fer, Résolution de ’equation matricielle U = pU par produit infini d’exponentielles matricielles, Bull. Classe Sci.
Acad. Roy. Bel. 44 (1958) 818-829.

T.M. Flett, Differential Analysis, Cambridge University Press, Cambridge, 1980.

G. Golub, C.F. Van Loan, Matrix Computations, Johns Hopkins University Press, Baltimore, MD, 1991.

E. Hairer, S.P. Norsett, G. Wanner, Solving Ordinary Differential Equations I, Springer, Berlin, 1980.

AF. Harvey, Microwave Engineering, Academic Press, New York, 1963.

R.A. Horn, Ch. R. Johnson, Matrix Analysis, Cambridge University Press, Cambridge, 1993.

A. Iserles, Solving linear ordinary differential equations by exponentials of iterated commutators, Numer. Math. 45
(1984) 183-199.

A. Iserles, S.P. Nersett, On the solution of linear differential equations in Lie groups, DAMTP 1997/NA3, University
of Cambridge, Cambridge, 1997.

L. Jodar, E. Defez, Analytic-numerical solutions with a priori error bounds for the time dependent mixed partial
differential problems, Comput. Math. Appl. 34 (1997) 49-59.

S. Klarsfeld, J.A. Oteo, Exponential infinite-product representations of the time displacement operator, J. Phys. A
22 (1989) 2687-2694.

A.L Lee, J.M. Hill, On the general linear coupled system for diffusion in media with two diffusivities, J. Math. Anal.
Appl. 89 (1982) 530-557.

R.W. Lewis, E. Hinton, P. Bettess, B.A. Schrefler, Methods in Transient and Coupled Problems, Wiley, New York,
1987.

A.C. Metaxas, R.J. Meredith, Industrial Microwave Heating, Peter Peregrinus, London, 1983.

C. Moler y C. Van Loan, Nineteen dubious ways to compute the exponential of a matrix, SIAM Rev. 20 (1978)
801-836.

E. Navarro, E. Ponsoda, L. Jodar, A matrix approach to the analytic-numerical solution of mixed partial differential
systems, Comput. Math. Appl. 30 (1995) 99-109.

D.M. Pozar, Microwave Engineering, Academic Press, New York, 1990.

A. Zanna, The method of iterated commutators for ordinary differential equations on Lie groups, DAMTP 1996/NA12,
University of Cambridge, Cambridge, 1996.



