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1. Introduction

The theory of fractional calculus is a 300-year-old topic which can trace back to Leibniz, Riemann, Liouville, Griinwald,
and Letnikov [1,2]. However, the fractional calculus did not attract much attention for a long time. Nowadays, the past
three decades have witnessed significant progress on fractional calculus, because the applications of fractional calculus
were found in more and more scientific fields, covering mechanics, physics, engineering, informatics, and materials. The
list of such applications is long, for instance, it includes viscoelasticity [3,4], colored noise, dielectric polarization [5],
electrode-electrolyte polarization [6], electromagnetic waves [7] and so on.

On the other hand, since Pecora and Carroll synchronizing two identical chaotic systems with different initial
conditions [8], chaotic synchronization has been intensively and extensively investigated because of its potential
applications in a variety of areas, such as in secure communications [9,10], chemical and biological systems [11], human
heart beat regulation [12] and so on [13-16]. So far, a number of approaches have been proposed to achieve chaos
synchronization such as PC method, OGY method, adaptive method, impulsive control, coupling control, etc. Furthermore,
recently, fractional-order chaotic systems have become a hot topic. With respect to some recent representative works on
this topic, we refer the reader to [14-19] and references therein. In Ref. [ 14], the chaos in the Chen system with fractional-
order has been addressed. Besides, some synchronization-based strategies have been devised to synchronize fractional
chaotic systems [ 15-17]. In Ref. [ 19], the synchronization of fractional-order chaotic systems has been presented. Moreover,
some methods such as PC method and nonlinear control are employed to synchronize two fractional-order chaotic systems
[20,21].

It is widely believed that the synchronization between a fractional-order hyper-chaotic system and a hyper-chaotic
system of integer order can be applied in encryption efficiently which can enlarge the key space. In Ref. [22], the
synchronization of fractional-order chaotic systems has been presented. In Ref. [23], the nonlinear control is employed
to synchronize two fractional-order chaotic systems. However, to the best of authors’ knowledge, the results on
synchronization between the fractional-order chaotic system and the chaotic system of integer order are limited.
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As compared with other synchronizations, the synchronization between the fractional-order system and the integer-
order system can be summarized in the following aspects.

(1) This kind of synchronization can be used in secure communications since the fractional-order chaotic system has more
adjustable variables than the integer order chaotic system. So it can additionally enhance the security of communication.

(2) From a practical perspective, it is very important to synchronize two systems of different orders. The cause of
the synchronization between the fractional-order system and the integer-order system can generate hybrid chaotic
transient signals before the final states and hard to decryption.

Motivated by the above discussions, in this paper, we consider the problem of the synchronization between the fractional-
order chaotic system and the chaotic system of integer order. Based on the tracking control, the synchronization between
the fractional-order chaotic system and the chaotic system of integer order is achieved.

This paper is organized as follows. In Section 2, some necessary definitions and notations are given. In Section 3, the
problem of the synchronization between the fractional order chaotic system and the chaotic system of integer order
is investigated. The corresponding simulation results are provided in Section 3 to demonstrate the effectiveness of the
proposed method. Finally, the concluding remarks are given.

2. Fractional derivative and its approximation

Fractional calculus is a generalization of integration and differentiation to a noninteger-order integro-differential
operator (Df defined by

@ R(e) > 0
— o) >
dee
D =11 R(@) =0 1)

t
/ (d1)™ R(x) <O.

There are many definitions of fractional derivatives. Perhaps the best-known one is the Riemann-Liouville definition,
which is given by

df(t) 1 f(@)
dt* — I'(n— a) den J, (t —7)* = oyt

(2)
forn—1 < a < n, where I'(-) is the gamma function. The geometric and physical interpretation of the fractional derivative
is
00 n—1
| eontrwd =stuiro) - Y stab 1o 3)
0 k=0

forn — 1 < a < n, where s = jw denotes the Laplace variable. Upon considering the initial conditions to be zero, this
formula reduces to

L { d*f (1)
de

} = s"L{f (D). (4)

Thus, the fractional integral operator order “«” can be represented by the transfer function F(s) = Sia in the frequency
domain.

The standard definitions of fractional differintegral do not allow direct implementation of the fractional operators in
time-domain simulations. An efficient method to circumvent this problem is to approximate fractional operators by using
standard integer-order operators.

Unlike the numerical algorithm for solving an ordinary differential equation, the numerical simulation of a fractional
differential equation is not so easy. In this letter, we use the Caputo version and employ a predictor-corrector algorithm for
fractional-order differential equations, which is the generalization of the Adams-Bashforth-Moulton one.

3. Synchronization between a fractional-order system and a system of integer-order

3.1. Synchronization between a fractional-order Lii system and a system of integer order

In this section, a fractional-order Lii system and a new system of integer order are used to demonstrate the effectiveness
of the proposed method.
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Fig. 2. The attractor of system (6).

The fractional-order Lii dynamical differential equation can be described by

diix
an —a(y —x)
dq2y

- _ 5
Tt Xz + ¢y (5)
d¥3z
PR =xy — bz,

where 0 < q1, 42,93 < 1,9 = (q1, q2, q3), with the parameters (a, b, ¢) = (36, 3, 20), and fractional-order of the system
q = (0.985, 0.99, 0.98). Fig. 1 depicts the chaotic attractor of system (5).
In 2007, Chu find a new chaotic system, the dynamical differential equation can be described by

X1 = a(xy — xq)
)‘(2 = X1X3 — X3 (6)
X3 = b — X1Xp — CX3,

where X1, X2, X3 € R® represent the state vectors of this system, whena = 15,¢ = 1, b = 16, system (6) display chaotic
attractors. Fig. 2 shows the attractor of this system.

Let us consider system (6) of integer order is the drive system, then the response system is the fractional-order Lii system
in the form of

dqu]

T —a(y; —y1) +ui(x(t)) + U1 ((0), x(t))

dq2y2

G = YW 02+ ©) + L0, x(0) @
dQ3y3

dt% =Y1y2 — by3 + U3(X(t)) + U3(V(f)7 X(t))’

where u(x(t)) + U(y(t), x(t)) is the tracking controller, in the following we design the tracking controller
dix(t)
dta

u(x(t)) = —fx(t)), (8)
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—a(x; —x1)
where f(x(t)) = | —x1X3 +¢cx3 | . 9)
X1Xy — bX3
So the controlled fractional-order Lii system (7) can be rewritten as
diy;
dtd
dy, =402 =y gaye)y [—a&e —xi)
— | =Yzt | T +cxa | + UQ(D), x(1)). (10)
de Y1y2 — bys t X1Xp — bx3
dlys
dtd
Denote error
ei=yi—x ((i=1223).
Then error system can be obtained from (10) described by
dq€1
dta
e, aler —ez)
—= | = | —x1e3 + X361 —ejes +cex | + Uy(D), x(t)). (11)
def X1e; + x,e1 + eje; — bes
dq€3
dta

The main goal is to find a controller for system (11) such that systems (6) and (7) achieve the chaotic synchronization, it
is to say that we should find a suitable controller so that lim;_, ., ||e(t)|| = lim;—  [|y(t) — x(¢t)|| = 0 is satisfied.

Lete(t) = (28;) , where e; (t) = eq, ex(t) = (e, e3)T, so we rewrite Eq. (11) in the following form
dqe1
dta

die; | Bieq(t) + F1(x(t), e1(t), ex(t))
| |:32€2(t) - En(x(0), e1(0), ex(0)) 1 Fan(x(0), ez(t))} +UG®, 20, (12)

dq€3
ded
where By = a, B, = [f) _Ob] L Fi(x(t), eq(t), ex(t)) = —aea, Fay (x(t), e1(t), e2(t)) = [EZ} ;22] ,

—Xxq€
Fa(x(t), e2(t)) = [ o 3] : (13)
1€2
It is to see that
. . X361 — eq1é3
1 F = 1 =0. 14
im 1(x(1), e1 (1), ex(t)) im |:X2€1 I e1ez] 0 (14)
For simplicity, we can rewrite Eq. (12) in the following form
dieq(t)
dtd Bie1(t) + F1(x(t), e1(t), ex(t))
= Uy(t), x(t)). 15
des (1) |:32€’2(f) + (D), 1(0), &(D) + B(x(0), e (r))] UG, x(®) (15)
dtd
Let us choose the control function as follows
Areq(t) — F1(x(t), e1(t), ex(t))
U, x(t)) = , 16
(®), x(0) |: Azey — Fap (x(t), ex(t)) ] (16)
where A1, A, are matrices to be determined, from Egs. (14)-(16), it is easy to get that
dleq(¢)
= A t
a0 (a+Ape(t)
(17)

dq
20 ([g _Ob} +A2> e2(0) + Fan (x(0). € (0). e3(0)).
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Fig. 3. The synchronization errors between the Lii system and the Chu system.

Before we give our main results, the following lemma should be given first.

Lemma 1 (See [24]). The following autonomous system
DX = AX, X(0) =Xy,

with0 < g < 1,X € R"A € R™", is asymptotically stable ifand only if |arg(A)| > % is satisfied for all eigenvalues (1) of matrix
A. Also, this system is stable if and only if |arg(L)| > ‘%” is satisfied for all eigenvalues of matrix A and those critical eigenvalues
which satisfy |arg(L)| > "7” have geometric multiplicity one.

Theorem 1. If we choose appropriate matrices Ay, A; € R*?, so that A; + a < 0 and all eigenvalues of matrix ([8 Bb] + Az)
satisfy Lemma 1, then lim;_, oc 6; = lim;_, oo yi —X; = 0 (i = 1, 2, 3) is satisfied, which means that drive system (6) and response
system (7) have achieved the synchronization via controller.

In the following steps, we would like to give the numerical simulations to verify the effectiveness of the above-designed

controller. The initial conditions are x(0) = (0,1, )T, y(0) = (2,3,5)". A; = —16,A, = [:}g 117] the error curve is
shown in Fig. 3.

3.2. Synchronization between the fractional-order Lorenz hyper-chaotic system and the Chen hyper-chaotic system of integer
order

The fractional-order hyper-chaotic Lorenz dynamical differential equation can be described by
dix
dte
dly
dte
diz
dte
diw
dte
where x, y, z, w represent the state vectors of the fractional-order Lorenz hyper-chaotic system. When ¢ = 0.98 is the
fractional-order of the system, with the parameters a = 10, b = 8/3,c = 28, r = 1, the fractional-order Lorenz hyper-

chaotic system has a hyper-chaotic attractor as shown in Fig. 4.
The integer-order hyper-chaotic Chen dynamical differential equation can be described by

=aly—x)+w

=X—y—xz
(18)
=xy — bz

= —yz —ruw,

)'(] = Cl(Xz — X]) + X4

).(2 = dX] — X1X3 + CXy (19)
).(3 = X1X2 — bX3

X4 = XoX3 + TXg,
where X = (x1, X2, X3, X4)7 € R*! represent the state vectors of the Chen hyper-chaotic system, a, b, ¢, d, r € R are the
parameters, whena = 35, b = 3,c = 12,d = 7, r = 0.5, system (19) display hyper-chaotic attractors in Fig. 5.
In order to observe the synchronization between the integer-order hyper-chaotic Chen system and the fractional-order
Lorenz system, we define the response system is the fractional-order Lorenz system in the form of
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25

Fig. 5. The attractors of the Chen hyper-chaotic system.

dly
S = 002 = Y0 Fya () + Ui (0). x(0)
dly,
ga — Y1 Y2yt uz(x(t)) + U2 (y (1), x(t))
dlys
g Y2~ bys 4+ us(x(t)) + Us(y(t), x(1))
dTy,
g = YYsTmat us(x(t)) + Us(y(0), x(1)),
where u(x(t)) + U(y(t), x(t)) is the tracking controller, the tracking controller can be proposed as follows
w0y = 29 ey
u(x = — fx()),
dtd
a(X, — x1) + X4
_ | X1 —Xy2 — XiX3
where f (x(t)) = X% — b
—X2X3 — I'Xy

So the controlled fractional-order Lorenz system (20) can be rewritten as

_dqy1 —
dtd
q
ddi ay2 —y1) +ya X (O a(x, — X1) + X4
tad Y1 —Y2—YV1Y3 x(t CX1 — X3 — X1X3
- T g Uy(t), x(t)).
d%ys y1y2 — bys dta X1%; — bxs + U(8), x(1))
dta —Y2y3 — 1Y4 —XpX3 — I'’X4
dly,
L dtq -

200

4713

(21)

(22)
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Let the synchronization error
ei=yi—x ((=1,23,4).
The error system can be obtained from (23) described by

_dqe] -
dtd
q
de; a(e; — e1)
ded ce1 — ey — X361 — X163 — e1€3
= U(y(t), x(t)). 24
die; X2€1 + X163 + eje; — bes +HUOO, x®) (24)
F —TIes — X368y — Xp€3 — €363
dq64
L dtq -

Our aim is to achieve the chaotic synchronization between the Lorenz system and the Chen system via the controller, so
we should find a suitable controller so that lim;_, . |[e(t)]| = lim;_ « [[y(t) — x(t)|| = 0 is satisfied.

Lete(t) = (el(t)) where e;(t) = eq, ex(t) = (ey, e3, e4)7, so Eq. (24) can be rewritten as

ex(t),
_dq(?] —_
dtd
dqu
dt1 Biei(t) + Fi(x(t), e1(t), ex(t))
= [ } + U, x(b)), (25)
dies Baey(t) + Fa1(x(t), e1(t), ex(t)) + Far (x(t), ex(t))
dtd
dqe4
L dt9
-1 0 0 —X3e1 — eqe3
whereB; = —a, B, = [0 —b 0} s F1(x(t), e1(t), ex(t)) = aez, Fa1(x(t), e1(t), e2(t)) = | erea +xe1 | Faa(x(t), 2(t)) =
0 0 —r 0,
—X1€3
x1€2 , itis to see that
—X3€) — Xp€e3 — epe3
—X3€e1 — e1€3
lim Fy(x(t), e1(t), ex(t)) = lim eje; +xe1 | =0.
e1(t)—>0 e1(t)—0 0
For the sake of simplicity, Eq. (25) can be rewritten in the following form
dqe] (f)
Bieq(t Fi(x(t), e1(t), ex(t
dtd :[ 181(6) + F1(x(2), eq(t), ex(t)) ]+U(y(t),x(t)), (26)
d9e,(t) Byey (t) + Fa1(x(t), e1(t), ex(t)) + Fx(x(t), ex(t))
dt1
we design the controller as following
A t) — F t), t), t
UG, x(t)) = |: 1e1(t) 1(x(t), e1(t), ex( ))], (27)
Azey — Fpa(x(1), ex(t))
where A1, A, are matrices to be determined, it is easy to get that
dleq(t)
=(—a+A t
o (—a+Ape(t)
_ 28
de,(0) 1 0 0 (28)
= 0 —b 0 |+Ay]e(t) +Fix(), e (t), ext)).
des 0 0 —r

Theorem 2. If we select appropriate matrix A;, so that (—a + A;) < 0, appropriate matrix A, € R**?, so that all eigenvalues
-1 0 0

of matrix ([ 0 —-b o0 ] +A2) satisfy Lemma 1, then lim;_, oo 6; = lim;_. oo yi — % = 0 (i = 1, 2, 3, 4) is satisfied, which
0 0 —r

means that drive system (19) and response system (20) have achieved the synchronization via controller (27).
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Fig. 6. The synchronization errors between the fractional-order Lorenz and Chen systems.

Analogously, we also would like to give the numerical simulations to verify the effectiveness of the above-designed
controller. We select initial values as x(0) = (0, 1, 2, 3)T, y(0) = (0, 1, 3, 5)7, respectively. Without loss of generality, we

2 0 0
select the matricesA; = 8,A; = [0 3 0], the errors between the Lorenz and Chen systems are shown in Fig. 6.
0 0 2

4. Conclusions

In this paper, we study the synchronization between the fractional-order chaotic system and the chaotic system of integer
order in detail. By using stability criteria of the fractional-order system, based on the tracking control, we design the suitable
controller, which is simple and applicable. Finally, the simulation results demonstrate the effectiveness of the proposed
schemes.

In further works, on one hand, we would like to investigate delayed fractional-order systems, on the other hand, we want
to study the identification of parameters of the fractional-order system. In addition, we intend to study the synchronization
of complex networks whose nodes are composed by fractional-order chaotic systems.
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