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Abstract

Let V be an n-dimensional real Banach space and let A(V') denote its absolute projection constant. For
any N € N, N > n, define

A,llv = sup{A(V): dim(V)=n, V C lc()év)}
and
An = sup{A(V): dim(V) =n}.

A well-known Griinbaum conjecture (p. 465 in [B. Griinbaum, Projection constants, Trans. Amer. Math.
Soc. 95 (1960) 451-465]) says that

Ay =4/3.
In this paper we show that
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and we determine a three-dimensional space V C lég) satisfying )g = A(V). In particular, this shows that
Proposition 3.1 from [H. Konig, N. Tomczak-Jaegermann, Norms of minimal projections, J. Funct. Anal.
119 (1994) 253-280] (see p. 259) is incorrect. Hence the proof of the Griinbaum conjecture given in
[H. Konig, N. Tomczak-Jaegermann, Norms of minimal projections, J. Funct. Anal. 119 (1994) 253-280]
which is based on Proposition 3.1 is incomplete.

© 2009 Elsevier Inc. All rights reserved.
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1. Introduction

Let X be a real Banach space and let V C X be a finite-dimensional subspace. A linear,
continuous mapping P : X — V is called a projection if P|y = id|y. Denote by P(X, V) the set
of all projections from X onto V. Set

MV, X)=inf{|P|: P eP(X,V)}
and
AV) =sup{A(V,X): V C X}.

The constant A(V, X) is called the relative projection constant and A(V') the absolute projection
constant. General bounds for absolute projection constants were studied by many authors (see
e.g. [2,3,9-11,13,15]). It is well known (see e.g. [16]) that if V is a finite-dimensional space then

AMV)=A(1(V), ),
where I (V') denotes any isometric copy of V in /. Denote for any n € N
Ap = sup{A(V): dim(V) =n}
and forany N e N, N > n,
AN =sup{n(v): v i)

By the Kadec—Snobar Theorem (see [8]) A(V) < 4/n for any n € N. However, determination of
the constant A, seems to be difficult. In [7, p. 465] it was conjectured by B. Griinbaum that

A =4/3.

In [12, Th. 1.1] an attempt has been made to prove the Griinbaum conjecture (and a more general
result). The proof presented in this paper is mainly based on [12, Proposition 3.1, p. 259] and [12,
Lemma 5.1, p. 273]. Unfortunately, the proof of Proposition 3.1 is incorrect. In fact the formula
(3.19) from [12, p. 263] is false. This can be easily checked differentiating formula (3.12) on
p- 262 with respect to the variable Z;1. (I am using notation from [12].) Because of this error,
the part of the proof of [12], on p. 265 is incorrect and as a result, the proof of [12, Th. 1.1] is
incomplete.
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In this paper we show that
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and we determine a three-dimensional space V C lég) satisfying kg = A(V) (see Theorem 3.6).
In particular, this shows that not only the proof of Proposition 3.1 from [12] is incorrect but also
the statement of Proposition 3.1 is incorrect.

Now we briefly describe the structure of the paper.

In Section 2 we demonstrate some preliminary lemmas useful for determination of Ag as well
as some general results concerning calculation of )\,IIV .

In Section 3 we determine the constant Ag.

The main tools applied in our proof are the Lagrange Multiplier Theorem and the Implicit
Function Theorem.

We would like to add that a proof of the Griinbaum conjecture can be found in [4].

2. Preliminary results

In this section mainly we consider the following problem. For a fixed u#; € [0, 1] maximize a
function f,, RNV~ x (RM)* — R defined by

N
fur (. un) x LX) =0 g x| (1)
ij=1
under constraints
(' xl)y =8, 1<i<j<m )
N
Zu? =1—ul. (3)
j=2
Here for j =1,...,N, x; = ((xl)j,...,(x")j), (w, z), = Z'}zl w;z; for any w = (wy,
oWy, 2= (21,...,20) € R and (p,q)n = Z?’:] pjq; for any p = (p1,....,pn), ¢ =
(g91,---,9N) € RY. Also we will work with
N
fura(@uz, .. un), xt, o x") = Z Wik jaij{Xxi, Xjn, 4
ij=1
where A = {a;;} is a fixed N x N symmetric matrix.
Lemma 2.1. Let C = (¢;j)i, j=1,....n be a real n x n orthonormal matrix. Then for anyxl, o x

u € RY satisfying (2) and (3),

ful((uz,...,uN),xl, ...,x") =ful((u2,...,uN),C(xl),...,C(x”)),
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and

ful,A((uz,...,uN),xl,...,x”)=fu1,A((u2,...,uN),C(xl),...,C(x”))
for any N x N matrix A. Here C(x') = Z'}Il C,-jxj.

Proof. It follows easily from the facts that

(Cxi,Cx-/)N =(xi,x-j)N

fori,j=1,...,nand
((Cx)i. (Cx)j), = (xisxj)n
fori, j=1,...,N,where (Cx); = (Cx');,...,(Cx™);). O
Now we recall without proof the following well-known
Lemma 2.2. Let (X, (-,-)) be a finite-dimensional Hilbert space with an orthonormal ba-

sis x',...,x". Let T : X — X be a linear isometry. If C is an n X n matrix with columns
cj=(c1j,...,cnj) defined by

n
Tx/) = Z cjix',
i=1
then C is an orthonormal matrix.

Lemma 2.3. Ler x', ..., x" € RN and u € RV satisfy (2) and (3). Set V = span[x', ..., x"].
Assume v!, ..., v" is an orthonormal basis of V (with respect to (-,-)n). Then

ful((uz,...,uN),xl,...,x”):ful((uz,...,uN),vl,...,v")
and
ful,A((uz,...,uN),xl,...,x”):ful,A((uz,...,uN),vl,...,v”)
forany N x N matrix A.

Proof. Itis well known that forany x, y € RV, (x,x)ny = (¥, y)n = 1, there exists a linear isom-
etry (with respect to the Euclidean norm in RV) 7, : RY — R such that Tx = y. Applying
this fact and the induction argument with respect to n we get that there exists a linear isometry
T : RN — R¥ such that Tx! = v’ fori =1,...,n. By Lemma 2.2 there exists an orthonormal
matrix C such that Cx' = Y"_, Cijx/ = v'. By Lemma 2.1,

ful((uz,...,uN),xl,...,x”) =ful((u2,...,uN),v1,...,v"),
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and
fu],A((u27 cer MN)7x15 . "’xn) = ful,A((MZ, e 7uN)9 vlv LR vn)’
which completes the proof. O

Lemma 2.4. Let n,N e N, N > n. Fix u = (uy,...,un) € RY with nonnegative coordinates.
Let us consider a function f : R"™ — R given by

N
1
FO X =) g x )],
i,j=1
where x' € RN fori=1,...,n. Assume that yl, LYt E RY are so chosen that

f(yl, o, y”) = max{f(xl, .. .,x"): (xl, .. .,x”) satisfying (2)}.

Let A € RV*N be a matrix defined by

aij =sgn((yi, yj)n) )
fori,j=1,..., N (sgn(0) = 1 by definition). Define B € RN*N by

bij =u;uja;j (6)

fori,j=1,...,N. Let

byzby=---=2by
denote the eigenvalues of B. (Since B is symmetric all of them are real.) Then there exist

orthonormal (with respect to (-,-)y) eigenvectors of B, w',...,w" € RN corresponding to
by, ..., by, such that

f(wl,...,w"):f(yl,...,y”)=ij.
i=1

Set
N
Al x") = b ).
ij=1
Ifyl, LYt e RY are such that
fi (y1 e y") = max{f1 , under constraint (2)} = max{f, under constraint (2)}

and b, > b,y 1 then span[y’: i =1,...,n]=span[w’: i =1,...,n].
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Proof. Since u; are nonnegative,

fl(xl,...,x”) Sf(xl,...,x")
forany x!, ..., x" € RN. Moreover,

fl(yl,...,y")=f(y1,...,y”).

Hence f; attains its maximum under constraints (2) at (y!, ..., y"). We now apply the Lagrange
Multiplier Theorem to the function fj. This is possible since f] is a C* function. Notice that
by [12, p. 261] rank(G'(y', ..., y") = n(n + 1)/2 where G is the n(n + 1)/2 x nN matrix
associated with conditions (2). Consequently there exist Lagrange multipliers k;;, 1 <i < j <n,
such that

a(f1 —ZlgigjgnkijGi)( 1
a(xi)j Vo, ..

L") =0 )

fori=1,...,n, j=1,...,N, where G;(x',...,x") = (x!,x/)y. Let us define for i, j €
(1,....n}, vij=kij/2if i < j, yij =kji/2,if j <i and y;; = k;;. Hence the system (7) can
be rewritten (compare with [12, p. 262, formula (3.14)]) as:

BOY") = vmi)' ®)

i=1

form=1,...,n. Let I' = {y;j,i, j = 1,...,n}. Observe that I" is a symmetric n x n matrix.
Hence it has real eigenvalues aj, ..., a,. Without loss of generality we can assume that
ayzay>--- = ay. 9

Let V = [v;;] be the n x n orthonormal matrix consisting of eigenvectors of I". Then

virv=no, (10)
where D is a diagonal matrix with d;; = a; fori =1, ..., n. Now we show that
ai =b; (11)
fori =1,...,n. First we prove that a,,, m =1, ..., n, are also eigenvalues of B. To do this, fix
m €{l,...,n}. Define
n
w” = ZvjmyJ. (12)
j=1

We show that Bw™ = a,, w™. Note that
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n n n n
Bw" = B(Zvjmyj) =Zvij(yj) ZZUjm(ZVjiyi)
j=1 j=1 i=1

j=1

n n n n n
=Z(Zvjm7/ji)yi22( Uijij))’i:Z(FV)imyi
=1\ j=1 j=1

j= i=1 i=1

(by (10))
n n n
= Z(VD)imyl = Zvimamyl :am(zvimyl> =aw".
i=1 i=1 i=1
Hence for m = 1,...,n, a, are eigenvalues of B with the corresponding vectors w”. By

Lemma 2.3, (w!, w/)y = d;j. Notice that by (12) and Lemma 2.3

AN = A w).
Since foranym =1,...,nandi=1,..., N,
(Bw™). = am(w™),

i i’

multiplying each of the above equations by (w™); and summing them up we get that
n
Zam = fl(wl,...,w") = fl(yl,...,y”) = f(yl, ...,y”).
j=l1

If a; # b; for some i € {1,...,n}, let v!, ..., v" be the orthonormal eigenvectors of B corre-
sponding to by, ..., b,. Reasoning as above, we get

N
fh v Z i sgn((yi, yj)n) (Vi vj)n
ij=1

n n
=Y bi>Y ai=f(y'.....y"):
i=1 i=1
a contradiction. The fact that span[yi: i=1,...,n]= span[wi: i=1,...,n] follows from (12)
and invertibility of the matrix V. O
Reasoning as in the proof of Lemma 2.4 we can show

Theorem 2.1. Let A denote the set of all N x N symmetric matrices (a;;) such that a;; = £1
and ajj =1fori, j=1,...,N. Let f,, be given by (1). Then
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. 1 n . . 2 3
max{ful. ((uz, oG UND)LX X ) satisfying (2), ( )}

n N
:max{Zbi(v,A): Ac A, v:(vl,...,vn)eRN, va:l, v =1uj ¢,

i=1 i=1

where b1 (v, A) 2 ba(v, A) = --- = by (v, A) denote the biggest eigenvalues of an N x N matrix
(v; vjaij)?]’.:l. Analogously for any A = (a;;) € A,

N
max: Z Wil jaij{Xi, Xj)n: (xl,...,x") satisfying (2),
ij=1

u,=\/(1—u%)/(1v—1), j=2,...,N}

:max{ Zbi(v,A): AcA v= (ul,c(ul), ...,c(u]))},

i=1
where c(uy) =,/ (1 — u%)/(N —1). Also

N N
max{ Z u,-uj|(x,-,xj)|n: (xl,...,x”) satisfying (2), Zu?:l}

ij=1 j=1

n N
:max{Zbi(v,A): AeA v=(v,...,v,) €eRY, Zv%:l}.

i=1 i=1
Now forn, N € N, N > n define
A =sup{a(V.IY): v 1)), dim(V) =n}. (13)

Lemma 2.5. Foranyn, N eN,2<n <N,

N-1 N
)“n—l <A
Proof. Let V C léév_l) be an (n — 1)-dimensional subspace with a basis wl, ..., w"!. Define

Vi :span[el, (0, wj): j=1,...,n— 1] Clévo.
Let P € ’P(lc(g), V1) be such that
1PN = (Vi 1).
(Since V is finite-dimensional such a projection exists.) Define Q € E(léév _1), V) by

QOx = (P(0,x)2,..., P(0,x),).
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It is clear that QY ") c V and Qw/ = w/ for j=1,...,n — 1. Hence Q0 € PV, v).
Moreover, || Q]| < || P||. Taking supremum over V we get that

I <
as required. O
Theorem 2.2. Letn, N € N, N > n. Then
N N
kfl\’ :max{ Z u,'uj|(x,-,xj)|n: (xl,,..,x") satisfying (2), Zu% = l}.
ij=1 j=1

Proof. By [12, Prop. 2.2 and (3.7), p. 260],

N N
)\flv gmax{ Z u,-u(,~|(x,~,x.,-)|n; (xl,_..,x") satisfying (2), Zu% = 1}.

ij=1 j=1

To prove a converse assume that there exist n, N € N, N > n, such that

N N
)»,IIV <¢,11V:maxi Z uiuj|(x,~,xj)|n: (xl,...,x") satisfying (2), Zu?: 1}.
i,j=1 j=1

Without loss of generality we can assume that
n=min{m € N: AM < oM for some M > m}
and
N=min{M eN, M >n: .} <M}

Let us define

N
f(u,xl,...,x") = Z u,-uj|(xi,xj)‘n.

ij=1

Let y!,...,y" € RV satisfying (2) and u° € RN with Zy=1(”?)2 =1, be such that
Ft oyt =y
Define as in Lemma 2.4
aij = sgn({yi. y;)n) (14)

fori, j=1,...,N.Alsolet B € RV*N be given by

bl‘j ZM?M?CZ,‘]' (15)
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fori =1,..., N. By Lemma 2.4 and Theorem 2.1 we can get that
n
f(u, o, y') = Zbi(u", A)
i=1

where by (u°, A) =2 by(u°, A) > --- = b, (u°, A) denote the biggest eigenvalues of the above de-
fined matrix B. First suppose that uj =0 for somej € {1, ..., N}. Without loss of generality we
can assume that u{ =0. Let By be an (N — 1) x (N — 1) matrix given by

By = {bij}i,j=2....N

(the part of B without the first row and the first column). Let d; > - - - > dy_1 be the eigenvalues
of Bjand z!, ...,z ! the corresponding orthonormal eigenvectors. Since u‘l’ =0,v/ = O, 7/ ),
j=1,..., N — 1, are the orthonormal eigenvectors of B corresponding to d;. Also d, =0 is an
eigenvalue of B with e as an eigenvector. Consequently

bj(u®, A) €{0,dg, k=1,...,N -1}

forj=1,...,n.Ifb;u’ A)>0forj=1,...,n, thenb;(u’, A) are also the eigenvalues of Bj.
By Theorem 2.1,

n
Zbi(uo,A) :(f)l‘;v = rllV—l :Arllv_l g)‘ll'tv’
i=1

a contradiction with the definition of N. If b;(u’, A) =0 for some j € {1, ..., n}, then again by
Theorem 2.1

on <D b A) <5 =00
i#]

Consequently by Lemma 2.5,

N N—1 N—1 N
)“n 2)\,,,1 =¢n71 Z ¢n ’
which again leads to a contradiction. Now assume that u? >0forj=1,...,N.Let wl, ..., w"
be the orthonormal eigenvectors corresponding to b; (u?, A) for i =1, ..., n. By the proof of
Lemma 2.4

fl(uo,wl,...,w”) =¢,]1V.
Define, for j =1,...,n,

/= (wi/uf, ..., wy/u})
and let

V=span[zj: j=1,...,n]ClééV).
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We show that A(V, I580)) = Y1_ b;(u®, A) = ¢} Define, for j =1,....n

ff (w ulwzjv”?v)

andlet P € E(léév), V) be given by

n

= DUy

j=1
Since the vectors w/ are orthogonal with respect to (-,-)y, P € P(ls (V) , V). Now we show that
1P =1(V. 1) = ¢

Since the function f attains its conditional maximum at u°, w Lo w" (compare with the proof

of Lemma 2.4) by the Lagrange Multiplier Theorem there existk;; € R, 1 <i < j <n,andd e R
such that

0(fi = XicicjcnkijGi —d(T)Z  uf = 1)
d(uj)

(w’ w', ..., w") =0. (16)

It is easy to see that (16) reduces to (compare with [12, (3.12), p. 262])

N

o o
> uaijwi, wj), = dug
j=1

fori =1,..., N. Multiplying the above equalities by u and summing them up, we get that

d:fl(u",wl,...,w”):@y.

Also since uf >0 fori =1,..., N, (16) reduces to

N
(Zu?aij(wi, wj)n)/u? =d.
j=1

Consequently, by definition of (-,-),, we get,fori =1,..., N,

n N
d:Z(Zaiju‘;w’;)wf/u?—z<2a,jf ) P(a,l,...,aiN))i. a7
k=1 \j=1

k=1

Since [|(@i1, ..., ain)lloo = 1, | P]| = d. On the other hand, for any x = (x1,...,xy) € I,
lxlloc =1andi € {l,..., N},
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> (

n . .
Jj_J
j=1 j=1
N n ) )
= Zxk(Zw,{uzwi]/u?)
k=1 =1

|(Px)i| =

N
= (Zuzaik<wk, w,->n)/u§’ =d,
k=1
since a;; =sgn({y;, yi)n) =sgn({w;, w;),) fori, j=1,..., N. Hence
IPl=d=g).
Now we show that
1P = (v, 18).
To do this setfori=1,..., N, a’ = (@i1, ..., ain) and define an operator E, :lg) — léé,v) by
ol 2
Ep(x)= Z(ul”) x;ia'.
i=1

We show that E,(V) C V. Note that forany k=1,...,N,and j=1,...,n

N

Z w /u Z u; w; ak,
= bj(u”, A)w] fuf = b;(u’. )z},

since w/ is an eigenvector associated to b i (u®, A). Observe that by (17)

(Pa'),=d=1P|

fori=1,...,N and vazl(ui”)2 = 1. By [5] (see also [14, Th. 1.3]), P is a minimal projection
in P, V). Finally

a2 A(VAL) =Pl =d=¢),
which leads to a contradiction. The proof is complete. O
Lemma 2.6. For any n > 2,
A =22/ +1).

Moreover, AZ'H = A(ker(f),lég+1)) if and only if f =c(x1,...,x£l), where c is a positive
constant.
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Proof. It is clear that

2t = max ( (ker(f), 1%FV): £ e1{"™ U\ {0}, 1£1h = 1.

By [11,if £ = (fi,..., fur1) € "V I £l1 =1 is so chosen that A(ker(f), 1% > 1, then
|fil<1/2forany j=1,...,n+1and

A
(her ) ; (1—2If;)

Hence it is easy to see that

. n+1 fi -1
n+l _ )
Ap _max{l—l—(;(l_zfj)) }

under constraints
n+1
{ij=1, 1/2>fj>o,j=1,...,n+1}. (18)

Now we show by induction argument that
A =2 _2/n+1).

If n =2, by the Lagrange Multiplier Theorem the only functional f = (f1, f2, f3) which

can maximize the function ¢>(f) =1 + (Zl 1 fsz)) I under constraint (18) is f=

(1/3,1/3,1/3) and ¢»(1/3,1/3,1/3) = 4/3. Now assume that Ai“ =2—2/(k+ 1) for any
k < n. Then by the Lagrange Multiplier Theorem the only functional f = (f1,..., fa+1)
which can maximize the function ¢,(f) =1 + (Z:H'll = 2 7; )) I under constraint (18) is
f=0/mn+1),....,1/(n+1)) and ¢p,(1/(n+1),...,1/(n+1))=2—-2/(n+ 1) Notice that
Gui1 (1/(142),..., 1/(n+2)) =2 =2/(1+2), where §,1(f) = 1+ (X12 475)7". Con-

sequently, by the induction hypothesis,

) n+2 f -1
A2 —max{ 1+ — 4
e+ (S tty) |

under constraints

n+2
{ij:l, 1/2>fj>0,j=1,...,n+2}. (19)

j=1

Again by the Lagrange Multiplier Theorem the only f = (fi, ..., fu+2) which can maximize

¢n+1 under constraints (19)is f =(1/(n+2),...,1/(n +2)). Hence )»Zﬁ =2-2/(n+2),as
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required. By the above proof, any functional f satisfying A (ker(f), 15)2*”) = AZ+1 is of the form
c(£l/(n+1),...,£1/(n+ 1)). The proof is complete. O

Lemma 2.7. Let us consider problem (1) with uy = 0 and fixed N > n + 2. Assume that )\,11\’_1 >

A,Jy:ll. Then the maximum of f,, under constraints (2) and (3) is equal to )\,Ilv -1

Proof. By [12, Th. 1.2] and Theorem 2.2 forany n, N e N, N >n + 1,

N
)»flv :max{ Z u,'uj|(x,~,x.,'),,|} (20)
ij=1
under constraints
(x' xf)y =8, 1<i<j<m (1)
N
D U=
u; = 1. (22)
j=1
Moreover, if u, yl, LYt e RN satisfying (21) and (22) are such that

N
Z wittj|[(yi, yj)n| = M)

i,j=1

then by Lemma 2.4 and Theorem 2.1,

where by > by > --- > b, are the biggest eigenvalues of the N x N matrix B = (b;;);, j=1
defined by b;; = u;uj sgn({yi, yj)n)-
Now, assume

fur((va, .. vp), yl, ")
= max{fu1 ((uz, e u,,),xl, .. .,x"): U1,...,Uy), (xl, .. .,x") satisfying (2), (3)}.

Since u; = 0, by (20), and Theorem 2.2,
ful((v27'--7vn)’y17'~'7yn)2 ;{lv_lz)";]/lv_l'
To prove the opposite inequality, let B be an N x N matrix defined by

bij =vivjsgn({yi, j)n)-
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Let by > by > - -- > by be the eigenvalues of B (with multiplicities). By Lemma 2.4,

n
ful((vg,...,vn),yl,...,y”) = ij.
j=1

Let C = {b;j}i j=2,..ny andlet c; > c2 > --- = cy—1 be the eigenvalues of C. Since u; =0,

.....

{c1,...,en—1}U{0}={by,...,bN}.

If bj, = O for some j, € {1, ..., n}, thenagain by [12, Th. 1.2], (20), Theorem 2.1 and Lemma 2.6

N-1 1
Ay <fu1((v2,...,v,,),y,...,y”)
n
N—1.
=D b <) i<
Jj=1 J<Jo

a contradiction with our assumptions. Hence b; = ¢; fori =1, ...,n. Now let L., " e RN
be the corresponding to b1, ..., b, orthonormal eigenvectors of C. Hence forany j =1,...,n

andi=1,...,.N—1
(Czj)’. =Cj (Zj)i'
Multiplying each of the above equations by (z/); and summing them up we get

n N
maX{fu1}=ZCj = Z bij(zi—1,2j—1)n

j=1 i,j=2
N
=Y vivjsgn((yi, y0n)(zio1. 2j—n <AL
i,j=2
The proof is complete. O

Lemma28.Letu = (uy,...,un) €RN andletz = (z0,...,z0) € {—1,1}¥"!. Let A, be N x N
matrix defined by z; =ayj € (X1} for j=2,...,N, a;j=—1fori,j=2,...,N,i# j and
ajj=1fori=1,...,N. Let B, ={(b,);j, i,j=1,..., N} where (b,);j = u;juj(A;);j. Hence

u% Zou Uy Z3ULUZ ... ZNULUN
ZoU U2 u% —Uusl3 ... —UQUN
B, =| zujus —uouj3 u3 ce. —uoun |- 24
e -
INUIUN U unN uN
Let o be a permutation of {1, ..., N} such that o (1) = 1 and let for any x = (x1, ..., xyn) € RV,

x_ = (x1,—x2,...,—xN). Then the matrices
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Bo o) = {uoiyuo(jy(A0(2);, i-j=1,.... N},

B, ={(ujuj(A.)ij). i,j=1,....,N}
and B, have the same eigenvalues.

Proof. Let b be an eigenvalue of B, with an eigenvector x = (x,...,xy). Define x, =
(x1, Xo(2)s«+-» xU(N)) and x_ = (x1, —x2, ..., —xn). Notice that

n n
(Ba(z)xa(z))l =u%x1 + ng(j)ug(j)ul = u%xl + ijujul = bx].
Jj=2 J=2

Analogously, fori =2,..., N,

n
(Bo(2)%o )i = Ullg(i)Xo (i)X1 + Z —Ug(jHUo ()Xo (j) T u(z,(i)xa(i)
J=2,j#i

= ng(i) = b()Cg)i.

Also notice that

N
(B, x )1 =uixi + Y (—x)uruj(—x;) =bxy =b(x)
j=2

and fori =2,...,N

n
(Bz_x_)i =uiui(—x;)x1 + Zaijuluj(_xj) = —bx; = b(x_),.
j=2

This shows that any eigenvalue of B is an eigenvalue of B,_ and B, ;) with the same multiplicity.
By the same reasoning, any eigenvalue of B;_ and B, is also an eigenvalue of B, which
completes the proof. O

Theorem 2.3. Letn =3 and N = 5. Let 7z = (22, 23, 24, 25) be such that z; = £1, fori =2,...,5
and zj = —1 for exactly one j € {2,3,4,5}. Assume that A, = (a;;(z)) is a 5 x 5 matrix defined
by

»n 1 -1 -1 -1
A=)z -1 1 -1 —-1]. 25)

w -1 =1 1 -1

5 —1 —1 —1 1

Let
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5 5
My = max: Z wija;j(2){xi, Xj)3: (x],xz,x3) IS (R5)3 satisfying (2), Zulz =14.
i,j=1 i=1

Then M4 =3/2.

5

Proof. By Lemma 2.8, we can assume that zo = —1. Fix u € RS, Zi:l

the 5 x 5 matrix defined by

u,2 = 1. Let B, denote

(by)ij =uijuja;ij(z)
fori,j=1,...,5. By Lemma 2.4,

3

5
My :max{ ij(u,A): uelk, Zﬁ: 1},
i=I

j=1

where b1 (u, A) > br(u, A) > b3(u, A) denote the three biggest eigenvalues of B,. Put for i =
1,....,5 v, = “12 After elementary but tedious calculations (we advise to check them by the
symbolic Mathematica program) we get that

5
det(B, —t1d) = —1° + t4<2vi> + 161 v3v4v5 (V] + v2)

i=1

— 417 (V30405 + (V1 + v2) (Vavs + V3 (v4 + v5))).

Define w = (wq,...,ws) by w; =0, wy = ,/u%—i—u%, w; = u; for i =3,4,5. Observe that
by the above formula B, and B,, have the same eigenvalues. Since w; = 0, by Lemma 2.7,
Theorem 2.1, Theorem 2.2 and Lemma 2.6 applied ton =3 and N =5 we get

3
> i, A) <A3=3/2,
j=1
which completes the proof. O

Lemma 2.9. Let B be a 5 x 5 matrix defined by

2

U QUpIC  Z3Ue1C  Z4Up1C  Z5U01C
22Ul C 2 —c? —c? —c?
B=| zzupic —c? c? —c? - |, (26)
Zauplc  —c? —c? 2 —c?
Z5Up1C —6’2 —C2 —C2 6’2

where z; € {£1} for j =2,3,4,5. Then 2¢?% is an eigenvalue of B with multiplicity at least 2.
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Proof. Let C be defined by

0 0 0 0 0
0 2 =2 —¢2 ¢
C=10 —c 2 = —c
0 —c2 =2 & =2
0 —c2 =2 —¢* (2

27

Since 2¢? is the eigenvalue of C with the multiplicity 3 with the eigenvectors v/, j = 2,3, 4,

1 2

given by (30), there exist 2 orthonormal vectors w', w? in span[v?, v, v*] which are orthogonal

to the first row of B, which completes the proof. O

Theorem 2.4. Let n =3 and N = 5. Fix u,1 € [0, 1]. Assume A = (a;;) is a 5 x 5 matrix defined

by
1 1 1 -1 -1
1 1 -1 -1 -1
A=|1 -1 1 -1 -1
-1 -1 -1 1 -1
-1 -1 -1 -1 1
Let
5
MA(ul):max{ Z uillja;j (X, Xj)3: (xl,xz,x3) € (R5)3 satisfying (2),
i j=1
UL =uo1, ;=41 —u3/2, i=2,3,4,5}.
Then
1+6¢2 +/(6¢2 — 1)2 4+ 16(1 — 4c2)c?
Ma(u1) =
2
where c = /1 — u%l/Z. Moreover,

Mp =max{Ms(u): uecl0,1]} = 5:74‘/5 = Ma(y (5 =3v2)/7).

Proof. Notice that by Theorem 2.1,

3
Ma=7) b;(B),

j=1

(28)
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where b1 (B) > by(B) = - - - > b5(B) denote the eigenvalues of the matrix B given by

ugl UplC UplC —UpglC —UplC
Uyl C c? —c? —c? —c?
B=| u,c —-c* ¢ —c? —c? ) (29)
—UylC B — 2 —c?
—UylC Sy — —c? c?

where ¢ = /1 — ”(2)1 /2. Hence we should calculate the eigenvalues of B. To do this, let C

be given by (27). It is easy to see that the eigenvalues of C are: 0 (with the eigenvector
vl = (1,0,0,0,0)), 262 (with the orthonormal eigenvectors

V2 =(0,1/+/2,—1/+/2,0,0,0), v} =(0,0,0,1/v/2,—-1//2),
v =(0,1/2,1/2,—1/2,—1/2)) (30)

and —2¢2 (with the eigenvector v = 0,1/2,1/2,1/2,1/2)). Hence our theorem is proved for
uo1 = 0 (in this case ¢ = 1/2). If u,1 > 0, since the vectors v2, v? and v’ are orthogonal to the
first row of B, by Lemma 2.9, 2¢? (with multiplicity 2) and —2¢? (with multiplicity 1) are also
eigenvalues of B. Now we find the other 2 eigenvalues of B. To do this, we show that an element
(a,1/2,1/2,—1/2,—1/2) for a properly chosen a is an eigenvector of B. Let us consider a
system of equations:

u?a+2u,1c=ra (31)
and
ugica +c*=21/2 (32)
with unknown variables a and A. Hence we easily get that
u%la + 2uy1c = 2(uulca + cz)a.

The last equation has two solutions. Namely:

u2, — 2%+ \/(“31 —2¢2)? + 16u? 2

a) =
4u016

and

u(z)l -2 — \V/(u(z)1 —2c2)2 4+ 161,{(2)16‘2

a) =
duyic

Since ay, A1 and as, Ay are the solutions of (31) and (32), it is easy to check that (ay, 1/2,1/2,
—1/2,—1/2) is an eigenvector of B corresponding to the eigenvalue

w2y =267 + W2, — 2¢2)% + 1602, 2

M =2uy1cay +2C2=262+ 3
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and (a, 1/2,1/2,—1/2, —1/2) is an eigenvector of B corresponding to the eigenvalue

”(2)1 —2c% — \/(”31 —2c2)2 4 16u(2)lc2
> .

A =2uy1car + 2¢2 =2¢2 +

It is clear that A; > 2¢? and Ay < 2¢%. Hence by Theorem 2.1,
My =y +2¢% + 262

Since “31 =1—4c?,

14624 /(6¢2 — 1)2 + 16(1 — 4c2)c2

A+ 4t = ,
1 +4c 2

which completes this part of the proof.
Now define for ¢ € [0, 1/2],

14624 /(6¢2 — 1)2 +16(1 — 4c2)c2

h(c) = >

Notice that #(0) = 1 and A (1/2) = 3/2. After elementary calculations (substituting 2 by x), we

get that
V@2 +3v2)/7

2

Cop =

is the only point in [0, 1/2] such that A’(c,) = 0. Since

5+4/2
h(c,) = i > 3/2,
5+4y2
Mg =h(c,) = —.
7
Note u; =4/ (5 — 3\/5)/7 satisfies
u%+4c%=1.

The proof is complete. O

Lemma 2.10. Let B be defined by (26). Assume that c € (0, 1/2) is so chosen that there exist
b4(B) > bs(B) eigenvalues of B satisfying by(B) < 2¢2. Let w', w*, w3 be the orthonormal
eigenvectors corresponding to the three biggest eigenvalues of B. Assume that

5 5
Z bij(wi, wj)3 :M:max{ Z winj|(zi ) |5 222 2 e R, (33)

i,j=1 i,j=1
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under constraint (2) with u; = /1 —4c? and uj =c for j =2,3,4,5. Then the matrix B,
determined by 1 = 75 = 73 = —z4 = —25 satisfies (33).

Proof. By Theorem 2.1 we need to calculate the sum of the three biggest eigenvalues of any
matrix B satisfying (26). If z; = z; = 1 for exactly two indices i, j € {2, 3,4, 5} then applying
Theorem 2.4 and Lemma 2.8, we can show that B has the same eigenvalues as B,. Now assume
that z; = —1 for exactly one i € {2, 3,4, 5}. Then by Theorem 2.3,

bi(B) + b2(B) + b3(B) < 3/2,

where b1(B) = b>(B) > b3(B) denote the three biggest eigenvalues of B. Notice that by Theo-
rem 2.4,

M>My>3/2.

By Lemma 2.8 the same conclusion holds true if z; = 1 for exactly one i € {2, 3, 4, 5}.
Now assume that z; = 1 for i =2, 3,4, 5. Then, reasoning as in Theorem 2.4, we get that the
eigenvalues of B are: 2¢? with the multiplicity 3,

1/2=32 +V1+12¢2—60c4/2 and  1/2 —3¢% — /1 + 12¢2 — 60c4/2.

After elementary calculations we obtain that

1/2 =32+ 1+ 1262 — 60c*/2 > 2¢*
ifandonlyif 1/2>c¢ > 1/\/3 If B, satisfies (33), by Theorem 2.1, we should have

b1(B) < bi(By),
which by the above calculations and Theorem 2.4 is equivalent to
V141262 —60c4 /2 < 262 +v/1 + 82 — 32¢4 )2

or

20 <1/2—c*+ m/l
After elementary calculations we get that both inequalities are equivalent to

O0<c<1/2,

which shows our claim. If z; = —1 for i =2, 3,4, 5, by Lemma 2.8 the conclusion is the same.
Finally, by Theorem 2.1, B, satisfies (33). O
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Lemma 2.11. Let A = {a;j, i, j=1,...,5} be a 5 x 5 symmetric matrix such that a;; € {£1}
fori,j=1,....,5anda;; =1fori=1,...,5. Consider a function
5
fuya((a, .. us), x' x?,x%) = Z uinja;j(xi, x;)3 (34)
ij=1

under constraints (2) and (3). Then there exist xLx2 x5 eRs satisfying (2) and (u3, us, uq, us)

satisfying (3) maximizing the function fy,, a such that xi = x53 =0, xg >0, x22 =0, x‘% > 0and
x21 >0.

Proof. Let yl, y2, y3 and (u2, u3, u4, us) be any vectors satisfying (2) and (3) maximizing f;, 4.
Let V =span[y!, y2, y3]. Since dim(V') = 3, there exist linearly independent f, g € R such that
V =ker(f) Nker(g). Hence we can find d> € V \ {0}, which is orthogonal to e4, e5 such that
dg > 0. Set x3 =d3/|d3|». Analogously we can find d* e v\ {0}, orthogonal to x3 and e>
satisfying df > 0. Define x> = d?/||d?|). Finally we can find d' € V \ {0}, orthogonal to x> and
x? with d21 > 0. Set x' =d'/||d'|>. Note that x’ € V for i = 1,2, 3 and they are orthonormal.
By Lemma 2.3, x!, x2, x3 and (ua, u3, ua, us) maximize the function fuy,A, which completes
the proof. 0O

Lemma 2.12. Let A be a fixed 5 x 5 matrix given by

1 z2 23 z4 25
z 1 -1 -1 -1
A=]zz -1 1 -1 —-11], (35)
4 —1 -1 1 -1
zs —1 —1 —1 1

where z; € {x1} fori =2,3,4,5. Let

gt,ul,A((MZa "'aus)axlv-xza-x?)) = ful,A((MZ, ...,MS),.xl,.xz,XS)
5
+I<Zu,~ —i—xi —x52+xg —x?)
i=2

where t > 0 is fixed and (ua, ..., us), (x',x2,x%) satisfy (2) and (3). Let uy = 0 and let
(uz,...,us) and (x,y,2) € RIS satisfying (2), (3) maximize gy, A. Assume that xo > 0. Then
ui = 1/3/2, for i =2,3,4,5 x =(0,1/2,1/2,1/2,1/2), y = (0,0,0,1/+/2, —1//2), and
7=1(0,1/+2,—1/4/2,0,0).

Proof. By Lemma 2.7, the above mentioned x, y, z and (u2, ..., us5) maximize fo 4 and

fo,A((uz,...,u5),x1,...,x3) =3/2.
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Since the maximum of 2?22 u; + x3 — x2 4+ x5 — x3 under restrictions 2?22 u? =1 —ul,

Z?:l(x§)2 =1 for i =2, 3 is attained only for u; = /(1 — u%)/Z fori =2,3,4,5, x2 = y and

=z

gt,O,A((uL .. 7“5)9~x1’ .. "x3) = 3/2+t(4/ﬁ+2)'
Now assume that (v2, ..., vs) and (x', y', z!) maximize the function 8:.0.A. Hence in particular,
Zle v = 4/\/5, which shows that v; = l/ﬁz u; fori =2,...,5. Analogously, y = y1 and
z=z'.By Lemma 2.4,

span[x', y', z'] = span[x, y, z].

Assume that x! = px 4 gy + rz. Since y = y!, z=z! and x!, y!, z! are orthonormal, we get
q =r =0. Hence p = =£1. Since le >0and xp > 0, x! = x, which completes the proof. [

The next lemma is a simple consequence of the Implicit Function Theorem.

Lemma 2.13. Letr U C R be an open, non-empty set and let f : U x R" — R and G; : R" — R
fori=1,...,k be fixed C* functions. Let g : U x R"T* — R be defined by

k
glu,x,d) = f(u,x) =y diGi(x)

i=1

forueU, x e R"? anddeRk.Assumethat%(u”,x”,d"):Oforj:1,...,n+kand

2
det( (6%) (u”,xo,d”)) £0

0z;07;

for some (u°,x°,d%) e U x R and i,j=1,...,n+ k. (We do not differentiate with respect
to the coordinates of u.) Assume that (u™, x™,d™) e U x R"* and W™, y", 7" e U x RNtk
are such that (u™,x™,d™) — (w’, x°,d°) and (W™, y™,z™) — (u°,x°,d°) with respect to
any norm in R If for any m e N, %(um,xm,dm) =0 and gfj @™, y™, ™) =0 for
j=1,...,n+kthen

(um,xm’ dm) — (um’ ym, Zm)
for m > m,,.
Proof. It suffices to apply the Implicit Function Theorem to the function

g
Zn+k

G(u,x,d):(%(u,x,d),..., (u,x,d))

and (u,x,d) =’ x°,d°). O
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Lemma 2.14. Let A € R"™" be a symmetric matrix. Let Ay, hi, be eigenvalues of A, Ay, of
multiplicity j; for i = 1,2. Assume that for i =1,2 and j =1,..., j;, v/ is an orthonormal
basis corresponding to the eigenspace of A%i. Define a (ji1 + j») x n matrix V with rows v'/,
i=1,2j=1,...,ji. Let

(A= ipid VT
c— ( uid VY (36)
Then det(C) # 0.
Proof. Let E; for j =1,...,n+ ji + j2 denote the rows of the matrix C. Assume on the contrary
that
n+ji+j2
3 4B =0 (37)
k=1
and Y12 141 > 0. By (36),
(v, (@1,...,a0), =0 (38)

fori=1,2and j =1,..., ji.If j{ + jo» = n, then by the orthonormality conditions a¢; = 0 for j =
I,...,n. Again by the orthonormality conditions and (36) a; =0 for j=n+1,..., j1 + j2 +n,
a contradiction. If j; + j» <n,

k
(al,~.-,an)=zbjwj,
j=1

where wy, ..., w; are some orthonormal eigenvectors of A corresponding to eigenvalues
Y1, ..., ¥k of A different from Ay, and Ay,. Since A is symmetric, by (37) and (38),
k Ji+n Jitjtn
1) 2j
ij(yj—kkl)wjz Z ajv’ + Z ajv.
j=1 j=n+1 Jj=n+ji1+1

Since y; # Ak, for j=1,...,kandi =1, 2, we have

jitn ' Jitj+n .
Z ajvl + Z ajv¥ =0
j=n+1 j=n+ji1+1
and consequently by the orthonormality conditions a; =0 for j =n+1,...,n+ j1 + j> and
bj=0for j=1,..., k. In particular, this shows that (a1, ..., a,) =0, a contradiction. O

Lemma 2.15. Assume that t € R and let B, E be fixed m x m matrices and let A be a fixed n X n
matrix. Define

A D
C(’)Z(Dl B—i—tE)’ (39)
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where D is a fixed n x m matrix and D1 is a fixed m x n matrix. If det(C(t)) = Z’;l:o ajtj, then
ap = det(A)det(E).

Proof. Let, for k € N, IT; denote a set of all permutations of k elements. By definition of deter-
minant

n+m n+m
det(C()) = Y sgn(a)( I1 cj,g(j)(r)) > sgn(a)( I1 c,-,gm(z))

oWy, j=1 oWy, j=l1
n+m
+ Z Sgn(0)< 1_[ Cj,a(j)(t)>,
oWy j=1
where
W, = {a €lyim: a({l,...,n}) C {1,...,n}}.
Notice that to calculate the coefficient a, it is sufficient to consider only the sum over W,,. But

n+m
> sgn(c)( I1 Cj,au)(t))

oeWy, j=1

=y Sgn(0)<l_[aj,cr(j)> > Sgn(o)(l_[(bj,w)+f€j,a(j>))

oell, j=1 oell, j=1
=det(A)det(B + 1 E).

Hence, again by definition of determinant,
ay = det(A) det(E),
as required. O
3. Determination of kg
In this section we will work with functions f,, and f,, 4 defined by (1) and (4). The main
idea of our proof is to show that the function f,,, attains its maximum under conditions (2) and
(3) in

(uz, us, uq, Us, xl,xz,xs)

given in Theorem 2.4. This shows that kg has been calculated in Theorem 2.4. The main difficulty
to do this, is to demonstrate that if (1o, us, ug, us, xl, %2, x3) maximize f,, under conditions (2)

and (3) thenu; =,/1 — u%/Z fori =2,3,4,5. Here Lemma 2.13, Lemma 2.14 and Lemma 2.15

are applied.
The next two theorems show how look like candidates for maximizing the function f,, a.
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Theorem 3.1. Let A be defined by (28). Fix t € R and uy € [0, 1). Let us consider a function
huy Ay i RY x (R%)3 x R® x R defined by

Ry 4 (02,03, 02, 05), 24, 22,23, dy, do, da, dia, dvs, dos, dy)

5 5
Z jViVj ZlaZj 3+t<ZU1+Z4 Z5+Zz 3)

i=2

3 3
- (Zdj(zj, ) — 1) — Y dil )5 — dr{@r ), ), (40)
j=1

ij=li<j
where v = (v2, V3, V4, U5). Define fori =2,...,5, u;i =/ (1 — u%)/Z =c,

duic

w=w(u) =
\/(u% —2¢2)2 +16¢2u? +2¢2 — u?

=w/V1 i=23xl=—2L_ i=45
x=w/ VIt w? 21+w T e

x2=(0,0,0,1/v/2,-1/v2),  x*=(0,1/42,-1/+/2,0,0),
dy=1/2— 2+ V1+4c2=28¢4/2, dy =d3s =2c> + (1/V2)t, dij =0fori, j=1,2,3,i < j

and
dr=1+1/Q2c) +2(x1) + (x| xjur) /c.

Then the above defined x', x*, x>, uy, u3, us, us, d, dr, d3, di2, d13, do3, dy satisfy the system of
equations:

ahl,u,A,t
E)wj

1.2 3
(x'.x% X7 uz, u3, us, us, dy, da, d3, dya,dy3, dr3, d7) =0

for j=1,...,26, where
wj € {va, v3,va, 05,2k, k=1,...,5, i=1,2,3}
and
w; € {d,-k, i,kef{l,2,3}, i<k, di, i = 1,2,3,7}.
(We do not differentiate with respect to uy.)

Proof. Notice that the equations

ahul,A,t
8w(,~

1.2 3
(x'.x% %7 up, uz, ua, us, dy, da, ds, dip, di3, dp3, d7) =0
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for
wjelz, k=1,...,5, i=123}

follow from the fact that x*, i = 1, 2, 3, are the orthonormal eigenvectors of the matrix B defined
by (29) corresponding to the eigenvalues d;, i = 1,2, 3, which has been established in the proof
of Theorem 2.4. Also the equations

ahul,A,t
awj

2

1 3
(x'.x%, %% uz, uz, ua, us, di, da, ds, dia, di3, dp3, d7) =0

where
wj € {di,do, d3, dig, i,k €{1,2,3), i <k, dr)

follow immediately from the fact that (x’,x/)s = §;; for i, j = 1,2,3,i < j and ((u1,u),
(ur,u))s =1, where u = (up, u3, u4, us). To end the proof, we show that

8hul,A,t
Bwj

2

1 3
(x'. %%, x° uz, u3, us, us, dy, da, d3, dya, dy3, dp3, d7) =0

for
w; € {v2, v3, V4, Vs}.

Notice that fori =2,3,4,5

ahul,A,t
3w,‘

1.2 .3
(' x% X uz 3, ug, us, dy, da, d3, dva, di3, do3, d7)

5
:2Zuja,-j(x,~,xj)3 +t—2u;d7.
j=1

Since u; <1, u; =,/ (1 —u%)/Z:c >(0fori=2,3,4,5. Hence

8hu1,A,t
8w,~

1.2 3
(x'.x% %% up, uz, ug, us, dy, do, ds, dip, di3, dp3, d7) =0

if and only if

5
(Z”j“ij(xi,xm)/c +1/Q2c) =dj.
j=1

Notice that fori =2, 3,4, 5,
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5 5 5
(Z ajjuj{xi, xj)3 ) /c=x; (Za,]u] )/c+xi2(2aijujx]2->/c+xi3(Zaijujxi-)/c

j=1 j=1

= (maix}x!) /e +2(x) + 1/V2((1/V2)e + (= D(=1/¥/2)¢) /e
=14+ (ulallxlx )/c+2( )
Hence fori =2,3,4,5,
di=14+1/Q2c)+ Z(xil)z + (xllailxilul)/c.
Since le =X3=—Xy = —xsl, l=ay =a31 = —a41 = —asy,and u; =c fori =2,3,4,5,
di=1+4+1t/Qc)+ Z(X%)z + (xllxéul)/c,
as required. O
Reasoning as in Theorem 3.1, we can show

Theorem 3.2. Let A be defined by

11 1 1 1
1 1 -1 -1 -1

A=l1 -1 1 -1 —1]. 41)
1 -1 -1 1 -1
1 -1 -1 -1 1

Fixt e Rand u; € [0, 1). Let us consider a function hy, a ; : R* x (R?)3 x RO xR given by (40)
with A defined as above. Define fori =2,...,5, uj =,/(1 — u%)/Z =c,

=(0,1/2,1/2,—1/2,—1/2),
=(0,0,0,1/v/2,=1/v/2),  x*=(0,1/v/2,-1/+/2,0,0),
dy =202 dy =dy =2c> + (1/5/2)t, dijj =0 fori, j=1,2,3,i < j and
d7=3c+1t/2c.

Then the above a’eﬁned)c1 cx2 x3 uo, us, ua, us, dy, da, dz, dy2, di3, daz, dq satisfy the system of
equations:

8hl,“,A,t

1.2 .3
S (x', x%, %% uz, u3, us, us, di, do, d3, di2, d13, dr3, d7) = 0
j

for j=1,...,26, where

wje{vz,vg,v4,v5,z}c, k=1,...,5, i:1,2,3}
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and
wj € {dix, i,j€{1,2,3}, i <j, di,dp,d3,d7}.
(We do not differentiate with respect to u.)
Lemma 3.1. Let A be defined by (28). For a fixeduy € (0, 1) andt > 0let g,, A : R*x (R)? —

R defined by

5 5
guy aa (2. v). v y2 97) = D vivja (i vi)a +t(zvi +yi—yi+y - y%)-
i=2

i,j=1
Let My, A =max gy, A, under constraints

(. y)s=8j, 1<i<j<3;

and

5

2 _ 2
Zvj_l—ul.
j=2

Assume that uy € (0, 1) is so chosen that
AluhAx)==thA((uz,u3,M4,Ms),xl,x2,x3,d1,dé,ds,d1L<h3,ah3,d5)

where ug,u3,u4,u5,x1,x2,x3,d1,d2,d3,d12,d13,d23,d7 are as in Theorem 3.1 (for ¢ =
J1—u2/2). Set

Dy, = {(v2.v3, 04,05,y 3%, y?): i =y3 =y =0, y; >0} 42)
Then

Xu, = (ug,u3,u4,u5,x1,x2,x3) 43)
is the only point maximizing gu, A,: satisfying (2) and (3) belonging to D,,,.
Proof. Let
Yu, = (v2. 3, v4, s, vy y3) € Dy,

maximize g, 4,; and satisfy (2) and (3). Since ¢ > 0, and the maximum of f,, 4 is attained at
Xy, wehave v, =u; =,/1 — u%/Z fori =2,3,4,5, y2 =x2and x> = y3. Since xl,xZ,x3 are
the eigenvectors of A, by Lemma 2.4, span[y’: i = 1,2, 3] =span[x': i =1, 2, 3]. Note that

(xlﬁxi)5=<y1’xi>5:0
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for i =2, 3. Since span[y’: i =1,2,3] =span[x’: i =1,2,3], y! =dx!. Since (y!, y!)s =1,
y21 >0 and x21 >0, xl= yl, as required. O

Theorem 3.3. Let A be defined by (28). For a fixed uy € [0,1) andt e R let g, a,s and My, A
be as in Lemma 3.1. Assume that u; € [0, 1) is so chosen that

1 .2 .3
My, 4,0 = uy A (u2, u3, ug, us, x', x>, x°)

where uy, us, uq, us, x', x2, x3 are as in Theorem 3.1 (for c = /1 — u%/Z). Let the function

hy,, A,: be defined by (40). Assume furthermore that the 23 x 23 matrix Dy a ; defined by

0hy, A
1,41 1.2 .3
Dyay=—"—(x",x%,x°, uz,u3, us, us,dy,da, ds, dya, d3, dp3, dy), (44)
8w,~,8wj
where
1 2.2 .2 .2 3 .3 3
wiije{v27v33v4’v57ykak=17"'357 )’17)’3:)74,)75:)]1,)’273731

di, i=1,2,3,7, dix, 1<i<k<3}

(we do not differentiate with respect to uy, yi’, yg’, y%) is such that

k
Det(Dy, A1) = Zaj (u)tj

J=0

and aj(uy) # 0 for some j € {1, ..., k}. (Here (dy,d>,d3,d12, d13, dr3, d7) are such as in Theo-

rem 3.1 forc=,/1— u%/Z andt € R.) Then there exists an open interval U C [0, 1) (U = [0, w)

ifu1 =0) such that uy € U and for any u € U the function f, a attains its global maximum under
constraints (2) and (3) at

X, = (uz, U3, u4, u5,x1,x2,x3),

where u; =c, =1 —u?/2 fori =2,3,4,5 and xb x2, x3 are defined in Theorem 3.1 (with
¢ =cy). The same result holds true if A will be defined by (41). (In this case

1.2 .3
(x', x%, %7 uz, u3, us, us, di, da, d3, di2, dv3, da3, d7)

are such as in Theorem 3.2.)

Proof. Fix u; € [0, 1) satisfying our assumptions and let ¢; = /1 — u%/Z. Let j, = min{j €
{0,...,k}: aj(uy) #0}. Set for (u,1) €[0,1) x R,

k
h(t,u) = Z aj(uyt/ .

J=Jo
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Since aj,(u1) # 0, and a; are continuous there exist an open interval U C [0, 1) and § > 0 such
that u; € U and

h(t,u) #0
foru € U and |t]| < é. Fix t, € (0, §). Set
U,={ueU: My a,, is attained at X, }.

Note that u| € U;,. Now we show that U;, is an open set. Let u,, € U;,. Assume on the contrary
that there exist {u,} € U \ U,, such that u, — u,. Let forany u € U,

lu 2u 3u
Zu,to =Z,= (UZu, U3y, V4y, U5y, X, X7, X )

be a point maximizing g, 4,;, under constraints (2) and (3). Since the function

5
1 .2 .3 E 2 2 3 3
(fM,A - gt{,,u,A)((UZa U?,, V4, 05)7 Z,3,% ) = t0< vi + Z4 - ZS +Z2 - Z3)
i=2

is independent of z' and by Lemma 2.11, without loss of generality, the function 8u,A,1, can be
considered as a function of 16 variables

1 2 .2 2 2 .3 .3 3
(', (v2,v3, 04, 05), 27, 23, 25, 25. 21 23, 23)

from R3 x R* x R* x R3. (We can put z3 = z = z3 = 0.) Consequently, we can assume that
Z, €D,

(see (42)). By (2) and (3), passing to a subsequence, if necessary, we obtain that Z,, — Z. By
definition of D,,,, Z € D,,,. Also by the continuity of the function

5 5
,Y)— ( Z vivjaij(yi,yj)3+to(zvi +yi—Yi+y —)’33>>,

i j=1 i=2
guo’A,to (Z) = Muo,Avla .

By Lemma 2.12 and Lemma 3.1 X, is the only point in D,, which maximizes g, 4, and
Z € D,,.Hence Z = X,,,. Moreover, since X, € int(D,,), by the Lagrange Multiplier Theorem,
there exists

My, =My, (t0) = (df  d3, d3, iy, dis, d35, d7) € R
such that

ahu,A,t,,

5 (Zy,, M,,) =0, (45)
w;
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for w; € X UDD. Here hy, 4, is defined by (40) and
D={d;, i=1,2,3,7, dij, 1 <i<j<3}.
Also by (2), (3), (7), (8) (see the proof of Lemma 2.4) and (45)
M, — L,, =Ly, (t,) =(di,d2,d3,d12, d13, dr3, d7),

where L,, is defined in Theorem 3.1 for ¢ = /1 — u2/2 and t = t,. Now we apply Lemma 2.13.
Let us consider a function G : U x R'?2 x R* x R7 — R?3 defined by

ahu,A‘to
Jw

3;0

G(u,x,v,Q)=( (u, x,v,Q), ... ( X, v, Q))/(r )do/23

for w; € X U DD. Notice that by (45)
G(up, Zy,, Mu,,) =0.

Also G(uy, Xu,, Ly, (t,)) =0, where (X,,, Ly, (%,)) are defined for u,, in Theorem 3.1. More-
over,

(Un, Zu,, My,) = (1o, Xu,, Lu,)
and

(un, Xu,, Lu,) = (o, Xu,, Lu,)-
Notice that

det(Duo A l(,
(tjn/23)23

Det(aa—(uu, X.,. Lua>) " 4y = ) 0.
J=Jo

by definition of j, and ¢,. By Lemma 2.13 applied to the function G, Z,, = X,, and M,,, = L,
for n > n,. Hence u, € U; for n > n,; a contradiction. This shows that U;, is an open set. It is
clear that U, is closed. Since #1 € U, and U is connected, U;, = U. Consequently forany n € N,
n = n, and u € U, the functions g, 4,1/, achieve their maximum at uz, u3, u4, us,xl,xz,x3,
where u; =c, =+/1 —u?/2 fori =2,3,4,5 and x!, x2, x3, are defined in Theorem 3.1 (with
¢ =c¢y). Since gy, A,1/x tends uniformly to g, 4,0 = fu,a, on the set defined by (2) and (3), with
u € U fixed, f, 4 attains its maximum at uz, u3, us, us, x!, x2, x3 for anyu e U.

By Theorem 3.2, reasoning exactly in the same way as above we can deduce our conclusion

for the function f, 4 determined by A given by (41). The proof is complete. O

Now we show that the assumptions of Theorem 3.3 concerning D, 4 ; are satisfied. This is
the most important technical result which permits us to determine the constant Ag.
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Theorem 3.4. Let A be defined by (28) and let Dy, 4 ; be given by (44). Then for any u € [0, 1)
andt e R,

7
Det(Dy,a.0) =Y _aju)t!,

j=0
where the functions a; are continuous for j =0, ...,7 and a;(u) #0 for any u € [0, 1).
Proof. Set
X =(x1.b,b—b,~b,0,0,1/v2,-1//2,0,1/32,~1/3/2),
B=(b1,d,d,0,0,0,b7)
and

v=/{(c,c,c,c).

Assume that we will differentiate /1, 4, in the following manner:

1 1
(Wi, ..., ws) = (x], ..., x5), (we, ..., wi1) = (b1, ba, b3, b12, b13, ba3)
2 .2 .2 2 3 3 3
(W12, ..., wig) = (X7, X3, X3, X5, X7, X3, X3), (w19, ..., w23) = (u2, u3, uq, us, by).

(Recall that we do not differentiate with respect to u1, x%, xz and xg .) Notice that by elementary
but very tedious calculations (which we verified by a symbolic Mathematica program) we get
that the 23 x 23 symmetric matrix C = Dy, 4 ;(X, B, v) is given by

D, B
¢ ((Bl)T Dz)' (46)
Here
2(u? —by) 2cu 2cu —2cu —2cu  —2x; 0 0O 0 0 0
2cu 2c—by) =22 —2c2 —2c2 —2b 0 0 0 —1/4/2 0
2cu —2¢2 2t —by) =22 —2¢2 26 0 0 0 1/V2 0
—2cu —2c2 —2¢2 2P —b) -2 20 0 0 —1/42 0 0
—2cu —2c2 —2¢2 —2¢2 2ct=b)) 26 0 0 1/2 0 0
D = —2x1 —2b —2b 2b 2b 0 00 0 o o];
0 0 0 0 0 0 00 0 0 0
0 0 0 0 0 0 00 0 0 0
0 0 0 —1/V2 172 0 00 0 0 0
0 —1/v2 1//2 0 0 0 00 0 0 0
0 0 0 0 0 0 00 0 0 0
47)

D> = (D13, D2y), where
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2? —d) 2cu —2cu —2cu 0 0 0
2cu 22 —d) =22 —2¢2 0 0 0
—2cu —2¢2 22 —-d)  —2c2 0 0 0
—2cu —2c2 —2¢2 22 —d) 0 0 0
0 0 0 0 2u? —d) 2cu 2cu
Dy — 0 0 0 0 2cu 2 —d)  —2c2
2= 0 0 0 0 2cu —2¢2 22 —d)
0 0 0 0 V2u 3v2¢ —2¢
0 0 0 0 —v2u V2¢ —3/2¢
—V2u —V2¢ 3v2¢ —V2¢ 0 0 0
V2u V2¢ V2¢ —34/2¢ 0 0 0
0 0 0 0 0 0 0
(48)
and
0 0 —/2u V2u 0
0 0 —/2c V2c 0
0 0 3V2¢ 2¢ 0
0 0 —V2¢ —342¢ 0
V2u —/2u 0 0 0
3v2¢ V2e 0 0 0 |.
D2 = —V2¢ —32¢ 0 0 o |° @
2b% —2b7 + 1 1 —2b2 2b2 2b2 —2c
1 —2b2 2% —2b7 + 1 2b2 2b2 —2c
2b2 2b2 20> —2b7 + 1 1 —2b2 —2c
2b? 2b? 1 —2b2 202 —2b74+1 —2¢
—2c —2c —2c —2c 0
0 0 0 0 0 0 0 2bu 2bu 2bu 2bu 0
0 0 0 0 0 0 0 6bc+2ux —2be 2be 2be 0
0 0 0 0 0 0 0 —2bc 6bc + 2ux) 2bc 2bc 0
0 0 0 0 0 0 0 —2bc —2bc —6bc — 2ux; 2bc 0
0 0 0 0 0 0 0 —2be —2be 2be —6bc —2ux; 0
Bi=] o 0 0 0 0 0 0 0 0 0 0 0
0 0 -2 V2 o0 0 0 0 0 0 0 0
0 0 0 0 0 —V2 V2 0 0 0 0 0
—x;  —b b b 0 0 0 0 0 0 0 0
0 0 0 0 -x -b -—b 0 0 0 0 0
0 142 0 0 0 0 0 0 0 0 0 0
(50
Notice that in 11th row of C the only non-zero elementis c11,13 = c13,11 = l/ﬁ and in 23rd row
of A the only elements which could be different from 0 are c33,19 = 23,20 = €23,21 = €23,22 =
—2c. Also the only non-zero elements in 7th row are ¢7,14 = —+v/2 and ¢7,15 = V2. Analogously,

the only non-zero elements in 8th row are cg 17 = —+/2 and cg,18 = V2. Consequently, applying
the symmetry of C, subtracting 19th row from 20, 21 and 22nd row, 19th column from 20, 21
and 22nd column, adding 15th row to 14th row and 15th column to 14th column and adding 18th
row to 17th row and 18th column to 17th column we get that

det(C) = 8c* det(A),
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where A is a 15 x 15 symmetric matrix defined by
(A F
A ( 4 A2> | 51)
Here
2w? —by) 2cu 2cu —2cu —2cu —2x 0 0
2cu 2(c* = by) —2¢2 —2¢2 —2¢2 —2b 0 —1/42
2cu —2¢2 22 —hy) —2¢2 —2¢2 —2b 0 1/3/2
A= —2cu —2¢2 —2¢2 2(c2 = b)) —2¢2 26 —1/V2 0 ]
1= —2cu —2¢2 —2¢2 —2¢2 22 =b))  2b 1/32 0 ’
—2x —2b —2b 2b 2b 0 0 0
0 0 0 —1/42 12 0 0 0
0 —1/4/2 1//2 0 0 0 0 0
(52)
Ay = (Apy, Ap), where
2w? —d) —4cu 0 0
—4cu —4d 0 0
0 0 2w?—d)  4cu
Ar = 0 0 dcu —4d (53)
0 0 —2J2u  —42¢
—2u 24/2¢ —2u —2/2¢
V2u —22¢ —2u —24/2¢
and
0 —/2u «/zu
0 2V2¢ —24/2¢
—24/2u —/2u —/2u
Ay = —4\/§C —2\/56‘ _2\/§C ) (54)
8b% —4b;  4b* —2by 4b* — 2by
4b% — 2b; 2 —4by 2 —4b% —2by
4b* —2b7 2 —4b* —2b;  2b%* —4by
0 0 0 0 0 0 0
0 0 0 0 —8bc —2ux; —4bc —2ux; —4bc —2uxy
0 0 0 0 8bc + 2ux 4bc 4bc
. 0 0 0 0 0 —4bc — 2ux 4bc
F= 0 0 0 0 0 4bc —4bc — 2ux; (55)
0 0 0 0 0 0
—x1 2b 0 0 0 0 0
0 0 —x; —2b 0 0 0

Now we calculate the coefficient a7(u). Notice that

Det(C (1)) = Det(Dy,a,+(X, B, v)) = 8¢* Det(A(1)),
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where C () and A(¢t) denote the above written matrices C and A with b7 replaced by b7 +t/2c,

dr = d3 = d replaced byd—}—(l/ﬁ)t and x; = w/v/1+w? b= L where w is defined
24/ 1+w?

in Theorem 3.1. Now we apply Lemma 2.14 and Lemma 2.15. By Lemma 2.15,

a7(u) = det(Aq) det(E),

where E is a 7 x 7 matrix given by

V2 0 0 0 0 0 0
0 22 0 0 0 0 0
0 0 V2 0 0 0 0
E=]| o0 0 0 -2v2 0 0 0 (56)
0 0 0 0 —2/c —l/c —1/c
0 0 0 0 —1/c —2/c —1/c
0 0 0 0 —1/c —1/c =2/

Sincec=,/1— u%/Z > 0 foru; €[0, 1), E is well defined and det(E) # 0. Also by Lemma 2.14
and Theorem 2.4, det(A) # 0. Hence a7(u) # 0 for any u € [0, 1) as required. O

Now we will prove one of the main results of this section.
Theorem 3.5. Let f,, be defined by (1), i.e.
5
1.2
fur (2, uz, g, us, x', x*, x%) = Z winj|(xi, x5
i,j=1

Let M, = max(f,) under constraints (2) and (3). Then for any u € [0, 1]

o = 1667+ (6 — D2 +16(1 —de?)c?
u — 9
2

where ¢ =c(u) =~/1 — u?/2.

Proof. Define

1 + 6¢? 6c2 — 1)2 + 16(1 — 4c?)c?
U:{ue[o,l):Muz T 6c? 4 V(62 — )2 + 16( C)c}.

2

By Lemma 2.6 and Lemma 2.7, 0 € U, since M, = 3/2. Now we show that U is an open set. Fix
u € U. First we consider the case u = 0. We apply Theorem 3.3 and Theorem 3.4. Let (X, L,)
where

Xu=(x"x% 2%, c(v), c(v), c(v), c(v)),
(c(0)=1/2)and

Ly(t)=(d1,d>,d3,d12,d13,d23,d7)
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are given by Theorem 3.1 for fixed v € [0, 1) and # € R. Assume that u, — 0 and u, ¢ U. Let
(Xu,, Ly, (1)) be such as in Theorem 3.3. Passing to a subsequence, if necessary, and reasoning
as in Theorem 3.3, we can assume that (X, , L,, (t)) = (X,, Lo(t)). Let

Xu, = (xln’ x2n’ x3n’ c(up), c(uy), c(uy), C(un))

Since X, — X,, we can assume that sgn(x;,, x;,)3 = —1 for i, j =2,3,4,5, i # j. Without
loss of generality, again passing to a subsequence if necessary we can assume that for n > n,

sgn{xyy, xjn>3 =71
for j =2,3,4,5, where z; = 1. By Lemma 2.8 we have to consider three cases:

@) n=—-1l,uzn=u=z5=1;
b) n=m3=u=25=1;
© nn=u=—wu=—-z5=1.

By Theorem 2.3 and Theorem 2.4, (a) can be excluded. If (b) holds true, then by Theorem 3.3,
Theorem 3.2 and Theorem 3.4 applied to u; =0 and h; 4 ¢, where A is given by (41), we get
that

M,, =6c%<3/2,

which by Theorem 2.4 leads to a contradiction. (Since u; =0, D, 4 ; is the same for the function
ho.A 1, determined by A given by (41). This permits us to apply Theorem 3.4 in this case.) If
(c) holds true, we get a contradiction with Theorem 3.3. Consequently, there exists an interval
[0,v) CU.

Now assume that # € U and 4 > 0. Assume u, — u and u,, ¢ U forn € N. Let (X,,, Ly, (1))
be such as in Theorem 3.3. Without loss of generality we can assume that (X,,, Ly, (t)) —
(Xu, Ly (1)), where (X, L,(¢)) is defined in Theorem 3.3. Since X,,, — X,

SEN(Xipn, Xjn)3 = ajj

fori, j=1,2,3,4,5 for n > n,, where the matrix {a;;} is given by (28). Applying Theorem 3.3,
we get that u,, € U for n > n,; a contradiction. Hence the set U is open. It is easy to see that U
is also closed. Since 0 € U and [0, 1) is connected, U = [0, 1). Since M (1,0) = 1 the proof is
complete. O

Theorem 3.6.

5442

5

Moreover, )\.g =A(V), where V C lg) is spanned by

x''=(a/ur,b/co,bfco. =b]co, —b/co),
x2=1(0,0,0,1/v2,—1/v/2)/c,
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and
x3=(0,1/+/2,-1/4/2,0,0)/c,,
where
ur=vG6-=3v2)/7, ¢, = 7v(2+23\/—2)/7
and

a=+2vV2-1)/7, b=+v1-d2)2.

Proof. Let f35:R> x (R3)3 — R be defined by

5

fs(@rva, v, 00 0%y = Z vivi | (vi, vj)3].
ij=1

Let M3 5 =max f3 5 under constraints

o)y =8j, 1<i<j<3;
and
5
2 _

> ovi=1

j=1
By Theorem 2.2,

kg =Ms35.

By Theorem 3.5,

1 4 6¢2 6¢2 — 1)2 + 16(1 — 4c?)c?
M3,5=max{h(c)= +6¢ +/(6c 2) + 16( c)e :cel0, 1/2]}.
By Theorem 2.4, ¢, = 7”24_;“@/7 and
5+442
M3,5 =h(c,) = 77 .

By the proof of Theorem 2.2, and Theorem 2.4, the function f3 5 attains its maximum at
2! = (a,b,b,—b,—b), 2> = (0,0,0,1/+/2,—1/+/2) and 2> = (0,1/v/2,-1/+/2,0,0), u =
(ul ’ C()v Co» CO’ C0)7 Where

v 2432)/7
M1=1/(5—3\/§)/7, C0=(+—N

2
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and

a=+2vV2-1)/7, b=+1-ad2)2.

By the proof of Theorem 2.2, x1, x2 and x3, defined in the statement of our theorem, form a
basis of a space V satisfying A(V) = Ag. |

Remark 3.1. Note that (compare with [12, p. 259]) 3/2 = 1} < 3. Also A3 =4/3 and by the
Kadec—Snobar Theorem [8] Xg < V2 < 3/2. 1f x1, x2, x3, u are such as in Theorem 3.6, then
after elementary calculations we get

ol 2/2 -1
X1ll3 =
5-3v2
and
el [22 —24/2
X3 = T———F7—=>
2432
where x| = (xll,x%,xf), Xy = (le,xg, xg) and || - ||3 is the Euclidean norm in R3. Hence it is

easy to see that

lx1ll3 = llx2ll3
if and only if
772 =112,

which is false. Consequently, by the above calculations and Theorem 3.6, Proposition 3.1 from
[12] is incorrect.

Remark 3.2. Notice that in [6], it has been proven that
A(V)<4/3
for any two-dimensional, real, unconditional Banach space. Recall that a two-dimensional, real

Banach space V is called unconditional if there exists v!, v a basis of V such that for any
ai, az € R and €1,€2 € {—1, 1}
||alv1 —i—azv2 H = ||ela1v1 +62a2v2||.

Moreover, the Griinbaum conjecture has been recently proved (see [4]).
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