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Abstract

Assume that independent data X1, ..., X%, are observed sequentially in time, where
k(n) < oo is a finite horizon. Suppose also that there exists 0 € (0, 1] such that X7, ..., X{ina
have distribution v, , and X{xmey+1> --- » X kemy have distribution v, ,. The distributions and the
changepoint 8 are unknown. Our aim is to react as soon as possible after the change has taken
place. We propose a nonparametric stopping rule which attains a given probability of “false

alarm™ on the one hand and, on the other hand, is less than or equal to k(n)8 + O(./k(n)) with
probability one.

Key words: Sequential detection of a changepoint; Weak convergence of two-parameter
stochastic processes; Martingale maximal-inequalities

0. Introduction and main results

We consider a triangular array X1, ..., Xim. k(n)e N, of independent random
variables defined on a probability space (£2, o, PP), with values in a measurable space
(%, B). Suppose there is a § €(0,1], such that X%, ..., X{; e have distribution v, ,
and Xlymoy+1s --- » Xi(n have distribution v, , # v, ,. The distributions as well as the
changepoint 8 are not known. Assume that the random variables X}, i =1, ... ,k(n),
are observed sequentially. We are looking for a stopping rule satisfying:

(a) the probability to stop before [k(n)0] (false alarm) should be controlled,

(b) the procedure should react as soon as possible after the changepoint has occurred.

In Bhattacharya and Frierson (1981) an example is given touching a typical
problem of quality control: a machine produces items and as long as the production is
correct, we do not want to interrupt the process. The machine is assumed to be
adjusted at regular times. Within two successive adjustments we therefore take
random samples. Denote by X7 the value of the ith random sample after the nth
adjustment. Then our model describes the situation in a suitable manner.
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Problems of fastest detection of the point where the stochastic mechanism of
a random process changes have been extensively studied in literature. Many contribu-
tions to that subject require a certain amount of prior informations on the underlying
distributions, e.g. when using the so-called Shewhart (1931) control charts one must be
sure that the observed data come from a normal population. In opposite to this and
other parametric approaches Page’s (1954) cumulative sums (CUSUM) method is
applicable in all cases where certain expectations have different signs. Lorden (1971)
even proved optimality of the CUSUM procedure. However, the optimal method
involves the densities of the data before the change and thereafter. But in practise
typically such specific knowledge is not available and even some parametric assump-
tions cannot be justified. In these situations of minimal prior information one must
rely on nonparametric methods. For instance, Bhattacharya and Frierson (1981)
initiated the use of sequential ranks for detecting small disorders in a random sample
that comes from a continuous distribution. Cs6érg6 and Horvath (1987) introduced the
weighted empirical distribution functions pertaining to these sequential ranks. Based
on them they propose a sequential procedure for detecting a possible changepoint in
a random sequence of continuous observations. There the probability of false alarm is
fixed, whereas in the case of a change the process is stopped with probability one in
a specified length of time. Recently, Brodskii and Darhovskii (1991) made a compara-
tive analysis of several nonparametric methods embracing the CUSUM procedure of
Page (1954), the Girshick-Rubin-Shiryaev algorithm (cf. Girshick and Rubin (1952),
Shiryaev (1973)), the Shewhart (1931) method, the method of Darhovskii and Brodskii
(1987) and the so-called exponential smoothing method. Here it should be mentioned
that they replace the usual assumptions of independence by a weaker strong mixing
condition.

Recall our example at the beginning. If the sampling costs are low, we dispose of
a large number k(n) of observations per row. Hence assume that k(r) — oo, as
n — oo, Without loss of generality (w.l.o.g.) we may consider the case k(n) = n. We

propose the following class of stopping times:
> }

if { -} #0and 1, =n+ 1 otherwise.

Here, K: & x % —» R is a # ® #-measurable mapping (kernel), that is bounded and
antisymmetric. The quantity a € (0, 8) is assumed to be known and c is a positive
constant, which will be determined later. Concerning the quantity a, note that in our
example, after each adjustment, it is realistic to assume that the production process is
correct at least a certain number of time units. The motivation for the procedure is
quite obvious: until time [na] we know that no change has taken placE:. But after that
time we start testing the hypothesis, whether our data come from the same distribu-
tion or not. We use a test statistic of Ferger (1991). As long as the test does not reject

the hypothesis, it is reasonable to go on sampling. In Theorem 2.2 below we determine
the critical value ¢ = c(o) such that the error of false alarm, for each 8 € [a, 1], does

PR
r,,r,,(c)=inf{na§ksn:k'3/2 max Y Y K(XHXT)
Lel<k=1 |20 1 j=1
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not exceed a given value 0 < o < 1 at least asymptotically, i.e.

lim Po(ta{c) < [mB]) <a Vbela 1]

As already been mentioned, we also want to stop as soon as possible after the
change has taken place. As to this, we will show that (cf. Theorem 2.4)

lim Py(t, < nf + Co/ny=1 Vle[a1],

where Cy is a positive constant. Finally, we will prove that (cf. Theorem 2.3)

imn 'E (1) =1 —a(l —a).

n—co

This means, in case there is no change, we will in the mean stop the process actually
very late. In chapter three a simulation study will be reported on in which our
theoretical results will be made clear visually.

Set

[nu] [{nu]1)
Eulu, )= [mu]™%% % 3 K(X7,X})
i=[[nultj+1 j=1
for (u,t)ela, 1]1x[0,1] and put
Sp(u):= 0supllé,,(u,t)[ foruefa 1].

Then S, is a step function on [ a, 1] with jumps at the points u = kn~ 1, na < k < n,
and corresponding values S,{(kn~!). Observe that

k
s(3) =, e,

= k3?2 max
1<l<k—1

k fkt}

K3y Y K(XELX

i={kt]+1 j=1

k 1
Z Z K(Xr, X"

We see that

{1, < [n8]} = {S, exceeds the boundary c in [a,67}

=Q\{ supo 0sup | €a(u, £)] <c}
so that the probability of false alarm is closely related to a boundary-crossing
probability of S,. We shall first show that the &, as random elements in the space
D([a,0]x[0,1]) converge in distribution.
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1. An invariance principle for the stochastic processes &,

Introduce the stochastic process

{nu] [nu]

G 0):= Y E[E(u, )] X1T= Y fuilut), a<u<h 0<t<1,
=1 =1

where
.y = {017 (O] = (O DR, e X7, 1 <1< ([l
6 D= ]2 [ [nu]t]R,e X7, [[nu]t] <1< [nu]

and
Ru(y) = f K(x, y)v10(d).

Now, as a first step, we show that the two processes &, and &, are asymptotically
stochastically equivalent.

Lemma 1.1. I[f0 < a < 6, then
lim Pgl: sup  sup | &y, t) ~ En(u, )] > eJ =0 Ve>0.

Before proving Lemma 1.1, we provide two maximal inequalities.

Lemma 1.2. Let Z,, ..., Z, be ii.d. random variables with values in a measurable space
(%, #) and distribution v. Let H be a kernel satisfying:
h(y) = {H(x, y)v(dx) =0 for v-almost all y € %, (1.1
h(x) = [ H(x, y)v(dy) =0 for v-almost all x & %, (1.2)
6> =EH*Z,,Z,)< . (1.3

Then for all ¢ >0

> H(Z.z)

I+1<j<i<k

P[ max max

1<k<nO<I<k

> 8] < 20%:7 202,

Proof. Denote
Uk,l = Z H(Zi, Z})
I+1 <j<ix<k

Then

H(Z;, Z)) >s]=ﬂ3’( max Sk>82>,
I+1<j<i<k 1gk<n
where S, =maxo.;.,UZ,. Now, put Fr=0a(Z,,...,Z;), 1<k<n and
?OII{Q,Q}.

1<k<snO<i<k

P[ max max




D. Ferger/Stochastic Processes and their Applications 51 (1994) 359-372 363

Observe that using (1.1) we obtain
ElUis1.0l Fl=U,; VO<I<k
So, by Jensen’s inequality
E[Sks1 | Fxl 2 E[UZ | F I 2 BPLU 1 | F) = Ui, VO<I<k,
which implies that

Sy = max Ui, < E[Si]#].

O0<i<k

In other words, (Si, % i)o<k<n IS a sub-martingale. From Doob’s inequality
(cf. Chow and Teicher (1978), Theorem 8, p. 243]) we infer that

[P’( max Sk>82>38‘2[E(S,,)=8_2[E< max )Un.l'2>'

1<k<n O0<l<n—1

Use (1.2) to prove that (U, ;, 91)1<n-1. .. o With %, = 0(Z,+4, ..., Z,)is a martingale
(in reverse time). Hence (|U,.|, %1)i=n-1, 0 iS @ nonnegative submartingale. Thus
Doob ensures

[E( max IUH,IIZ)S4E[Un,o|2=4 Y EHX(Z,Z) < 20
O<l<n—1 1<j<i<n

by (1.1)—(1.3). This proves the lemma. [

The following lemma has already been proved by Ferger (1994) Lemma 3.1.

Lemma 1.3. Under the assumptions of Lemma 1.2, for all ¢ >0

{P’[ sup
1<l<n

Proof of Lemma 1.1. We have

Z H(Zi’Zj)

1<j<i=zt

> Ejl <i0% 0.

- [na] {[nu} 1]
én(u7 t)_én(u’t)z[nu]_?’/z Z Z [K(X:',Xj)"RnOX7+Rn°X?]9
i=[{nulf]l+1 j=1
where R,(y) = jK X, Y)v1..(dx). So, if we put H,(x, y} = K(x, y) — R.(y) + Ra(x),
we can conclude that
Sup sup, | Ea(u, 1) ~ Eulu, 1)

a<u<f0<

R h!
Y 2 HJ(XL X))

i=[[(nu]t]+1 j=1

= sup sup [nu] 32

a<u<80<t<1

= max max k™32
na<k<n® O<l<k

k i
Y. 2 Hu(XT, X))

i=l+1j=1
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k

1
<a ?n737% max max | Y Y H(X!, XY

na<k=<nd 0<l<ky,. 1+1j=1

Because of

)

Hn(X X)) =) HJ(XLX)

HM-

i=l+1j 1<j<i<k
- 2 HJXLX)D-— )Y HJ(X}, X}
1 <j<ixglt I+l <j<i<k

we obtain with Cy = a~ ¥/ that

sup | sup [&,(u, 1) — Euu, )]

<u<60<

< Con~3? max
l<k<n

Y. HJ(XI, X}

t<j<i<k

+ Con™*? max max
1<k<n 0<I<k

Y. HJ(X1L X}

1<j<i<l

+ Con™*? max max
1<k<sn O0<slic<k

Y H.(XL,XD)

I+l <j<i<k

< 2Con~%¥? max
1<li<sn

2 HJ(XI, X))

1<j<ixcl

+C n 312 max max
]
1<k<n O0<I<k

2 H.X1L XD

I+l <j<i<k

since

max max
1<k<n O<i<k

max

l<n

Y. H.(XT, XD

l<j<isl

1<j<igl

Now, by Lemma 1.3, it follows that

S HL(XT, X%

1<l<n 1<j<ic!

P |:2C0n"3/2 max

>%s] < Cie 2n1,

where C, is a constant not depending on n. Moreover, an application of Lemma 1.2
yields

Y HJ(XLX))

I+1<j<i<k

I]J’[Con“3/2 max max

l<k<n O<I<k

>28]<C28 2 _1,

where C, is a constant not depending on n. This proves the lemma. O
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Lemma 1.4. The sequence of processes (f,,),,zl is asymptotically C-tight, i.e. for all
>0

lim lim supp[ sup Eou, 1) — Eu, )| = g} =0 (1.4)
e e 280 it
and
é?,,(a, 0) is bounded in probability. (1.5)

Proof. Since f,,(a, 0)=0YweQVn=1,(L5)is trivially fulfilled. It remains to show
(1.4). Set

v,=¢q0, 0<qg<6! (where wlog 6 'eN)
and
u, =da + 7‘5, 0 S r S [(0 b a)5_1] and u[(g_a)l;*l]+1 _ 6.

Moreover, put

sEs =500 =u_1+kdm™', 0<k<m

(m)

t=t=tg =v,, +I6m !, 0<l<m.

Following Billingsley’s (1968) arguments on p. 56 in the one-dimensional case one
can prove that it is enough to show: Ven >0 30<d<1 such that
ViI<r<[(0—a)d ']+ 1landV1 < q <3 ' 3ng=ny(r,q3), mg=me(r,q,8)eN
so that

O <kl

[FD[ sup (sk'",), t(m)) f,,(u,-l, Vg-1)| > 8] < 8% VYm=mg Yn>ny (1.6)

Now, we fix r and ¢ and note that

(ns] [nu]

z Hn, I(S t)— Z Unx(“ U)

i=

l%n(sa t) 'f (us U)' =

[ns]

Z [nn.i(sa t) - nn.i(u? U)] +

i=1

Z r’n,i(u, U) .

i=[nu]+1

' [ns]

It follows, that the left-hand side of (1.6) is less than or equal to

[nsk]
pl:0<82,llp< Z L1, isus 1) — 71,4(u, v)] ’ > %g]
(nsk]
* P[ sup Z Nu, (0, 0)| > %g] 1.7
O<k<m i=Dml+ 1
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The first summand in (1.7) is less than or equal to

[[nu]v]
p[o S,:‘llp Z [nn,i(sk’ tl) - nn.i(u’ U)] l > %8:|
<klism| ;=
[[nsecltr]
+ P[ sup Y [7is6 1) — fai(u, )] %5]
Oskl<m| j=(nuw)+1
{Ask]
+ [p[ sup z [rln,i(sb tl) - nn,i(u9 U)] > %8 ] (18)
Oskl<m] j=[insdny+1

Notice that

DSt 10) = (1, 0)] = {812 ([nse] — [[ns1,])
— [mu]™¥2 (] — [[nueJo])} Ryo X 1.

Furthermore, one can show upon applying the Mean Value Theorem that
[{ -} < Con 125 VO <k, I < m,if n > ny(3), where C, is a constant. Thus the first
summand in (1.8) is less than or equal to

>és] < &,

by an application of Hoeffding’s (1963) inequality. Similarly we obtain that the third
summand in (1.8) 1s less than or equal to

s] < 6%p,

utilizing Lévy’s inequality [cf. Billingsley (1968), p. 69] and then Hoefiding’s (1963)
inequality. Since,

[[nulv]
Y, R,eX?

i=1

P[Con‘”zé

[nsi]
Y R,o X!

i=[[nsilt]

P[Cln'”zé sup

O<kl<sm

k
Y RiooX? >3

i=1

< P[2C1n vz , Sup

1<k<n

N, i(Sk> t) — M, i(u, )
= {[ns: 17 ¥*([ns,] — [[nse]ti] + [nu] > [[nu]v]} Rue X7

and [{ - }| < Con Y2 YO <k, I <m, the second summand of (1.8) is less than or

equal to
>t ]

Ry X!

i=[(nu,-110]+ 1

[[nsitr]
Ryo X7}

i={[nulv}+1

[F"[Czn‘”2 sup

O<ki<m

k

<P

>ient C{’} < &%,

sup
[nuy-1]0g- 11 <k < [[nur]vq]
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as a consequence of Lévy’s and Hoeffding’s inequality, respectively. The second
summand of (1.7) is less than or equal to

k
[F"I:C3n'1/2 sup >  R,o X7

[nur -1 1<k <[murl| §=(pu,_ 31+ 1

> %s] < 6%y
upon arguing as above. The lemma 1s proved. [

Lemma 15. If K is a bounded, antisymmetric kernel and s*(n)=
JLPK(x, y)vi (dx)1%vy . (dy) converges to some quantity 6°, then the finite dimensional
distributions of £, converge to those of a centered Gaussian process & = {&(u,t):
a<u<86,0<t <1} with covariance function

Cov [&(uy, ty), E(uy, t2)] = 0 (g )™ [uyty (1 — 13 )(1 — 1)
—(uaty —ugt)ti (1 — t5) + (uy — uzty)t 6,1, (1.9)

whenever iy < Uy, t; < tyand t, < uus ' Ift, > uu; * we obtain a similar expression.

The proof of this lemma is a routine application of the CLT for triangular arrays in
R?, p e N. Observe that for each fixed u € [a, ], Cov(&(u, t,), E(u, £,)) = 6%t (1 — t,).
It follows that {o ™' ¢(u, £): 0 < ¢ < 1} is a Brownian Bridge for each fixed u. Now, the
following theorem is a consequence of the Lemmata 1.1, 1.4 and 1.5 [cf. Neuhaus
(1971)].

Theorem 1.6, Let (¥, B) be a measurable space. Assume that K is a bounded, antisym-
metric kernel. Also, let s*(n) converge to some ¢* as n — oo, Then &, converges in
distribution of £, where & is a centered Gaussian process with a.s. continuous paths and
covariance-function (1.9).

2. The reacting procedure and its asymptotic properties

Notice that, up to the (in general unknown) constant o2, the distribution of the limit
process ¢ does not depend on (v, ,),.n and K. For this reason we estimate ¢2. Put

h(x,y,2) = K(x,2)K(y,2)

and
1
hs(x’y>z) = 5 Z h(u,v,w),
(,v,w)e P3
where P; is the set of all permutations of (x, y, z). Define
-1
oy = on(a) = [[n;]] > hy (X7, X7, X7).
1 <i<j<l<na

Following the proof of Lemma 2.13 of Ferger (1991) we obtain the following Lemma.
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Lemma 2.1. Let & be a separable metric space and let K be a bounded and continuous
kernel. If v, , converges weakly to some v,, then with probability one

o2 = 62(a) » 0 = [[[K(x.y)v1 (@0)]*vi (dy) as n— w0 .

Now, by Lemma 2.1, Theorem 1.6 and a Cramér—Slutzky argument it follows that
the processes {, = o, * £, converge in distribution to a process {, whose distribution is
invariant with respect to the underlying distributions (v ,),cn and the kernel K.
Therefore we consider the modified stopping rule

> }

Theorem 2.2. Let ¥ be a separable metric space, K a bounded, continuous and
anti-symmetric kernel and ¢ = c(a) the (1 — o)-quantile of

k

1
%,,:=inf{na$k$n:a,,"1k’3/2 max > Y K(XI, X))
=1

l<l<k-1 i=l+1]

sup sup ) 18(u, t)].

a<u<l10<t<
If vi » converges weakly to some vy, then

lim Py(T, <[nf])<a Va<b<l1.

Proof. Similar as before we have

Py, <[n8])=1-— [P’(osup

su ut)h <c).
<u<9 0s:21|c"( ) >

From the Continuous Mapping Theorem we can conclude

sup  sup [{,(u, 1) 5 sup

a<u<@ 0<1< <u<@

sup [{(u,t)] Va<@<l1.
O0<t<1
By the Corollary to Theorem 2 of Lifshits (1982) it follows that

lim Py(7, <[n8])=1-— [F"( sup . sup [(u, t)] < c>
n— o a<su< <1<

<1 0

31~P< sup SUPIIC(u,t)|£c>=cx. O
a<u <t <

Recall that the distribution of sup, ., <15Upo<:<11{(u, t)] does not depend on
(v1.)een and K, so we can estimate ¢ via Monte-Carlo simulation. Moreover, since

Z

Oggglli(u,t)i OggllB"(t)l

for each fixed u € [a, 1], where B° denotes a Brownian Bridge, we can conclude that
c(a) = x(1 — o) where x(1 — o) is the (1 — a)-quantile of the Kolmogorov—Smirnov
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distribution. It is not hard to see that c(a) = c¢(a, a) converges to x(1 — o) as a tends to
one. So, if a is close to one, c¢(a) is approximated by x(1 — a).

Next, we investigate %, if no change has taken place, i.e if 8 equals 1.
Theorem 2.3. Under the assumptions of Theorem 2.2

lim Ey(n~'%,) = 1 — a1l — a).

Proof. We have

(n+1)/n 1 (n+1)/n
E,(n %) = f P.(%, > nx)dx = a + JPI(%,, > nx) dx + J P, (%, > nx)dx
0 a 1

1

>a+ lel(%,, >n)dx=a+ (1 — a)[P’,( sup  sup 1|C,,(u,t)l < c(oc))
agsu< <t<

a

»a+{(l—-a)(l —a)=1—wa(l—a) asn—-> o0. O

Theorem 2.4. Let & be a separable metric space, K € C®(¥?) antisymmetric and
suppose that v;, converges weakly to v, for i=1,2. Moreover assume that
A= {[K(x, y)vi(dy)vs(dx) # 0. Then

lim Py[%, < nf + 2¢6 ‘o, |21 /n]1=1 VOe[a 1]

Proof. Set |, = 2c0‘10,,l/1|"1\/;1 and k, = n@ + I,. Then
B k
Po(7, < k,) =Pyl sup o, k37 . z

na <k<kp, _

Y K(X7,

1
j=1

Xy >c

L

r kn ne
2P o] 3§ Ko
L i=nB+1j=1
kn né
= Py lnnGk,f3/20;1 Z Y [K(XT, X?)—l]+il>c:|
L : ng+1j=1
1 kn né
> Pg[znnekfﬂanl YOV KX XY - 2] i — 1Al > c}
lnel ng+1 j=1

1

o co, k3
1m0 ;mzl[K(X"’X")—'{]lZ A =8 ]

,>_1—[F°,,[

>1- [P’,,':l - _Cil’%/j} since k, < n for n large enough

=1-Py(] - | 23[2]) > 1 asn— oo,
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since | --- | = O with probability one. In fact,

1 kn né

Z Z K(X’ilsX?)=.’.K(xay)u2,n®lul‘nd(x7y)’

Ihnb 15+ 1 =1

where
1 kn l no
Hom = 7 Z 5x;' and gy ,=— Z 5)(;'-
bicngs1 nbl /=

Using Varadarajan’s (1958) arguments one shows that u;, converges weakly to v;
with probability one, i = 1,2. Now apply Theorem 3.2 of Billingsley (1968) and the
Portmanteau theorem to get the desired result. [

Note that we sometimes actually can replace o, by the quantity s(n), e.g., in the case
& =R, K(x,y) = sign(x — y)and v, , continuous for all n € N, s?(n) = 1/3. So, in this
situation we have a deterministic upper bound for the number of observations we will
take (with high probability) after the changepoint. Moreover, the upper bound reflects
the fact that the closer the alternative is to the hypothesis (measured by 1) the later we
will stop.

3. Simulations

In a small sample simulation study we investigated our sequential procedure. Since
we did not know the critical value ¢(x) = c(«, a) explicitely, we had to approximate it
by Monte-Carlo simulation. As pointed out in chapter two we can take w.lo.g.
Z=(,1) and v,, the uniform distribution. For the kernel we chose
K(x,y) = sign(x — y), so that s>(n) = }. From our theory we know that

£
S= /3,50, g 16w 01 5 sup sup 10
For this reason we generated m € N independent variables distributed as S, and took
the (1 — «)-quantile of the empirical distribution function of these variables as an
approximation of ¢. For m = 200 and n = 50 we obtained the values presented in
Table 1.

In our simulation study we fixed @¢=02, o«=01 n=50 and
K(x,y) = sign(x — y). We generated m = 100 independent variables 1, i = 1, ... ,m,
distributed as t,, where X%, ...,X[s had distribution v, and the remaining
X415 -+ » X7 had distribution v,. By the SLLN the arithmetic meansm™'y."_ 19
and m™! Z:"z o 1< < neyy are reasonable estimators for Fye(t,) and Py(z, < [n6]). If
vy = U(0,1)and v, = U(d,1 +d), 0 <d < 1, A = 2d — d*. Tables 2 and 3 show the
values for d =03 (1 =0.51) and d =04 (A = 0.64). If v; =exp(4;), 2 >0,i=1,2,
A= (41 — A2)/(4; + A3). Tables 4 and 5 show the values for 4, = 1, 4, = 0.324503311
(A=051and A; =1, 4, = 0.219512195 (4 = 0.64!).
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Table 1
o

a 0.1 0.05 0.025 0.01

0.1 1.422 1.489 1.581 1.730

0.2 1422 1.489 1.581 1.730

0.3 1.422 1.489 1.581 1.730

0.4 1.413 1.476 1.581 1.730

0.5 1.408 1473 1.58t 1.730

0.6 1.346 1.455 1.531 1.666

0.7 1.299 1.405 1.508 1.615

0.8 1.232 1.376 1.457 1.615

0.9 1.156 1.303 1417 1.616

1.0 1.107 1.235 1.323 1.538
Table 2
[n0] 10 15 20 25 30 35 40 45
Eo(tn) 33.55 34.15 36.00 38.81 42.88 42.25 47.50 47.38
Po(7, < [n8]) 0 0.01 0.05 0.05 0.03 0.08 0.06 0.09
Table 3
[nf] 10 15 20 25 30 35 40 45
Ey(z,) 25.23 26.30 30.31 33.99 39.35 43.11 46.57 46.51
Po(z, < [n0]) 0 0.03 0.06 0.10 0.04 0.14 0.09 0.14
Table 4
[n6] 10 15 20 25 30 35 40 45
Eo(z,) 33.85 32.66 35.30 38.08 4091 4524 45.89 47.41
Po(t, < [nO}) 0 0.02 0.01 0.04 0.09 0.07 0.12 0.09
Table 5
[n6] 10 15 20 25 30 35 40 45
Eo(z,) 23.79 24.90 29.45 34.17 38.94 43.05 47.12 46.16

Ps(1, < [n8]) 0 0.02 0.04 0.05 0.09 0.06 0.07 0.13
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