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Abstract

Let LG, denote the Lagrangian Grassmannian parametrizing maximal isotropic (Lagrangian) subspaces
of a fixed symplectic vector space of dimension 2n. For each strict partition A = (A1, ..., Ag) with A <n
there is a Schubert variety X (1). Let T denote a maximal torus of the symplectic group acting on LGy.
Consider the T-equivariant cohomology of LG, and the T-equivariant fundamental class o (1) of X (1). The
main result of the present paper is an explicit formula for the restriction of the class o (1) to any torus fixed
point. The formula is written in terms of factorial analogue of the Schur Q-function, introduced by Ivanov.
As a corollary to the restriction formula, we obtain an equivariant version of the Giambelli-type formula
for LG;,. As another consequence of the main result, we obtained a presentation of the ring H; (LGy).
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

Let LG, denote the Lagrangian Grassmannian parametrizing n-dimensional isotropic sub-
spaces of a fixed 2n-dimensional symplectic vector space. The Schubert classes give a linear
basis for the integral cohomology ring of LG,,. These classes can be parametrized by sequences
A= (A1,..., Ar) of integers such that n > A1 > --- > A > 1. The same set of sequences also
parametrizes the 7-fixed points in LG,, where T denotes a maximal torus of the symplectic
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group acting on LG,. Here we consider the T-equivariant integral cohomology ring Hj (LG,).
We are interested in the T-equivariant Schubert classes o (1) in H7(LG,). The classes o (1)
form a free basis of H}(LGy) over the ring S of T-equivariant cohomology of a point. It is
known that § is naturally identified with the polynomial ring Z[e1, ..., &,] (for the definition
of &; see Section 4.1). Let e(ut) be the T'-fixed point corresponding to an index . The inclusion
map i, : {e(u)} < LG, induces the restriction morphism i;i :HI(LG,) — Hji({e(uw)}) =S.The
main result of the present paper (Theorem 6.2) is an explicit formula for i o (1), the restriction
of the equivariant Schubert class o (1) to a T-fixed point e(u), as a polynomial in Z[eq, ..., &,].

For the classical Grassmannian G4 , of d-dimensional subspaces of C", Knutson and Tao [21]
derived a formula for the restriction of the equivariant Schubert classes to a torus fixed point. This
formula is written in terms of the factorial analogue of the Schur function introduced by Bieden-
harn and Louck [3] and studied by other authors (see Section 5). Recently, Lakshmibai et al.
[29] also proved the restriction formula by a different method. They also derived equivariant
Giambelli formulas, determinantal formulas in the global ring H}(Gg,,) of equivariant coho-
mology, that express the equivariant Schubert classes.

As for the ordinary cohomology of the Lagrangian Grassmannian, Hiller and Boe [16] proved
Pieri-type formulas. Using the result in [16], Pragacz [38] proved Giambelli-type formulas that
express each Schubert class in a Schur-type Pfaffian form. The derivation of the Pfaffian formula
is based on a comparison of the formula in [16] and the Pieri formula for the Schur Q-function.
Our formula (Theorem 6.2) is written in terms of the factorial analogue of the Schur Q-function,
introduced by Ivanov [18,19]. This leads to an equivariant Giambelli-type formula (6.4) analo-
gous to Pragacz’s result.

Here is a brief summary of the paper. In Section 2 we recall some results on the Weyl group
of type C,, and fix some standard notation. The set of minimal coset representatives introduced
in this section will be used as an index set that parametrizes the main objects of this paper, the
Schubert varieties, T -fixed points, etc. We also present several combinatorial descriptions of this
set. Section 3 is devoted to basic geometric settings, where we introduce the Schubert varieties.
We proceed by studying the T-equivariant cohomology of LG, in Section 4. A recurrence rela-
tion (4.10) arising from the equivariant Pieri—-Chevalley formula (4.8) plays the central role. In
Section 5 we give a definition of the factorial analogue of the Schur Q-function and present some
properties. Finally, in Section 6 we prove our main theorem. The proof is performed by a com-
parison of Ivanov’s Pieri-type formula (5.2) for factorial Q-function and the recurrence relation
for the restricted Schubert class. Using the restriction formula, we prove the Giambelli-type for-
mula (6.4) for the equivariant Schubert classes of LG,,. In Section 7, we also give a supplementary
discussion on expressing the Schubert classes of two-row type diagrams in terms of a polynomial
in the special Schubert classes o (i) (1 <i < n). A formula in Proposition 7.1 seems to be new.
It provides an explicit form of any two-row type factorial Q-function. In Section 8, we prove a
ring presentation for H7(LG,) as a quotient of the polynomial ring over S. In Appendix A, we
present a brief introduction to Ivanov’s functions and prove a vanishing property crucial to the
main body of the paper.

It is well-known that the cohomology ring of the Grassmannian of orthogonal type is very
similar to that of LG,. It is natural to expect the equivariant Schubert classes for the orthogonal
Grassmannian is described by factorial Schur P-functions (cf. [20,38]). Indeed, after the first
version of this paper is written, the author and H. Naruse succeed in deriving such formulas. We
will discuss the subject in a separate paper [17] which focuses on some combinatorial aspects of
the equivariant Schubert calculus.
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It should be mentioned that a recent result due to Ghorpade and Raghavan [10] provides an
alternative combinatorial approach to our formula (6.2). They developed the standard monomial
theory for the coordinate ring of the tangent cone of X (1) (see [22] for the corresponding result
for the ordinary Grassmannian). Note that a preceding result of Conca [8] corresponds to the case
with the fixed point is the identity coset. This description immediately leads to a combinatorial
formula for o (1), which is quite similar to a tableau type formula for Q; (x|a) given in [19].
Details of these issues will be discussed in [17]. Recently, the result, namely a combinatorial
expression for the restriction of a Schubert class in LG, to a T-fixed point, was independently
proved by Kreiman [25] (see also [24] for type A).

2. Preliminaries

We first recall some basic notions about the Weyl group of type Cj,, in order to fix our notation.
The purpose of this section is to introduce an index set for the main ingredients of this paper,
Schubert varieties, torus fixed points, etc. References for this section are [4,15,16].

2.1. Weyl group of type C,,

Let S5, be the symmetric group of all permutations of 2n letters {1, ...,2n}. Set i =2n —
i + 1. Let W be the subgroup of w € S, such that w(i) = j & w(z_') = j_ Then w € W can
be determined by w(l), ..., w(n). A standard set of generators of W is given by s; = (i,i +
D@ +1,i) 1<i<n—1)ands, = (n,i), where we denote by (i, j) the transposition. The
length £(w) of an element w in W is the smallest number of the generators sy, ..., s, (the simple
reflections) whose product is w.

Let Wp denote the parabolic subgroup of W consisting of the element w such that
w{l,...,n}) C{l,...,n}. Clearly Wp is isomorphic to S,. Let WP denote the set of w € W
such that w(1) < --- < w(n). Let u € W. The coset uWp contains a unique element w in W7
Actually w is the unique element in the coset u Wp of minimal length. The longest element in
W is denoted by wy. If the coset uWp € W/ Wp is represented by w € W, then wouWp is

represented by w" = (w(n), ..., w(l)) € WF.
2.2. Combinatorial description of W¥

By a symmetric Young diagram, we mean a sequence D = (dy,...,dy) withdy1 > dr > --- >
d,, > 0 such that

di=g{jldj =i} (A<i<n).

By V"™ we denote the set of symmetric Young diagrams D = (di, ..., d,) contained in the
square n X n, where by the last condition we mean d; < n.
Let w € W¥ . Then the sequence

Dw)=(n+1-w(l),n+2—w(),...,2n —w(n)), (2.1)
is an element of ;" Note that here we consider w (i) simply as an element of {1, ..., 2n} with-

out “bar.” For example if n =5 and w = (1, 3,4,5,2) = (1, 3,4, 6,9), then the corresponding
Young diagram is D(w) = (5,4, 4,3, 1). See Fig. 1.
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Fig. 1.

Fig. 2.

For any symmetric Young diagram D = (dy, ...,d,) in y,iym, its upper shifted diagram S(D)
is obtained from D by discarding the boxes strictly lower than the diagonal, i.e.

SD)={G. ) eZ*|1<i<j<d},

which we regard as an array of boxes in the plane with matrix-style coordinates. For example if
D = (5,4,4,3, 1), its upper shifted diagram S(D) is depicted as Fig. 2.

Let A; be the number of boxes in the ith row of S(D). Then the sequence A = (A1, ..., A,) 18
a strict partition. Namely there is k such that Ay > --- > Ay >0 and A; =0 for j > k. Let SP,
denote the set of strict partitions A = (A1, ..., A,) contained in the staircase p(n) = (n,n — 1,
..., 1),namely A1 < n. For D in y,iym, its upper shifted diagram S(D) is thus considered to be a
strict partition in SP,,. For example, the diagram of Fig. 2 is considered to be the strict partition
r=(5,3,2).

We let M,, denote the set {0, 1}". We use § = (61, ..., 5,) to denote an element in M,,. For
we WP, wesets =1ifie {fw(),...,wm)} and §; =0 if i ¢ {w(l),...,w(n)}. Then we
associate 8§ = (81, ...,8,) e M, tow € WF.

Proposition 2.1. By the above correspondences, we have bijections between the following sets:
(i) The coset representatives W'

(ii) The set Y™ of symmetric Young diagrams contained in the square n X n;

(iii) The set M,, of sequences § = (381, ..., 8,) with §; € {0, 1};

(iv) The set SP, of strict partitions A contained in p(n).

Proof. It is clear that each correspondence is one to one. Also it is easy to see that the cardinality
of each of the sets W%, V"™, M,,, SP,, is 2". Hence the claim follows. 0O

The following result is well known (see e.g. [15]).
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Lemma 2.2. For w € WP, the length ¢(w") is equal to |1| = Zf.‘:l Ai, where A € SP,, corre-
spondstow € WP.

3. Lagrangian Grassmannians and Schubert varieties
This section is devoted to the set up of geometric objects.

3.1. Lagrangian Grassmannians

Let V be a vector space spanned by the basis eq,...,e,, e, ..., e7. Introduce a symplec-
tic form by (e;,e;) = (elf,e]f) =0 and (ei,ejf) = —(e]f,ei) = §;j. Let V; denote the sub-
space spanned by the first i vectors in ey, ...,e,, e5,...,ej. A subspace W in V is isotropic

if (u,v) =0 for all u,v € W. Note that V; (1 <i < n) are isotropic of dimension i and
Voyi = (Vu_i)™ (1 <i < n). Denote by LG, the set of n-dimensional isotropic subspaces of V.
Then LG, is a closed subvariety of the Grassmannian of n-dimensional subspaces of V, and is
called the Lagrangian Grassmannian.

The group G = Sp(V) of linear automorphisms of V preserving (,) acts transitively on LG,,.
So LG, is identified with the quotient of G by the stabilizer of any point. We identify LG,
with the homogeneous space G/ P, where P denotes the stabilizer of the point V,,, the span of
el,...,e,. The elements of G that are diagonal with respect to the basis we took form a maximal
torus T of G. The elements of G that are upper triangular matrices form a Borel subgroup B
of G.

3.2. Schubert varieties

The T -fixed points of LG, are parametrized by W for w in W¥, the corresponding T -fixed
point, denoted by e(w), is the span of ey (1), ..., €wn). Let X (w)° denote the B-orbit of e(w).
It is known that X (w)° is an affine space of dimension £(w), called a Schubert cell. The Zariski
closures X (w) = X (w)° are called the Schubert varieties.

We have the following description:

X(w)={L € LG, | dim(L N Vy)) =i for 1 <i <n}.

Let A= (A1 > --- > At > 0) € SP,, be astrict partition corresponding to w € W . Then we also
denote the variety X (w) by X (A). We have

XM ={L eLG, |d&im(L N V,yi—y,) =i for 1 <i <k},
whose codimension is given as [A| = Zf‘z 1 Ai by Lemma 2.2.
3.3. Bruhat—Chevalley order
For w,v e WP, we say w > v if the torus fixed point e(v) belongs to X (w). This is a partial
order called the Chevalley—Bruhat order. The condition w > v is given by the following two
equivalent forms: (1) w(@@) > v(@) (1 <i <n), 2) L C u, namely A; < u; (1 <i < n), where

A, b € SP, correspond to w, v, respectively. The Schubert variety X (1) admits a canonical
partition into Schubert cells X (1)° with v < A.
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4. Equivariant cohomology

We are interested in the T'-equivariant integral cohomology ring H7 (LGy). For general facts
on the equivariant cohomology, we refer to Brion [5], Goresky et al. [11] and references therein.

4.1. Equivariant Schubert classes

Let S denote the T -equivariant integral cohomology ring of a point {p¢} (namely the ordinary
integral cohomology ring of the classifying space of T'). The natural map LG, — {pt} induces an
S-algebra structure on H; (LG,). Given w € WF denote by o (w) the T -equivariant fundamen-
tal class of X (w), called the equivariant Schubert class. We also denote o (w) by o (1), where
L € 8P, corresponds to w € WP It is known that HY(LG,) is a free S-module with the basis
o(w) (we WP):

HE(LG,) = EB S-o(w).

weW?f

For each T-fixed point e(v), v € W’ , we have an embedding i, : {e(v)} = LG, . This yields
a homomorphism i : H} (LG,) — Hj({e(v)}) = S. The direct product of these is an injection
of rings:

[ [is: Hp LGy — [ ] Hi ({e)}). .1

The injectivity is a consequence of “equivariant formality” (cf. [11]) of the T-variety LG,,. For
w,v € WP, denote by o (w)|, the image i¥o(w). The goal of this paper is to give an explicit
formula for o (w)|, € S.

Remark. A remarkable characterization of the image of the morphism [, i} has been obtained
by [11]. However we shall not use the result in the present paper.

Let t = Lie(T) be the Lie algebra of the torus 7. An element of t takes the form h =
diag(hy, ..., hn, —hy, ..., —h1). Define linear functionals ¢; € t* by ¢;(h) = h; for 1 <i < n.
Let 7 be the free abelian group generated by &1, ..., &,. Each element Y m;e; in T determines
a character of T via T 3 exp(h) > 2" (") ¢ C*_ By this correspondence we can identify T
with the character group of T. There is a canonical map T — S that extends to an isomorphism
of the symmetric algebra Sym(f) onto S (see e.g. [5, Section 1]). Thus we identify S with the
polynomial ring Z[¢1, ..., €,]. We shall also use the variables x; = —e¢; for 1 <i < n. They are
convenient for positivity reasons (cf. Section 4.7).

4.2. T-stable affine neighborhood of e(v)

Let U (v) denote the set of points of LG, whose matrix representatives & = (§; j)2nx, satisfy
&v(i),j = 0i,j- This is a T'-stable affine space isomorphic to A" +D/2 containing the point e(v)
as the origin. The coordinate function on U (v) determined by the matrix entry &; ; with i ¢
{v(D),...,v(n)}is an eigenvector for T of the weight —(&; —&y(;), here we understand &; = —e¢;.
Let & be the square matrix (§,v (), v(j))1<i,j<n- Not all the entries of = are independent, since
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the column vectors of & should span an isotropic subspace. As a set of free parameters on the
affine space U (v), we can take the set of entries of weakly upper triangular part of & with respect
to the anti-diagonal. Thus the coordinate ring of U (v) is R(v) = C[&yv (i, u(j) | vV (i) = v(j)]

It is convenient to consider v and v as the (ordered) index sets corresponding to the rows and
columns of Z respectively. In this notation we write & = (§,,¢),cyv cey. Note that the weight of
the coordinate function &, . is given by —(&, — &.).

4.3. Grobner degeneration

Following [29, Section 6], we briefly explain the idea of Grobner degeneration. Let U denote
the affine space AV equipped with an action of algebraic torus 7. Suppose the origin 0 € U
is the only T-fixed point. Choose a T -diagonalizable coordinate system &1, ..., &y such that &;
has weight —x; € T. Let 1 <i1 <--- < iy < n be asequence. The prime ideal (§;,,...,&;,)
of the coordinate ring C[U] = C[£y, ..., Ev] defines a simplest possible T -stable subvariety V
in U, a coordinate subspace. In the T -equivariant cohomology ring of H} (U) we have the class
[V]e H%k(U ) of V. The image of the restriction map to the origin o is given by

k
Wllo =[] xi;- (4.2)
j=1
Let Vi, ..., V, be distinct coordinate subspaces of the same codimension k. Consider the T -

stable subvariety ¥ = U];:1 V;. Then we have

Yo=Y _[Vjllo. (4.3)
j=1

Let X be a smooth projective variety on which 7 acts with finitely many fixed points. Let
Z be a T-stable subvariety and p be a T-fixed point on Z. Suppose we have a T'-stable affine
neighborhood U of p such that U = AV with the origin 0 € AV corresponding to p. Since the
restriction to the point p factors through the restriction to the open set U, we have [Z]], =
[Z N U]|,. The idea of Grobner degeneration is to hope that the affine variety Z N U can be
deformed into U?:] V; such that V; (1 < j < m) are distinct coordinate subspaces of the same
codimension, so that we can calculate [Z]|, by the above formula (4.3). If the coordinate ring
C[Z N U] degenerates to a Stanley—Reisner ring by taking the initial ideal of the defining ideal
of Z N U with respect to some monomial order, then we have a desired deformation.

4.4. A product formula

We shall prove a formula that expresses o (w)|,, as a product of negative roots. This is a
special case of the main result (Theorem 6.2). In the subsequent of the paper, we need only the
fact that o (w)| is a non-zero polynomial (see the proof of Lemma 4.9).

Lemma 4.1. We have the following formula:

clw= [T Guo —xag)- (4.4)

(i,j)er

where ) € SP,, is the upper shifted diagram corresponding to w € W* .
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1 3 5 4 2

1 2x) [T1+T3|T1-T5{T1-TyT1-To
3 25 [T3-TsfT3-T4
5
4
,,,,,,,,, %,,,,,,,,,
2 H

Fig. 3.

Proof. The variety U(w) N X (w) is just a “coordinate subspace” in U(w) defined by &, . =0
for r e wY, ¢ € w, and r > ¢. We denote by Z(w) the set of such pairs. For each (r, ¢) € Z(w),
we associate (i, j) by w(i) = ¢ and w(j) = r. Then (i, j) is a box in the upper shifted diagram A
corresponding to w. This establishes a bijection from Z(w) to the set of boxes of A. Recall that
& has the weight — (&, — &.). Then by using (4.2) we obtain the formula. O

For example, let w = (1,3,5,4,2) (see Fig. 3). The corresponding strict partition is A =
(5,3). Then o (w)]w = 2x1 (x1 + x3) (x1 — x5) (X1 — x4) (X1 — X2) X 2x3(x3 — X5)(x3 — X4).

4.5. The divisor class

Letdiv= (n,n—1,...,2,1). The corresponding o (div) is the unique Schubert class of codi-
mension one. So we call it the divisor class. We know the following explicit form of this class
restricted to any 7 -fixed point e(v).

Lemma 4.2. The restriction of the divisor class o (div) to a T -fixed point e(v) is given by

o(div))y=2) 8x; (vew?), 4.5)

i=1
where § = (81, ...,8,) € M,, corresponds to v € wP.

Proof. Consider the closed subvariety U (v) N X (div) of U (v) = APOHED/2 et g = Ev)ys -
&,(m)] be a matrix representative of a point L in U (v). The condition for L to be in X (div) is
equivalent to dim(V,, + L) < 2n — 1. If we define the n x n matrix X by

1, *
[el,~"’el’l’EU(1)""’§U(H)]= |: (;l Xi|7

then the last condition says that det X should vanish. Let k& be such a number that v(k) < n and
v(k + 1) > n. Then by elementary manipulations of a determinant, we have detX = *detY
where we denote by Y = (§..) the k x k submatrix of X with ¢ € {v(l),...,v(k)}, and
r € {v(k),...,v(1)}. Choose a monomial order on R(v) such that the initial term of detY is
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the product of anti-diagonal entries + ]_[fle Em’v(i). Now applying (4.3) we have o (div)|, =
— >k | 26,(:). Hence the claim follows. 0O

Remark. To the flag variety of the Kac—-Moody groups, Kostant and Kumar derived the corre-
sponding formula ([23, Proposition 4.24(c)], see also [27, Section 11]).

4.6. Chevalley’s multiplicities

Let us recall the Chevalley multiplicities [7]. Let w, w’ € W¥, such that X (w’) is a Schubert
divisor of X (w), i.e., X (w’) is a codimension one subvariety in X (w). Then there is a positive
root B such that w’ = wsg and £(w) = £(w) — 1, where sg is the reflection corresponding to B.
Let (,) be the inner product on f@ZR = @?:1 Re; such that (¢;, &) = 6;;, and BY be2B/(B, B).
Then the Chevalley multiplicity c(w, w’) is defined

c(w, w') = (. BY), (4.6)

where w,, = Z?:l &i, the nth fundamental weight. We can describe ¢(w, w’) in a combinatorial
way.

Lemma 4.3. (See [16].) Let X(w') be a Schubert divisor in X (w). Let D(w), D(w’) be the
corresponding symmetric diagrams. Exactly one of the following holds.

(1) D(w'") is obtained from D(w) adding two boxes at the positions (i, j) and (j,i) (i # j).
Then the corresponding positive root B is &; + € j, and we have c(w, w') = 2.

(2) D(w') is obtained from D(w) adding a box at the diagonal position (i, i), then the corre-
sponding positive root B is 2¢;, and we have c(w, w') = 1.

In Fig. 4, the numbers indicate the Chevalley multiplicities, where n = 3.

11

O

12

n
2 N
= H
T\ 2

8

Fig. 4.
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One can easily verify the following rule.

Lemma 4.4. We assume w' — w (w, w’ € WP). Let A, 1’ € SP,, correspond to w, w', respec-
tively. Let k,k' be the numbers of non-zero parts of A2, respectively. Then c(w,w’) =1 if
K=k+1,and c(w,w) =2 ifk' =k.

4.7. Equivariant Pieri—Chevalley formula

Since {o(w)}, cyr forms a basis of H}(LG,) over the ring S, we can define the structure
constants c%’v eSforallw,v,uecW? by the formula

o) o)=Y ci o). 4.7

The structure constant cﬁ)’v has degree ¢(w) + £(v) — €(u) and vanishes unless # > w, v and
£(u) < £(w) +£(v). It should be remarked that ¢y, ,, has a remarkable positivity property conjec-
tured by D. Peterson and proved by Graham [14]. Namely each cj, ,, can be written as a linear

combination of monomials in the negative roots with non-negative integer coefficients.

Lemma 4.5 (The equivariant Pieri-Chevalley formula). Let w € WF. Then the following for-
mula holds:

o (div) - o (w) = cf, ,0 (W) + Z c(w, w)o W), (4.8)

w' w' —>w
where w' — w means that X (w') is a Schubert divisor of X (w).

Proof. By the same argument of [21, Proposition 2], the claim follows from the Pieri—-Chevalley-
type formulas for the ordinary integral cohomology, which is a special case Hiller and Boe’s Pieri
formula from [16] (see also Fulton and Woodward [9, Lemma 8.1]). O

For the flag variety of an arbitrary Kac-Moody group, the corresponding formula of
Lemma 4.5 has been appeared in the context of the nil-Hecke algebra by Kostant and Kumar,
see [23]. Later Arabia [2] established the fact that the equivariant cohomology is isomorphic to
the dual of the nil-Hecke algebra. The parabolic analogue is also studied in [27, Section 11]. See
also Robinson [39], Andersen et al. [1, Appendix D].

4.8. Recurrence relation

In this section, we prove a key lemma (Lemma 4.7) to the proof of our main result. First we
need a simple lemma on structure constants.

Lemma 4.6. The structure constant c%v’w is given by

Ciy.w = 0 (div) [y 4.9
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Proof. If we restrict (4.8) to e(w), we have
o (@div)]y - o W)y =l o+ D clw, w)o W),
w':w' —w
For w’ such that w" — w, we have o (w’)|, = 0 since w € w’. Hence the sum in the right-hand

side vanishes. The claim follows since o (w)],, is non-zero as we see from Lemma 4.4. O

Now the equivariant Pieri—Chevalley formula (4.8) gives directly the following recurrence
relation on the family of restricted classes o (w)|, (w € WP for any fixed v € wPr.

Lemma 4.7. Let e(v) be any T -fixed point. The polynomials o (w)|, (w € wP) satisfy the fol-
lowing recurrence relation:

dw,v) o)=Y cww)ow)l, (4.10)
w' i w'—>w
where d(w, v) = o (div) |, — o (div)|y.
Since d(w, v) is non-zero if w > v and w # v, the recurrence relation (4.10) and the initial
condition o (¢)|, = 1 determine the polynomials o (w)|, (w € W¥) uniquely. An analogous

recurrence relation was used by Rosenthal and Zelevinsky [40] to prove a determinantal formula
of the multiplicity of a T-fixed point in a Schubert variety in the Grassmannian.

Remark. The ordinary-cohomology version of Lemma 4.7 has been obtained by Lakshmibai
and Weyman [28], and Hiller [15].

5. The factorial Schur Q-functions

Let x = (x1,...,x,) be a finite sequence of variables and let a = (a;);>1 be any sequence
such that a; = 0. Let

k

(xlay* =[x —an)

i=1

for each k > 1 and ()c|a)0 = 1. The factorial Schur Q-function for a strict partition A = (A >
-+ > A > 0) of length k < n is defined as follows [19].

Definition 5.1. Let A(x) denote the skew-symmetric # x n matrix ((x; —x;)/(x; +Xx;))1<i,j<n
and let By (x|a) denote the n x k matrix ((x;|a)*-i+1). Let

ol =] a0 B

which is a skew-symmetric (n 4+ k) x (n + k) matrix. Put

Pf(Ay(x1,...,xn]Q)) if n + k is even;

Pf (x|a) = {Pf(A)L(Xl, veeyXn,0l@))  ifn+k is odd.
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Then put

Pty (x|a)

Do) " 0;.(x|a) = 28 Py (x|a), (5.1)

P.(x]a) =

where Dy, (x) =[] ; - j<p (i — X))/ (xi + x;).

Remark. Note that the ordinary Schur Q-functions are obtained from Ivanov’s Q-functions by
setting a; = 0. In fact the above definition is a factorial analogue of Nimmo’s formula [35] (see
also [31, Chapter III, 8, Example 13]) for the Schur Q-functions. The reader can find other
expressions for Q; (x|a) in [19].

The functions Q; (x|a) were introduced by Ivanov! [18,19]. He established some fundamental
properties of the functions (combinatorial presentations, Schur-type Pfaffian formulas, vanishing
and characterization properties, etc.). In particular, a Pieri-type formula is available, which is
crucial to our consideration. Note that P(jy(x|a) does not depend on the parameter a = (a;) and
actually we have P(1)(x|a) = >/, x;. So we simply denote P(1)(x|a) by P(;y(x). Let A and A’
be strict partitions of length < n. We will write A’ — A if L C A" and |A'| = |A| + 1.

Proposition 5.2 (A Pieri-type formula). (See [19].) For any strict partition A = (A1 > ---
> Ak > 0) of length k < n, we have

k
(Pm(x)—ZaA_,H)-Pk(x|a>= Y Pulxla), (5.2)

j=1 BTES)
where A’ runs for all strict partitions of length less than or equal to n such that )/ — .

Proof. The above formula corresponds to [19, Theorem 6.2]. The only difference is that we use
n-variables x = (x1, ..., x,) here. Then we can consistently set P, (x|a) to be zero for any strict
partition p of length strictly greater than n (see [19, Definition 2.10]). O

Factorial analogues of the Schur S-functions were introduced by Biedenharn and Louck [3]
and further studied by Chen and Louck [6], Goulden and Greene [12], Goulden and Hamel [13],
Macdonald [32], and Molev and Sagan [34] (see also Macdonald [31, Chapter I, 3, Examples 20,
21]). In these works it was shown that several important facts about the Schur S-functions (com-
binatorial presentations, Jacobi—Trudi identities, Pieri-type formulas, Littlewood—Richardson
rules, etc.) can be transferred to the factorial Schur S-functions. The factorial Schur S-functions
also play a central role in the study of the center of the universal enveloping algebra of gl,, (see
Okounkov and Olshanski [37], Okounkov [36] and references therein).

In a geometric context, the factorial Schur functions appeared in [21,29]. They present the
restriction to torus fixed points of the Schubert classes in the equivariant cohomology of the
Grassmannian. Recently Mihalcea [33] obtained a presentation by generators and relations for
the equivariant quantum cohomology ring of the Grassmannian. In this work the factorial Schur

1 According to Ivanov [18,19], A. Okounkov defined them for the special parameter a with a; =i — 1.
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S-functions?® appeared as the polynomial representatives of the equivariant quantum Schubert
classes. A similar presentation for the quantum cohomology ring of the Lagrangian Grass-
mannian was given by Kresch and Tamvakis [26]. It will be an interesting problem to extend
their result to the quantum equivariant cohomology ring.

6. Restriction and Giambelli-type formulas
6.1. Restriction formula
Let us take the following particular parameters:
a; =0, ai =xp—it2 2<i<n+1), a; =0 (A>n+1). (6.1)

We denote by x(,) the specialization of a = (a;)72, given by (6.1). Let u € WP and § =
(1, ...,8,) € M,, correspond to u. Then we set x,, = (§1x1, ..., 8,Xn).

Definition 6.1. A specialization Qj (x,|x(:)) of Oy (x|a) is given as follows. First we substitute
xy forx = (x1, ..., x,) to obtain O, (x,|a), then we specialize a;’s asin (6.1) to get O (x|x(n)).

Theorem 6.2. For strict partitions A, 1 € SP,, we have
O'(}L)|u = Q)»(xulx(n))~ (6.2)

Proof. It suffices to show that the right-hand side of (6.2) satisfies the recurrence relation (4.10)
and the initial condition o (¢)|, = 1. As for the initial condition, we have Q4 (x|a) =1 by de-
finition. Hence the proof is completed by a comparison of (4.10) and (5.2). We first specialize
Py.(x|a) to Py (x,|a) and then to Py (x,|x()). By applying this specialization to (5.2), we have

k
(Pm(xﬂ) - an_w) POt lx ) = Y P (X)), 6.3)
A’/

j=1

where the sum is taken over those A’ € SP, such that A’ — A because Py (x,|x()) vanishes
unless A’ € SP,, (Proposition A.1). Now we multiply the both hand sides of (6.3) by 2€*!, where
k is the number of non-zero parts of A. By Lemma 4.2, we have o (div)|,, =2 Zl;-=1 Xn—nj+1 and
o (div)|, =2P)(x,). Therefore we have

k
d(w, v) =2P1)(x;) =2 Xn—st1-

i=1

Now let A € SP,, be such that A’ — A and k’ be the number of non-zero parts of A’. From
Lemmas 4.3 and 4.4, we can see that 281! Py (xla) = c(w, w) Oy (x]a). Note also 2k p, (x|la) =
0).(x]a). Thus we proved that O (x,|x(n)) (A € SP,) satisty (4.10). O

2 1t has come to my knowledge via [33, §5, Remark 2] that the factorial Schur S-functions coincide with the double
Schubert polynomials by Lascoux and Schiitzenberger [30] when indexed by a Grassmann permutation. However, the
details of this connection seem to be missing from the literature.
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6.2. Giambelli-type formula

We can prove an equivariant analogue of Pragacz’ Giambelli-type formula. Let 1 € SP,,. We
write A = (Aq,..., A2 ) With Ay > --- > Xy, > 0.

Theorem 6.3. The equivariant Schubert class o (1) is expressed as a Pfaffian of the following
form:

o () =Pf(o (A, 1)) (6.4)

1<, j<2r

Proof. Because of the injection (4.1), it is enough to show that, for arbitrary u in SP,, the
restrictions to e(u) of the both hand sides of (6.4) coincide. We have

O—()")l,u = Q)»(X/L'x(n)) =Pf(Q)L,',)L_,' (xﬂlx(n>))1<i,j<2r =Pf(o—()‘-la )"j)lﬂ)lgi’jgzr'

In the second equality, we use the Pfaffian formula for factorial Q-functions (A.1). Since the
restriction iy is a ring homomorphism and we are done. O

The above formula has a striking character in contrast to the ordinary Grassmannian case
[29], where the equivariant Giambelli formula is given in a Jacobi—Trudi type determinant, with
matrix entries of linear combinations of (equivariant ) special Schubert classes. In our formula,
each matrix entry of the Pfaffian is itself an equivariant Schubert class. In spite of this simplicity,
if we wish to express the equivariant Schubert class as a polynomial of the special Schubert
classes o (k) (1 < k < n), we need some work to be done. We will treat the problem in the next
subsection.

7. On the two-row type classes

The formula (6.4) looks the same as the classical one shown by Pragacz ([38, Proposition 6.6],
see also Jozefiak [20]), where the Q-functions Q; (x) (A € SP,) represent the Schubert classes
in the ordinary cohomology ring of LG, . Recall that we have the following formula for » > s > O:

Ors(x) = 0,r(x)Qs(x) +2 Z(—l)i Qr+i(x) Qy—i (x). (1.1)

i=1

Therefore the Pragacz’ formula gives an expression for each Schubert class as a polynomial in
the special Schubert classes.

Now in our setting of equivariant cohomology ring, Eq. (6.4) actually provides an expression
for each o (1) as a polynomial in o (A;, A;). If A; =0 then o (A;, ;) =0 (};) is a special class.
For the two-row type classes, i.e. o (A;, A ;) with A; > 0, we want to express them as a polynomial
in the special classes o (k) (1 < k < n). In fact, we have the following expression for two-row
type classes o (k, 1) in H} (LG,):

ok, ) =0 (kK)o (1) =20k + 1) = 2xp_ir10(k) 2<k<n), (7.2)
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where o (j) =0 for j > n. The above expression is a consequence of the following formula for
Ivanov’s functions:

Ok1(xla) = Or(xla) Q1(xla) — 2Qk+1(xla) — 2ax41 Qk(x]a). (7.3)

As illustrated by this example, we need a correction term to classical formula (7.1).

To generalize (7.2), we prove the next proposition, which is also interesting from a purely
combinatorial point of view. In this section, x = (x1, x2,...) and a = (az, a3, ...) are two se-
quences of infinite variables. We can define Q) (x|a) for any strict partition A. They are in the
ring Zlay, a3, a4, ...] @z I', where I' denotes a distinguished subring spanned by the Schur’s
Q-functions in “the ring of symmetric functions A” [31]. For the details of definition for
0;.(x|a), see [19]. Note that, if we substitute x; =0 (j > n) for Q;(x|a) (A € SP,) we can
recover the polynomial introduced by Definition 5.1. Let 4, (respectively e,) denote the rth
complete (respectively elementary) symmetric function.

Proposition 7.1. Let k > £ > 0. We have

£
Ok ¢(xla) = Qx(x|a) Qe(xla) +2) (—1) Qxyi(xla) Qe—i(xla) + Gre(xla),  (74)

i=1
where

k+L—1k+L—1—r

Grely= Y Y [ @0 (xla) Qs (xla), (1)
r=k s=0

and the coefficient fkrz (a) is given by

k+L—r—s

fig@= D Y dhiyey—s—j @k, Ay, - Arg)ej (@5, det,ag). (7.6)
j=0

Proof. We use Eq. (8.2) of [19] that reads

Ok+1,¢ + Ok.e1 + (ky1 +ae1) Okt = Ok Quv1 — Qi+1Q¢ + (aer1 — ar+1) Qk Q. (71.7)

for k > £ > 0, where we denote Q, (x|a) simply by Q, . By this equation, it is easy to see
that each function Qy ¢ is a linear combination of the functions Q, Qs (r > s > 0). Note that the
functions Q, Qs (r > s > 0) are linearly independent over the ring Z[as, a3, .. .] (this fact can be
seen from [19, Proposition 2.11] and [31, III, (8.9)]).

We shall prove the proposition by induction on £. The case £ =1 is true by (7.3). Let £ > 1.
Suppose the proposition holds for £. We have an expansion

Oker1= Y 8p1(@0r 0. (7.8)

r>s>0
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with coefficients g, | (a) € Zlaz, a3, ...]. Our task is to show g, | = f ;. By extracting
the coefficient of Q; Q¢ in both hand sides of (7.7), we have

k.t
81 T (@1 +akt1) = aer1 — aiqr.

Hence we have g]k"fH = 2ar+1 = f,f”fﬂ. Let (7, s) # (k, £) with r + s < k 4 £. By comparing
the coefficients of Q, Q in both hand sides of (7.7), we have

Fiite & a1 + @1 +aes1) fi7p =0. (7.9)
We shall prove g, | = f; ;. by showing

fkrflj + f]:z+] + (ag+1 + a!i-&-l)fkr:z =0. (7.10)
This follows from the equality

14 14 L+1
14+ ayz 14+aqz —eio(I+axz
1_[01 s+2( aZ) +Z(ak+1 +a£+1)1_[oz s+2( %) o na_erZ( aZ)

1 - 1 .
[Thoia(l —ap2) [Ttk (1 —ap2)  TTptiy (1 —ap2)

For example, we have

Gk,1 = —2ap+1 0k,

Gi2 = 2(aps1 + g2 + a2) Qa1 — 2ak41 Qk Q1 + 2(aiyy + azars1) Ok,

Gi 3= —2(ak+1 + ak+2 + ak+3 + a2 + a3) Q42 + 2(ar+1 + ar+2 + a3) Qr+1 01
—2(ag g + ar1ak42 + ai o + (@1 + arg2) (@ + as) + azaz) Qi

—2ar+10k 02 + 2(a;f+1 + ag1a3) Qr Q1 — 2(ﬂ;§+1 + a;%“ (a2 + a3) + ax1a2a3) Ok.

Proposition 7.1 combined with (6.2) gives rise to a polynomial expression for o (7, s) with
n > r > s > 0in terms of the special classes o (k) (1 < k < n). For example, we have

ok,2)=0(k)o(2) =20k + 1)o(1) +20(k +2) — 2x—k410(k)o (1)
+ 200kt + Xnk + X))o (k+ 1) +2(x5 41 + Xn—kr1%0)0 (k)

for 2 <k <n,with o(j) =0 for j > n (cf. Proposition A.1).
The next proposition will be used in Section 8.

Proposition 7.2. We have

2k—12k—1—r
Qk(x|a)2+22( D Qi (xla) Qk—i (Kla) + Y D~ (@ Qr (x]a) Qs (xla) =
i=1 r=k s=0

(7.11)

Proof. The proof of Lemma 7.1 is valid also for k = £ with Q¢ x(x|a) =0fork > 1. O
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8. Presentation of the ring H;.(LG,)

As an application of Theorems 6.2 and 6.3, we obtain a presentation of the ring H} (LG,)

in terms of generators and relations. Consider the ring Z[a] = Z[a>, a3, . .., ay+1]. Throughout
the section, we identify S = Z[xy, ..., x,] and Z[a] by the isomorphism ¢, : Z[a] — S of rings
given by

@) =xn_jr2 Q2<i<n). (8.1)

8.1. Statement of the result

Let X1, ..., X, denote a set of indeterminates. Set Xo =1 and X ; =0 for j > n (cf. Propo-
sition A.1). Let k, £ be n > k > £ > 0. Consider the following elements of the polynomial ring
S[X1,..., X.]:

min(n—k,£) min(n,k+€—1) k+€—1—r
Xeo=XeXe+2 Y (=D'XipiXemi+ Y Y fi@X X, (82)
r=k s=0

i=1

where fkr "2 (a) is given by the right-hand side of (7.6). Since we restrict » < n, we can consider

fkrz (a) to be in S via the isomorphism ¢,. Note also that we also consider the case of £ = k.
Define an ideal 7, = (X1.1, ..., Xn.n) and consider the quotient ring

Ru=S[X1,..., Xnl/Zy.
We shall define a morphism of S-algebras ¢ : R, — HJ(LGj) by setting X; to o (i) (1 <i <n).
Lemma 8.1. The map ¢ is well defined.

Proof. Define a morphism of S-algebras é:S[X1,..., Xl — HY(LG,) by qNS(X,-) =o(i). For
k with 1 <k <n,and u € WP, we have

min(n—k,k)
Xl =0®u+2 Y (=Diok+iluok—il,
i=1
min(n,2k—1) 2k—1—r

+ b (fp(@)o (r)],0 ()]
=k s=0

<

k
= Qr(xulx)* +2 ) (=1 Qi (41X () Qi (61X )

i=1

2k—12k—1—r
303 A ) O (rplx ) Qs (el )
r=k s=0

where in the second equality, we used Theorem 6 and a vanishing property (Proposition A.1).
We can see the last expression is zero by specializing (7.11) (see Definition 6.1). Thus we have
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cj;(Xk,k)m =0forall u e WP, and hence ¢~>(Xk,k) =0. So ¢~5 induces ¢ : R, — H;(LGH) such
that p(X;) =0 () (1 <i<n). O

Definition 8.2. Let A = (A > --- > A2, > 0) be in SP,,. We introduce the following Schur-type
Pfaffian:

X5 =PE(X ) 1<i,j<or
Theorem 8.3. There exists an isomorphism of S-algebras:
¢:Rn —> Hp(LGp)
sending X; to o (i) (1 <i < n) and the Pfaffian X, to the equivariant Schubert class o (A).

By definition of ¢ and Giambelli formula (6.4), we have ¢ (X,) = o(}). Moreover, since
o(A) (A € SP,) generates H}.(LG,) as an S-module, ¢ is surjective. The rest of this section is
devoted to the proof of injectivity of ¢.

8.2. A monomial ordering

Here we give a preliminary discussion to prove Theorem 8.3. The argument below is quite
similar to the one in Macdonald [31, III, 8], however a different ordering on the partitions will
be used, which proves to be useful in our situation.

For any partition A = (1412°2 ... p®n),

A n
Xt =X X,

By deg() we denote the degree ) 7_, ¢; of the monomial X M Letu= (le/l .- -ner/v) be another
partition. We write A >  if

deg() > deg(n), or

deg(1) = deg(u) and there is k such that ey = e}, ..., ex = ¢ and exq1 < €} ;.

Then we also write X* > X*. This is a monomial ordering called the greviex order with X <
X5 < -+- < X,. In particular, if we have A > u, then A 4+ v > u + v for any partition v.

Lemma 8.4. Let A = (1°12°2 ... n®") be a partition. If A is not strict, then X* is an S-linear
combination of the X" with i € SP,, and ju < . In particular, the monomials X* (. € SP,)
generate R, as an S-module.

Proof. First note that if A is strict then we have A € SP,,. We prove the first statement by induc-
tion, assuming the claim for all partition p such that u < A. If A is not strict then for some k we
have e; > 2. We have the following relation:

min(n—k,k) min(n,2k—1) 2k—1—r

Xp==2 ) D'XeiXeei— Do D fi@X X (8.3)
s=0

i=1 r=k
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We can see that the monomials appearing in the right-hand side of the above equation are strictly
lower than X7 in the grevlex order <. Replacing the factor X7 in X* by the right-hand side
of (8.3), we can express X* as an S-linear combination of the X*’s where each y is a parti-
tion such that u < A. By the inductive hypothesis the claim is true for each X*, and the proof
completes. O

Lemma 8.5. Let A € SP,,. The Pfaffian X, is written in the form

Xo=X"+> biu(@)X"
"

with coefficients by, (a) € S, where the sum is over . € SP,, such that ;L < A.
Proof. Let A = (A1 > --- > A, > 0) be a strict partition in SP,,. We proceed by induction on r.
Let r = 1. If A = (i) with 1 <i < n the lemma is clear. For two-row type the lemma is true

by (8.2). Let r > 2 and assume the lemma holds for all u = (| > -+ > uas > 0) € SP,, with
s < r. From the definition of the Pfaffian it follows that

2r
j=2

By the inductive hypothesis, we have

—

X, Ty = Xoy - Xn, - Xoy + Fj,

Dyeees

where F; is a S-linear combination of X*’s with u € SP,, such that u < (A2, ..., ):;-, ey Aor).
Then it is easy to see that the lemma holds for A. O

From Lemmas 8.4 and 8.5, we have the following.
Lemma 8.6. The Pfaffians X, (,. € SP,) generate R, as an S-module.
8.3. Completion of the proof of Theorem 8.3

It remains to prove the injectivity of ¢. Let F be in Ker(¢). By Lemma 8.6 we have

F= )" c@X,
reSP,

with coefficients ¢) (a) € S. We know ¢ (X,) =0 (A). So we have 0 =), 1,(cx(a))o (A). Since
o () are linearly independent over S, ¢, (cy(a)) = 0 for all A € SP,,. Hence we have ¢, (a) =0
(LeS8P,)and F =0.



20 T. Ikeda / Advances in Mathematics 215 (2007) 1-23

Acknowledgments

Firstly, I would like to thank H. Naruse for his keen interest in the present work and plenty
of helpful comments. I also thank K. Takasaki, Y. Kodama, T. Tanisaki, and M. Kaneda for
valuable discussions. During the preparation of this paper I also benefited from conversations
with M. Ishikawa, S. Kakei, M. Katori, and T. Maeno. I also thank H. Nakajima and the referee
who encouraged me to prove a Giambelli-type formula (6.4) which was not included in the first
version of this paper. Lastly, but not least, I am grateful to H.-F. Yamada for showing me the
importance of Schur’s Q-functions. This research was partially supported by Grant-in-Aids for
Young Scientists (B) (No. 17740101) from Japan Society of the Promotion of Science.

Appendix A

For the reader’s convenience, we provide a summary of some properties of Q) (x|a). We also
prove a vanishing property (Proposition A.1) essentially used in the main body of the paper.

We use standard notation for symmetric functions as in Macdonald’s book [31]. Let A denote
the ring of symmetric functions in infinitely many indeterminates x = (x1, x2, ...). The ring A
is graded as A = EBZ‘;O A¥ and each graded part A* has a Z-basis consisting of the monomial
symmetric functions m; = m; (x) (for all partitions A of k).

Recall an expression for the Qy (x) the Schur’s Q-functions for the one-row partition

Qr(x) = 2" Wm; (v),

A

where the sum runs over the all partitions A of k and ¢(}) is the length of A, the number of
non-zero parts of A. Let I be the subring of A generated by Qk:

I'=7[01, 02, 03,...].

We have a gradation I" = @,fio I'® where I'* = I' N A*. The Schur’s Q-functions Q;,(x), with
A strict partition of k, form a distinguished Z-basis of I'%.

Let as, as, aq, ... be an infinite sequence of independent variables. We set a; = 0. Ivanov
introduced a factorial analogue of Q-functions Q) (x|a) defined for any strict partition A. Each
0, (x|a) is an element of the ring Z[a>, a3, ...] ®z I'. In particular, we have, by Ivanov [19,
Theorem 8.2],

k—1

Qi(xla) =Y (=Dej(az.as. ... a) Qr—j(x).

j=0

For k > £ > 0, we can define Q ¢(x|a) by Proposition 7.1. Moreover, for arbitrary strict parti-
tion A, we have

Q)\(x|a) =Pf(Q)»,',)»j (x|a))1<i<j<2r’ (Al)

where we write A = (A1, A2, ..., Ay) With A > --- > Ao > 0.
The following result is very important. See Section 6.1 for the meaning of the specialization
Q)»(xu|x(n))-
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Table 1

[Xw]lv for LG3

vww 321 321 231 132 231 132 123 123
321 1 0 0 0 0 0 0 0
321 1 2x3 0 0 0 0 0 0
2@1 1 2x9 2x2%y3 0 0 0 0 0
13% 1 2x1 2x1x(3 2x1X13%13 0 0 0 0
231 1 2x73 2x9x23 0 4xpx3x23 0 0 0
132 1 2x13 2x1x13 2x1x5X13 4x1x3X13 4x1x3x5%13 0 0
123 1 2x12 2X12%193 2x1x12%3 4x1x3x12 4x1x2X12%3 Ax1X2X12X3X3 0
123 1 2x123 2Xx12X123 2X1X12X13 4A 4x14A 4x1x24 8x1x3x3A

Proposition A.1. Q; (x,|x()) vanishes identically unless » € SP,.

Proof. We prove the proposition for A = (k). In [19], Ivanov derived the following equation [19,
Theorem 8.2]:

i Qx(xla)z* _1°—°[ 1+ xi2 A2
k=0 H,Ile(l —ajy12) oy Loz

If we specialize the variables as in the statement of the proposition, we have

n

Z O Gy lx () D ion QuCrulxm)zt 1—[ 1 +xiz

k n oy —xim
im0 [Tj=1(1 = Xn41-52) [Tj=1 (1 = x52) I<iSndmt | N7

Multiplying by [, <i<n(1 — xi2) the both hand sides, we have

n n—k n
> OkGeulxu)st == QCrulx [T = x2 + [ (1 + (—D%Fxiz).
k>n k=0 j=1 i=1
The right-hand side of the equation is a polynomial in z of degree lower than n and we are done.
For general A, the proposition follows from Proposition 7.1 and the Pfaffian formula (A.1) for

Qi(xla). O

Here we record Table 1 for [ X, ]|, in the case of LG3. We set x;; = x; +X, Xjjk = X; + X +Xi
and A = x12x13x23. For example x12 = x1 + x2, X553 = x1 +x2 — x3, etc.
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