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Abstract

We give the explicit analytic development of Macdonald polynomials in terms of “mod-
ified complete” and elementary symmetric functions. These expansions are obtained by in-
verting the Pieri formula. Specialization yields similar developments for monomial, Jack and
Hall-Littlewood symmetric functions.
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1. Introduction

Fifty years ago, Hua [3] introduced a new family of polynomials defined on the
space of complex symmetric matrices, and set the problem of finding their explicit
analytic expansion in terms of Schur functions [3, p. 132].
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These polynomials were further investigated by James [4], who named them “zonal
polynomials”, studied their connection with symmetric group algebra, and gave a
method to compute them. A large literature followed, mostly due to statisticians, but
no explicit analytic formula was found for the zonal polynomials.

Hua’s problem is now better understood in the more general framework of Macdonald
polynomials (of type A,) [19]. Zonal polynomials are indeed a special case of Jack
polynomials, which in turn are obtained from Macdonald polynomials by taking a
particular limit.

Macdonald polynomials are indexed by partitions, i.e. finite decreasing sequences of
positive integers. These polynomials form a basis of the algebra of symmetric func-
tions with rational coefficients in two parameters ¢, t. They generalize many classical
bases of this algebra, including monomial, elementary, Schur, Hall-Littlewood, and Jack
symmetric functions. These particular cases correspond to various specializations of the
indeterminates ¢ and .

Two combinatorial expansions were known for Macdonald polynomials. The first
one gives them as a sum of monomials associated with tableaux [19, p. 346]. The
second one writes their development in terms of Schur functions as a determinant [12].
However, in general both methods do not lead to an analytic formula, since they involve
combinatorial quantities which cannot be written in analytic terms.

Thus Hua’s problem kept open for Macdonald polynomials. Their analytic expansion
was explicitly known only when the indexing partition is a hook [6], has length two [5]
or three [14], and in the dual cases corresponding to parts at most equal to three.

The aim of this paper is to present a general solution to this problem and to provide
two explicit analytic developments for Macdonald polynomials. One of them is made in
terms of elementary symmetric functions. The other one is made in terms of “modified
complete” symmetric functions, which have themselves a known development in terms
of any classical basis [15].

In the special case g = t, these two developments coincide with the classical Jacobi—
Trudi formulas for Schur functions. Thus, our results appear as generalized Jacobi—Trudi
expansions for Macdonald polynomials.

Our method relies on two ingredients, firstly, the Pieri formula for Macdonald poly-
nomials, secondly, a method developed by Krattenthaler [9,10] for inverting infinite
multidimensional matrices.

The Pieri formula has been obtained independently by Koornwinder [8] and Mac-
donald [18]. Most of the time, it is stated in combinatorial terms. We formulate it
in analytic terms, hereby defining an infinite multidimensional matrix. We invert this
“Pieri matrix” by adapting Krattenthaler’s operator method to the multivariate case, as
already done elsewhere [21] by the second author.

This article is organized as follows. Section 2 is devoted to the inversion of infinite
multidimensional matrices and may be read independently of the rest of the paper.
In Section 3, we introduce our notation and recall general facts about Macdonald
polynomials. In particular we give the analytic form of the Pieri formula. The infinite
multidimensional matrix thus defined is inverted in Section 4. The generalized Jacobi—
Trudi expansions for Macdonald polynomials are derived in Section 5. Sections 6—8
are devoted to various specializations of our results, in particular for Schur, monomial,
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Hall-Littlewood and Jack symmetric functions. Most of the expansions obtained there
are new. The example of hook partitions, already studied by Kerov [6,7], is then
considered in Section 9. We conclude with a brief discussion of a possible extension
of Macdonald polynomials.

Our results were announced in [17]. An alternative proof of our main theorem has
subsequently been given in [16] (but requires the explicit form of the result here
obtained). It is an open question whether our method can be generalized to Macdonald
polynomials associated with other root systems than A,.

2. New multidimensional matrix inversions
2.1. Krattenthaler’s method

Let Z be the set of integers, n some positive integer and Z" the set of multi-

integers m = (my, ..., my,). We write m >k for m; >k; (1<i<n), and for any set of
indeterminates z = (z1, ..., 2,), we put z™ = z{"'z5"% - ;"

Let £ be the algebra of formal Laurent series, defined as series of the form a(z) =
Zm>kamz“‘, for some k € Z". On £ we introduce the bilinear form (, ) defined by

(a(z),b(2)) = [a(z) b(2)]1,

where [c(z)]; denotes the constant term in ¢(z). Given any linear operator L on L, we
write L € End(£) and denote L* its adjoint with respect to (, ), i.e. (L*a(z), b(z)) =
{(a(z), Lb(z)).

We say that an infinite n-dimensional matrix F = (fmk)m kez" 18 lower-triangular if
Jmk = 0 unless m >k. When all fxx # 0, there exists a unique lower-triangular matrix
G = (gk)k 7", called the inverse of F, such that

> fok g = Omi

m>k>I1

for all m,1 € Z", where dp, is the usual Kronecker symbol.

In [9] Krattenthaler gave a method for solving Lagrange inversion problems, which
are closely connected with inversion of lower-triangular matrices. We shall need the
following special case of [9, Theorem 1].

Let F = (fmk)mkez® be an infinite lower-triangular matrix with all fkx # 0, and
G = (gkk 1z its inverse matrix. Define the formal Laurent series

@ =) fuk 2™ @ =) guz

m >k 1<k
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Assume that

(i) there exist operators U;, V € End(L), V being bijective, such that for all k € Z",
one has

Ui fk(@) = ci()V fk(z), 1<i<n 2.1

with ¢;(k) some sequences of constants;
(ii) for all m # k € Z", there exists j € {1, ..., n} such that c;(m) # c; (k). 2.2)

Lemma 2.1. If for all k € Z" there exists hg(z) € L, hx(z) # 0, such that
Urhi(@) = c; () Vhi(z),  1<i<n,

we have

1
= V*h .
@ = D Vi@ |

We shall apply this result of Krattenthaler through the following corollary, which
is a special case of [21, Corollary 2.14], already used in [11, Corollary 2.2]. Assume
that

(i) there exist operators U;, V;; € End(£), satisfying the commutation relations

Ui, Vi,j = Vi, Ui, i1 #iy, 1<y, iz, j<n, 2.3)
‘/i]j1‘/izj2=‘/l'2j2‘/i1j17 il #iZ’ lgil,i29jlvj2<n; '
(i) the operator det;<; j<x(Vij) is invertible;
(iii) for all k € Z" one has
n
Ui fi@ =Y c;®)Vij fi(z), 1<i<n (24)
j=1
with ¢; (k) sequences of constants satisfying (2.2).
Lemma 2.2. If for all k € Z" there exists hg(z) € L, hx(z) # 0, such that
n
Uihk(z) =) cj(0) Vi@, 1<i<n, 2.5)

j=1
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we have

1 *
gk(z) = @), det (V) (@) det(V;;)hk(2). (2.6)

In general, for any pair of inverse matrices (fmk)mkez? and (gkkjcz7, and any
sequence (di)kcz® With di # 0, a new pair of inverse matrices is given by (fmkdm/dk)
and (gkidk/d1). In such case, we shall say that we “transfer” the factor dx from one
matrix to the other. This procedure will be applied several times below.

2.2. Extensions of Krattenthaler’s matrix inverse

Let ag, cx (k € Z) be arbitrary sequences of indeterminates. In [10], Krattenthaler
proved that the two matrices

[Ty (ay — co) (@ — e [y (ay — )

, 2.7
1_[§"zk+1(cy — Ck) (@ — ) ]_[y I(Cy cr) 7

fmk =

are inverses of each other. By using the method described above, we shall derive
two new multidimensional extensions of this result. Other generalizations have been
obtained in [21, Theorem 3.1], [11,22].

Theorem 2.3. Let b be an indeterminate and a;(k), c¢;j (k) (k € Z, 1<i <n) be arbitrary
sequences of indeterminates. Define

n I [(@rGn = b/ Ty ¢ 0)) Ty (@) = ¢ k)|

fmkzl_[

P | [(Ci i) = b/ 1=y ;) [Tj=y (i) —¢j (kj))]

(2.8a)

and

gu=[[a™ ] (ctk) —cjtkp)”!
i=1

1<i<j<n

li[kl:ll (ai () = b/ TTj=y ¢ k) L~ (ai(yi) — ¢ (k)))
(cei) = b/ TTj=y ¢ k) 13 (ci(y) — cj(k)))

i=1y=l; j=1

X det [c~(l-)"—j+1_a.(l-)n—j+1(ci(li)—b/l—[?1Cs(k) d c,@_cs(ks))}
gingn 1\t 1 \*1 .

(ai (i) — b/ TTi—; cs(ky)) (ai (1;) — cs(ks))
(2.8b)

s=1
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Then the infinite-lower-triangular n-dimensional matrices (fmk)m kez® and (gk)k 1cz”
are inverses of each other.

Remark 2.4. Krattenthaler’s result [10] is recovered for n = 1. Indeed the determinant
in (2.8b) then reduces (after relabeling) to

_gla=b/e) a—a) (@ —bja) (@ —ca)
Nar—bjew) (@ —c) " ar—ble) (@ — )

Cl

and the matrices in (2.8) (after relabeling) become

"5 @y — b/ew)(ay — )
mk = I s 2.9
T Hy=k+1 (Cy - b/Ck)(Cy —Ck) (2.92)

(b —are)a — ey [Thmpy1(@y = b/er)(ay — cx)
(b —arci)(ax — i) T[4Zj(cy — bjck)(cy — i)

8kl = (2.9b)

It is not difficult to see that this matrix inverse is actually equivalent to its b — 0o
special case, which is (2.7). To recover (2.9) from (2.7), do the substitutions a,
ay +b/ay, ¢y — ¢y + b/cy, transfer some factors from one matrix to the other, and
simplify.

Remark 2.5. In case a;(k) = a for some constant a (for all k € Z, 1<i<n), the
determinant appearing in (2.8b) factors, due to the evaluation

det |:ci )it —g

I<i,j<n

n—j+1 (C,‘ (li) — b/ H?:l Cs(ks)) ﬁ (Ci i) — Cs(ks))
(a —-b/ H?Zl Cs(ks)) (a - Cs(ks))

s=1

_ (a=b/TTj=1¢;U)) ﬁq( 3 (a—cilly) 1—[

B ' i(li) —c;j)),
(a=b/Tj=icjk)) (a—ci(k)) (cii) = ;7))

i=1 1<i<j<n

which was first proved in [21, Lemma A.1]. A slightly more general evaluation
and a much quicker proof may be found in [22, Lemma A.1]. The resulting multidimen-
sional matrix inversion is the special case @, = a (for all + € Z) of
[21, Theorem 3.1].

Proof of Theorem 2.3. We apply the operator method of Section 2.1. From (2.8a), for
all m>Kk and 1<i<n, we deduce the recurrence
n
(citmi) = b/TTjycj k) [ T (citmi) = c5ks)) fn—er x
s=1
n
= (armi = 1) = b/[Ti—yc;j k) ] (@itmi = 1) = co(ky) fmg. (2.10)

s=1
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where e; € Z" has all components zero but its ith component equal to 1. We write

Z S mkZ"

m>k

fx(z)

Zl_[ [T (a0 = b/ Ty ¢ (D) T (@) = e k7)) |

mokict T [0 = b/ T i) Ty (i) = e;kp) |

z.

Define linear operators A; and C; by A;z™ = a;(m;)z™, C;z™ = ¢;(m;)z™, (1<i <n).
Then we may write (2.10) in the form

n

(C = b/TTiyei k) TT (€ = es ko)) fic(@)

s=1
=2i(Ai = b/TT}=cj D) [T (A = esho) fic@). (2.11)

s=1

valid for all 1<i<n and k € Z".

In order to write this system of equations in a way such that Lemma 2.2 may be
applied, we expand the products on both sides in terms of the elementary symmetric
functions of order j,

ej(c1(kn), calka), ..., cnlhn), b/TTi 5 (ks)),

which we denote ej(c(k)) for short. The recurrence system (2.11) then reads, using
en+1(c(k)) =D,

> ejle®)[(—C)" I = i (= A" fi(@)
j=1
= [zi (=AD" + bzi — (—C)" T — b] fu(@).
This is a system of type (2.4) with

U, = [Z,'(—Al.)nJrl + bz — (—C,’)n+1 — b,
Vij = [(=CH"IF! — zi (=AY,

cj(k) = ej(c(k)).
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Conditions (2.2) and (2.3) are satisfied. The dual system (2.5) for hk(z) writes as

D eje®)[(—CH" I — (= AN 7 | hi(2)

j=1

= [(=ADH"Mz; + bz — (—=CH)" ! — bk ().

Equivalently we have

n

(€ = b/TT i kD) ] (CF = esthe)) k(@)

s=1

n

= (AF = b/TTj=1c; k) [ | (AF = esk)zihk (@), (2.12)

s=1

valid for all 1<i<n and k € Z". We have easily Ajz_l = q;(l;))z”" and C’;"z_l =
Ci (li)z_l. Thus, writing hg(z) = Zlgkhkl z7! and comparing coefficients of zlin
(2.12), we obtain

n

(i) = b/TTj—yei k) [ ] (i) = es(k))
s=1

n

= (ai (i) = b/TT}=ycj k) [ ] (@) = es ko)) hicare;

s=1

We may assume hgxx = 1. Then we get

a; (yi) b/ l_[’/l lc](k ) al(yl C,'(k/'))
h — .
0o ﬂ)lj[l |: Cl(yl)_b/n, 1¢j (k) l_[ ci(yi) — c¢j(k)))

Now let us apply Lemma 2.2. Taking into account (2.6), we must compute the action
of

det (V;;) —  det [(_C;k)n—j—H _ (_A;k)n—j—&-lzl_]

1<i,j<n 1<ij<n

when applied to

S T i) = b/ Ty k) 2 (@) = ¢ (k)
P j=1C€j i (i (K -1
w@=2 111 [ (o — b/ T ¢ 6y) c,»(k»)]z

I1<ki=1y;=l j=I1 C’(yl
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Since

il b n (ko n (1) — ci(k;
L@ =Y ha 7 e = b/ Tz ¢ k) & (ci) — cjky))

1<k (Cl,(l)—b/l—[] ]C](k) =1 al(li)_cj(kj))7

we obtain

 det_ (Viphi(z) = > bz | et [(—ci(l,-»"—f“ — (—a; (1)) !

1<k <i,j<n
<

5 (cii) = b/ 1=y ¢j (k) l_[ (ci(li) — cjk)))
(ai(li) — b/ [Tizicjk; ) i (aili) —cjkp) |
Note that since fxkx = 1, the pairing (fx(z), det(Vl.’;)hk(z)) is simply the coefficient of
z ¥ in the above expression, i.e. dety <; j<n [(—¢i (ki))*~7*1]. Thus Eq. (2.6) writes as

a@= [] (cjkj)—citk))” H —ci(ki))~ g’e;_tgn(vi’;)hk(z).

1<i<j<n i=1

Since gk(z) = Zlgkgkl z7!, we conclude by extracting the coefficient of 7!
in gk(z). O

The following theorem is another multidimensional generalization of Krattenthaler’s
result [10].

Theorem 2.6. Let b be an indeterminate and a;(k), c¢j (k) (k € Z, 1<i <n) be arbitrary
sequences of indeterminates. Define

fmk:HCi(ki)_l H (Ci(ki)_cf(kf))_l

i=1 1<i<j<n

o ai(yi) = b/ 1j=1 ¢ k) & (@i (i) —cj(k)))
1 11 [c,(m—b/l‘[’; Lo ) 1A (o — ¢ p)

i=1yi=ki+1 j=

x det |ei(mp)" It —a;(my)n T
1<i,j<n

(citmi) = b/ T 1Cs(k) . Cl(mi)_cs(ks))
(ai(mi)—b/ TTi— cs(ky)) (ai(mi)—cs(ky))

s=1



298 M. Lassalle, M. Schlosser/Advances in Mathematics 202 (2006) 289-325

and

" Hl;-:lﬁrl [(“i()’i) —b/[Tj=y cjkp) [T}= (@i (yi) = Cj(kj))]
gkl = H )

=t T [0 = b/ Ty ) Ty (i) — ¢ky)) ]

Then the infinite lower-triangular n-dimensional matrices (fmk)m ez’ and (gk)k 1cz”
are inverses of each other.

Proof. For any multi-integer k = (k1, ..., k;,), denote —k = (—ky, ..., —k,). Define
two-multidimensional matrices gmk and fig by gmk = f-k.—m and flg = g-1,—k. For
1<i<n write a;(y;) = a;(—y;) and ¢;(y;) = c;i(—y;). Then the matrices gmk and fkl
are those considered in Theorem 2.3, associated to the sequences a;(k), ¢; (k). Thus for
all m,1 € 7", we have

Z Smk g1 = Z f1-k&k-m = Oml O

m>k>1 m=>k>1

2.3. An extension of Bressoud’s matrix inverse

Let ¢ be an indeterminate. For any integer k, the classical g-shifted factorial (a; ¢)x
is defined by

; (a; q)
@ @)oo = [[(1 —ag)), (a;qn = (k—‘”
j>0 aq k) Q)oo
Theorem 2.7. Let t and uy, ..., u, be indeterminates. Define

ki+|k|[+1

n

. . — s t; -k U;; ke

Fk = 1—[ (qm,ui —qm-’uj) 1 l—[lmﬁk, (q/t; Omi—k; (q i Qmi—k;
i=1

L<isi<n @ Dmi—t; (KT i g,

kit w5 @k (@5 ™t U5 @)y,

K=kt Y fu s @mg—ke (@5 ™ i 15 @y —,

% 1—[ (g

1<i<j<n (q

; . 1 — gmitlklz,.) " miy . ks,
x  det |:(q’"fui)"_f(1_,1—l( 4 ”‘l)l—[(q up —(q ua)>:|

1<i,j<n (1 —qmi+|k|u,-) ol (qmiui - qutus)
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and

n

o =[] D=t @i @)
@ Dy (@M @),
y l—[ (" litui fujy Q- (@ i ftugs Q-
Lcizjen @I i g Qe (@ N fug )k,

Then the infinite lower-triangular n-dimensional matrices (fmk)m kez" and (gk)k 1ez”
are inverses of each other.

Remark 2.8. For n = 1 this matrix inversion reduces to Bressoud’s result [1], which
he derived from the terminating very-well-poised ¢¢5 summation [2, Eq. (IL21)].

Proof. We specialize Theorem 2.6 by letting b > 7! ]_['}=1 uj, ai(yi) — q¥u;/t, and
ci(yi) = q”ui, (1<i<n), and rewrite the expressions using g-shifted factorials. After
this first step, we obtain the inverse pair

n
fok =g M Turt ] (6w — b))
i=1 1

<i<j<n

n

Ui @m;—k; 1—[ (g

iy @R g g (g

(1 _ qmi+|k|tui) n (qmiui — qksus)
(1= gmitiu) &5 (g™ —qbiug) ) |

n (gl ki—kj+1

wi/tuj; @Qm;—k;
K=kt fu s @k,

i,j=1

I<ijsn

x  det (qmiu,-)n_j (1 —/7!

n . n PR
o = (@ R s g, 1—[ (" kit i ftu s @k,
i1 @ gy S0 @ g fu g k-,
Now note that fiyk contains the factors
n PR
(¢ i 15 @i,
2 @ g @k
_ ﬁ (q/t; q)m,'—k,' 1—[ (qki*kj+lui/tuj; q)mi—ki (qkj_ki+luj/lbti; q)mj—kj
o @ Omik o, @ g Qg @5 g i @k
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1_[ (Q/t Q)m, ki
(G5 Dmi—k;

s ki—m )
X 1_[ ki—m;j (@ 5 ity @t (47wt U5 @m

L<ici<n (@ 5 g fu s @ty (@5 w5 @m—k

Similarly gk contains

n (qli—kj-'rlui/tuj; ('I)k;—l,-
ot @ T g @k
_ﬁ(c_l)ki—’i t Dki—i;
i (@ Dk,
(q>kj_lj @ 5 g s g, @5 i/t @
i<i<j<n ' @ Mui fu s Q- (@I g fu g ey

To conclude, we transfer the factor

1k (tui/ujs Qr—k;

de= /)" ] (g% =qbu)) " TS
LA i—kj

1<i<j<n

from one matrix to the other, and simplify the resulting expressions. [J

3. Macdonald polynomials
The standard reference for Macdonald polynomials is Chapter 6 of [19].

3.1. Symmetric functions

Let X = {x1, x2, x3, ...} be an infinite set of indeterminates, and S the corresponding
algebra of symmetric functions with coefficients in Q. Let Q[g, t] be the field of rational
functions in two indeterminates ¢, ¢, and Sym = S ® Q[g, t] the algebra of symmetric

functions with coefficients in Q[q, ¢].

The power sum symmetric functions are defined by px(X) =), >1x Elementary
and complete symmetric functions e;(X) and hy(X) are defined by their generating

functions

[T +ux) =" uker(x), = uf i (X).

i>1 k=0 i}l k>0
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Each of these three sets form an algebraic basis of Sym, which can thus be viewed as
an abstract algebra over Q|g, t] generated by functions ex, hg or pg.

A partition A = (4, ..., 4,) is a finite weakly decreasing sequence of nonnegative
integers, called parts. The number /(1) of positive parts is called the length of A, and
|Al = >/, % the weight of A. For any integer i >1, m;(1) = card{j : 2; = i} is the
multiplicity of the part i in Z. Clearly [(4) = ;5 m;i(4) and |A| =} ;| im; (/). We
shall also write 4 = (1™1,2™2 3™3 ). We set

2= [[i"Pmi .

i>1

We denote /. the partition conjugate to 4, whose parts are given by mi(i/) =A—it1.
We have 2; = 3"~ mj(2).
For any partition 4, the symmetric functions e;, h, and p, defined by

1o,
fr=11sm=1Twm*, 3.1
i=1

i>1

where f; stands for e;, h; or p;, respectively, form a linear basis of Sym. Another
classical basis is formed by the monomial symmetric functions m, defined as the sum
of all distinct monomials whose exponent is a permutation of A.

For all k>0, the “modified complete” symmetric function gx(X; ¢, ) is defined by
the generating series

[ 8D _ 5™ g xi g,

i1 (i q)oo k>0

It is often written in A-ring notation [15, p. 223], that is

1—1
gk(X;q,t)zhk[l X].
—q

The symmetric functions gi(g,?) form an algebraic basis of Sym. They may be
expanded in terms of any classical basis. This development is explicitly given in [19,
p. 311, 314] in terms of power sums and monomial symmetric functions, and in [15,
Section 10, p. 237] in terms of other classical bases. The functions g;(q, ), defined
as in (3.1), form a linear basis of Sym.
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3.2. Macdonald operators

We now restrict to the case of a finite set of indeterminates X = {xi,..., x,}. Let
T,,x; denote the g-deformation operator defined by

Tq,x,‘f(-xlv"'9xn)zf(x19""q-xi"'°7xn)

and for all 1<i<n,

Macdonald polynomials P;(X; ¢, t), with 4 a partition such that /(1) <n, are defined
as the eigenvectors of the following difference operator:

n
E(X;q,0) =) Ai(X;0) Ty

i=1
One has
n
E(X;q,1) P(X;q,1) = (Zq’~f t”l) Pi(X;q,1).
i=1

Let A(X) be the Vandermonde determinant [[; <i<j <n(Xi —xj). More generally Mac-
donald polynomials P;(X; g, t) are eigenvectors of the difference operator

. — 1 n—j n—j
Dluzq.1) _'KZ§31<%?<n[xi (14_ut Ii“)]’

where u is some indeterminate. One has

n

D(ws q.0) Pi(X: .00 = [T (14+u g% ") Pi(Xs g.1).
i=1

The polynomials P;(X; q,t) define symmetric functions, which form an orthogonal
basis of Sym with respect to the scalar product <, >, ; defined by

1(2)
< Pis Pu>qu =0,u2; ]_[

i=1

1— q)'i
1 —th
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Equivalently if ¥ = {y1,..., yu} is another set of m indeterminates, and

(X, ¥: g, t)—l_ll_[ (txlyj ‘I)

=l j=1 (xz)’ijI)

we have

(X, Y;q,0) =) Pi(X;q,004(Y g, 1),

A

303

where Q,;(X; ¢q, t) denotes the dual basis of P;(X; ¢, t) for the scalar product <, > ;.

One has

0,(X;q,1)=b,(q,1) P)(X;q,1)
with b,(¢q,t) = < P)(q, 1), P;(q,1) >q,,_1 given by

Ai )]tj —i+1.

) Q)) _/L/+]

(g™
bl(q’t)z 1_[ ( ;L )+]t] i.
1<i<j<ioy 9
j

As shown in [19, p. 315], we have

D(u;q,t) = Z M|K|t<“2q) Htxk—x]l_[Tqu.

X keK

Kc{l,...,n} l;;g Xk —

This yields
1 1 — xiyk
———  det 1 it
A(X) 1<i5‘<n[ i ( o H 1 —1x;yk

- ¥ u'Ku(”z“)n’xk x,l—“—[

— X
Kcil....n) ek =X il kek
J

Indeed since

Xi Yk

N Hl—txz'yk

Q)) —AJ+1

1 —txpy;

(3.2)

(3.3)

both terms are obviously ' D(u; q, t)x) I1, where the suffix (X) indicates operation

on the X variables.
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There exists an automorphism , ; = w; ,~' of Sym such that
0q.1(Q5(q. 1)) = Py(t,q), 0q4.:(8k(q,1)) = ex. (3.4)

In particular, the Macdonald symmetric functions associated with a row or a column
partition are given by

Pi(g.0) = e, Qu(g,1) = (t;,t)k ek,
(q: Dk
Piolg.1) = (c]f—q)kgk(q,t), 0w (q. 1) = gi(q. ).
(t: @)k

The parameters g, ¢ being kept fixed, we shall often write P, or Q, for P,(q,t) or
Q ,u(‘l, t )

3.3. Pieri formula

Let uy,...,u, be n indeterminates and N the set of nonnegative integers. For 0 =
(O1,...,0,) €N", let |0] =>"7 , 0; and define

do, .0, (1, ..., u,)

N ﬁ (t: 9o, (@' ui: @)y, (tui/ujs @)g, (a7 ui/tuj; q),
o1 @ Do, @, |, quilui g (g uifugs ),
If we set uy,y1 = 1/t, 0,41 = —|0|, and vy = qgkuk (1<k<n+ 1), we may write

0,1, ... uy) = 1_[ w 1_[ M

dp
1 . L. . ..
lgzgjén (qul/uij)(),‘ 1§i<j<ﬂ+l (”z/vst)(),-

,,,,,

Macdonald symmetric functions satisfy a Pieri formula generalizing the classical
Pieri formula for Schur functions. This generalization was obtained independently by
Koornwinder [8] and Macdonald [18]. Most of the time this Pieri formula is stated
in combinatorial terms. Its analytic form is less popular, but will be crucial for our
purposes.

Theorem 3.1. Let = (1, ..., As) be an arbitrary partition with length n and 41 €
N. For any 1<k<n + 1 define uy = q‘k”l”“t”*k. We have

0eN"
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Proof. We make use of the expressions given in [19, p. 340, Eq. (6.24)(ii)] and [19,
p. 342, Example 2(b)]. Specifically, we write

Q) Q0 = Z%/A Ok,

KDA

where the skew-diagram x — / is a horizontal A, -strip, i.e. has at most one square
in each column, and ¥,/ is given by

i it e i Dimdiqj—i
l// B 1_[ f(ql, Ajt] l) f(q“’ Kj+1p] l) B 1_[ wKi—}q‘(q Ajgd z)
K/h = i k1. i—in —Ki1.i—i
1<icjen S@ETHUT f@ETIRIT S Wi, (g T T

with f(u) = (tu; @)oo/(qU; @)oo and wy(u) = (tu;q)r/(qu; q),. Since k — 4 is a
horizontal strip, the length of x is at most equal to n + 1, so we can write Kk =
A +0q,...,2,+0,, ;Ln+1 — |9|) Then

V=[] wa@ "™ ] (we, (g" /== 7,

1<i<j<n 1<i<j<n+l

which is the statement. [
The Pieri formula defines an infinite transition matrix. Indeed, the Macdonald sym-

metric functions {Q;} form a basis of Sym, and so do the products {Q,Q)}. We shall
now compute the inverse of this matrix explicitly.

4. Main result

Let u = (uy, ..., u,) be n indeterminates and 0 = (01, ..., 0,) € N". For clarity of
display, we introduce n auxiliary variables v = (vy, ..., v,) defined by v = q%uy.
We write

C(()?f.).,o,l Uty ..., up)

_ l—[fe" (q/t; @o, (quis 4o, 1—[ (qui/tuj; q)g, (tui/vj:q)y,
i @ Do (qtuc o, (qui/ujs q)g, (ui/vj; q)g,

i<j<n

1 n—ij 1=ty " Up — V;
X det |/ (1 -4/ .
A(v) 1<i.j<n|: ! ( 1 —v; Htuk—v,-

k=1




306 M. Lassalle, M. Schlosser/Advances in Mathematics 202 (2006) 289-325

Setting u,+1 = 1/t we have

(qui/tuj; q)y, (tui /vj; @)y,
C(q’t)()”(m,...,un): ]_[ AT T A0 ]_[ AR Y

01,..., Iy e
1<i<j<n+l (quz/”]vCI)G,- ]<i<j<n (MI/UJJI)G,-

1 ) n+1 o
X det |7/ (1—4¢/ 1_[ L0
AW) 1<ij<n| ! iy Tk — vi

We are now in a position to prove our main result.

Theorem 4.1. Let A = (L1, ..., in+1) be an arbitrary partition with length n + 1. For
any 1<k<n + 1 define uy = qﬂk”lﬁlt”*k. We have

_ (g.1) .
Qlirrini = D Cot g iy un) Q10 Qi 40y 0
feN”

Proof. Let f = (fy,...,0,), k= (Ki,...,Kn), 7= (¥1,...,7,) € Z". Defining

_ ~q0 K1+ K| Kn+|K|
T = iy, (47000 5 ),
8y = dicy iy, (47 ur o gy,

these infinite lower-triangular n-dimensional matrices are inverses of each other, by
application of Theorem 2.7. Now if in Theorem 3.1, we replace 1,41 by A,+1 — |y]
and A; by 4 +7v;, u; by q"iT"u;, (1<i<n), we obtain (after shifting the summation
indices)

Z 8y Y = Wy (yezh

xeZ”
with
Vie = QUa+K1. I+ in I 1 — K]
Wy = QG497 Q=7 -

This immediately yields

Z fﬁlcwﬂ =y (kKeZ.
ﬁezn

We conclude by setting k; =0 for all 1<i<n. O
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In the case n = 1, i.e. for partitions of length 2, Theorem 4.1 reads

Qi) = Z Céq’t)(u) Q0r—0) Q040 4.1)
0eN

with u = qi"i2 and

0 @/t 9o (qus; q)g ( 1—q"muu —q9u>

(g,1)
C)(u) =t
0 (@;: 90 (qtu; q)g

1 —q% tu —q

o/t (quig)g t—11—¢q*u
(@@ (qtusq)g t —q" 1—q%u

_ oAty @i 1—q*u
(¢;9)9 (qtus;q)g 1—u ~

We thus recover Jing and Jézefiak’s result [5], which appears as a consequence of
Bressoud’s matrix inverse [1].

The reader may also verify that for n = 2, i.e. for partitions of length 3, our result
gives the formula stated in an earlier note by the first author [14].

Applying the automorphism w, ,; to Theorem 5.1, and taking into account (3.4), we
obtain the following equivalent result.

Theorem 4.2. Let A = (1"1,2™2 ..., (n+ 1)) be an arbitrary partition consisting
of parts at most equal to n + 1. For any 1<k<n + 1 define uy = q"_ktzf:k "i. We
have

t.q)
P, = Z C01 ’’’’’ 0, (i, ..., up) €y —|0] P(]m1+91792’””(n71)mn,1+0,,,1—(),,,n;;zn+mn+1+(),,>.
OeN"

Remark 4.3. Our proof of Theorem 4.1 looks somewhat external to Macdonald theory,
and does not explain the particular form of Cé‘]”) 0 (uy, ..., u,). Observe that its last

factor may be written

1 ) n+1 U — v;
—— det |V (1=t ]]—
A(v) 1<i,j<n|: ! ( gtuk—vi

n+1
= > eI o 62
Kc{l,...n} ek Vj TV g Wi T UK/
J

This expression may be obtained from (3.3) by replacing ¢ by 1/¢, u by —1/t,
Xby V= (,...,v), and Y by U = (1/uy,..., 1/uyy1). If we write Il for
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II(U, V, 1/q, 1/t), both sides of (4.2) are ! D(=1/t;1/q,1/t)(v) 11, where the suf-
fix (V) indicates operation on the V variables. Unfortunately, our proof of Theorem 4.1
does not provide any explanation for the mysterious occurrence of this Macdonald
operator.

5. Analytic expansions

Theorems 4.1 and 4.2 immediately generate the analytic development of Macdonald
polynomials in terms of the symmetric functions gz or e, which form two algebraic
basis of Sym.

Let M™ denote the set of upper triangular n x n matrices with nonnegative integers,
and O on the diagonal. Throughout this paper, for any 0 = (0; ;) € M® we shall write

n k—1
GO) = Y Ocj— > 0k 1<k<n,
j=1

j=k+1

Eir(0) = Z 0i,; — Okg1,j), 1<i<k<n—1.
j=k+2

Obviously we have &; ,,_1(0) =0, & ,_2(0) =0; , — 0,_1,,, and
k n
SROEDS ( PRI ()Hu)) : (5.1)
j=i \I=k+2

By a straightforward iteration of Theorem 4.1 we obtain the analytic development of
Macdonald polynomials in terms of the symmetric functions gy.

Theorem 5.1. Let 2 = (A1, ..., n) be an arbitrary partition with length n. We have
n—1 n
o i — Ak 1+Ei —i. i :
0ia.n= 3 TICp 4. =gt ® 0 <i<i) [T snqco-
PeM® k=1 k=1

Proof. By induction on n. The property is trivial for n = 1. Let us assume it is true
when 7 is replaced by n — 1. We may write Theorem 4.1 in the form

i -i_‘n —i—1. ;
0:= X ot gy, (i =g/ = I <in = 1))
(Hl‘n yyyyy Hn—l,n)ENnil

x g/ln—z’;;} Gj,n Q()~1+61,n ----- )Lnfl"l‘enfl,n)'
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The partition p = (11 + 014, ..., Ain—1 + Op—1.,) has length n — 1, and by the inductive
hypothesis we have

n—2 n—1
_ (g,1) C— PP HEik(©) ki, ; .
Qp = Z 1_[ C®1,k+| ,,,,, O k+1 (i =g T STSAY) 1_[ 8p+Lx(©)-
OecM®—D k=1 k=1

Now if ® € M®~D js obtained from 6 € M™ by deleting the last column, we have

n—1

n
1_[ gﬂk—kgvk(g) = g/ln*Z;l-;} Qj’n 1_[ glk+9k.”+£k(®)v
k=1 k=1
Ai = i1 + i (0) = p;j — pryy + Cir(O)
and the theorem follows immediately. [l

This result may be stated in terms of “raising operators” [19, p. 9]. For each pair of
integers 1<i < j<n, define an operator R;; acting on multi-integers a = (ay, ..., a)

by Rij(@ = (@i.....a; + L.....aj — 1,....a,). Any product R = [],_; R\, with
0 = (0;)) e M® is called a raising operator. Its action may be extended to any
product g, = HZ:I 8ap» With a = (a1, ..., a,) € N", by setting Rg, = grq. Note that
composing the action of raising operators on functions g, should be avoided, since
R1Ryg, may be different from R{(R2g4)-

Then the last quantity appearing in the right-hand side of Theorem 5.1 may be
written

n

0ij
[Tewiwo={ I1 R/|s-
k=1

I1<i<j<n

Applying g ,, we immediately deduce the following analytic expansion of Macdon-
ald polynomials in terms of elementary symmetric functions ey.

Theorem 5.2. Let 2 = (1"1,2™2 ... n™n) be an arbitrary partition consisting of parts
at most equal to n. For any 1<k<n, define My = Z’;’:k mj. We have

n—1 n
Pi(q.1)= Z 1—[ D (uj =g* MM+ @), 1 < <k} H Mt (0)-

O1 k4150 Ok kg1
Pemmk=1 k=1

It is clear that the analytic developments given by Theorems 5.1 and 5.2 are fully
explicit. Two analogous formulas may be also obtained by using (3.2).
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6. Some special cases

It is worth considering our results in some particular cases [19, p. 324], for instance
g =t (Schur functions), or ¢ = 1 (elementary symmetric functions). Section 7 will
be devoted to ¢ = 0 (Hall-Littlewood symmetric functions) and + = 1 (monomial
symmetric functions). Section 8 will be devoted to the ¢ = t*,+ — 1 limit (Jack
symmetric functions).

Let us first give a general property of the development (4.2). Since vy = qok U, we
have

Up — Vk tl—qgk
uk—vk/t - [—qek'

Obviously the summation on the right-hand side is therefore restricted to K C T =
{k € {1,...,n}, O #0}, and we have

1 i ] Up — v; 1—¢q
det [v/ 7 (1—-t/]]——]|= ( )F
A®) 1<i,j<n|:v’ ( gmk_vi 1_[ t— gl 0

keT

where Fy may be easily written

K| t—ql v — v/t 1 —tv i—v
e e e b | e | 7

KcT jer—k V=47 ek ViV ek ieT
jeT—K i#k
6.1)
Since for 0 # 0 we have
1—q% @/t Do, (/191
t—q% (4o, @ Do—1
we conclude that
cy )
B Hﬁk—l(q/t;qm" (qur; 9)o, (qui/tuj; q)g, (tui/vj; q)y,
il @ Do—1 Q1 Do | o, @i/Uj3 Dy, Wi/vjiqy,
(6.2)

The specialization ¢ = ¢ corresponds to the case of Schur functions. Then g (¢, 1) =
hy and Py(t,t) = Q,(t, 1) =s;.
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Lemma 6.1. For g = t, we have Cg’t)(u) =0, except if Of € {0, 1} for 1<k<n, in
which case Cg’l)(u) is equal to (—1)‘H|.

Proof. Using (6.2) it is clear that Cg’t)(u) = 0, except if all 0; € {0, 1}. It remains

to compute the value of Cg”)(u) in this case. Then T = {k € {1, ...,n}, 0 =1}, so
that vy = uy for k ¢ T and vy = tuy for k € T. We have only to prove

1 —t2uy I —tuj/u; 1 —ui/tu;
kel Uk ijer ul/uj ul/u]

i<j

But in (6.1) we see that, when ¢ = ¢ and 0y = 1 for k € T, the only nonzero
contribution comes from K = 7. Hence the result. [

Thus for ¢ = t, Theorem 4.1 reads

0
S(;Ll ----- ;LnJrl) = Z (_l)l | h)wH»l_‘el s(/l]—‘r@],...,ln—&-@”)’ (63)
0ef{0,1}"

The following lemma shows that this result is a variant of the classical Jacobi—Trudi
formula [19, p. 41, Eq. (3.4)]

Sandng) = | Aot Wi
<ij<

Lemma 6.2. The right-hand side of (6.3) is the development of the Jacobi—Trudi de-
terminant along its last row.

Proof. For 0<j<n, let M; denote the minor obtained by deleting the (n + 1)th row
and the (n + 1 — j)th column of the Jacobi-Trudi determinant. We have

j=0

Let A = (41+1,..., 2,+1). Using the Jacobi-Trudi expansion for skew Schur functions
[19, p. 70, Eq. (5.4)], it is clear that M; is exactly the skew Schur function SA/(1n=iY-
This skew Schur function can be expanded in terms of Schur functions by using [19,
p- 70, Eq. (5.3)]. The classical Pieri rule yields

Mj = sppamiy =D su
"
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with p such that A — p is a vertical (n — j)-strip. In other words, u is obtained from
A by subtracting (n — j) nodes (at most one from each row), or equivalently from
(21, ..., 7y) by adding j nodes (at most one to each row). [

For ¢ = 1 we readily obtain Cg’l)(u) = 0 except if 0 = (0,...,0). Theorem 4.2
thus reads

(n_l,_])mrH»l)(l, t) = eanrl P(]”’l (ﬂ—l)m”*l 7nm,ﬁ»m,l+1)(1, [),

,,,,,

yenes

from which we deduce

n+1
Py, = H eyl )y = €
i=1

7. Hall-Littlewood polynomials

In this section we consider the case ¢ = 0, which is known [19, p. 324] to correspond
to the Hall-Littlewood symmetric functions. We have P;(0,7) = P;(t) and Q,(0,¢) =
Q,(1), these functions being defined in [19, pp. 208-210]. We shall follow the notation
of Macdonald [19], writing gx(¢) for gx(0,1) = Qu)(¢) and g,(¢) for g,(0,1). The
parameter ¢ being kept fixed, we shall also write P;, Q,, gx and g, for short.

The following expansion of Hall-Littlewood polynomials is well-known [19, p. 213].
If 1 is any partition with length n + 1, one has

1 — Rj
Q; = H TR _H:_ 45
1<i<j<n+l Y
0
_ I1 (l+(l—l/t) 3 il Rl.j-’> 9
1<i<j<n+l 0;j>1

This property seems difficult to recover as the ¢ = 0 limit of Theorem 5.1 (see however
Section 10). We shall give the ¢ = 0 specialization of Theorem 4.2 instead.

Let [!] , denote the z-binomial coefficient ("5t 1)s/(t; 1)s. The Pieri formula for
Hall-Littlewood polynomials [19, p. 215, Eq. (3.2)] writes as

0eN" k=1
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with 0,41 = my,41 — |0]. This formula cannot be directly inverted by applying the
method of Section 2.1 to the matrix thus defined. Actually the corresponding system of
equations turns out to be nonlinear. We shall obtain the inverse relation as the g =0
limit of Theorem 4.2.

Theorem 7.1. Let A = (1"™1,2™2 ..., (n+ 1)"+1) be an arbitrary partition consisting
of parts at most equal to n + 1. We have

Z C ’’’’’ () (m] P mn) em”+17|6‘ P(lml+()l—02’.“’(”71)777,,,1+0n,17(');1’”mn+mn+1+6n)

with Cyf) ) (mi, ..., my) defined by

C()l )n(mla-~-7mn)

—(DWSiOT Wrm+9}>ljﬁ+( F”£91 l.an

i=1

Remark 7.2. This result is new. It has no direct connection with Morris’ recurrence
formula [20], although in both cases induction is done by removing the largest part
of 1. Note that here all largest parts are simultaneously removed, whereas in [20] one
part is removed at a time.

Proof. Let us define

Cy ymi, mn)—-hm.C(q)axuh.“,un) (7.2)

.....

with u; = ¢"~'tMi and M; = Z';:i m . Using the auxiliary variables vy = 1%uy, we
first compute

l—[ (tu;i/quj; )y, 1—[ (qui/vj; )y,

(tui/uj; 1), I<i<j<n (ui/vj; 1)y,

[

1<i<j<n

lim
g—0 .~
1<i<j<n+l

= lim []

70 1 <icj<ngl

(qul.fltMifMJuF]; t)f)l
(qi—itMi=Mj+1. 1y,

(qj7i+1tMi*Mj70j; t)()i

(qi=itMi=Mi=05; 1),
When g — 0, all limits are 1 but
(tMifM,ur]‘H. t)f)

- 00 _ e, (") [”H'+9 }_
[y, = I ,

i=1 i=1 l
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Hence it remains to prove that

. 1 n—j = qui 4wk — i

lim det V1 =g

q—0 A(U) 1<i,j<n|: ! < 1 1 —v; 1:[ qui — V;
n+1

-2 (1) (1T

Since M1 — M; = —m, this is a direct consequence of the following more general
result, applied for a; = Mk, and by = tMct0% je. up = g" *ay, and vy = ¢" *bp. O
Lemma 7.3. Let a = (ay, ..., ay,an+1) and b = (by, ..., by,) be 2n+1 indeterminates.
Define

Fa) = [] @ 7'bi—q" )7

1<i<j<n
n+1 —k,
b; —q’ ay
x det n= lb =il —gq/ _
1<”\n|:(q ) q 1—[ g —*+g,
and
n+1 k—1 a n a b
! J Y
G, = —=T] :
N b[ n (l]+1 —b]
k=1 i=1 ' j=k

Then we have limy_.o F,(q) = G

Proof. Substituting g for ¢, ¢"~'b; for v;, and ¢"'a; for u; in (4.2), we have

gy () 77 b m e e T @ =
Fg)y= Y. 0%layg I1 e kb ]‘[1‘[ .
Kc(l,...n) kek 4 Ok ek iz @ k

The contribution of K can be written as

o (bf e U el )

bj —q/~ b aj —qi7F by

kekK
ek
" 1—[ (an—H —an+1bk> 1—[ < ai —q'*by )
g \ ani1 = q" b ) Nai — gt Dy

keK
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When g — 0, the limit of the various factors are

lim bj —q/ "y aj —q/*b; _ l—[ <ak+1 bi+1 —bk>
9=0, ¢\ bj—q/*be aj —q/7F by best axy1 —bi )’

keK k#n
JjEK k+1¢K
a _ n7k+1b a
lim n+l1 — (¢ — k _ n+1 ifn ek,
q_)okeK apn1 — q" by any1 — by
a b a; — b;
Jlim (- /o ] "—b" - 1‘[%
vk T bela o i
) K| a._qi—jb. a._qj—ib. a1
lim (1/‘1)(2) [T{- eyl [T —
7=0 njek \%i —4 bjaj—q bi iekign LT bi
i<j i+lek

Putting these limits together, we have

. bry1 — b ait1 a; —b;

lim F,(q) = ( .
q—0 " Z kelK_kLn ile_I[( bi ai+1 —bi
k+1¢K

.....

We are done once we have shown the following lemma. [J

Lemma 74. Leta = (ay,...,ay,ap+1) and b = (by, ..., b,) be 2n+1 indeterminates.
Define

b —b 1 ai—b;
pe LR

b; a; —
Kc{l,...,n} keK {é#n iceK 1 i+1
Then Fn = Gn.

Proof. Obviously G, satisfies the recurrence relation

n
a; a, — b,
Go=[]Z+2—"G,..
" Ebi a1 —by "

which yields

dn a, — by an an—1 — by_1
Gy=|—+—1G — Gy2.
! <bn * ap+1 — bn) e bn an —by_1 e
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We have Fyp = Go =1 and

—b —b
o 2Osh @ b
byap—br by ay—b;

Thus, we have only to prove that F;, satisfies the second recurrence relation. Summing
the contributions of sets K = LU {n}, with L C {1, ...,n — 1} possibly empty, we find

a a, — b
F,=H, + 2L 7% p

by, an+1 — by

with

H, — l—[ bk+l - bk 1—[ (ai_i,_] a; — bi )
n— .
LC{l,...n—1} kel bt i\ bi aiv1—bi

k+1¢L
Summing separately sets with n — 1 ¢ L and n — 1 € L, we have

b, — b, 1 — b,
H, = H, | + n n—1 dn dp—1 n an_2
by, by—1 ap — b,

or equivalently

—b 1 —bu—1 (b, —by—
F, — anp+1 dap n Fooy=F, |+ dp Ap—1 n—1 < n n-1 1) Fys.
b, ayy1— by bu—1 ay —by_1 by,

Hence the result. [J
Taking the ¢ = 0 limit of Theorem 5.2, and using the definitions (5.1) and (7.2),
we deduce the following (new) expansion of Hall-Littlewood polynomials in terms of

elementary symmetric functions.

Theorem 7.5. Let A = (1"1,2™2 ... n™n) be an arbitrary partition consisting of parts
at most equal to n. For any 1<k<n, define My = Z';:k mj. We have

P (1)
n—1 n n
(1) . .
= Z 1_[ C01,k+1,---,0k,k+|({mi + Z (9,-’]- - 6i+1’j)’ ISi<kd HeMk+Ck(0)
0eM® k=1 j=k+2 k=1
with C(g?,...ﬁk (my, ...,my) defined by Eq. (7.1).
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It is known [19, p. 208] that monomial symmetric functions are the specialization
of Hall-Littlewood symmetric functions for + = 1. One has P;(1) = m , and in this
situation Theorem 7.1 reads as follows.

Theorem 7.6. Let A = (11,272, ..., (n + 1)"»*\) be an arbitrary partition consisting
of parts at most equal to n + 1. We have

m), = Z CH] ..... 0, (rl,...,rn) ern+1—|9|m(lr|+()1—02
OeN"

(;1_1)’11—]+0n—1 —On _nr’l+rn+l+0’l)

.....

with Cy, . 0,(r1,...,1y) defined by

n+1 k—1
ri +0; ri+0;—1
Cop0, (1) = (=D ]_[( )H( "0 ) (7.3)
j=k /

k=1 i=I

This gives the expansion of monomial symmetric functions in terms of elementary
symmetric functions, a problem which was studied by Waring [25] as early as 1762.
Some years later, Vandermonde [24] computed tables up to weight 10. Alain Lascoux
mentions that these tables contain no mistake [13, Section 1.3]. The case of power
sums had been considered by Girard as early as 1629.

Theorem 7.7. Let . = (11,22, ..., n"") be an arbitrary partition consisting of parts
at most equal to n. For any 1<k<n, define My = Zr/’»:k rj. We have

DeM™ k=1 j=k+2

with Cy, . 0,(r1,..., ) defined by Eq. (7.3).

It would be interesting to get a combinatorial interpretation of this result.

Alain Lascoux pointed out that Theorems 7.1 and 7.6 have a direct proof using
Hammond operators. For any symmetric function f, let Dy be the adjoint of the multi-
plication by f with respect to the standard scalar product of S. The operators D;, and
Dy, are, respectively, called Foulkes and Hammond operators.

Using the properties [13, Section 1.7]

_ | myx if k is a part of p,
Diermy = { 0 otherwise,

th (erf) = erthf + er—thkqf
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and applying Dy, ., and Dy, to the expansion of Theorem 7.6, we obtain

Cop....o,(ris o) +Coy 0,115 oo osrn) =Coy 0, (1, ooy — 1),

Starting from Co, . o(r1,...,r,) = 1, this recurrence determines Cyq, g, ("1,...,74)
completely. A similar but lengthier argument may be used for Hall-Littlewood polyno-
mials, leading to the recurrence formula

Cly L, Om1socoma) £ CY g Om )
1 — tmn"rgn + t(l _ t—g,,) o
= T gmm CQ1 .... 9,,(’"1’ comy — 1),

8. Jack polynomials

Jack polynomials are the limit of Macdonald polynomials when ¢ — 1, with g = ¢*.
The indeterminates ¢, are then considered as real variables, and « is some positive
real number [19, p. 376]. We define

Py = lim P,(%. 1), Q;() = lim Q;(t*,1).

The parameter o being kept fixed, we shall also write P;, Q; for short.

These polynomials are normalized differently from their “integral form” J, () studied
in [23]. We have J; (o) = ¢, (o) P; () = ¢, () Q (), with ¢;(«) and ¢/, («) given in [19,
p. 381, Eq. (10.21)].

The Jack polynomials Q) associated to row partitions (k) have the generating series

[T —ux)™*=>"u*Qu (.

i>1 k=0

Their development in terms of any classical basis is given in [23, p. 80, Proposi-
tion 2.2].

We now fix some positive real number a. We denote by (u); the classical rising
factorial, defined by (1) =1 and (u)x = ]_[fle(u +i—1) for k #0.

Let u = (uy,...,u,) be n indeterminates and 0 = (01, ..., 0,) € N". For clarity of
display, we introduce n auxiliary variables v = (v, ..., v,) defined by vy = uy + 6.
We write
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(1 - a)Gk (Mk + ])0k
1_[ 0! (up + 1+ a)y, 1<1_[

=1 <i<j<n

1 n—j n_i Vita 1 Vi — U
Xx—— det |v; T —(v—a)"’ l_[ .
A) 1<i,j<n v Vi — U —a

(i —uj+1—a) (w—vj+a,
(ui —uj+ 1y, (ui —vj)y.

k=1
Setting u,+1; = —a, this may be written as
(i —uj+1-a (ui —vj+ay
C(()a) 0 (ul’ e un) — 1—[ 91 l_[ 91
Lot 2 (ui —uj+ 1)y i (ui —vj)y
1<i<j<n+l i 1<i<j<n i

1
1 n—j nej -y
Ry A A | Gt £
AW) 1<i,j<n Vi —uUp —a

k=1

Lemma 8.1. With U = (¢, ..., ¢g""), we have
Cy () = lim 10 W),

Proof. Define U,y = ¢"“+!, so that the condition U, ;| = 1/t is satisfied for r = g“.
Introduce the auxiliary variables V = (¢"', ..., ¢"), so that V; = qek Ui. Then we
only have to prove

1 n+1 —u
et N
A(v) 1<lj<"|: — i Hvl—uk—a:|

1 n+1
=lim —— det |V'7/(1-4¢/ :
rinI‘I} A(V) 1<i5<n|: ! ( H tU, -V, )}
q~>

Consider the following difference operator:

1
D)= det[vf7 - |
(z;a) AW 1<i,ej<n v, T4z —a)" T Ty,

acting on polynomials in v, where z is some indeterminate and 7, ,, is the a-translation
operator defined by

Taw fU1, ... v00) = f(ur,..., v +a,...,v).
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Then in a strictly parallel way to the proof given in [19, p. 315], we have

Day= Y MTTEEA]

UV, —U;
Kc(l,...n) kek KTV pek
ek

Applying this result to ]—[”Jrl ]_[] 1(vj —u; —a), with z =—1, we get

1 n+1 —
det —a)"/
A(v)lgis'g |: —i—a) Hv,—uk—aj|

= X GO N

Kc(l,....n) kek i=1 kek Uk T Wi T a
JEK
On the other hand (4.2), written for r = g“, yields

1 . ) n+1 U — V:
———  det A 1_[ k=T
A(V) 1<ij<n| ! i tUy —V;

_ (K41 g~V U —
= 2 o U TR T 5y
KC{l,...n) e aV"

Hence the statement in the limit ¢ — 1. O

The two following results are straightforward consequences of Theorems 5.1 and 5.2.

Theorem 8.2. Let A = (41, ..., Ant+1) be an arbitrary partition with length n + 1. For
any 1<k<n+ 1 define uy = 2y — Ayr1 + (n — k)/o. We have

(1/2)
Q(/Ll xxxxx ;bn+l) Z C ,,,,, 0 (Ml’ Tt l/ln) Q(;Lll+17‘0|) Q(;I“F(')l ~~~~~ /Abn+0n)'
0eN"
Theorem 8.3. Let A= (1"1,2™2 ..., (n+ 1)) be an arbitrary partition consisting

of parts at most equal to n+ 1. For any 1 <k<n+ 1 define uy = Z;Zk mj+(n—ka.
We have

()
= Z C91s~~'a9n (M], sy un) em”+1—|9| P(lmlJrOlfOz
0eN"

(n— 1)”’n71+0n71 —0n ’n"”ﬂ+mn+l+6'1 )

.....

As in Section 5 these formulas generate the explicit analytic developments of Jack
polynomials in terms of the classical bases Q) and e;. These expansions are easily
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written by replacing C@? by C/%, and C*9 by C®, in the corresponding state-
ments for Macdonald polynomials. They are left to the reader.

9. The hook case

The explicit development of Macdonald polynomials in terms of the classical bases
gr and e; was already known when the partition A is a hook. This result had been
given by Kerov [6, Theorem 6.3] (see also [7]). For 4 = (r, 1*) Kerov’s result writes
elegantly as

| — glimitips=it!
y — det - P . .
Q I1<ij<s+l| 1 —ghigs—itl 8hi=it]

It was derived by using the Pieri formula

1—7# 1— qr+lts—l
1 — q[s—l 1 — qrts

O Q= Oi1,1-1) T Q@ 19)s 9.1

which is readily obtained from Theorem 3.1, the two contributions on the right-hand
side corresponding to 01 =r,0p =...=0;,=0and 0 =r — 1,0, =... =0, =0,
respectively.

Since the expansion of Theorem 4.1 involves the partition (7,2, ls_2), it cannot
provide a method to compute Q. 1s) through a recursion on r and/or s. However, we
have obtained the following development, which may be worth giving here since its
equivalence with Kerov’s result is not trivial.

Let n be a positive integer and C(n) denote the set of positive multi-integers ¢ =

(c1y--.,c1), ¢i > 0, with weight |c| = 25:1 ¢; = n. The integer [ = I(c) is called the
length of c¢. For any ¢ = (cy, ..., ;) we write [¢;] = Zlgk@ ci for the ith partial
sum.

In [14, p. 241] the expansion of the column Macdonald polynomial Q» in terms of
the modified complete symmetric functions g was written as

1) ¢ [ci
(@ D ) Hq't -l
n = —1 n ..
Qr=CD (q: On 1 — flei] gc’
ceC(n)i=1

The following result gives the development of Kerov’s determinant along its first row.
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Theorem 9.1. We have

O19(q, 1)

l(c)—1 qc,-t[c,',ll -1 1 — qr+01(p)*1tS*Cl(c)+1

(1)
= (_1)3 E 8c; 8r+cip—1-
. [eil i TS 1(c)
(@; 1)s cecCoph \ izt 1t l—q't

Proof. Since Qs is known, the Pieri formula (9.1) defines Qs through induction
on the integer r. We have [cj)—1] = |c| — ci() and the property is true for r = 1.
Assume it to be true for Q. 1s). In (9.1) we look for the contributions common to
Q(r.15) and Q.4 15-1). Equivalently we subtract from Q1s) the contributions coming
from Qs Q. These have the form

(130, et -1
(q:0) 7y 1=l

-1y’ 86 &

with ¢ = (¢, ..., c;—1) € C(s). Such contributions can be rewritten as

e (t: 1), I(c)—1 qcit[Cifl] —1 1— qVﬂLCl(c)*ltS*C](c)+1
(=D (q; 1) 1_[ 1 t[Ci] 8ei 1— C]rl‘s Breio !
’ N -

i=1

with ¢ € C(s + 1) having its last term ¢;) = 1. Therefore the contributions to
Q41,171 correspond to vectors ¢ € C(s + 1) having their last term ¢;,) > 1. Sub-
stracting 1 from the last component of ¢ € C(s 4+ 1), we obtain an element of C(s)
having the same length. Simplifying some factors, we are done. [

Applying the automorphism w,,, we obtain the equivalent result

P 15(q, 1)

Ho-1 lei-tlpei _ r=Ci(e) g5 tCi(e)

(g @r—1 q l—g
= (- Al s T e et
; _ leil i =1l s+l 1(c)
(5 q)r—1 cec \ izl 1—gq 1—q 't

10. Extension of Macdonald polynomials

In the Hall-Littlewood case, it is well known that the expansion

1 — R
0, = [T —L) . (10.1)

ot l—l‘Rij
I1<i<j<n+l1
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may be used to define Hall-Littlewood polynomials Q; when 1 = (41,..., A4,41) is
any sequence of integers, positive or negative, not necessarily in descending order [19,
p. 213, Example 2], see also [19, pp. 236-238, Example 8].

One may wonder whether Theorem 5.1 might be similarly used as a definition
of Macdonald polynomials associated with any sequence of integers. Or equivalently,
whether Theorem 4.1 might be inductively used to define Q; in that case.

This can indeed be done but leads to a trivial result: one obtains Q; = 0 when 1 is
not a partition. This fact shows a big difference between the general case (Macdonald)
and its g = 0 limit (Hall-Littlewood).

Let us make this remark more precise through an elementary example. In the length 2
general case, as a consequence of (4.1), we have

Oen =000 +C§q’t)(q) 0@3),

Oun =01mHQwn + qu’t)(l/Q) 020Qm + Céq’t)(l/CI) 0@3),

the second equation being taken as a definition. Now

r—11—¢2
cio = (=L 1=

1—qg 1—qtu

t—1 t—qg 1-— 1—g*
Cg{»’)(u) — q qu qu

l—g1—qg%21—qtul —q?tu’

so that Q(]’z) =0.
However in the Hall-Littlewood case, (10.1) writes as

Oe1y =0200m + ¢ —1D0am),
Ou2 =0mH0p+t—-—1000q +t(t —1)03),

so that Q1,2 =1tQ2,1), as is well known.

In the Macdonald case, the fact that Theorem 4.1 inductively gives O, = 0 when A
is not a partition may be easily explained as follows. Since Theorems 4.1 and 3.1 are
equivalent by our matrix inversion, they must yield the same value for any Q. But
Theorem 3.1 has implicitly assumed that Q; = 0 when A is not a partition. Actually,
the right-hand side of the Pieri formula is restricted to those values of 6 for which
(A 401, ..., A +0p, Ang1—10]) is a partition. But dy, g, (1, ..., u,) does not vanish
when (41401, ..., 2y +0,, An+1—10]) is not a partition. So we have implicitly assumed
Q()~1+617---s}~n+9n-,/ln+l_lgl) = 0 in that case.

In the Hall-Littlewood situation, a specific structure does exist. Actually the definition
(10.1) is equivalent to the following recurrence property:

0 0
Q(/l],...,/l,,-{.]) = Z [‘ |(1 - 1/[)”( ) Q(}~n+17|9‘) Q(;Ll+0]a'~~,/1/1+9n)
0eN"
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with n() = card{j : 0; # 0}. We emphasize that the sum on the right-hand side is
taken over all 0 € N"*, even over those 0 for which (A; +601,...,4, +0,) is not a
partition.

It is easily shown that this relation may be inverted by writing the Pieri formula

0
Q(/l],...,/l,,) Q()WH—I) = Z (l - t)n( ) Q(ZI“F()I~~~,/~bn+9n’/1n+l7|6|)'
0eN"

Here again we emphasize that the sum is taken over all 6 € N", even over those 6 for
which (41 + 01, ..., 2y + 04, An+1 — |0]) is not a partition.

Apparently this “analytic” Pieri formula had kept unnoticed. It is very different from
the classical combinatorial one [19, p. 229, Eq. (5.7)]. Of course the latter may be
recovered once all the Q,, where u is not a partition, are reduced to a linear combination
of Q,, where v are partitions.
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