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Metacirculant a long-standing interesting question in the area is if the converse
Edge-transitive statement is true, namely, whether a graph with a vertex-transitive
Cubic metacyclic automorphism group is a metacirculant. We shall an-

swer this question in the negative, and then present a classification
of cubic metacirculants.
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1. Introduction

A circulant is a graph that has a cyclic vertex-transitive automorphism group. Alspach and Parsons
introduced metacirculants in [2], refer to [14] for the following stated version of definition.

Definition 1.1. A graph I = (V, E) is called an (m, n)-metacirculant, where m, n are positive integers,
if I" is of order |V | =mn and has two automorphisms p, o such that

(a) (p) is semiregular and has m orbits on V,
(b) o cyclically permutes the m orbits of (p) and normalizes {(p), and
(c) o™ fixes at least one vertex of I'.
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There are lots of interesting graphs which are (m,n)-metacirculants. Circulants are of course
metacirculants; the Petersen graph, and vertex-transitive generalized Petersen graphs are (2,n)-
metacirculants; dihedrants (graphs which have a dihedral vertex-regular group of automorphisms)
are (2, n)-metacirculants. For any m,n > 2, the grids C,[JCy,, are (m, n)-metacirculants.

In the literature, the class of metacirculants provides a rich source of various research projects,
see for instance [3,15,16,19,20]. It has been therefore studied extensively in the past 30 years. Spe-
cial classes of metacirculants have been well investigated, see [1,8,10] for edge-transitive circulants;
[6,14] for 2-arc-transitive dihedrants; [11,21] for half-arc-transitive metacirculants of prime-power or-
der; [15,23] for half-arc-transitive metacirculants of valency 4.

We observe that, using the notation defined in Definition 1.1, the subgroup (p, o) is metacyclic and
transitive on the vertex set V. A long-standing interesting question is whether a graph is a metacir-
culant if it has a vertex-transitive metacyclic subgroup of automorphisms. For example, Marusi¢ and
Sparl in [15] called a graph a weak metacirculant if it has a vertex-transitive metacyclic automorphism
group, and asked “if the class of weak metacirculants is indeed larger than that of metacirculants”.
We shall prove that the class of weak metacirculants is indeed larger than the class of metacirculants.

The ‘general’ metacirculants called ‘weak metacirculant’ are defined as follows.

Definition 1.2. A graph I" = (V, E) is called a weak metacirculant if AutI" contains a subgroup R which
is metacyclic and transitive on V. To emphasis the transitive metacyclic subgroup R, this graph I" is
called a weak metacirculant relative to the group R.

The Petersen graph is a metacirculant relative to the Frobenius group Zs:Z4; more generally,
vertex-transitive generalized Petersen graphs are metacirculants relative to Z;:Z4 or Zy:Z;. The point-
hyperplane incidence graph of the projective geometry PG(d — 1, q) is a metacirculant relative to the
group Zga_q, /<q_1).Zz; the Holt graph (the smallest half-arc-transitive graph) is a metacirculant rela-
tive to the 3-group Zg:Zs3 [21].

A graph I' = (V,E) is called half-arc-transitive if AutI” is transitive on both V and E but not
transitive on the set of arcs. Half-arc-transitive graphs have been extensively studied, and many ex-
amples are constructed as weak metacirculants refer to [3,12,15,19,21,23]. The first theorem of this
paper stated below shows that the class of weak metacirculants is strictly larger than the class of
metacirculants. It clarifies the long-standing problem mentioned above.

Theorem 1.3. Each non-split metacyclic p-group with p an odd prime has a half-arc-transitive weak metacir-
culant of valency 4 which is not a metacirculant.

The next theorem gives a classification of cubic weak metacirculants, and it turns out that cubic
weak metacirculants are all metacirculants. See Section 3 for the definitions of the graphs appeared
in the theorem.

Theorem 1.4. Let I" be a connected cubic weak metacirculant relative to a group R. Then one of the following
holds:

(i) I' = My, a Mobius band of order 2m;

(ii) I is a generalized Petersen graph P(n, k), where k? = +1 (mod n) or (n, k) = (10, 2);
(iii) I =C(2n, 2k + 1) or Dih(¢, m) with £m = 2n, and R = Dyy;
(iv) I' =MeCq (¢, m, k) or MeCy (¢, m, k), which is a cover of M3 or Gy 200K, respectively.

We remark that P(10,2) = MeC;(5, 4, 2) is the dodecahedron graph; in the notation of [17], the
graph C(2n, 2k + 1) is of type F(n, i), and graph Dih(l, m) is of type H(n,1i, j).

We will construct metacirculants and weak metacirculants in Section 2, provide a proof of The-
orem 1.3. In Section 3, we construct various examples of cubic weak metacirculants, and then in
Section 4, we classify cubic weak metacirculants, and prove Theorem 1.4.
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2. Metacirculants and AP-metacirculants

We study here the relation between metacirculants and weak metacirculants, and prove Theo-
rem 1.3.

We first quote some properties of metacyclic groups. Let R be a metacyclic group, that is, R has a
cyclic normal subgroup M such that R/M is also cyclic. Then R is an extension of the cyclic subgroup
M = Zy, by the cyclic group R/M = Z,, and we write R = Zp,.Z,. Thus, R has a generating set {a, b}
such that

a"=b'=1, b/M=d, and o’ =d',

where m,n,l,r,s are integers. If the extension Zp,.Zy, = Zm:Zy is split, then R is called a split meta-
cyclic group.

Finite metacyclic p-groups have been classified [7,22]. For an odd prime p, these groups satisfy
the following lemma.

Lemma 2.1. (See [22].) Let p > 2 be an odd prime, and let R be a metacyclic p-group. Then R has a presenta-
tion:

r+s+u r+s+t r+s

R={a.b|a? ™" =1, bP"" =™ b~lab =a'*7').

Further, R is split if and only if stu = 0.
In terms of metacyclic groups, we have a criterion for a weak metacirculant to be a metacirculant.
Lemma 2.2. Each metacirculant has a split metacyclic group of automorphisms.

Proof. We observe that, using the notation defined in Definition 1.1, p and o generate a subgroup
R := (p,0) < Autl', such that {p) is normal. Hence R is metacyclic, and transitive on the vertex
set. Since o™ fixes at least one vertex, either ™ =1, or (¢™) is core-free in R. For the later,
(™) N {p) = 1. So, in either case, R = (p):(o) is split. O

For a weak metacirculant graph I, this lemma tells us that, if AutI” does not contain split vertex-
transitive metacyclic subgroups, then I" is not a metacirculant. Because of this, a weak metacirculant
which has a vertex-transitive split metacyclic group of automorphisms sometimes will be called a
split metacirculant. Otherwise, a weak metacirculant I" is said to be a non-split metacirculant if AutI”
does not contain any split metacyclic subgroup which is vertex-transitive.

A large special class of weak metacirculants are Cayley graphs on metacyclic groups.

Definition 2.3. For a group R and a subset S, the Cayley digraph Cay(R, S) is the digraph with vertex
set R and arc set (x, y) with yx~! € S. If further S=S~1={s~'|s e S}, then Cay(R, S) is undirected,
simply called a Cayley graph. For convenience, an undirected edge {x, y} is called a g-edge if yx~! =
ges.

A Cayley graph Cay(R, S) has a subgroup of automorphisms which is isomorphic to R and regu-
lar on the vertex set, that is, the right regular multiplication group R. Thus, if R is metacyclic, then
Cay(R, S) is a weak metacirculant. However, not all weak metacirculants are Cayley graphs. For ex-
ample, the Petersen graph is a metacirculant relative to Zs:Z4, but it is not a Cayley graph. A weak
metacirculant is called a metacirculant Cayley graph if it is a Cayley graph of a metacyclic group. We
do not know whether it is true that a weak metacirculant which is a Cayley graph must be a weak
metacirculant Cayley graph.

Suppose that I" = Cay(R, S) is G-edge-transitive such that R <G <Autr.If R is normal in G, then
I’ is called a normal edge-transitive Cayley graph. We will call a G-edge-transitive weak metacirculant
I' a normal edge-transitive weak metacirculant if G contains a normal transitive metacyclic subgroup. In
particular, if Autl” = R and I is undirected, then I" is called a graphical regular representation of R, or
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simply called a GRR. If I" is directed and AutI” = R, then I is called a directed regular representation
of R, or DRR for short.
In the following we will construct weak metacirculants which are not metacirculants.

Example 2.4. Let P be a generalized quaternion group of order at least 16, that is, for some n > 2,
P={ab| @' =p b*=1,a =a’').

Let S ={a, b}, and let I = Cay(P, S). Then I" is connected, and Aut" = P. Since P is metacyclic, I is
a weak metacirculant. Now (@) has index 2 in P, and it thus has exactly two orbits Ay and A, on
the vertex set. However, Aut I" has only one involution 42" which fixes A1 and A, but has no fixed
point. Thus, AutI” has no element g which interchanges A; and A, such that g2 fixes a vertex. So
I’ is not a metacirculant. O

In the example, an important property is that the Cayley digraph I" is a DRR of P. It follows from
Lemma 2.2 that GRRs and DRRs of a non-split metacyclic group are non-split weak metacirculants. In
the early 1980s, the finite groups which have GRR and DRR were determined. By Babai [4], except for
the quaternion group Qg, every non-split metacyclic p-group with p prime has a DRR. Thus, we have
the following conclusion.

Proposition 2.5. Except for Qg, every generalized quaternion group has at least one non-split directed weak
metacirculant.

Undirected non-split weak metacirculants can be constructed from metacyclic p-groups for odd
prime p.

Lemma 2.6. Let P be a non-split metacyclic p-group with p > 3, and let I" be a Cayley graph of P. Suppose that
X :=AutI" = P X, such that the vertex stabilizer X, is a 2-group. Then I" is a non-split weak metacirculant.

Proof. We observe that a Sylow p-subgroup of X = Autl" is isomorphic to P and regular on the
vertex set. Let R be a transitive metacyclic subgroup of X. Then R contains a Sylow p-subgroup, we
assume that R > P. Suppose that R is split. Then R = (a):(b). Since I' is of order a power of p, {(a) is a
p-group. Let b, be the p-part of b, that is, (bp) is a Sylow p-subgroup of (b). Then R, = (a):(b,) is a
Sylow p-subgroup of X. This is a contradiction since we assume that P = R}, is non-split. So X = AutI”
does not have a transitive split metacyclic subgroup, and thus I" is a non-split weak metacirculant. 0O

By Lemma 2.1, there are a lot of non-split metacyclic p-groups for odd primes p, which provides
resources for the construction of non-split weak metacirculants.
Now we are ready to prove our first theorem.

Proof of Theorem 1.3. Let p be an odd prime, and let

r+s+u r+s+t r+s

P=(a,b|aP =1, b? =a’ ", b‘lab:alﬂ’r) with stu # 0.

Then P is a non-split metacyclic p-group of order p?+25++U [t is easily shown that P has an auto-
morphism o such that

a® =a’l, b? =b.
Let

S ={ab, (ab)~1, a7 b, (a‘1b)_] 1.

and let I" = Cay(P, S). Then S generates P, and I" is connected. Let X = Aut/". Then by [11], X =
P:Xy, and X, is a 2-group. Thus, Lemma 2.6 tells us that I" is a non-split weak metacirculant. So I"
is not a metacirculant.
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Moreover, (ab)° =a~'b, and ((ab)~1)° = (a~'b)~!. It follows that o induces an automorphism
of I', and maps all (ab)-edges to (a~'b)-edges. Thus, I" is edge-transitive. Further, by [11], we have
that X, =Z,. Hence I' is a half-arc-transitive graph of valency 4. This completes the proof of Theo-
rem 1.3. O

3. Examples of cubic weak metacirculants

Here we study examples of weak metacirculants. It is easily shown that a connected cubic cir-
culant is a Mobius band or a prism, defined below. A Mébius band My, is a graph with vertex set
{op, a1, ...,002n—1}, and edge set {{a;, ®it1}, {ci, oipn} | 0 < i< 2n — 1}, reading the subscripts mod-
ulo 2n. M6bius bands are all vertex-transitive, and among them, M4 = K4 and Mg = K3 3 are the only
edge-transitive graphs. A prism C,[JKj is a graph with vertex set {og, @1, ..., on—1}U{Bo, B1, ..., Bn-1}
and edge set {{«, ai+1}, {ai, Bi}, {Bi, Bix1} | 0 <i<n—1}. Prisms are all vertex-transitive, and among
them, the only edge-transitive one is C4[JK; = Q3, which is the cube.

A natural generalization of prisms are generalized Petersen graphs. A generalized Petersen graph
P(n, k) is a graph with vertex set and edge set as follows

{o, o1, ..., an—1} U{Bo, B1, ..., Bn-1},

{{eti, i1}, {o, Bi} (B Bigk} | 0<i<n—1}
reading the subscripts modulo n, and k < % Obviously, P(n, 1) = C,00K; is an n-prism. It is known
that P(n, k) is vertex-transitive if and only if (n, k) = (5,2), or k2 = +1 (mod n). In particular, P(5, 2)
is the Petersen graph.

As mentioned before, a graph I' = (V, E) is a dihedrant if AutI” contains a dihedral subgroup
which is regular on the vertex set V. The next construction produces two classes of cubic dihedrants.

Construction 3.1.

(a) Let n be a positive integer and 1 <k <n — 1, and define a graph C(2n, 2k + 1) which has vertices
o, 01, ..., 02n—1, edges {&;, ajy1}, and {ao;i, a2i12k+1}, reading the subscripts modulo 2n.
(b) Let m,n be two integers, and define a graph Dih(m, n) with vertex set V and edge set E, where

V={aj,Bij10<i<m—1,0<j<n—1},

E = {{aij, Bij}. {Bij. i ja b {Bij. i} [ 0<i<m—1, 0< j<n—1}.
We next define a family of cubic weak metacirculants as Cayley graphs.

Construction 3.2. Let G = (a):(b) = Z;:Zm be such that a® = a* for some integer k. Assume further
that the order o(b) is even, and one of o(a) and m/2 is odd. Let z € (b) be an involution, and let i be
coprime to o(b). Define graphs

MeC; (I, m, k) = Cay(G, S;), where S; = {abi, (abi)_],z}, and
MeC, (I, m, k) = Cay(G, T;), where T; = {ab?, (abz")_l ,z}, withm/2 odd.

The concepts of quotient and cover is important in the study of transitive graphs, refer to [5,13,18].
Let I' = (V, E) be a G-vertex-transitive graph, where G < Autl". Let N < G be intransitive on V, and
let Vy be the set of N-orbits on V. The normal quotient I'y of I" induced by N is defined as the graph
with vertex set V such that B, C € Vy are adjacent if some vertices 8 € B and y € C are adjacent
in I'. If the valency of I'y equals the valency of I', then I" is a cover of I'y, that is, each edge of I'y
is the image of a perfect matching of I', see [13,18].

Lemma 3.3. The graph MeC; (I, m, k) is a normal cover of M, and MeCy(I, m, k) is a normal cover of
Cm/2|:|K2.
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Proof. Let G =G/(a), and let S; and T; be the images of S;, T; in G/(a), respectively. Then G = Z,
Cay(G, Sj) = My2, and Cay(G, T;) = Cp/20K3. Thus, MeCq (I, m, k) = Cay(G, S;) is a cover of My,
and MeC; (I, m, k) = Cay(G, T;) is a cover of Cy20K;. O

More general representations for vertex-transitive graphs are coset graphs. Let G be a finite group,
and let H be a subgroup of G. Let [G : H] = {Hx | x € G}, the set of right cosets of H in G. For a subset
S C G\ H, define a coset graph I' = Cos(G, H, HSH) to be the graph with vertex set [G : H] such that
{Hx, Hy} is an edge if and only if yx~! € HSH. The following statements for coset graphs are well
known.

(@) I' is undirected if and only if HSH = HS™'H.

(b) G acts transitively on the vertex set [G : H] with kernel being the core of H in G; so G is a
subgroup of Aut I" if and only if H is core-free in G.

(c) I' is connected if and only if (H, S) =G.

(d) I' is G-arc-transitive if and only if HSH = HgH where g € G such that g2 € H.

Construction 3.4. Let G = (a):(b) = Zn:Z4 such that a®” =a~. Let H = (b?) and S = {a,a~!, b}. Then
the coset graph I = Cos(G, H, HSH) is connected and cubic.

Lemma 3.5. The graphs constructed in Construction 3.4 are generalized Petersen graphs.

Proof. For the group G = (a):(b) as in Construction 3.4, there exists an integer k such that bab~1 = g*
and b~2ab? = a~'. Then k? = —1 (mod n). Label «; = Ha' and B; = Hba!, where 0 <i <n —1,
which give rise to all vertices of I'. Then {o;, i1} and {;, B} are edges. Moreover, 8; = Hba' and
Bj = Hba’ are adjacent if and only if a¥U=9% = ba/=ib~! = bal(ba')~! equals a or a~', if and only
if (j —i)k =241 (mod n). This is equivalent to j =i £ k (mod n). Therefore, this coset graph I' is
isomorphic to the generalized Petersen graph P(n, k). O

4. Proof of Theorem 1.4

In this section, we classify cubic weak metacirculants, by proving Theorem 1.4. Let I = (V,E)
be a connected cubic weak metacirculant. Let R < G = AutI" be a vertex-transitive metacyclic group.
Let R = (a,b) = (a).(b). Then the quotient graph Tq is a circulant. If I'gy has only two vertices,
then I' is a bicirculant, see [17]. Based on several previous known results, cubic bicirculants were
classified by Pisanski [17]. (The authors are grateful to a referee for pointing out this.) Employing
Pisanski’s classification, the proofs of the next two lemmas can be slightly shortened. However, for
the completeness, we present here a different, direct, independent proof. Moreover, this argument
can be developed to treat metacirculants of larger valencies.

Since the vertex stabilizer R, is core-free, it follows that R, is cyclic. There are two different
cases: Ry =1, 0or Ry #1, where ¢ € V.

Lemma4.1.If Ry # 1, and I is not R-arc-transitive, then Ry = Z,, and I" is a M6bius band or a generalized
Petersen graph.

Proof. The stabilizer R, is core-free in R, and hence R, N (a) = 1. Since R is metacyclic, Ry = (z) is
cyclic. As I' is not R-arc-transitive, I"(v) = {B1, B2, ¥} such that {81, B2} is an orbit of Ry, and y is
fixed by Ry. Then z2 fixes every vertex which is adjacent to «. It easily follows that z2 fixes I"(81)
and I"(8,) pointwise. If z> does not fix I"(y) \ {«} pointwise, then the induced action of (z) on I'(y)
is isomorphic to Z4, which is not possible. Thus, z> fixes each vertex in I"(y), and so fixes all vertices
which are at distance up to 2 from «. In particular, z2 € Gp; = (xi) = (z), where i =1 or 2. Arguing
as above with x; in the place of z, we conclude that z? fixes all vertices which are at distance up
to 2 from ;. Since I' is connected, it easily follows that z2 fixes all vertices of I". So z2 =1, and
Ry =(z) =7Zy. As Ry = (z) is core-free in R, (z) N (a) =1. So z ¢ (a).
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Let s,t € R be such that («, 82)° = (81, ) and («, ¥)' = (¥, «). Then o8 =By, and o = B =

B = o', Hence &% =, and so szs =1 or z. And it's obvious that 0(s) # 2. Suppose that szs = 1.
Then z =s?, and so s normalizes Ry = (z). Since t interchanges « and y, we have that t normalizes
Ryy = Ry. Thus, Ry <1 (Rg, s, t) = R, which is not possible. So szs = z, or equivalently, as z is an
involution, s? =s~1.

Observe that a'? = y? =y =af, and so tzt~! =1 or z. Since tzt~! is of order equal to 0(z) =2, we
have tzt—! =z, and hence tz = zt. Because I" is connected, we have that (s,t,z) = R. Since s* =51
and t? =t, the metacyclic group R has a normal subgroup (s, t). Moreover, we claim that s € (a). Since
sZ=s"1 and R/(a) is cyclic, if s ¢ (a), then the image § of s under R(a) is of order 2. It follows that
zs € (a). Further, zszs = 1. Thus zs = a’/2, which implies that o(s) = 2. This is a contradiction occurs
and we conclude that s € (a).

Assume first that z ¢ (s, t). Then R = (s, t):(z). Since 0(z) = o(t) = 0(tz) =2, and z ¢ (a), it follows
that t or zt lies in (a). On the other hand, as we mentioned before, s € (a). Thus, (s,t) or (s, zt) is
a subgroup of (a), and we conclude that (s,t) = (a) or (s, zt) = (a), say (s,t) = (a). Further, either
(s,t) = (s), or o(s) is odd and (s,t) = (s) x (t). In either case, (st} = (a), (st)> = (st)"!, and R =
(s,t,z) = Dy with n =o(st) = o0(a). If (s,t) = (s), then I" = My, while if (s,t) = (s) x (t), then
r ZCH/QDKZ :P(Tl/z, 1).

Assume now that z € (s, t). Since o’ = (at)f = y! =, we have that t?> € Ry. Thus, t> =1 or z
Since Ry = (z) is core-free, z ¢ (a), and thus the image Z of z in R/(a) is an involution. If t? =1,
then as z € (s, t) and s € {(a), we conclude that t ¢ (a), and hence the image t equals z. It follows that
R =D;p, and in this case, I" = C/200Ky. If t2 =z, then o(t) = 4, and since s? =s~!, we conclude that
R = (s):(t) = Zn:Z4 such that the center Z(R) < Z;. In this case, I" is a generalized Petersen graph
P(n, k), where k* =1 (mod n). O

Lemma 4.2. Ry, # 1 and I is R-arc-transitive, then R = Zy:7Z = Day:7Z3 and I is a Cayley graph of Day,.

Proof. Let N = (a) < R, and let K be the kernel of R on V. Then N <K, and so R/K = (R/N)/(K/N)
is cyclic. Let R = R/K. Then R < Autly, and Rz = 1. Thus I'n = Ky, K = (a):Ky = Zn:Z3, and
R/K =7Z,.

Suppose that K, centralizes a Sylow subgroup of (a). Then we have K = (ap) x ({(ap):Ky), where
a=apay such that (ap) is a Sylow p-subgroup of (a) and (a,) is the Hall p’-subgroup of (a). Hence
M :=(ap):Ky is normal in R, and as My = K = Z3, the normal quotient I'y is of order 20(ap) and
of valency 1, which is not possible. Moreover, since Aut({a)) is abelian, we have

R = ((a):Ka).Z2 = ((a).Z2):Kq.

Suppose that (a).Z; centralizes a Sylow p-subgroup of (a). Then (a).Z, = {(ap) x ({(ay').Z>), where
(ap) is the Hall p’-subgroup of (a), and the normal quotient of I" induced by (ap).Z; is (ap):Z3-arc-
transitive unless (a,) = Zy. Thus, we conclude that {(a).Z; = D2y, and so R =Zn:Ze and I" is a Cayley
graph of Dy,. O

Next we consider weak metacirculant Cayley graphs. A connected cubic weak metacirculant on an
abelian group is a Mobius band or a prism. We thus focus on arc-transitive dihedrants. Arc-transitive
dihedrants were studied in [6] for 2-arc-transitive case, and [9] for dihedrants admitting arc-regular
groups actions. A rough characterization of cubic arc-transitive dihedrants was given in [17]. Here we
present a simple classification of cubic arc-transitive dihedrants.

Lemma 4.3. Let I" be a connected cubic dihedrant of order 2n. Then I' is My, C,0Ky, C(2n, 2k + 1), or
Dih(l, m) with Im = 2n.

Proof. Let G = (a):(b) = Dy, be regular on the vertex set of I". Then a connected cubic Cayley graph
I' = Cay(G, S) is such that (S) = G, where either S = {x,x !, y} with o(x) >3, or S = {x, y, z} con-
sisting of three involutions. If S = {x,x~!, y}, then since (S) = G, we have o(x) = o(a) =n, and
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I’ = Cay(G, {a, al, b}) = C,0K;. Thus, we next assume that S consists of three involutions x, y and z.
There are two different cases.

Suppose that two of the three involutions generate G, say (x, y) = G. We may assume that a = xy,
and z = da* or akx. If z=d*, since 0(z) = 2, z=a"/?2. Then I" = My,. Assume that z = a*x for some inte-
ger k. Label oy = (xy)! and i1 = (xy)ix, where 0 <i<n—1. Then {«;, ajt1}, and {ag;, 02— @+1))}
are edges, and hence I" = C(2n, 2k + 1).

Finally, assume that any two of the three involutions generate a proper subgroup of G.
Let ¢ = xy, and label @jj = (zy)'c! and Bjj = y(zy)'c!. Then o j1(Bi )~ = (zy)ic(zy) iy~ =
C(Zy)fly. Since there are three involutions, without loss of generality, suppose zy € (a). Then
O i1 (ﬁ,-,j)*l =cy = x. So there is an edge between «; j11 and g j. Also, it is easily to shown that
(Bi.j> i j), (Bi,j, &iy1,j) € E. So the graph I = Dih(l, m), where [ =0(zy) and m=o(xy). O

Next, we consider the case where R is regular on the vertex set of I".
Lemma 4.4. If R is a 2-group, then either R is cyclic, or R = Zy: 7.

Proof. If R is abelian, then since R = (x, ¥, z) contains an involution, either R is cyclic, or R = Z, X Z;.

Suppose that R is not abelian. We prove the lemma by induction. Let (a) < R be such that R/(a)
is cyclic. Let N = {(ag) < R, where ag € {a) is an involution. If I'y is of valency 1, then since R is not
abelian, it follows that I" = K4 and R = Dg. Suppose [y is of valency 2. Then S = {x, y, z} consists
three involutions, with z=ap and S = {X, y}. Thus R = ZZ or is a dihedral so that R =Z;.R. As R is
metacyclic, we have R = Dg or Zy:Z;.

Thus, assume that Iy is cubic. Recall that S = {x, y, z}, where either x, y, z are all involutions, or
y =x"1 has order at least 4 and o(z) = 2. Inductively, we may assume that R/N is cyclic or has the
form Zm:Z,. If R/N is cyclic, then R is abelian, which is a contradiction. Suppose that R/N is not
cyclic. Then R/N = (@).(b) = Zm:Z,. Assume that o(@) > 4. Then a is an element of R of order %lR\.
Since Iy is cubic, z ¢ (a) and hence R = (a):(z). Assume that o(d@) = 2. Then (a) = Z4, and so a® =a
or a~. Since R is not abelian, a® =a~1. Let z=a'bJ, where i, j are positive integers.

If j is odd then 1=z =a'bia'bi = ai(bialb—)b% = b%, and hence b is an involution, and R =
(a, b) =Dg.

Suppose that j is even. Then 1=z =a?b2/, and (a))2 =b~2/. If i is odd, then a® € (b), and (b) has
index 2 in R, and thus (b) is normal. It follows that R is a generalized quaternion group, which is not
possible. If both i and j are even, then z=a'b/ lies in the center of R, and hence R = (x, y) x (z) or
(x, y). The former is not possible as R is metacyclic, and so R = (x, y) is dihedral. O

Lemma 4.5. Assume that R = (a).(b) is non-abelian and regular on V, and assume further that R is not
dihedral. Then I' = Cay(R, S) is a Cayley graph of R, and one of the following statements is true:

(i) R="7Zy:Zy, and I is a generalized Petersen graph.
(ii) I =MeC;(l, m, k) or MeCy (I, m, k), where | = o(a), m = o(b) and k is such that a? = a*.

Proof. Since R is regular on V, I' is a Cayley graph of R, and there exists a subset S C R such that
I’ = Cay(R, S). Since I' is cubic, S = {x, y, z} such that either x, y, z are all involutions, or o(x) > 2,
z=x"1 and o(y) =2.

Suppose that x, y, z are all involutions. Since {(a) contains at most one involution, at least two of
X, ¥,z do not lie in (a), say X,y ¢ (a). Now R/(a) is cyclic and generated by X, ¥, z. Thus R/{(a) = Z,,
and so R = (a):(x) = Zy:Z3. Since R is not dihedral, any two of x, y,z do not generate R. Hence
ze (a) and R = (x,¥) x (z) =Dy X Z. Since R is metacyclic, n/2 is odd, and so R = Dy, which is a
contradiction.

Thus, we have o(x) =n>2 and z=x"1.

Suppose that I'g is a cycle of size at least three. Since R/(a) is cyclic and vertex-transitive on I'g),
it is edge-transitive on I'g. Thus, I'qy = Cay(R/(a), {X, x~11), and so ¥y = 1. Thus, y € (a), a unique
involution of (a), and (y) <t R. Then the quotient graph I'y) is a cycle, and so R =Z,.Zy or Zy.Dy. It
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follows that R = Zy x Zy, Zon or Zy:Z;. The first two cases are not possible by our assumption. For
the last case, either R is dihedral, or (S) # R so it is not possible either. Thus, I'g) is of valency 1
or 3.

Assume first that I'igy = Kp. Then x € (@) and R = (a):(y) = (x):(y). Let x¥ = xK for some positive in-
teger k. As o(y) =2, k? =1 (mod n). Label the vertices ;; = x and 8; = yx', where 0 <i<n— 1. Then
{ai, iy1) and {a, Bi} are edges of I'. Moreover, {g;, Bj} is an edge if and only if xXXU=) = yx/x~Ty =
ﬂjﬁi_1 equals x or x~!, and if and only if j =ik (mod n). Thus, I =P(n, k) is a generalized Petersen
graph.

Finally, assume that I'g is cubic. Then x%,y ¢ (a), and I" is a cover of Igy. Since R/{a) is
cyclic, I'gy is a cubic circulant, and so g = My, or C,OK;. Let P be a Sylow p-subgroup of R
with p odd which is normalized by y. Suppose that P = (s,t) = {s).(t) is non-split metacyclic.
Then (P,y) = (s).(ty) and s¥ =s~1. Let Q = (s) N {t) = (c), where c=s' =tJ. Then ¢¥ =c~! and
P/Q = ({s)/Q):({t)/Q) = {s*):(t*). Further, (t) = (s)(t)/(s) = (t)/(s) N {t) = (t*). It follows that y cen-
tralizes t*, and so y centralizes t, which is not possible since (t/)Y =c¢¥ =c~! =t~J. Thus, every Sylow
subgroup of R of odd order is split, and letting H be a Hall 2’-subgroup of R, we have H = (a;):(b1).
Since R is metacyclic, it follows that H<1R and R = H:R,, where R» is a Sylow 2-subgroup. If the quo-
tient I'y is of valency 1 or 2, then R; is cyclic or dihedral, while if I'y is cubic, then by Lemma 4.4,
Ry is cyclic or has the form Zp:Z,. Hence, in either case, Ry = (by) is cyclic, or Ry = (az):(b3),
where o(by) = 2. Thus, R = (a):(b), where either a =a; and b = b1b,, or a =aja; and b = b1b,.
Since (%, y) = R/{a), we have x=b' and y = b°®/2_ (i,0(b)) = 1. Thus, x =a’b’ and y = a/'h°®)/2,
Since (x,y) = R, we conclude that (j,o(a)) = 1. Since all elements of (a) of order o(a) are conju-
gate in Aut(R) and all involutions are conjugate by (a), we may assume that x = ab’ and y = z. Then
I =MeC; (I, m, k) or MeCy (I, m, k), where | = o(a), m =o(b) and k is such that a® =d*. O

Lemma 4.6. If R is abelian and regular on V, then R is cyclic or Zy x Z,, and I = C,[JKj is a prism.

Proof. Since R is regular on V, I' is a Cayley graph of R and there is a subset S of R such that
I' = Cay(R, S). Because S = {x, y, z}, S contains three involutions, or o(x) > 2, z=x"1, and o(y) = 2.

Suppose x, y, z are all involutions. Since (S) = R and R is abelian, we have R = Zg which con-
tradicts the fact that R is metacyclic. So o(x) > 2, z=x"", and o(y) = 2. Thus R = (x, y) is cyclic or
Zn X Z;. And it easily shown that in either case I' = C;[JK; is a prism. O

Finally, we prove Theorem 1.4.

Proof of Theorem 1.4. Let " = (V,E) be a connected weak cubic metacirculant of a metacyclic
group R of valency 3. Let @ € V be a vertex.

If I' is R-arc-transitive, then by Lemma 4.2, I' is a dihedrant, and then by Lemma 4.3, I" satisfies
Theorem 1.4.

We thus assume that I” is not R-arc-transitive. If Ry, # 1, then by Lemma 4.1, I" is a Mobius band
or a generalized Petersen graph, as in Theorem 1.4.

Hence, we further assume that R, =1, so I' is a Cayley graph of R. By Lemmas 4.5 and 4.6,
I’ satisfies Theorem 1.4. O
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