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1. Introduction

A coupled map network is characterized by local dynamics operating at each node of a graph and their interaction along
the edges of the graph. Coupled map networks are useful in applications: they appear naturally as electronic circuits in
engineering, as chemical reactions in physics, as neuronal networks in the biological sciences, and as various agent-based
models in the social sciences, etc.; refer to [1]. These networks are usually finite in size, but can be very large. Their couplings
can be linear as well as nonlinear. Much attention has been paid to linear coupling and simple dynamical behaviors such
as the existence of a global attractor in [2,3] and synchronization in [4,5]; see also [6] and references therein, while more
complex phenomena are known to occur but are not as well recognized and understood. Recently in [7], a linear coupling
of expanding circle maps was studied. It was found there that an increasing of the coupling strength leads to a cascade of
bifurcations in which unstable subspaces in the coupled map systematically become stable.

We study here a topological dynamics in coupled map networks without assuming hyperbolicity of local maps and
linearity of interactions. Consider a coupled map network with local dynamics having covering relations and coupling having
alinear model. We give sufficient conditions for the existence of periodic points and for the existence of a positive topological
entropy, in the coupled map network. Both conditions allow for a weak as well as for a strong coupling. Moreover, both
results are also valid for small perturbations of the coupled map network, whose coupling might be nonlinear.

Our approach is based on the concept of covering relations, introduced by Zgliczyriski [8,9]. The covering relation
is a topological technique which does not require hyperbolicity (see e.g. [10-12]). Assuming that a coupling is locally
topologically conjugate to a linear coupling, we show that the unperturbed coupled map network and its small perturbations
both have covering relations of local dynamics as well as the existence of periodic points. To implement a topological chaos
from local dynamics to perturbed coupled map networks, we introduce a notion of unified sets to guarantee the conjugacy
relation between the coupling and its linear model.
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The paper is organized as follows. In Section 2, we define coupled map networks (here and in other places) of two types
and state the main results for each of them. In Section 3, we begin with the formulation of known results needed in what
follows and present the proofs of our results. In the Appendix, the definition of covering relations determined by a transition
matrix is briefly recalled.

2. Definitions and statements of the main results

We start with the definition of a general class of coupled map networks which will be studied.

Definition 1. A coupled map network is a triple (G, {Ty}, A) where:

1. Gis a connected directed graph specified by a finite set £2 of nodes and a collection of edges & C 2 x £2;

2. to each node k € 2 there corresponds a local space X and a local map Ty : X, — Xj;

3. the network dynamics is defined by the iteration of @ : X — X, where X = [, X is the product spaceand @ = AoT,
where T = [],.o Tk is the (independent) application of local maps and A : X — X is the spatial interaction or coupling;
forx = (x¢)ke € X, the kth coordinate of A(x) depends only on x; and those x; for which (j, k) € &.

Here the interaction graph is allowed to be directed, while in [7] it is restricted to being undirected.
We consider perturbations of coupled map networks in the following sense.

Definition 2. Let (G, {Ty}, A) and (G, {Tk},;\) be two coupled map networks with the same set of nodes (perhaps with
distinct edges) and local spaces. For ¢ > 0, we say that (G, {Tk},i\) is e-close to (G, {Ty}, A) if |]\(z) — A(2)| < ¢ for all
z € X and |Tk(x) — Ti(x)| < € for all x € X, for all nodes k, where | - | denotes norms on the product space and on the local
spaces without ambiguity.

Given a coupled map network (G, {Ti}, A), if (6, {T,f}, AE) is a family of coupled map networks of the same nodes and
local spaces, with a real parameter ¢, such that T,f (%) = Te(xe) + e () and A% (x) = A(x) + £B(x), where both « and g are

bounded and continuous functions, then (6, {T,f}, A€) is approaching (G, {Ty}, A) as ¢ tends to zero.

For a positive integer m, let R™ denote the space of all m-tuples of real numbers. Let |-| be a given norm on R™, and
let ||-|| denote the operator-norm on the space of linear maps on R™ induced by |-|. For x € R™ and r > 0, we define
B™(x,r) = {z € R™ : |z — x| < r}; for the particular case where x = 0 and r = 1, we write B"™ = B™(0, 1), that is, the
open unit ball in R™. Furthermore, for any subset S of R™, let S, int(S) and 35S denote the closure, interior and boundary of
S, respectively. For the definition of covering relations determined by a transition matrix, see the Appendix.

Definition 3. Let F be a continuous map on R™. Define the maximum stretch ||F|lmax = max{|F(x)| : x € B™} and the
minimum stretch ||F||min = min{|F(x)| : x € 0B™}.

The maximum and minimum stretches are the radii of the smallest ball with center at the origin that contains F (B™) and
of the largest open ball with center at the origin not intersecting F(dB™). If F is a linear map, the maximum and minimum
stretches are the norm and conorm of F.

From now on, we consider a coupled map network (G, {Ti}, A) such that G is a connected directed graph with nodes
2 ={1,...,d}and edges & C £2 x £,and for 1 < k < d, Ty is a continuous local map on R*" having covering relations
on h-sets {Mki}fi] determined by a transition matrix Wy = [wyj]1<i j<q, such that u(My) = u and s(My;) = s.

We say that the coupled map network (G, {Ti}, A) is of type I with locally linear coupling if for each nonzero entry
]_[Z=1 Wyi,j, Of the Kronecker product ®ﬁ:1 W, there exists a d x d invertible real matrix [a;,] satisfying that (m,[) & &
implies a;, = 0, and the following conditions hold:

eFor1 <k<dand1<7,j <d,withi' # i, andj # j,
Tie(Mii,) N (M UT (M) = @. (1)
e Forl<k<dandx e B,y € B,
Cuyg, © Tie 0 C,\;,(],.k *,¥) = (Ui, ®), Vi, ), (2)
where Uy, and Vj;,;, are continuous maps on R* and R, respectively, such that
| Ukigji lImin > 1, deg(Ugij» B',0) #0, and  ||Vig llmax < 1. (3)

d d
e Forz € (szl CMkjk) ° Tq—[k:l M)

d d -1
(1"[ cM,g.k> oAo (1"[ chjk> @ = ([am] ® Dz, (4)
k=1 k=1

where [ is the (u 4 s) x (u 4 s) identity matrix.
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Notice that (2) and (3) are only used to specify the covering relation M, %Mkjk. From (1) it follows that (4) is well
defined and this says that the restriction of A to the set T(HZ:1 M, ) is topologically conjugate to a linear map, by the
homeomorphism []}_, Cumy, - In general, the map on the left-hand side of (4) is not well defined.

Now, we state the first result about covering relations and the existence of periodic points for perturbations of coupled
map networks, under permutation transition matrices.

Theorem 1. Let (G, {Ty}, A) be a coupled map network of type I with locally linear coupling as in (4) such that each of the
transition matrices Wy, 1 < k < d, is a permutation. Suppose that for each nonzero entry ]_[zzl Wi, Of the Kronecker product

®;§:1 Wi, there exists a permutation T on {1, 2, ..., d} such thatfor 1 < k < d,
d d
ke gy Uz i o o 1min — llak Ui llmax > 1 and [l Vi llmax < 1. (5)
(k) (k)
I=1,11 (k) =1

Then any coupled map network (@, {Tk}, ;\) sufficiently close to (G, {Ty}, A) has covering relations determined by ®§:1 W and
has a periodic point of period 1Lcm(dim W1, ..., dim W), where 1cm stands for the least common multiple.

Before further investigating topological chaos for perturbations of coupled map networks, we introduce a notion of a
unified h-set.

Definition 4. A d-tuple (M, ..., My) of disjoint h-sets in R™ with u(M;) = u is said to be unified by a subset N of R™ if
Ule M; C N, and there exists a homeomorphism ¢y : R™ — R™ = R* x R™ ¥ such thatfor 1 <i <d,

¢n(N) = BY(q", 3d — 1)/2) x B5(0, 1) and ¢&v(My) = BU(q}, 1) x B (g}, 1), (6)
where ¢ = ((3d — 3)/2,0,...,0)and g/ = (3(i — 1),0,...,0) belong to R, and q; = (g}, 0, ..., 0) belongs to R® for

some real numbers |Gj| < 1and 0 < r; < 1. Here, we call g}, q;, and r; the ith unstable center, stable center, and radius of
stability of N respectively. In particular, any h-set is unified by itself.

Being unified is a topological aspect: a tuple being unified means that the union of elements in the tuple is an enlarged
h-set such that under a change of coordinates such as (6), the union looks like a product of unstable and stable balls, while
the choice of centers and radii is flexible.

Let A. be the following Kronecker product:

Ao =lam] 1, (7)

where [a;;] is a d x d invertible real matrix such thatif (m, [) ¢ & then a;; = 0,and I is the (u+5s) x (u+s) identity matrix.
We say that the coupled map network (G, {Ty}, A) is of type IIwith the linear coupling model A, if the following conditions
hold:

e For 1 < k < d, there exists a set Ny such that the tuple (My4, ..., Myq,) is unified by N, with the jth unstable center at
Dj;» stable center at py;, and stable radius ry; for all 1 < j < dj.

e For 1 <k <d,ifwy = 1, then forx € B,y € B,

Eny © T © Cygn (%, 9) = (Uii(X), Vi), )
where

8i(X,¥) = (X — P, O — D) /Ti) and  Cu = &ii © Cny» (9)
and Uy, V), are continuous maps on RY, R, respectively, such that

Uki — Pijllmin > 1, deg(Ui, B", pi) # 0, and ||[Vii — pi;llmax < 1. (10)

e Forz € (]_[;f=1 Cn) o T(]_[i=1 M),
d d -1
(]‘[ eNk> oAo (H eNk) @) = Acz. (11)
k=1 k=1

Notice that (8) and (10) are only used to specify the covering relation Mj; % M;; under the unified structure. With a
help of (9), each quadruple (My;, Cy;, U, s) is now an h-set in RS, Moreover, since (]_[ﬁ:] Cn,) is independent of i and j, (11)
is always well defined and this says that the restriction of A to the set T(l_[g:1 M,,;) is topologically conjugate to the linear
map A, by the homeomorphism (HZ:1 Cny)-

We give examples of coupled map networks of type II: one for A = A, and the other for A # A.. For simplicity, linear
local maps are given; they can be easily modified to nonlinear ones for the purpose of giving type II cases.
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Example 5. Define the local dynamics by

[35x+ 15, ifx <3/2, C[x+3, ifx<3/2,
N = {Zx 6, ifx> 372, and L= {3.5;4 —9, ifx>3/2.

Then T; has covering relations determined by W; = [} (])]on the h-set tuple (M1; = [—1, 1], M1y = [2, 4]), with ey, (%) =
X, Cmy, (X) =x —3and u = 1, s = 0, which is unified by Ny = [—1, 4] with 6N1 (x) = x and unstable centers at p{; = 0 and
pY, = 3.Also, T, has covering relations determined by W, = [? }]on the h-set tuple (My; = [—1, 1], My, = [2, 4]), with
My, (X) = X, Cmy, (X) = x — 3and u = 1, s = 0, which is unified by N, = [—1, 4] with ¢y, (x) = x and unstable centers at
py; =0andp}, = 3.For —1 <x < 1,let Uj1 (x) = 3.5x+ 1.5, Us2(x) = 2x, Uz1(x) = 2x+ 3, and U,(x) = 3.5x+ 1.5. Then

(8)and (10) hold. Let G be a complete graph with two nodes and define a coupling by A(x, ¥) = (a11x + a1y, 21X + axy),
where the a;’s are real numbers. Then, (G, {Ty}, A) is of type Il with the linear coupling model A = A.

Example 6. Define the local dynamics by

_J35x—1, ifx <5/2, _J2x+1, ifx <7/2,
Tl(")—{zx—z ifx > 5,2, and TZ(X)_{B.SX—M, itx > 7/2.

Then T; has covering relations determined by W; = [} é]on the h-set tuple (Mq; = [0, 2], M1, = [3, 5]), with oy, (%) =

x—1, cuy, (x) =x—4andu = 1, s = 0, which is unified by N; = [0, 5] with ¢y, (x) = x— 1 and unstable centers at p{;, = 0

and p{, = 3. Also, T, has covering relations determined by W, = [(1) }]on the h-set tuple (M, = [1, 3], Mz = [4, 6]),

with ¢y, (X) = x — 2, cmy, () = x —5andu = 1,s = 0, which is unified by N, = [1, 6] with Cy,(x) = x — 2 and
unstable centers at pj; = 0O and p}, = 3.For —1 < x < 1,let Uj1(x) = 3.5x + 1.5, Upp(x) = 2x, Uy (x) = 2x + 3,
and Uy;(x) = 3.5x + 1.5. Then (8) and (10) hold. Let G be a complete graph with two nodes and define a coupling by
AX,y) = (@ (x—1) +anp@y —2) + 1,a21(x — 1) + ax(y — 2) + 2), where the ajj’s are real numbers. Then, (G, {Ti}, A) is
of type Il with the linear coupling model A. (x, y) = (a;1x + a2y, a21x + azyy).

Now, we state our result on covering relations and the topological entropy of perturbed coupled map networks.
Theorem 2. Let (G, {Ty}, A) be a coupled map network of type Il with the linear coupling model A. as in (7). Suppose that for each

nonzero entry ]_[Z:] Wyi,j, of the Kronecker product ®ﬁ:1 W, there exists a permutation t on {1, ..., d} suchthatfor 1 < k < d,
Pj, € Ake(oUrkyiyq, (B), and

d d
ll ke 4o Uz iy gy — Pl lmin — Z llagUsllmax > 1, and Z llauVi, — Py, lImax < Tig,- (12)
I=1,Zt (k) =1

Then any coupled map network (é, {fk}, A) sufficiently close to (G, {Ty}, A) has covering relations determined by ®ﬁ:1 W, and
has topological entropy bounded below by log(]_[iz1 p(Wp)).

Remark 7. Let {A®} and {T®} be one-parameter families of maps on R“*9¢ where ¢ € R is a parameter, such that
A = AT = [Tkeo Two and A°(z) and T*(z) are both continuous jointly in & and z; then Theorem 2 holds for A® o T* if
¢ is sufficiently small.

3. Proofs of Theorems 1 and 2

First, we list some known results [11,13] which will be needed in the proofs. The following one ensures the persistence
of covering relations for C° perturbations.
Proposition 8 ([11, Proposition 14]). Let M and N be h-sets in R™ with u(M) = u(N) = u and s(M) = s(N) = s and let
f,g& : M — R™ be continuous. Assume that M :f>N. Then there exists § > O such that if |f(x) — g(x)| < & forallx € M then
M= N.

The next statement says that a closed loop of covering relations implies the existence of a periodic point.

Proposition 9 ([13, Theorem 9]). Let {f; {;1 be a collection of continuous maps on R™ and {M; 5‘:1 be a collection of h-setsin R™
such that My, = M and M; éM,-H for 1 <i < k. Then there exists a point x € int(M;) such that

fiofii1o0---0f1(x) € int(Mj1) fori=1,...,k, and

feoficio-ofi(x) =x.
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It is known that a continuous map having covering relations determined by a transition matrix is topologically semi-
conjugate to a one-sided subshift of finite type.

Proposition 10 ([11, Proposition 15]). Let f : R™ — R™ be a continuous map which has covering relations determined by a
transition matrix W. Then there exists a compact subset A of R™ such that A is maximal positively invariant for f in the union
of the h-sets (with respect to W) and f | A is topologically semi-conjugate to JJ.

Finally, we summarize basic properties of the local Brouwer degree; refer to [ 14, Chapter III] for the proof.
Proposition 11. Let S be an open and bounded subset of R™ withm > 1, and let ¢ : S — R™ be continuous and q € R™ such
that q & ¢(9S). Then the following holds:
1. If @ is C! and for each x € ¢~'(q) N S the Jacobian matrix of ¢ at x, denoted by Dg,, is nonsingular, then
deg(p, S, q) = Z sgn(det Dgy),
xep~ (NS

where sgn is the sign function.
2. Let ¢ : R™ — R™beaC' map and p € R™ such that v~ (p) consists of a single point and lies in a bounded connected
component A of R™ \ ¢(9S), and Dy, -1, is nonsingular. Then

deg(¥ o ¢, S, p) = sgn(detDyr,,—1,)) deg(, S, v),

forany v € A. _
3. Let S’ be an open and bounded subset of R" withn > 1, and let ¢ : S’ — R" be continuous and ¢ € R" such that
q & v (9S"). Define amap (¢, ¥) : R™ x R" — R™ x R" by (¢, ¥)(x,y) = (p(X), ¥ (¥)) for x € R" and y € R". Then

deg((¢, ¥),S x S, (q,q)) = deg(e, S, q) deg(y, S, q).

Now, we are in a position to prove our main results.

Proof of Theorem 1. Let 1‘[;‘:] Wi i, be a nonzero entry of ®f=1 Wg. We shall prove that the following covering relation
holds:

d

d
[ 1M, =5 T M-
k=1 k=1

In the sequel, we use the following notation: x, € R¥andy, € R¥for1 < k < d, x = ]_[;f:1 X € (RMH? = R4,
y =TT v € @) = R [T, (ki yi) € @) =ROT, and (x,y) € R™ x R = RO+1,

First, we check conditions on h-sets. Let M = HZ:] My, and N = ]_[izl My;,. Then M and N are h-sets, with constants
u(M) = u(N) = ud and s(M) = s(N) = sd, and homeomorphisms cy, cy : R“+94 — R4 x R*, defined as follows:

d d d d
oM (]_[(xk,yk)> = ¢ o[ [ emq, @030, and (H(xk,yk)) = ¢ o [ [ emy, e 300,
k=1 k=1 k=1

k=1
where ¢ : RU4 5 Rud 5 R s defined by ¢ ([0, (X, yk)) = (X, ).
Second, we construct a homotopy such that (15)-(17) holds. Define a homotopy H : [0, 1] x B¥d x Bsd — R®+9)4 35
H({t,x,y) =(1—t)cyoAoTo c,\;l(x,y) +tmiocyoAoTo cl\;l(x,y)

where 77; : RUt94 . RU+94 s defined by ;1 (x, y) = (x, 0) for allx € R* and y € R*’. Clearly, (15) holds.

Before checking (16) and (17) (see the Appendix), we derive a new form for the homotopy. Define ¢); = I—[iz1 ChM, and
N = ]_[Ll Cmy,-Thency = g olyandcey = g ocy.Let (x,y) € BudxBsd = M..ThenéyoT o 5&1(1_[Z:1(ka yi)) € ey (T(M))
andcy o T o E,gl(l_[zﬂ(xk, Vi) = HZ=1(UI<I‘:J:< (%) Viii, k). Moreover, by the definition of A., we obtain that

cyoAoToc,'(x,y) =cotyoAoT oG, o ' (x,Y)

d
gotyoAocy'oiyoT oy, (H(&mﬂ))

k=1

d d
=coAcotyoTodg,' (]‘[(xk,yk)) = ¢ 0Ac o [ [ (Ukiyi, 1) Vi, )
k=1 k=1
d
so(lapl®D o H(Ukikjk (%K), Vi Vi)

k=1
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d
l_[ (Z Uiy, (Xk), Z A1k Vi (Vk))
=1

k=1 k=

(l_[ (Z AU, <Xk>> ﬁ (de Vi (y@)) .

=1 =1 \k=1

Therefore,

d /[ d d d
H(t,x,y) = (H (Z A1 Uiy, (Xk)) ) 1_[ ((1 —t) Zalkvki,d‘k (_Vk))) .

I=1 \k=1 k=1

To prove (16), consider (x,y) € M_ . Then there exists 1 < 8 < d such that |[xg| = 1. Since 7 is a permutation one can
find y, 1 < y < dsuchthat 7(y) = B.By(5), we have that

d
llay sUgigjg llmin — Z la, kUkigi Imax > 1.
k=T kP
Hence,
d d
D 4l &) | = 10y Upiis ()l = D 1ay1Uii, (%0
k=1 k=T.kp
d
> llaysUpigis lmin — Y 18ykUigi llmax
k=Tkep
> 1. (13)

This implies that H(t, x, y) € N, and thus (16) holds.
For checking (17), consider (x, y) € M.. Then we get that

d d
(1-1) Z ik Viigi, Vi) Z ik Vi Vi)
k=1 k=1
d
< ) llawViggllmax
k=1
<1,

where the last inequality follows from (5). Therefore H(t, x, ¥) ¢ N and hence (17) is true.
Next, we check item 2 in Definition 13 (see the Appendix). Consider a map ¢ : R* — R*¢, where

d [ d
() = l_[ (Z iUk (Xk)> -
k=1

=1

Then H(1,x,y) = ([T (Ci—y @wUiii (%)), 0) = (9(x), 0). By (13), we have ¢(3B") C R\ B,
Finally, we show that the local Brouwer degree deg(¢p, B“¢, 0) is nonzero. Observe that we can rewrite the above
expression as

d
o) = (la]l ® L) o 1_[ Ukii (%K),
k=1

where I, is the u x u identity matrix. Since the matrix [ay] is invertible, [ay] ® I, is also invertible. Since || Uk, [lmin > 1and
deg(Uy,j,» B', 0) # Oforall 1 < k < d, we have 0 € Uy;,;, (B*), and hence 0 = ([ay] ® I,)~1(0) lies in a bounded connected
component of R* \ (TT%_, Uy,,)(9B“®). By Proposition 11, we obtain that

d
deg(e, B, 0) = sgn(det(lay] ® 1)) | | deg(Us,. B*, 0)

k=1

d
= sgn(det((ax] ® 1)) [ [ deg(Us B, 0)

k=1
£ 0.
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We have proved that the needed covering relation holds. If T and A are both C° close enough to Ty and A respectively,
then by Proposition 8, the following covering relation holds, for all nonzero entries ]_[Z:1 Wy, Of ®_; Wit

d

AoT
| |Mklk | |M’<Jk
k=1

Therefore, (5, {Tk}, ;\) has covering relations determined by ®ﬁ=1 W;. Since each W is a permutation, there exists a closed

loop of covering relations for A o T with loop length Lem(dim Wy, . . ., dim W,). By Proposition 9, A o T has a periodic point
of period 1lem(dim Wy, ..., dimWy). O

Next, we prove the second main result.

Proof of Theorem 2. Let ]_[ﬁ:] Wy, be a nonzero entry of ®{_, Wj. We shall prove that the following covering relation
holds:

d

AoT
[ M, = l_[Mkfk
k=1

We shall retain the use of the following notation: x;, € R* andy, € RS for1 < k < d, x = HZ:] X, € (RM)? = R4,
y = 1—[’( Vi € (]RS)d de Hk 1(Xkay1<) c (Ru+5)d R(u+s)d and (X y) c R”d % de R(u+s)d

First, we check conditions on h-sets. For convenience, we define M = sz] My, and M' = ]_[g:1 My;,. Then M
and M’ are h-sets, and we also have constants u(M) = u(M’) = ud and s(M) = s(M’) = sd, and homeomorphisms
Cu, O 2 RUTDD s rud 5 Rsd defined as follows, for all x, € R* and y, € R%, 1 < k < d:

d d
M (]_[(xk,yk)) = ¢ o[ ]&m, ®ey0, and cw (H(Xk J/k)> =go ]_[cM,qk (Xe> Vi),
k=1 k=1 k=

where ¢ : R@+94 s U » R i5 defined by g(]—[ﬁzl(xk, ) = (%, ).

Second, we construct a homotopy such that Egs. (15)-(17) holds. Define a homotopy H : [0, 1] x Bud x psd — R
by,if0 <t < 1/2, then

H(t,x,y) = (1 —=2t)cyy 0cAoTo c,gl(x,y) +2tmiocy 0oAoTo ch(x,y),
andif1/2 < t < 1, then
d
H(t,x,y) = 2 —20)mocyoAoToc,' (x.y) + (2t — 1) <l_[(akr(k)Ur(k)i,<k> (Xe)) = Pig,) 0)
k=1

where 7 : RUT99 5 RE+94 ig defined by 771 (x, y) = (x, 0) forallx € R and y € R*. Clearly, (15) holds.

Before checking (16) and (17), we derive a new form for the homotopy. Define ¢y = (]_[ﬁ:1 Cn,)-Let (x,y) € Bud x Bsd —
M_. Then by the definitions of ENkjk, we get that

d d
tvoT o[ ey, ey = [ [ (0. Vig, 00) € en(T(M)).
k=1 k=1
Thus,

cwoAoTocy () =

u\
1=
o

Il
-

Ul) oAoTo (HCMI(] ) oc (x,y)

v—1 v ~—1
Ul) oAocy oCNoTol_[CM,U,k(Xk»YR)
k=1

:n

I
V\

d
8l © CN{) oAo CN o H(Ukzk *k), Vii, Vi)

k=

Il
-

:m.

I
V\

Il
n
o
Py
=
ﬁl

gl}z) olyoAoly'o l_[(Ukzk (i) Vi, V6))-

k=1

Il
_
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Moreover, by the definitions of A. and gj;,, we obtain that

Ghowcﬂwmomm»

k=

(H%) o(f[ag]l ®1) o H(Uktk *k), Vii, Vi)

cw oAoT ocA;l(x,y)

k=

Z awVii, Vi) — Py

d
Ol_[ Zalkuklk(xk Pbl,
=1

=1 Ty
d
i/ d ¢ | 22 aVii, ) — pj,
k=1
= [TT{D] awtis, 0 —pj5 ). [T
=1 \k= I=1 Tij
Therefore, for0 <t < 1/2,
d
4/ d a | 2 awVii, i) — pj;
H(t,x,y) = l_[ (Z AU, (xk) — Pb,) 1-21) l_[ E—
=1 \k= =1 li
and, for1/2 <t <1,
d d
H(t,x,y) = 1_[ ey Ur @iy %) — Pjj, + (2 — 20) Z AU (i) | .0 -
1=1 k=1, k(1)

For checking (16), consider (x, y) € M. Then there exists 1 < B < d such that |[xg| = 1. Since 7 is a permutation, there

exists 1 < y < dsuchthat 7(y) = B. By (12), we have that

d
”ayﬂuﬂiﬁ _pl;/jy ”min - Z ”akakik”max > 1.
k=1,kp
This implies that
d d
Zaykukik (xk) — p;jy > |aypUpis (xg) — P;;V| - Z |ay kUi, (i) |
=1 k=T,k£p
d
> llayUpis — Py lmin — Y 110k llmax
k=1,kp
> 1

and,for1/2 <t <1,

k=1.kp

v

> 1.

Thus H(t, x, y) ¢ M, and hence (16) holds.

d
aypUpig (Xp) — Py;, + (2 — 2t) Z aykUkiy, (Xk)| = lay pUpis (xg) — Dy | —

”ayﬁ Uﬂi/j - p;jy ”rnin -

d
@-20 Y laU )

k=1,k#pB
d
Z ”akakik ”max
k=1,k#pB

(14)
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For checking (17), consider (x, y) € M. Then, for 0 < t < 1/2, we have that

d
> anVig, V) — i
(1 -26)%!

d

Z aiVii, V) — Py
=1

IA

U lit

1 d
= — Z ”alkvkik - pfjlnmax
Tt h=1

<1
where the last inequality follows from (12). Thus, H(t, x, ¥) ¢ N and hence (17) holds.
Next, we check item 2 in Definition 13. Define a map ¢ : R* — R by

d
p(x) = H(ah(l) Ui,y %) — Pjj))-
I=1
Then H(1,x.y) = ([T}, @y Uray, o, %ey) — PL). 0) = (9(x), 0). By Eq. (14), we have (8B"%) C R* \ B,
Finally, we prove that the local Brouwer degree deg(¢, B“%, 0) is nonzero. Define a function g(x) = ]_[fl:1 x — p;‘jl) for
x € R* and ad x d matrix [by] such that bizqy = airqy and by, = O for all k # t (I). Then

d
9(x) =g o (by] ® ) o | [ Ui, (x0).
k=1
where I, is the u x u identity matrix. In order to apply Proposition 11 for deg(p, B*¢, 0), we need to check conditions on
the affine maps g and [by] ® I,. By the definition of g, we get that g~'(0) consists of a single point p = ]_[f=1 p}}l. By the
definition of [by] and bi. 4y = aj.¢), the hypothesis p;}l € iz Ur iy (BY), together with (12), implies that the matrix [by] is
invertible; otherwise, ||a; U,(,),-T(I) —p}]’-l |lmin = Oleads to a contradiction. Hence, ([byk]®I,) ™' (p) lies in a bounded connected
component of R* \ (]_[i:1 Uk,-k)(aB“d). Since deg(Uy,, BY, p;}l) # 0, we have p;j{l € Uy (B*) and hence p € ]_[;1:] Uy, (BY). By
applying Proposition 11, since deg(Uy;, B, pj;,) # 0forall 1 < I < d, we obtain that

d
deg((ps BUda O) = Sgn(det(Dgp))sgn(det([blk] ® Iu)) deg (l_[ Uli[a BUds p)
=1

d
sgn(det(Dg,))sgn(det([by] ® L)) | | deg (Ui, B, pj;)

=1
# 0.
This concludes the proof of the covering relation needed. If T, and A are both C° close enough to T, and A respectively,
then by Proposition 8, the following covering relation holds, for all nonzero entries ]_[le wyy, of W = @W:

d IR
{e}

[ T == [Ty

=1 I=1

Therefore, (6, {Tk},;\) has covering relations determined by W. By Proposition 10, there exists a compact subset A of
R®+94 syuch that A is a maximal positive invariant for A o T in the union of the h-sets (with respect to W) and A o T|A is
topologically semi-conjugate to a‘; . Therefore,

d
htop(;‘ o T) > htop(o'vj;) = log(p(W)) = log <l_[ IO(WI)> . g

=1
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Appendix

First, we briefly recall some definitions from [13] concerning covering relations.



198 L. Bunimovich et al. / ]. Math. Anal. Appl. 396 (2012) 189-198

Definition 12 ([13, Definition 6]). An h-set in R™ is a quadruple consisting of the following data:
e anonempty compact subset M of R™,
e a pair of numbers u(M), s(M) € {0, 1, ..., m} with u(M) 4+ s(M) = m,
e a homeomorphism ¢y, : R™ — R™ = R*M » R"™) with ¢, (M) = B¥M) x BsM) where S x T is the Cartesian product
of sets Sand T.
For simplicity, we will denote such an h-set by M and call ¢y, the coordinate chart of M; furthermore, we use the following
notation:
M, = B\ x B M~ = 9B'M x psM) T = BuM) x JBM)

M~ =c,'(M7), and M* =c;,'(M).

A covering relation between two h-sets is defined as follow.
Definition 13 ([13, Definition 7]). Let M, N be h-sets in R™ with u(M) = u(N) = uands(M) = s(N) =s,f : M — R™bea
continuous map,and f, = cy of o cl\f : M, — R" x R®. We say that Mf-covers N, and write
M=LsN,
if the following conditions are satisfied:
1. there exists a homotopy h : [0, 1] x M., — R" x R® such that

h(0,x) = f.(x) forx e M., (15)
h([0, 11, M. ) NN = ¢, (16)
h([0, 1], Mc) NN} = ¢; (17)

2. there exists a map ¢ : R* — R such that
h(1,p,q) = (p(p),0) foranyp € B and q € B,
@(®B") C R*\ B¥; and
3. there exists a nonzero integer w such that the local Brouwer degree deg(¢p, BY, 0) of ¢ at 0 in B! is w; refer to
[13, Appendix] for its properties.

A transition matrix is a square matrix which satisfies the following conditions:

(i) all entries are either O or 1,
(ii) all row sums and column sums are greater than or equal to 1.

For a transition matrix W, let p (W) denote the spectral radius of W.Then p(W) > 1and, moreover, if W is irreducible and
not a permutation, then p(W) > 1. Let E‘}L, (resp. X ) be the space of all allowable one-sided (resp. two-sided) sequences

generated by the transition matrix W with a usual metric, and let UVJ‘C : EVT, — E‘}L, (resp.oyw : Xw — Xw)be the one-sided
(resp. two-sided) subshift of finite type for W. Then hyop (UVT,) = hyop(ow) = log(p(W)) (refer to [15] for more background).

Definition 14. Let W = [wjj]1<ij<, be a transition matrix and f be a continuous map on R™. We say that f has covering
relations determined by W if the following conditions are satisfied:

1. there are y pairwise disjoint h-sets {Mi}}’:1 inR™;
2. if w; = 1 then the covering relation M; L, M; holds.
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