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Abstract

Complexity measures for sequences of elements of a finite field, such as the linear

complexity, play an important role in cryptology. Recent developments in stream ciphers

point towards an interest in word-based (or vectorized) stream ciphers, which require the study

of the complexity of multisequences. We extend a well-known relationship between the linear

complexity of an N-periodic sequence and the (generalized) discrete Fourier transform of N-

tuples to the case of multisequences. Using the concept of the generalized discrete Fourier

transform for multisequences, we compute the expected value of the joint linear complexity of

random periodic multisequences, and for some types of period lengths N we determine the

number Nt
NðcÞ of t N-periodic sequences with given joint linear complexity c:
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1. Introduction

The linear complexity of sequences with terms in a finite field is a fundamental
concept for the assessment of keystreams in stream ciphers (cf. [11]). A lot of
research has been done on the linear complexity and related complexity measures for
sequences; see [9] for a recent survey. This body of research has concentrated,
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however, on single sequences. Recent developments in stream ciphers point towards
an interest in word-based (or vectorized) stream ciphers. The theory of such stream
ciphers requires the study of the complexity of multisequences, i.e., of parallel
streams of finitely many sequences. Not much work has been carried out in this
direction. However, we can refer to investigations on the synthesis of multisequences
(see e.g. [1, Appendix A];[12]) and on the linear complexity profile of multisequences
(cf. [13]). In the present paper we study the (joint) linear complexity of periodic
multisequences. For the necessary background on linear recurring sequences we refer
to [4, Chapter 8].

Throughout this paper, Fq denotes the finite field of order q: The linear complexity

LðSÞ of a periodic sequence S ¼ s0; s1; s2;y with terms in Fq is the smallest

nonnegative integer c for which there exist coefficients d1; d2;y; dcAFq such that

sj þ d1sj�1 þ?þ dcsj�c ¼ 0 for all jXc:

In other words, LðSÞ is the least order of a linear recurrence relation that S satisfies.
If c ¼ LðSÞ; then the coefficients d1;y; dc of the above linear recurrence relation for
the sequence S give rise to the minimal feedback polynomial f ðxÞ ¼ 1 þ d1x þ?þ
dcxcAFq½x� of S: Thus, the linear complexity LðSÞ is equal to the degree of f ðxÞ:

If for a positive integer N the terms s0; s1;yAFq of the sequences S satisfy siþN ¼
si for all iX0; then we say that S is N-periodic. For an N-periodic sequence S ¼
s0; s1;y the minimal feedback polynomial f ðxÞ is, up to a nonzero multiplicative
constant, given by

f ðxÞ ¼ xN � 1

gcdðxN � 1;SNðxÞÞ; ð1Þ

where SNðxÞ :¼ s0 þ s1x þ?þ sN�1xN�1:
If N ¼ pvn with gcdðn; pÞ ¼ 1; p denotes the characteristic of Fq; and a is a

primitive nth root of unity in some extension field of Fq; then it follows from (1) that

the degree of f ðxÞ is given by N �
Pn�1

i¼0 ni; where ni is the minimum of pv and the

multiplicity of ai as a root of SNðxÞ: This correspondence is summarized in the
Günther–Blahut Theorem (cf. [6]). To present the Günther–Blahut Theorem, we
need the following definition.

Definition 1. The Günther weight of a matrix is the number of its entries that are
nonzero or that lie below a nonzero entry.

Proposition 1 (Günther–Blahut Theorem). Let S be an N-periodic sequence with

terms in the finite field Fq; N ¼ pvn; gcdðn; pÞ ¼ 1: Then the linear complexity of S is

the Günther weight of the pv � n matrix

SNð1Þ SNðaÞ y SNðan�1Þ
ðSNÞ½1�ð1Þ ðSNÞ½1�ðaÞ y ðSNÞ½1�ðan�1Þ

^

ðSNÞ½p
v�1�ð1Þ ðSNÞ½p

v�1�ðaÞ y ðSNÞ½p
v�1�ðan�1Þ

0
BBBB@

1
CCCCA;
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where SNðxÞ is the polynomial corresponding to the sequence S; ðSNÞ½k�ðxÞ denotes the

kth Hasse derivative (cf. [2]) of SNðxÞ; and a is any primitive nth root of unity in some

extension field of Fq:

Remark 1. The kth Hasse derivative of a polynomial has the advantage that it does
not vanish identically if kXp; the characteristic of Fq: Thus, it can be used to derive

the multiplicity n of a root of a polynomial even if nXp (cf. [4, Lemma 6.51] where
Hasse derivatives are called hyperderivatives).

The matrix in Proposition 1 is called the generalized discrete Fourier transform

(GDFT) of the N-tuple SN :¼ ðs0; s1;y; sN�1Þ corresponding to the N-periodic
sequence S (see [6]). The GDFT is an important tool in the paper [8] of the authors in
which the expected value of the linear complexity of random N-periodic sequences is
determined. By shifting this problem from the time domain to the frequency domain
via the GDFT, the problem becomes more manageable, so that in particular a
conjecture of Rueppel [10, p. 52] on this expected value can be settled. One of the
principal aims of the present paper is to extend this result in [8] to multisequences
(see Theorem 1).

For an integer 0pjpn � 1; let the integer 0pdpn � 1 be an element of the
cyclotomic coset Cj of j modulo n; where here and in the following cyclotomic cosets

will be considered relative to powers of q; unless stated explicitly otherwise. This is

equivalent to d 	 jqb mod n for some integer bX0: Then it can easily be seen that

ðSNÞ½k�ðadÞ ¼ ððSNÞ½k�ða jÞÞqb

:

Consequently, if we have h different cyclotomic cosets modulo n; then the GDFT is
uniquely determined by h columns, one column for each cyclotomic coset.
Furthermore, if cj is the cardinality of the cyclotomic coset of j; then the entries in

the column of a j are elements of the extension field Fq
cj (cf. [8]). Hence the GDFT of

an arbitrary N-tuple has a specific form, which we will call GDFT form. As pointed
out in [8], there is a bijective correspondence between the matrices in GDFT form
and the N-periodic sequences.

2. The linear complexity and the generalized discrete Fourier transform for

multisequences

Consider t periodic sequences S1;S2;y;St with terms in Fq; i.e., a multisequence.

We can assume w.l.o.g. that they have the common period N: The joint linear

complexity LðS1;S2;y;StÞ is the least order of a linear recurrence relation that
S1;S2;y;St satisfy simultaneously. Clearly LðS1;S2;y;StÞpN: Since the Fq-linear

spaces Ft
q and Fqt are isomorphic, the given multisequence can also be identified with

a single sequence having its terms in the extension field Fqt :

The joint linear complexity of t N-periodic sequences with terms in Fq can also be

interpreted as the Fq-linear complexity of a corresponding N-periodic sequence S
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with terms in Fqt ; which is the least order of a linear recurrence relation in Fq that S

satisfies (cf. [1, pp. 83–85]). For N ¼ pvn with gcdðn; pÞ ¼ 1 we have xN � 1 ¼
ðxn � 1Þpv

; and the canonical factorization of xn � 1 in Fq½x� is given by

xn � 1 ¼
Yh

r¼1

frðxÞ with frðxÞ ¼
Y
jADr

ðx � a jÞ; ð2Þ

where D1;y;Dh are the different cyclotomic cosets modulo n relative to powers of q

and a is a primitive nth root of unity in some extension field of Fq: If the partition of

the residue class ring modulo n into cyclotomic cosets modulo n relative to powers of
qt is the same, then the canonical factorization of xn � 1 in Fqt ½x� is again given by

(2). Due to Eq. (1) and the subsequent considerations, in this case, the Fq-linear

complexity and the conventional linear complexity of a sequence S with terms in Fqt

are the same, and the joint linear complexity of t N-periodic sequences S1;S2;y;St

with terms in Fq is just the linear complexity of the corresponding sequence S with

terms in Fqt :

Proposition 2. Let N ¼ pvn with p ¼ char Fq; vX0; and gcdðn; pÞ ¼ 1; and let l be the

multiplicative order of q in Zn

n ; the reduced residue class group modulo n: Then the Fq-

linear complexity and the conventional linear complexity of an N-periodic sequence S
with terms in Fqt are the same if and only if gcdðl; tÞ ¼ 1:

Proof. If gcdðl; tÞa1; then the multiplicative order of qt in Zn

n ; which is the maximal

cardinality of a cyclotomic coset modulo n relative to powers of qt; is smaller than

the multiplicative order of q in Zn

n : Let conversely gcdðl; tÞ ¼ 1: We have to show that

for any integer 0ojon the cardinality of the cyclotomic coset of j mod n relative to
powers of q is equal to the cardinality of the cyclotomic coset of j modulo n relative

to powers of qt: Suppose l1 and l2 are the least positive integers such that jql1 	
j mod n and jqtl2 	 j mod n: Obviously, l1 divides l and since jqtl1 	 j mod n; we have
l2pl1: On the other hand, l1 divides tl2; and since gcdðl1; tÞ ¼ 1; this implies that l1
divides l2: Hence we have l2 ¼ l1: &

In the following, we generalize the concept of the GDFT to the case of t N-
periodic sequences. We will need the GDFT for multisequences in order to
extend the proof technique in [8] to multisequences. The use of the GDFT is
crucial in the proof of the main result of the present paper, namely Theorem 1. Let

SN
i ðxÞ be the polynomial corresponding to the sequence Si; 1pipt; and let fiðxÞ be

the minimal feedback polynomial of Si: Then up to a nonzero multiplicative
constant,

fiðxÞ ¼
xN � 1

gcdðxN � 1;SN
i ðxÞÞ:
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The common minimal feedback polynomial f ðxÞ of S1;y;St is, again up to a
nonzero multiplicative constant, given by

f ðxÞ ¼ lcmðf1ðxÞ;y; ftðxÞÞ

¼ lcm
xN � 1

gcdðxN � 1;SN
1 ðxÞÞ

;y;
xN � 1

gcdðxN � 1;SN
t ðxÞÞ

	 


¼ xN � 1

gcdðxN � 1;SN
1 ðxÞ;y;SN

t ðxÞÞ:

Therefore

LðS1;y;StÞ ¼ N � degðgcdðxN � 1;SN
1 ðxÞ;y;SN

t ðxÞÞÞ:

To obtain the degree of gcdðxN � 1;SN
1 ðxÞ;y;SN

t ðxÞÞ; we consider the GDFT for all

t N-tuples SN
i corresponding to the sequences Si; 1pipt: This leads to the following

definition.

Definition 2. The generalized discrete Fourier transform of the t N-tuples SN
1 ;y;SN

t

with elements in the finite field Fq; N ¼ pvn; gcdðn; pÞ ¼ 1; is defined to be the pv � n

matrix

GDFTðSN
1 ;y;SN

t Þ

¼

SNð1Þ- SNðaÞ- y SNðan�1Þ-

ðSNÞ½1�ð1Þ
-

ðSNÞ½1�ðaÞ
-

y ðSNÞ½1�ðan�1Þ
-

^

ðSNÞ½p
v�1�ð1Þ

-
ðSNÞ½p

v�1�ðaÞ
-

y ðSNÞ½p
v�1�ðan�1Þ

-

0
BBBB@

1
CCCCA

of t-tuples ðSNÞ½k�ða jÞ
-

:¼ ððSN
1 Þ

½k�ða jÞ;y; ðSN
t Þ½k�ða jÞÞ of Hasse derivatives, where a

is any primitive nth root of unity in some extension field of Fq and SN
i ðxÞ is the

polynomial corresponding to the sequence Si:

We adapt the concept of the Günther weight to matrices of t-tuples.

Definition 3. The Günther weight of a matrix of t-tuples is the number of its t-tuples
that are nonzero or that lie below a nonzero t-tuple.

With Definitions 2 and 3 the following analog of the Günther–Blahut Theorem is
evident.

Proposition 3. The joint linear complexity LðS1;y;StÞ of the N-periodic sequences

S1;y;St with terms in the finite field Fq of characteristic p; where N ¼ pvn and

gcdðn; pÞ ¼ 1; is the Günther weight of the GDFT of the t N-tuples SN
1 ;y;SN

t

corresponding to the sequences S1;y;St:
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Remark 2. If gcdðN; pÞ ¼ 1; then the GDFT of t N-tuples reduces to an N-tuple of t-
tuples, which we can treat as a t � N matrix. In analogy with the case of a single
sequence (cf. [3,5,11]) we will call this matrix the discrete Fourier transform (DFT) of
t N-tuples. It is of the form

DFTðSN
1 ;SN

2 ;y;SN
t Þ ¼

SN
1 ð1Þ SN

1 ðaÞ y SN
1 ðaN�1Þ

SN
2 ð1Þ SN

2 ðaÞ y SN
2 ðaN�1Þ

^

SN
t ð1Þ SN

t ðaÞ y SN
t ðaN�1Þ

0
BBB@

1
CCCA:

Evidently, in this case the Günther weight is just the number of nonzero columns in
this matrix.

It is obvious that the GDFT of t N-tuples again has a specific form and that there
is a bijective correspondence between the GDFT of t N-tuples and t N-periodic
sequences with terms in Fq:

3. The expected value of the joint linear complexity and the counting function Nt
NðcÞ

In this section we present results on the expected value of the joint linear

complexity of t random N-periodic sequences and on the counting function Nt
NðcÞ;

the number of t N-periodic sequences with given joint linear complexity c:
Using the relationship between the Günther weight of the GDFT for multi-

sequences and the joint linear complexity (see Proposition 3), we can determine the
expected value of the joint linear complexity of t random N-periodic sequences in
terms of the cardinalities of the cyclotomic cosets modulo n in an analogous way as it
was done for a single sequence in [8]. The underlying stochastic model is that of each

t-tuple of N-periodic sequences with terms in Fq having the same probability q�tN :

Theorem 1. Let N ¼ pvn with p ¼ char Fq; vX0; and gcdðn; pÞ ¼ 1: Let l1;y; ls be the

different cardinalities of the cyclotomic cosets modulo n and fi; 1pips; denote the

total number of integers modulo n belonging to cyclotomic cosets modulo n with

cardinality li: Then the expected value Et
N of the joint linear complexity of t random N-

periodic sequences with terms in Fq is given by

Et
N ¼ N �

Xs

i¼1

fið1 � q�litp
vÞ

qlit � 1
:

Proof. Let D1;y;Dh be the different cyclotomic cosets modulo n and put mr ¼ jDrj
for 1prph: By the previous discussion, Et

N is equal to the expected value of the

Günther weight gðMÞ of a pv � n matrix M of t-tuples in GDFT form. Furthermore,
it suffices to consider the set K of pv � h matrices K of t-tuples with columns
k1;y; kh; such that, for 1prph; the entries of kr are in Ft

qmr : For a nonzero column
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kr we let uðkrÞ denote the least positive integer u such that the uth entry of kr is a
nonzero t-tuple. Then we have

gðMÞ ¼
Xh

r¼1
kra0

mrðpv � uðkrÞ þ 1Þ:

Hence

Et
N ¼ 1

qtN

X
KAK

Xh

r¼1
kra0

mrðpv � uðkrÞ þ 1Þ

¼ 1

qtN

Xh

r¼1

X
KAK
kra0

mrðpv � uðkrÞ þ 1Þ

¼ pv

qtN

Xh

r¼1

mr

X
KAK
kra0

1 � 1

qtN

Xh

r¼1

mr

X
KAK
kra0

ðuðkrÞ � 1Þ ¼: T1 � T2:

For the first term T1 we get

T1 ¼ pv

qtN

Xh

r¼1

mrðqmrp
vt � 1ÞqNt�pvtmr

¼ pv
Xh

r¼1

mr 1 � 1

qpvtmr

	 

¼ pv

Xh

r¼1

mr � pv
Xh

r¼1

mr

qpvtmr

¼N � pv
Xh

r¼1

mr

qpvtmr
;

where we used
Ph

r¼1 mr ¼ n in the last step. For the second term T2 we have

T2 ¼ 1

qtN

Xh

r¼1

mr

Xpv

u¼1

ðu � 1Þ
X

KAK
uðkrÞ¼u

1

¼ 1

qtN

Xh

r¼1

mr

Xpv

u¼1

ðu � 1Þðqmrt � 1Þqmrðpv�uÞtqNt�mrtp
v

¼
Xh

r¼1

mr

Xpv

u¼1

ðu � 1Þðqmrt � 1Þqmrðpv�uÞtq�mrtp
v
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¼
Xh

r¼1

mrðqmrt � 1Þ
Xpv

u¼1

ðu � 1Þðq�mrtÞu

¼
Xh

r¼1

mrðqmrt � 1Þq�mrt
Xpv

u¼1

ðu � 1Þðq�mrtÞu�1

¼
Xh

r¼1

mr 1 � 1

qmrt

	 
Xpv�1

u¼0

uðq�mrtÞu:

By using the identity

Xpv�1

u¼0

uzu ¼ z � pvzpv þ ðpv � 1Þzpvþ1

ðz � 1Þ2

for any real number za1; we obtain

T2 ¼
Xh

r¼1

mr 1 � 1

qmrt

	 

q�mrt � pvq�mrtp

v þ ðpv � 1Þq�mrtðpvþ1Þ

ðq�mrt � 1Þ2

¼
Xh

r¼1

mr

qmrt � 1
ð1 � pvq�mrtðpv�1Þ þ ðpv � 1Þq�mrtp

vÞ

¼
Xh

r¼1

mrð1 � q�mrtp
vÞ

qmrt � 1
� pv

Xh

r¼1

mr

qmrtpv :

By combining the formulas for T1 and T2; we get

Et
N ¼ N �

Xh

r¼1

mrð1 � q�mrtp
vÞ

qmrt � 1
;

which immediately yields the desired result. &

For the case where gcdðN; pÞ ¼ 1; i.e., v ¼ 0; the formula in Theorem 1 reduces to
the following form.

Corollary 1. Let gcdðN; pÞ ¼ 1; let l1;y; ls be the different cardinalities of the

cyclotomic cosets modulo N; and let fi; 1pips; denote the total number of integers

modulo N belonging to cyclotomic cosets modulo N with cardinality li: Then the

expected value Et
N of the joint linear complexity of t random N-periodic sequences with

terms in Fq is given by

Et
N ¼ N �

Xs

i¼1

fi

qlit
:

Remark 3. The formulas in Theorem 1 and Corollary 1 are of the same form as the
formulas in [8] for the expected value of the linear complexity of a single random N-
periodic sequence over the extension field Fqt : But in the latter case the values of fi
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and li result from the cyclotomic cosets modulo n relative to powers of qt: In general,
the cyclotomic cosets modulo n are different if we consider them relative to powers of
q; respectively qt: As pointed out in Proposition 2, we have equality if and only if
gcdðl; tÞ ¼ 1; where l is the multiplicative order of q in the reduced residue class

group Zn

n:

The following lower bounds on Et
N are easily derived from the above formulas for

Et
N : These lower bounds show clearly that Et

N is, in general, very close to N (note

that it is trivial that Et
NpN). Thus, for multisequences we also have the phenomenon

conjectured by Rueppel [10, p. 52] for single sequences, namely that Et
N tends to be

close to N:

Corollary 2. If N ¼ pvn with p ¼ char Fq; vX0; and gcdðn; pÞ ¼ 1; then the expected

value Et
N of the joint linear complexity of t random N-periodic sequences with terms in

Fq satisfies

Et
N > N � n

qt � 1
:

For v ¼ 0 we get the improved bound

Et
NX 1 � 1

qt

	 

N:

Proof. With the notation in Theorem 1, we have

Xs

i¼1

fið1 � q�li tp
vÞ

qlit � 1
o
Xs

i¼1

fi

qlit � 1
p

1

qt � 1

Xs

i¼1

fi ¼
n

qt � 1
:

Thus, the first lower bound on Et
N follows from Theorem 1. If v ¼ 0; then

Xs

i¼1

fi

qlit
p

1

qt

Xs

i¼1

fi ¼
N

qt
;

and so the second lower bound follows from Corollary 1. &

For several families of integers n we are able to specify the cardinalities of the
cyclotomic cosets modulo n: Thus, for certain types of period lengths N we can
determine the expected value Et

N of the joint linear complexity of t random N-

periodic sequences with terms in Fq as an explicit function of N; t; and q by means of

Theorem 1 and Corollary 1. Furthermore, using the concept of GDFT, in some of

those cases the determination of the counting function Nt
NðcÞ reduces to an easy

combinatorial problem. In the remainder of this section we will give some examples.
N prime, different from p:
Suppose lX2 is the multiplicative order of q in the prime field FN : Then besides the

coset f0g we have ðN � 1Þ=l cyclotomic cosets modulo N of cardinality l: Due to

W. Meidl, H. Niederreiter / Journal of Complexity 19 (2003) 61–72 69



Corollary 1 the expected value Et
N is given by

Et
N ¼ N � N � 1

qlt
� 1

qt
:

Furthermore, each DFT is uniquely determined by ðN � 1Þ=l þ 1 columns, one
column for each cyclotomic coset, and the Günther weight gðMÞ of a matrix M in
DFT form is of the form

gðMÞ ¼ rl þ i; 0prpðN � 1Þ=l and iAf0; 1g:

Using the equivalence between Nt
NðcÞ and the number of matrices in DFT form

with given Günther weight c; we can determine the counting function Nt
NðcÞ by

combinatorial arguments (see [7] for the case of a single N-periodic sequence).

Corollary 3. Let N be a prime with gcdðN; qÞ ¼ 1 and let lX2 be the multiplicative

order of q in the finite field FN : Then the number Nt
NðcÞ of t N-periodic sequences with

terms in Fq and joint linear complexity c is given by

Nt
Nðrl þ iÞ ¼ ðqt � 1Þi ðN � 1Þ=l

r

 !
ðqlt � 1Þr; iAf0; 1g; 0prp

N � 1

l
:

In all other cases we have Nt
NðcÞ ¼ 0:

For some further cases in which we know the cardinalities of the cyclotomic
cosets, the expected value of the joint linear complexity of t random N-periodic
sequences immediately follows from Theorem 1, respectively Corollary 1. Moreover,
with similar combinatorial arguments as in the previously considered case we get

analogous results on the counting function Nt
NðcÞ for some of these further cases.

Since the calculations are analogous to the case of a single N-periodic sequence (see
[8]), we just present the results on the expected value Et

N and the counting function

Nt
NðcÞ:
N ¼ pv:

Corollary 4. Let N ¼ pv; p ¼ char Fq: Then the expected value Et
N of the joint linear

complexity of t random N-periodic sequences with terms in Fq is given by

Et
N ¼ N � 1

qt � 1
1 � 1

qtN

	 

:

For the counting function Nt
NðcÞ we have

Nt
Nð0Þ ¼ 1 and Nt

NðcÞ ¼ ðqt � 1Þqtðc�1Þ for 1pcpN:

Moreover, in this case the factorization of xN � 1 is given by ðx � 1Þpv

over any
extension field Fqt ; tX1: Thus, the Fq-linear complexity of an N-periodic sequence S
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with terms in Fqt is just its conventional linear complexity.

q ¼ 2;N ¼ 2n � 1; n prime:

Corollary 5. Suppose N ¼ 2n � 1; n prime. Then the expected value Et
N of the joint

linear complexity of t random N-periodic binary sequences is given by

Et
N ¼ ðN � 1Þ 1 � 1

2nt

	 

þ 2t � 1

2t
:

For the number Nt
NðcÞ of t N-periodic binary sequences with joint linear complexity c

we have

Nt
Nða0 þ a1nÞ ¼ ð2t � 1Þa0

ðN � 1Þ=n

a1

 !
ð2tn � 1Þa1

for a0Af0; 1g and 0pa1pðN � 1Þ=n:

In all other cases we have Nt
NðcÞ ¼ 0:

Since the order n of 2 in Zn

N ; the reduced residue class group modulo N; is prime,

the conventional linear complexity of an N-periodic sequence S with terms in Fqt

equals its Fq-linear complexity if and only if the degree t of the extension field is not a

multiple of n (see Proposition 2).
N ¼ pvn; n prime different from p:

Corollary 6. Let N ¼ pvn; p ¼ char Fq; n a prime different from p: Let l be the

multiplicative order of q in the prime field Fn: Then the expected value Et
N of the joint

linear complexity of t random N-periodic sequences with terms in Fq is given by

Et
N ¼ N � 1

qt � 1
1 � 1

qtpv

	 

� n � 1

qtl � 1
1 � 1

qtlpv

	 

:

We consider Nt
NðcÞ just for the case where q generates the multiplicative group of

the prime field Fn; and additionally we suppose that pvon � 1:

Corollary 7. Let N ¼ pvn; n prime, and let q be a primitive element of the finite field

Fn: If pvon � 1; then the number Nt
NðcÞ of t N-periodic sequences S1;y;St with

terms in Fq and LðS1;y;StÞ ¼ c is given by

Nt
Nðrðn � 1ÞÞ ¼ ðqtðn�1Þ � 1Þqtðn�1Þðr�1Þ for all r with 1prppv;

Nt
Nð0Þ ¼ 1

and

Nt
Nðrðn � 1Þ þ sÞ ¼ ðqt � 1Þqtðs�1ÞNt

Nðrðn � 1ÞÞ for 1pr; sppv:

In all other cases we have Nt
NðcÞ ¼ 0:
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