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In this paper we are concerned with linear control systems of infinite dimension
with delays in outputs. An asymptotic compensator of finite order is proposed. The
compensator provides a control law that stabilizes a wide class of distributed
systems. Moreover, the compensator is invariant with respect to small bounded
perturbations of the system parameters. © 1992 Academic Press, Inc.

1. INTRODUCTION

The problem of stabilizing a linear invariant control system by a
dynamic output feedback has a very extensive literature. Today, the theory
for control systems of finite dimension is well established (see O’Reilly [6]
and Wonham [12]), while the theory for infinite-dimensional control
systems has been the subject of much activity recently. Several methods
have been proposed for the design of stabilizing compensators. In par-
ticular, for a wide class of infinite-dimensional systems, which includes
many systems of practical interest, it is possible to construct a finite order
compensator. We refer to the works of Curtain [2], Schumacher [8], and
Sakawa [7] and also to their references.

The question of stabilizing a finite-dimensional control system with delay
in controls and outputs was discussed by Klamka [4] and Watanabe and
Ito [11]. In these papers the existence and implementation of a reduced
order observer were studied.

The purpose of this paper is to extend these results to infinite-dimen-
sional control systems with delay in output and bounded observation.

First we begin by reviewing the results for finite-dimensional systems and
introducing the notations that we will need in the next sections.

* This work was supported in part by FONDECYT, Project 89-0749, and by DICYT,
Project 04-8433 HM.
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Let us consider the following linear invariant systems

x(t)= Ax(t) + Bu(t), t=0 (1.1)
()= A(x,) (1.2)
Xo€ C([—h, 0]; R"), (1.3)

where x(f)e R" denotes the state of the system, u(z)eR™ and y(t)eR?
represent the input and output of the system, respectively, and 4 and B are
nxn and nxm matrices, respectively. The constant 4> 0 represents the
time delay of the observation and A4 is a bounded linear operator from
C([—h,0]; R") into R?. Furthermore, as usual in the theory of functional
equations, x, denotes the function defined by x/(@):=x(t+8), for
—h< 6 <0. In the sequel we shall abbreviate our notations and we use [
to denote the interval [ —hA, 0],

We assume that the input u#(¢) and the output y(z) are known but the
state x(z) and the initial function x, are unknown.

By the Riesz representation theorem there exists a normalized bounded
variation matricial function n: 7 - M, ,(R) such that

Mo)=| [dn(©)1¢(6) (14)

for every ¢ € C(I; R"). We shall denote by C the matrix

[0}
c=[" [dn®)]e* (1.5)
h

and by K: L'(I; R") - R’ the operator

0 0
KW)=[ [dn(©)1e*® [ e 4y(z) dr. (16)

It is clear from this expression that K is a bounded linear operator.
Let u(-) be a locally integrable function. Henceforth we will assume that
u(s)=0, for s <0. Since the solution of Eq. (1.1) is given by the formula

x(1)=ex(0)+ | %'~ Bu(s) ds, 120, (1.7)
0
then we obtain for @l and 1+ 0 =0,

X(t+ 0) = e*Ox(1) — e® f e By(s) ds (1.8)
r+©

409/169/1-7



94 HERNAN R. HENRIQUEZ

and substituting (1.8) into (1.2), we obtain that
Wt)=Cx(t) - K(B®u,) +4(t), 120, (1.9)

where g(¢) is a continuous function that depends on x, and that it vanishes
for t > h. Furthermore, in the expression (1.9), and thereafter, we have used
the symbol B® ¢ to denote the function defined by (B® ¢)(@)= Bp(0©),
for Oel

The dynamical system

2(t)=Az(t) + GCz(t)— Gy(t) — GK(B® u,) + Bu(t) (1.10)
with the control function given by
u(t) = Fz(1) (1.11)

was considered in Klamka [4] and Watanabe and Ito [11]. Combining
the equations of the control system with the equations (1.10)-(1.11) of the
compensator we obtain a non-homogeneous augmented system

drx] [ 4 BF x(t) 0
at [z(z)] = [ —GC A+GC+ BF][z(t)] * [ —Gq(t)]'
The next result is clear.

THEOREM 1. If the pair (A, B) is stablizable and the pair (C, A) is detec-
table, then there exist matrices F and G for which the control systems (1.10)-
(1.11) is an asymptotic compensator of system (1.1)-(1.2). Furthermore, if
the pair (A, B) is conirollable and the pair (C, A) is observable then it is
possible to choose F and G such that the eigenvalues of the matrix of the
augmented system (1.1)-(1.10) can be arbitrarily assigned.

In the next section we generalize these ideas to construct an asymptotic
compensator of finite order for a wide class of distributed control systems.
In Section 3 we study some robustness properties of this compensator.

The terminology and notations are those generally used in functional
analysis. If X and Y denote Banach spaces, we indicate by #(X, Y) the
Banach space of bounded linear operators from X into Y. Moreover, Z(X)
denotes #(X, X). If A:D(A)cX—> X is a closed linear operator we
indicate by a(A4) and p(A) the spectrum and resolvent set of A4, respec-
tively. If 1€ p(4) then R(4, A) denotes the resolvent operator (41— A4)~ ..
If T is a strongly continuous operator semigroup with infinitesimal
generator A then

P LY )]

t— +0o
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is called the growth bound of T and
s(4)=sup{Re(1): Aea(4)}

is called the spectral bound of A.
Moreover, in the sequel we consider the product X; x X, x --- x X, of n
Banach spaces X, .., X,, endowed with the norm

gy e XD = 2 il

i=1

2. COMPENSATORS FOR DISTRIBUTED CONTROL SYSTEMS

In this section we consider a first order infinite-dimensional control
system described by equations

x(1)=Ax(t)+ Bu(t), 1=0 (2.1)
()= A(x,) (2.2)

with states x(¢) in a Banach space X, controls u(¢) in a Banach space U,
and outputs y(7) in a Banach space Y (see Curtain and Pritchard [1]). We
assume that A is the infinitesimal generator of a strongly continuous semi-
group T defined on the Banach space X, B is a bounded linear operator
from the Banach space U into X, and A is a bounded linear operator from
C(I; X) into Y. The initial function x, belongs to C(I; X) and it is
unknown. Moreover, we assume that U and Y are finite-dimensional
spaces.

Next we introduce some notations. Let 0 < a < f§ be constants such that
the spectral sets

o,={leo(4):Re(l)> —a}
and
o,={leo(4d): —f<Re(d)< —a}

are finite.

If we set 3= {Aeo(4):Re(1)< —B} then the space X can be decom-
posed in the form X' =X, ® X, ® X, corresponding to the decomposition of
o(A) into the spectral sets o, 0,, and o; (Nagel [5, Theorem A-III, 3.3.]).

In this decomposition each X; is an invariant space under 4. We will
denote by P, the projection associated to o; and by A, the restriction of A
to X,, i=1, 2, 3. Then each operator A, is the infinitesimal generator of a
strongly continuous semigroup 7; on X,.
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Clearly, we may consider the space C(I; X,) as a closed subspace of
C(I; X), i=1,2,3, and, from the decomposition of X it follows that

CLX)=CL X)® C; X,)® C(I; X5).

We will represent by A, the restriction of 4 to C(f; X)), i=1,2,3.

Since we want to construct a finite order compensator, we restrict our
focus to a class of systems already studied by several authors. Specifically
we consider control systems which satisfy the following hypotheses.

Assumption 1. (a) There exists a constant a>0 such that the set
o,={Aea(A4):Re(4)> —a} is finite.

(b) For every £>0, there exists f>a such that the set o,=
{iea(A4): —f<Re(l)< —a} is finite and the following conditions hold:

(b1) The spaces X, and X, have finite dimension.

(b2) The operator A, satisfies the Spectrum Determined Growth
Assumption. This means that the growth bound w(T,) and the spectral
bound s(A45) coincide (see Curtain and Pritchard [1] and Triggiani [10]).

(b3) The operator A satisfies || 4] <e.

There exists a large class of systems that satisfy the assumptions (a),
(b1), and (b2). This class includes the systems described by parabolic par-
tial differential equations on bounded domains and the systems described
by retarded functional differential equations. The condition (b3) will allow
us to design a compensator in which the component 4, of the observation
does not appear (this is known as the spillover observation).

An example is provided by any compact self-adjoint semigroup 7 defined
on an infinite-dimensional Hilbert space X, endowed with an inner product
{, >. We know that T has the representation

ac
T(t)x= }: e <X, Xy > Xy
k=1

where {x,:keN} is an orthonormal basis of X and 4, are real numbers
such that 1, - —o0, as kK — co. We assume that (4,), is a sequence strictly
decreasing. Furthermore, each 4, is an eigenvalue of 4 with eigenvector x,
and the spectrum o(A4) coincides with the point spectrum o¢,(4)=
{A¢ :keN}. Let P: X —» C” be a bounded linear operator and let us define
A: C(I; X) -» C? by

A((P)= Z ﬂk<¢(_h)a xk>kaa

k=1

where (u,), is a sequence convergent to zero.
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Let us fix «>0. We choose n, €N such that i, < —a, for n=n, (the
number #, must be chosen so that the hypotheses of Theorem 2 hold). For
each £¢>0, let n, be a natural number such that |u,| <e¢, for k=n,. We
choose f=|4,,|. Then X, X,, and X, are the subspaces generated (in the
sense of orthonormal basis) by {x,,..x,}, {X, 41> X,_ 1}, and
{x, 1k =n,}, respectively. Therefore,

145012 <IPI? Y Til? [<o(=h), x, >1?

k=zn
<& | PI? lo(—h)I)*
<& |PI* o)

for each ¢ e C({; X;). Thus |4;]| <e||P||, which shows that this system
satisfies Assumption L.

In the sequel we consider a system that satisfies Assumption 1. From
these assumptions it follows that the control system (2.1}-(2.2) can be
decomposed as

X;(t)= A;x,(t)+ Bu(t), (23)
y(O)=A,(x, )+ Ay(xy )+ A3(x5 ) (2.4)
X; 0= P;x,, 2.5)

where x,(t)=P,x(t); B;=P;B, and x,, denotes the function x; (O)=
x(t+0),i=1,23.

Since the spaces X, and Y have finite dimension, according to Eq. (1.9)
we may write

Axy ) =Cixi(t)—K(B,®Qu,)+q,(1), (2.6)
where C,e B(X,, Y), K,e B(L'(I; X,); Y) and ¢, is a continuous function
that vanishes for 1> A.

In order to design an asymptotic compensator of system (2.1)-(2.2) we
choose two finite-dimensional spaces Z,, i=1,2, such that dim Z,=

dim X;. Let R,: X, > Z, be an isomorphism. We introduce the following
finite-dimensional systems

2 (1)=R, A Ry 'z,(1)+ GC R 'z,(1) — Gy(1)
~GK\(B,®u,)+GAx(R;'®z, )+ R, B,u(t) (2.7
2,(t)= Ry A2 R; '2,(1) + R, B, u(1) (2.8)

with variables z,(t)e Z;, i=1,2, and initial function z, e C(I; Z,). We
define the control law u in the form

u(ty=F.z,(1). (2.9)
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In these expressions, Fe#(Z,,U) and Ge%(Y,Z,) are unknown
operators that we must determine so that the closed-loop system,
constituted by the control system interconnected with the dynamical
observer (2.7)-(2.8) through the control law (2.9), is uniformly stable. If we
write e;(t) for

ei(t)=z,(t) - Rix;(1) (2.10)

for i=1, 2, then we obtain the following closed-loop system in the product
space W=X,XZ xX;xZ,xX,

X, (t)=(A,+ B, FR,) x,(t)+ B, Fe,(t) (2.11)
é()=(R A, R;'+GC R e 1)+ GAx(R; ' ®e, ;)
—GA5(x5,,)—Gq,(t) (2.12)
X5(t)=A,x,(¢) + B, FR x,(t) + B, Fe,(t) (2.13)
éx(t)=RyA,R; 'es(t) (2.14)
X3(8) = A3x3(t) + B FR x(t)+ B3 Fe((?). (2.15)

From (2.14) it is clear that
e,(t)=R,e"R; 'e,(0), 120, (2.16)
and since A4, is a bounded operator then

lex(Dll < Mze™ Jlex(0)),  £20. (2.17)

On the other hand, defining the vector w,=(x,, e;, x;)7, Egs. (2.11),
(2.12), and (2.15) may be rewritten in the space W, =X, xZ, x X; as

wi(t)=Dw,(t)+ L(w, )+ f(t), =0 (2.18)
wio=@€ C(l; Wy), (2.19)

where the operators D and L have the block form

A, + B, FR, B\F 0
D= 0 R,(A,+R{'GC)R T 0 (2.20)
B,FR, B.F A,
0 0 0
L=|0 0 —-GA, (2.21)
|0 0 O
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and

f(6)=(0, GAx(R; ' ®e, ) — Ggi(1), 0} (2.22)

It is clear that L is a bounded linear operator from C(I; W,) into W,
and that D is the infinitesimal generator of a strongly continuous semi-
group. We refer to Travis and Webb [9] for the properties of abstract
Cauchy problems of type (2.18)-(2.19). Furthermore, in the Appendix we
state other stability properties of these systems, which we shall need later.

THEOREM 2. Suppose that the control system (2.1)-(22) satisfies
Assumption 1. If the pair (A, B,) is controllable and the pair (C,, A,) is
observable then there exist operators F and G so that the dynamical system
(2.7}42.9) is a finite-dimensional asymptotic compensator of system
(2.1)-(2.2).

Proof. Let X=X,® X, be the decomposition of X associated to the
decomposition of a(A4) in the sets

o,={lea(A4):Re(1)> —a},
o= {Aea(4):Re(1)< —a}.

Since the semigroup T, =T |, satisfies the spectrum determined growth
assumption then

IT()) < Mpe ™, 20 (2.23)

for some constant My > 1.

On the other hand, as the finite-dimensional pairs (4,, B;) and (C,, 4,)
are controllable and observable, respectively, then there exist linear
operators F and G for which the spectrum of matrix

D _[A1+BIFR, B,F ] 224
0 0 R(A,+R['GC )R]’ (2:24)

is included in the set {AeC:Re(d)< —u}, for some constant u>a.
Therefore, there exists N, = 1 such that

e®| < Noe™, 120, (2.25)

Let ¢>0 and > « be constants such that

x-e”

£<m, (226)
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where we introduce the constant

(2.27)

. {NO,MO’ No: Mo |[B;FRy, B;FJM}

pU—a

Let Y=X, ®X,®X; be the decomposition of X associated to the
decomposition of the spectrum set of A in the sets o,={lea(4):
Re(A)> —a}, o,={i€d(4): —f<Re(l)< —a}, and o;={lea(4):
Re(A)< —pB}. Now using that X; < X, and the inequality (2.23) we obtain
that

IT5(0) < Moe™,  t20. (2.28)

On the other hand, from Schumacher [8, Proposition 4.7], it is known
that the semigroup S(¢) generated by D has the following block triangular

form
Solt) 0 ]
S(1)= , 2.29
0=[se0 o 22)
where the operator S,,(¢) : X|, x Z, — X is defined by
s (t)[xl(’)]=f' Ty(t —s)[ BsFR,, B,F] ™ ["‘m] ds  (230)
21 Zl(t) o 3 3 1, D3 Zl({) .

and the growth bound w(S)< —a. Actually, from (2.29) and (2.30) we
obtain that

IS()| SNe ™,  t=0. (2.31)

Since g,(t) vanishes for >4 and the function e,(¢) satisfies (2.17) then
the function f(¢) defined in Eq. (2.22) also verifies an inequality of type

1f()) <ae™, t=0.

As |L| < |G| -¢, from (2.26), (2.31), and Lemma 1 in the Appendix we
obtain that the solution of problem (2.18), (2.19) satisfies an inequality of

type
Iwi (D) < be™,

for some constants 5> 0 and y > 0. Finally, from (2.13) and the variation
of constants formula we may write that

() = e*x,(0) + jo e“=I[B,FR, B,F 0]w,(s) ds

which implies that ||x,(¢)| also decreases exponentially.
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3. ROBUSTNESS OF THE COMPENSATOR

In this section we will study two properties of robustness of the
compensator constructed in Theorem 2.
Initially we consider the control systems described by the equation

X(t)=Ax(t)+ Bu(t) +v(r) (3.1)
y(1)=A(x,), (3.2)

where A4, B, and A are operators that satisfy all the assumptions of
Section 2 and v is an unknown perturbation.

We say that a locally integrable function v: [0, +0c0)— X vanishes at
infinity in the Stepanov sense if

(+1
lim f lo(s)] ds = 0.
t— +cC t

Next we will assume that the perturbation v vanishes at infinity in the
Stepanov sense. Under this assumption we can show the following
property.

PROPOSITION 1. If the function v: [0, +00)— X vanishes at infinity in
the Stepanov sense and u> 0 then the function

8= e " jots) ds

converges to zero as t — +o0.

Proof. Let n be the greatest integer <, then

n—1

k+1 1
g(z)=e‘“’(2 Jo eI ds+ [ e uts)i ds)

k=0

n—1 n

k+1 +1
<ew et [ pugs)ds+ [ ots)l ds
k=0 k

n

For each ¢>0, let n,e N be such that
k+1
J,  Isnds<e

for every k= ny. Then, if 1> ng,, we obtain that

ng—1

k+1 ot
s <e T et [T ool oo (5 1)
k=0 k 1

et —

which completes the proof.
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THEOREM 3. Assume that the hypotheses of Theorem 1 hold and suppose
that v vanishes at infinity in the Stepanov sense. Then the dynamical system
(2.7)429) is a finite-dimensional asymptotic compensator of system

(3.1)~(3.2).

Proof. The demonstration of this result is similar to the proof of
Theorem 2. With the notations introduced in Section 2, we obtain the
following closed-loop system

Wi(t)=Dw,(1) + L(wy, ) + f(2) + &(2) (3:3)
%5(1) = A;x5(t) + By FR, x,(t) + By Fe (1) + P,v(t) (34)
éx(1) =R, A, Ry ey(t) — R, Pyu(1), (3.5)

where D, L, and f are defined by (2.20), (2.21), and (2.22), respectively,
and

g(t)=(Pyv(t), =R, Pyo(t), P3o(1))", (3.6)

From (2.17) and Proposition 1 we infer that e,(¢)—+0, as ¢z — +oo.
Hence, it follows that f(z) = 0,  — oo and since g vanishes at infinity in the
Stepanov sense, a slight extension of Lemma 1 in the Appendix allows us
to conclude that w,(¢) — 0, as ¢t — co. Finally, proceeding in the same way
we obtain that x,(¢) converges to zero when ¢ — +co.

Next we consider the problem of robustness of the stability of the
augmented system that results from the interconnection of the control
system (2.1)-(2.2) with the compensator (2.7)~(2.9), when there exist small
perturbations of the system parameters 4, B, and A.

In the sequel we assume that the operators A4, B, and A satisfy all
the conditions established in Section 2. Let us consider A4,e %(X),
B, e #(U; X), and A4, B(C(I; X); Y) as perturbations of operators A, B,
and A, respectively. In order to reduce the notations we shall write
A=A+A,, B=B+B,,and A=A+ 4,.

It is well know that 4 generates a strongly continuous semigroup (Nagel
[5, Theorem A —1I, 1.29]) that we will denote by 7. Consequently the
control system

x(A) = Ax(1) + Bu(t) (3.7)
y(1)=A(x,) (3.8)

is well defined.

Next we will show that if the norms of the perturbations are sufficiently
small then the compensator constructed in Theorem 2 also serves to
stabilize the perturbed system (3.7)-(3.8).
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Let us begin by observing that if 6(4)= 0,0, 05 is the descomposi-
tion of the spectrum set of 4 considered in the proof of Theorem 2 and that
if I, i=1, 2, are rectifiable closed curves which contain ¢, in their interior,
then there exists 6 >0 with the following properties: if ||4,]| < then the
spectrum o(4) can be decomposed into parts &, &,, and ; where ¢,
i=1,2, is contained in the interior of [, (Kato [3, Theorem 3.16]).
Moreover, in the decomposition X=X, ®X, @ X, associated to A4,
dim(X,)=dim(X,), i=1, 2, and if we denote by P,, i=1, 2, 3, the projec-
tions induced by this decomposition of X then |P,— P -0, as § 0.
Therefore, we may conclude that the restrictions P, |z, : X-x,i=123,
which we shall designate with the same symbol P;, are isomorphisms.

Proceeding as in Section 2, we will denote 4, to the restriction of 4 to
X, and 4, to the restriction of 4 to C(I; X,), i=1, 2, 3. Also we shall write
B, for B,B, i=1,2,3, and we define R,=R,P,, i=1,2. It is clear that R,
is an isomorphism from X, on Z,.

Therefore, the control system (3.7)-(3.8) can be decomposed in the form

x()=Ax () + Bu(t), =123 (3.9)
y(t)= /Tl(xl,t) + A5(x5, ) + As(x3,)- (3.10)
We introduce the auxiliary system defined by Egs. (2.7)-(2.8) and we

close the system with the feedback control law u(¢)= Fz,(t). Now, we
define the states reconstruction errors

e;()=z;(t)— Rx,(1), i=1,2. (3.11)

Proceeding as in Section 2, we obtain the following equations for the
composed system
X\(t)= (A4, + B,FR,) X,(1) + B, Fe,(1)
+(P AP —A4)) %,(1)
+ P (B, — B,) FR %,(t)+ P (B, — B,) Fe,(1) (3.12)

é(1)=(RA R+ GC, R e (1) + GA(R; ' Re, )~ GAz(x5 )
+[R,4,—RP,A,P;'+GC,—~GC,P[!
+ R,P,(B,—B,)FR,] %,(1)
+R,P(B,—B\)Fe,() +G[Q(R,® %, ) — Q(R, ® %, ,)]
+G[Q(e,, ) — Qley, )]+ GLA,(%, )~ A5(P; ' ® %, )]
+ G A5(x3,) — As(x3, )1 — GG (1) (3.13)
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X,(1)=A,%,(1)+ B, FR, %,(t) + B, Fe (1)
+ Pz(gz“Bz) FRx,(1)+ Pz(gz — B,) Fe (1)

+ (P, A,P; ' — 4,) %5(1) (3.14)
éx(t)= R, A, Ry 'e,(t) + R, P,(B,— B,) FR, %,(¢)

+ Ry Py(B, — B,) Fe (1) + Ry(A, — P, A, P; ") %,(1) (3.15)
%3(t) = A3 x5(1) + B, FR, %5(1) + B, Fe (7). (3.16)

In these equations we have introduced the notations %,= P,x;, i=1, 2, and
we use Q and 0 to designate the operators defined on L'(I; Z,) by

Q(¢)=K\(B,F® ),
0(¢)=K (B, F® ).

Defining the vector w=(x,, ¢, X,, €5, x3), Eqs. (3.12)-(3.16) may be
rewritten in the space W=X,xZ, x X, x Z, x X; as

Ww(t)=Dw(t)+ L(w,) + D,w(t)+ L,(w,) + f(1), (3.17)

where the operators D and L have the following block form

[ A,+ B, FR, B\ F 0 0 0
0 (RiA;+GC)R' O 0 0
D= B,FR, B,F A, 0 0 (3.18)
0 0 0 R,A,P;' 0O
| B;FR, B, F 0 0 A,
0 0 0 0 0
0 0 0 GAR;'®) 0
L={0 0 O 0 0 (3.19)
0 00O 0 0
LO 00 0 0
The function f is given by
f(t)=(0,—G§,(1), 0,0,0)" (3.20)

and so D, as well as L, are bounded linear operators such that || D,| -0,
as =0, and | L,| =0, as 6 — 0.
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THEOREM 4. Assume that the hypotheses of Theorem | hold and that the
semigroup T is continuous in the operator norm on (0, +oc). Then for 6 suf-
ficiently small the dynamical system (2.7}-(29) is a finite-dimensional
asymptotic compensator of system (3.9)-(3.10).

Proof. We must prove that the solutions of Eq. (3.17) converge to zero
as t— +oo. But this is a straightforward consequence of Lemma 2 in the
Appendix. In fact, it is clear from (3.18) that D has block triangular form

and that the semigroups generated by D, are uniformiy stable. Moreover,
if the semigroup 7 generated by A is continuous in the operator norm then
so is the semigroup T generated by 4 (Nagel [5, Theorem A-II, 1.30]),
which in turn implies that the semigroup generated by D, =4, is
continuous in the operator norm. Since X, and X, are finite-dimensional
spaces we may conclude that the semigroups S, generated by D,,, i=1, 2, 3,
are continuous in the operator norm on (0, +oc). We complete the proof
observing that

o 0 R(4, 4,) 0
Ly i R(A, Dyy) Dy, "I:O GAR;'® ):”: 0 R, R(4, Az)R{l]

[ B:FR: B,
0 0

4. CONCLUSION

In this paper a method to design a dynamical compensator for a linear
distributed control system with retarded bounded observation is studied.
The method is an extension of the design previously proposed by Klamka
[4] and Watanabe and Ito [11] for linear finite-dimensional control
systems. It is proved that for a large class of distributed control systems,
there exists a compensator of finite order. This class of systems has been
previously studied by Schumacher [8], Curtain [2], and Sakawa [7].
Moreover, the proposed compensator is invariant with respect to smail
parameter perturbations.
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APPENDIX

In this Appendix we collect some stability properties of abstract retarded
differential equations.

Let T be a strongly continuous semigroup defined on a Banach space X
and let 4 be its infinitesimal generator. Let L be a bounded linear operator
from Y=C([-h,0]; X), h>0, into X and let f be a continuous function
with values in X. The initial value problem

i(t)=Ax(t)+ L(x,)+ f(1), >0 (A.1)
Xo=¢ (A-2)

has been studied by several authors (see Nagel [5] and Travis and Webb
[9]). Tt is known that there exists a unique continuous solution x(z) of
(A.1)-(A.2) on [0, o0), in the sense that x solves

x(t) = T(1) (p(0)+J: T(t—s) L(x.) ds+j0' T(t—s) f(s)ds  (A3)

for t=0 and x,=o.

If x(¢, @) denotes the solution to this equation with =0 (homogeneous
equation), then the operator U(t): Y- Y, U(t)o=x,-, ¢) defines a
strongly continuous semigroup on Y. We will denote by A4, the
infinitesimal generator of this semigroup.

LEMMA 1. Suppose that there exist constants N> 1 and p >0 such that
IT(t)l| <Ne ™, 120 (A4)

and
v=u—N|L|e">0. (A.5)
If f is a continuous function that vanishes at infinity then x(t, ¢) — 0,
t — oo, for every o C([—h, 0]; X).

Furthermore, if || f(1)| <ae ™, t =0, for some constants a=0 and a>0
then

I x(, @)l < Ne | plle ™" + aNe*"e (A.6)

for every constant B such that 0 < $ <min{a, v}.

Proof. This result is a straightforward consequence of the Gronwall-
Bellman theorem. In fact, it follows from (A.3) that

x(#) = T(1) 0(0) + L T(t—s) L(x,) ds+ jo T(t—s) f(s) ds,
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where we shall abbreviate x(¢) instead of x(z, ¢). Hence,

(O < Ne ol + N ILI | 702 [ ds+N [ e | f(s)] ds

for every t=0. Since |x(t+@)|| <|lo| for all 1+ 6O <0, from the last
inequality we infer that

x| = sup |Ix(z + O)]

[2X-¥}

=New ot 4121 [ e i dsee [ e s as
QO 0
and the Gronwall-Bellman theorem implies that

I, < Net g e 0+ New [ ¢~ | 7(s)] ds
0

+ vNe#h f[ el =) r e #- 1  £(1)) dr ds. (A7)
0

0

On the other hand, if g is a scalar function which vanishes at infinity it
is well known that the function v defined by

o(t) = L: e " g(s)ds

also vanishes at infinity, for every &> 0. Therefore the second and third
terms of (A.7) converge to zero, as t —» +oo, which proves the first asser-
tion. Finally if || f(¢)|l <ae™ and we substitute this inequality into (A.7)
we obtain (A.6).

LEMMA 2. If the semigroup T is uniformly continuous on (0, + o) then U
is a uniformly continuous semigroup on (h, + o).

Proof. Arguing as in the proof of Proposition 2.1 in Travis and Webb
[9], for each ¢ € Y we consider the sequence of functions ("), , defined
by u"(@)=¢(0) for —h<O <0 and n>0, u%¢)= T(t) ¢(0) for t>0 and

W'(t) = T(1) ¢(0)+j T(1~s) A(u" ') ds. (A.8)
0
for 20 and neN.
Let the operator functions U,: [0, c0) — %(Y) be defined by

U)o =u?, t20, pe Y, and n20. (A9)



108 HERNAN R. HENRIQUEZ

It is easy to verify that U, are strongly continuous and continuous in the
operator norm on (A, +o0). Moreover the sequence (U,(¢)), converges in
the operator norm uniformly on bounded intervals to U(r). This proves the
assertion

For A€ C, we use the notation
L,x=L(e*-x), xeX. (A.10)

Clearly L, is a bounded linear operator on X and ||L;|| < || L| e'ReM!-%,

When the space X has product form X=X, x X, x X, and the operators
A and L have an approximately triangular block matrix representation, we
obtain the following result of stability.

LEMMA 3. Suppose that A, are infinitesimal generators of semigroups T,
on the Banach spaces X,, i=1, 2,3, respectively, and that A,;: X, > X,,
A X, > X5, and L,,: C([—h,0]; X,) > X, are bounded linear operators
such that the following conditions hold:

(a) The semigroups T,, i=1,2, 3, are uniformly stable and continuous
in the operator norm on (0, + ).

(b) Let
A, 0 0 0 L, 0
A=| 4, 4, 0|, L=l0o 0 o]
Ay 0 A 0 0 0

(c) For every A€ p(A,,),
Lz s R(4, A3) Ay =0. (A.11)
(d) The function f: [0, 00) = X is continuous and it vanishes for t > h.

Then there exists ¢ >0 such that the solution to the problem

X(1)=Ax()+ 4,x(1)+ L(x,) + L(x,) + /(1) (A.12)
Xo=@ (A.13)

converges to zero, for every A, € B(X) and L € B(Y, X) such that |A,|| <e
and ||L,| <s.

Proof. First we observe that by virtue of the hypotheses and Theorem
A-II, 1.30 in Nagel [5] the semigroup generated by 4 + A, is continuous
in the operator norm on (0, +o0). Applying Lemma 2 we infer that the
semigroup U associated to Eq. (A.12) is continuous in the operator norm
on (h, +00). Therefore U satisfies the spectrum determined growth assump-
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tion (Nagel {5, Corollary A-III, 6.6]). Thus in order to show that U is
uniformly stable it is sufficient to prove that sup{Re(4): Aea(4,)} <0.

Since the semigroups T,, i=1,2,3, are uniformly stable there exist
constants o, >0 and constants N; =1, i=1, 2, 3, such that

I T:(0)]| < N;e ™, 120. (A.14)

Let a =min{a,, a,, a; }. We will prove that for 0 < é < a there exist £¢>0
so that |4, <& and |L,[ <& imply that sup Re (A4 ,)< —a+d. In Tact, it
follows from Nagel [5, Proposition B-1V, 3.4] that Aeg(4,) if, and only
if, leg(A+ A, +L,+L, )

For Ae C, Re(4)> —a+ 4, we define the operators

D(A):Diag(lI_All,)\.I‘-A22,AI"A:;}) (A.IS)
and
I — Ly s R(Gs Az) O
E(A)=| —4, R(4, 4,,) I 0l (A.16)
— 45 R(4, 4,,) 0 1

It is clear from the semigroup properties that E(1) is well defined.
Moreover, using condition (c) it follows that E(1) has bounded inverse and

1 Ly ;R(4, 45) 0
E(A)""'=| 45, R(A, 4,)) T+ A4, R(A, Ay) Ly, ;R(A, 423) 0. (A17)
Ay R(4, A4,) A3 R(4, ALy, ;R(A, 4y) 1

Therefore, we may write
AI“‘A‘A,*L,—Lr./zE(A-) D(l)_A,"‘L,‘;_

=EMUI-ER)"" (4,+L, ;) D(A)"'1 D).
(A.18)

But, from the semigroup theory we deduce that the operator functions
A—>D(A)"" and A — E(1)~' are bounded for Re(1)> —a+ 5. Hence we
infer that there exists £>0 such that [[4,] <¢ and |L,| <& imply that
[E(4)~"(4,+L, ;) D(A)"'|<1. Thus A¢a(4,) and o(A,)<S {ieC:
Re(A)< —a+6}.

Now, since the function f vanishes for + > h, Eq. (A.12) is reduced to a
homogeneous equation for #>A. In view of the fact that U is uniformly
stable then the solution to (A.12)-(A.13) converges to zero as f— +oo.
This completes the proof.

409/169/1-8
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