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result is based on the approximation of the initial problem, by a sequence of control
problems with smooth coefficients. We, then apply Ekeland’s variational principle for this

Is(fg:grgfc differential equation approximating sequence of control problems, in order to establish necessary conditions
Stochastic control satisfied by a sequence of near optimal controls. Finally, we prove the convergence of
Maximum principle the scheme, using Krylov's inequality in the nondegenerate case and the Bouleau-Hirsch
Singular control flow property in the degenerate one. The adjoint process obtained is given by means of
Distributional derivative distributional derivatives of the coefficients.

Adjoint process © 2009 Elsevier Inc. All rights reserved.

Variational principle

1. Introduction

We consider stochastic control problems of nonlinear systems, where the control variable has two-components, the first
being absolutely continuous and the second singular. More precisely, we study the stochastic maximum principle in optimal
control for a problem in which the state evolves according to the d-dimensional stochastic differential equation

{ dx; =b(t, x;, ur)dt + o (t, x;)dB; + Gy d&, forte[0,T], (11)
X0 =0,
and the expected cost has the form
T T
Ja.§) = E[ [ e+ [, +g(Xr)}- (12)
0 0

Singular control problems have numerous applications. They appear in mathematical finance, e.g. in the problem of
optimal consumption investment, with transaction costs (see Davis, Norman [14], Shreve, Soner [25]). A huge literature has
been produced on the subject, including Benés, Shepp, and Witsenhausen [6], Chow, Menaldi, and Robin [12], Karatzas,
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Shreve [19], Davis, Norman [14], Haussmann, Suo [17,18]. See [17] for a complete list of references on the subject. The
approaches used in these papers, are mainly based on dynamic programming. It was shown in particular that the value
function is a solution of a variational inequality, and the optimal state is a reflected diffusion at the free boundary. Note
that in [17], the authors apply the compactification method to show the existence of an optimal relaxed singular control.

The other major approach to study singular control problems is the investigation for necessary conditions satisfied by
an optimal control. The first version of the stochastic maximum principle, that covers singular control problems was ob-
tained by Cadenillas and Haussmann [10], in which they consider linear dynamics, convex cost criterion and convex state
constraints. The method used in [10] is based on the known principle of convex analysis, related to the minimization of
convex, Gateaux differentiable functionals defined on a convex closed set.

A first order weak maximum principle has been derived by Bahlali and Chala [1], in which convex perturbations are
used for both absolutely continuous and singular components. A second order stochastic maximum principle for nonlinear
SDEs with a controlled diffusion matrix was obtained by Bahlali and Mezerdi [4], extending Peng’s maximum principle [23]
to singular control problems. This result is based on two perturbations of the optimal control. The first is a spike variation,
on the absolutely continuous component of the control, and the second one is convex on the singular component. A similar
approach has been used by Bahlali et al. [2] to study the relaxed stochastic maximum principle in the case of uncontrolled
diffusion coefficient.

On the other hand, the stochastic maximum principle for classical control problems (without the singular part) has been
studied, with differentiability assumptions on the data weakened. The first result has been derived by Mezerdi [22], in
the case of an SDE with a nonsmooth drift, by using Clarke generalized gradients and stable convergence of probability
measures. In [3,5], the authors extend the classical stochastic maximum principle to the case where the coefficients of the
diffusion process are only Lipschitz continuous. The adjoint process obtained is given by means of generalized derivatives of
the coefficients. See also [7,8,11,21,24] for other versions of the maximum principle.

Our aim in this paper is to extend the stochastic maximum principle in singular optimal control, to the case where the
coefficients b, o, f and g are Lipschitz continuous in the state variable. The main result is proved via an approximation
scheme of the initial control problem, by a sequence of control problems, where the data are smooth functions. Ekeland’s
variational principle is then applied to derive necessary conditions for near optimality satisfied by a sequence of near
optimal controls. The convergence of the approximation scheme is obtained by using Krylov’s estimate in the nondegenerate
case and the Bouleau-Hirsch flow property in the degenerate case.

2. Assumptions and preliminaries

Let (£2,F, F¢, P) be a filtered probability space, satisfying the usual conditions, on which a d-dimensional Brownian
motion (B;) is defined with the filtration (F;). Let T be a strictly positive real number, A; is a nonempty subset of R" and
Az = ([0, 00))™. U; is the class of measurable, adapted processes u :[0,T] x £2 — Ay, and U; is the class of measurable,
adapted processes & : [0, T] x 2 — Aj.

Definition 2.1. An admissible control is a pair (u, £) of measurable A1 x Aj-valued, F;-adapted processes, such that & is of
bounded variation, nondecreasing left-continuous with right limits and & = 0.

We denote by U = U x U, the set of all admissible controls.

For (u, &) € U, suppose that the state x; = xf“‘s) € R? is described by the equation

{dx[ =b(t, X, ug)dt + o (t,x)dB; + Gy d&, fort €0, T], 21)

Xo=0«.

Since d& may be singular with respect to Lebesgue measure dt, we call & the singular part of the control and the
process u its absolutely continuous part. Suppose we are given a cost functional J(u, &) of the form

T T

1<u,s)=E[/f(t,xr,ut)dr+/ktdst+g(xm}, (22)

0 0

where b: [0, TIxRIx A; > RY, 0 : [0, TIxRI > RIQRY, f:[0,TIxRIx A >R, g:RI >R, G:[0,T] > REQR™, and
k:[0,T]— ([0, c0))™.
Assume that b, o, f and g are Borel measurable, bounded functions and there exists M > 0, such that for all (t, x, y, a)
in Rt x R? x RY x A4
|b(t,x,a) = b(t, y,0)| + |o(t,x) — o (t, )| < M]x — y|, (23)
|ft.x0) = f(t, y, )|+ [gx) —gW)| <MIx = yl, (2.4)

b(t,x,a) and f(t,x,a) are continuous in a uniformly in (t, x), (2.5)
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and

G, k are continuous and bounded. (2.6)

The problem is to find (iI, ) € U such that
J@w,§) = Jin, J(, §).

Any (i1, £) satisfying the above property is called an optimal control for problem (2.1), (2.2). The corresponding state process
X is called the optimal state process.
Under the above hypothesis, the SDE (2.1) has a unique strong solution x;, such that for any p > 0,

E[ sup |xt|p] < 4o00.
0T

Moreover the cost functional is well defined from U into R.

Since b, o/ (the jth column of the matrix o), f and g are Lipschitz continuous functions in the state variable, then they
are differentiable almost everywhere in the sense of Lebesgue measure (Rademacher Theorem, see [13]). Let us denote by
bx, ox, fx and gy any Borel measurable functions such that

oxb(t, x,a) = by(t,x,a) dx-a.e.,
ox f(t,x,a) = fx(t,x,a) dx-a.e.,
oxo (t,x) = ox(t,x) dx-a.e.,

axg(x) = gx(X) dx-a.e.

It is clear that these almost everywhere derivatives are bounded by the Lipschitz constant M. Finally, assume that
byx(t,x,a) and fx(t,x,a) are continuous in a uniformly in (t, x).
Let us recall Krylov’s inequality and Ekeland’s variational principle, which will be used in the sequel.

Theorem 2.1. (See Krylov [20].) Let (§2, F, F¢, P) be a filtered probability space, (B¢)¢>0 be a d-dimensional Brownian motion and
b:2 xRy — R o002 x Ry — R? @ R? be bounded adapted processes such that: 3c > 0, V¢ € RY, V(t,x) € [0, T] x RY,
C*oo*c >c|c|?. Let

t t
xt:x—l—/b(s,w)dt—l—/cr(s,w)st,
0 0

be an Itd process. Then for every Borel function f : Ry x RY — R with support in [0, T] x B(0, M), the following inequality holds

T T ﬁ
E|:/|f(t,xt)|dti| <1<[/ / |f(t,x)}d+ldtdxi| ,
0

0 B(O,M)

where K is a constant and B(0, M) is the ball of center 0 and radius M.

Lemma 2.1 (Ekeland variational principle). (See [15].) Let (S, d) be metric space and p : S — R U {400} be lower-semicontinuous and
bounded from below. For & > 0, suppose u¢ € S satisfies p(uf) < inf,cs p(u) + &. Then for any A > 0, there exists u* € S such that

p(u”) < p(u),
d(u*, u®) <a,
p(u*) < p) + ;d(u, u*), forallues.

To apply Ekeland’s variational principle to the control problem, we have to endow the set of controls with an appropriate
metric. For any (u, §), (v,n) € U, we set

di(u,v) =P dt{(w,t) € 2 x [0, T], v(w,t) #u(w, )}, (2.7)
1

daE.m) = (E —nel?])”, 2.8

(6 = (E[ sup 16— mi]) (28)

d((w, &), (v, ) =diu,v)+da(€, n), (2.9)

where P ®dt is the product measure of P with the Lebesgue measure dt.
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Lemma 2.2.

(1) (U, d) is a complete metric space.
(2) The cost functional | is continuous from U into R.

Proof. (1) It is clear that (Uy,d») is a complete metric space. Moreover, it was shown in [19] that (Uq,d;) is a complete
metric space. Hence (U, d) is a complete metric space.
Item (2) is proved as in [22,26]. O
3. The nondegenerate case
In this section, we assume the following condition:
Ic>0, Ve eRY V(t,x) [0, TI xRY,  ¢*o (¢, x)o*(t, X)¢ > c|]?. (3.1)

3.1. The main result

The main result of this section is stated in the following theorem.

Theorem 3.1 (Stochastic maximum principle). Let (i1, é) be an optimal control for the controlled system (2.1), (2.2) and let X be the
corresponding optimal trajectory. Then there exists a measurable Fi-adapted process p; satisfying

T

pei= E[ / D (s, 1). fx(s, &5, U5) ds + @*(T, t)-gx(ﬁr)/Fr], (32)
t

such that foralla € Ay and n € U,

0 < H(t, X, a, pt) — H(t, X, U, pr) dt-ae., P-as., (3.3)
and

T
0<E / (ke + G2 pe)d(n — &), (34)
0

where the Hamiltonian H associated to the control problem is
H(t,x,u, p)=p.bt,x,u) + f(t.x,u), (3.5)
and @ (s, t) (s > t) is the fundamental solution of the linear equation

A (s, 1) = by(s. &, 1) (5. )ds + Y 07 (s, %).0 (s, 1) dBY,
1<j<d (3.6)
®(t,t) =Id.

Here @* denotes the transpose of the matrix @.

3.2. Proof of the main result

Let ¢ be a nonnegative smooth function defined on RY, with support in the unit ball such that fRd ©(y)dy = 1. Define
the following smooth functions by convolution

b"(t, x, a):nd/b(t,x—y,a)(p(ny)dy,

]Rd
f”(t,x,a)=nd/f(t,><—y,a)<p(ny)dy,
Rd
oln, x):nd/aj(t,x—y)(p(ny)dy,
Rd

g"x) =nl / g(x— y)p(ny)dy.
]Rd
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Lemma 3.1.

(1) The functions b"(t, x, @), o3 (t, x), f"(t, x, a) and g"(x) are Borel measurable bounded functions and Lipschitz continuous with
constant K in x.
(2) There exists a positive constant C, independent of t, x and n such that for every t in [0, T]

El e

[b"(t, x,a) — b(t, x,a)| + |07 (t,x) — ol (£, %)| <

C

|f1t. x.a) — f(t.x 0)] +]g"(0) — gx)| < -
(3) The functions b"(t, x, a), f"(t, x,a), o/-"(t, x) and g"(x) are C°°-functions in x, and for all t in [0, T, we have

lim b} (t,x,a) =bx(t,x,a) dx-ae.,

n—oo

lim f7(t, x,a) = fy(t,x,a) dx-ae.,

n—oo

lim axj""(t, X) = axj(t,x) dx-a.e.,

n—oo

lim gp(x) = gx(x) dx-ae.

n—oo

(4) Foreveryp>1and R >0

lim // sup|b2(t,x,a)—bx(t,x,a)|pdxdt:0,
acA

n—oo

B(0,R)x[0,T]
lim // sup | f1(t, x,a) — fx(t, x, a)!pdxdt =0.
n—oo acA

B(0,R)x[0,T]

Proof. Statements (1)-(3) are classical facts (see [16] for the proof).
(4) is proved as in [5] Lemma 2.3. O

For n € N*, let us consider the sequence of perturbed control problems obtained by replacing b, o, f and g by b", o",
f™ and g". Let us denote y the solution of the controlled stochastic differential equation.

{dyt=b"(t,yt,ut)dt-i—a"(t,yt)dBt+th£§t, (3.7)
Yo=«.
The corresponding cost is given by
T T
]”(u,%‘)=E{/f"(t, yf,ut)dt+/kfdéﬁg”(yr)}- (3.8)
0 0

Lemma 3.2. Let (u, &) € U, x; and y; the solutions of (2.1) and (3.7) respectively corresponding to the control (u, &), then we have

(1) E[supo<e<t X — Yel*]1 < My.(€n)?, where €, = €.

(2) 1J"(,8) — J(u, &) < Ma.€n.

Proof. Since x; — y; and J"(u,&) — J(u,&) do not depend on the singular part, then this lemma follows from standard
arguments from stochastic calculus and Lemma 3.1. O

Let us suppose that (i, é‘) € U is an optimal control for the initial control problem (2.1) and (2.2). Note that (il, é) is not
necessarily optimal for the perturbed control problem (3.7) and (3.8). However, by Lemma 3.2, we obtain the existence of
(6n) = (2M3.€,), a sequence of positive real numbers converging to 0, such that

M@, 8) < it J (. n) + 8.

The control (i, é) is then &,-optimal for the perturbed control problem. According to Lemma 2.2, it is easy to see that
J™(.,.) is continuous on U = Uy x U, endowed with the metric d = d; +d; defined by (2.9). By Ekeland’s variational principle

A 2
(Lemma 2.1) applied to (i1, £) with A, =§;3, there exists an admissible control (u", £") such that
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~ 2
d((@, &), (u", &")) <87,
and
J3". ") < J(v,m), forall (v,n) €U,
where
1
Js.m)=J"w.n+8 d(w,n), (u",&")).

This means that (u", £") is an optimal control for the perturbed system (3.7) with a new cost function J§. The controlled
process X" is defined as the unique solution to the stochastic differential equation,

dxf =b"(t,x;, uf)dt + " (t, x{) dB; + G d&],

(3.9)
Yo=c.
We consider @"(s, t) (s >t), the fundamental solution of the linear stochastic differential equation
do"(s,t) = b} (s, X7, ul).®" (s, t)ds + Z o,{""(s, X§).@" (s, t) dBl,
1<j<d (3.10)
" (t,t) =1d.
Note that b, Uf’j (j=1,...,d) are respectively the matrices of first order partial derivatives of b*, ™/ (j=1,...,d)
with respect to x.
Proposition 3.1. For each integer n, there exist an admissible control (u", ") and an (F;)-adapted process p} given by
T
pl = E|: / D" (s, 0). fy (s, x§, uf) ds + @™ (T, t).gQ(x’})/Ft] (3.11)
t
and a Lebesgue null set N such that for t € N©
1
E[H"(t.x{,v. p{) — H"(t.x{ . uf. p)] > =67 .M, (312)
and
! 1
E [ (ke GEpD)d(n &), > ~b3 Mo, (313)
0
forall v € A1, and n € U,. The Hamiltonian H" is defined by
H"(t,x,u, p) = p.b"(t, x,u) + f"(t, x, u). (3.14)

Proof. According to the optimality of (u", £") for the perturbed system with cost function J§, we can use the spike variation
method to derive a maximum principle for (u",&"). Let to € [0,T], v € A1 and 71 € U,. For any ¢ > 0, define the two
perturbations (uf*®, ") and (ul, &°) by

(ure, &) = {

(, &, telto,to+el,
(ug, &M, tel0, T\[to, to + &1,
and
(uf, &) = (uf. & +e(ne — &)).
Since (uf, &") is optimal for the cost J§, then
0< J5(ur ™. &) — J5 (uf . &)
and
0< J5(urs &%) = J5 (ur . &").
This implies that

1
0< M (Ui &) = J"(uf, &) + 8a da (uf, u™),
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and
1
0< J"(uf. &%) — J" (uf &) + 87 da (&, &)
Using the definitions of dy and d, it holds that
1
0< J"(u® &) — J"(uf &) + 87 -Me, (3.15)
and
1
0< JM(uf, &%) — JM(uf. &) + 87 .Mae, (3.16)

where M; (i =1,2) is a positive constant. From inequalities (3.15) and (3.16) respectively we use the same method as in
Section 3.3 in [2] to obtain respectively (3.12) and (3.13). O

_ We use a transformation that makes it possible to apply Krylov's estimate for diffusion processes. Define the coefficients
b:[0,TIxRIx Ay > RE b [0, T xRIx A1 > R, 7 :[0, T x RY > RIE@R?, and 3" : [0, T] x RY — R? @ RY, by

t

b(t, x, a) =b<t,x+/Gsd$s,a),

0
t
B"(t,x,a)=b"(t,x+/Gsdss,a>,
0
t
5(t,x):o(t,x+/csd$s>,
0

t
a"(t,x) =o”<t,x+/GsdES).
0

Let z be the unique solution of

{dZ[=E(t,Z[,Ut)dt+5(t,Z[)dB[, (317)
Zp0 = .
This implies that x; = z; +f0t G dé&s solves the SDE (2.1) with data (b, o).
Similary, let z" be the unique solution of
{df’g =Db"(t, 20, u¢) dt + 5" (t, z1') dB, (3.18)
Zp=0a

Then x{ =z{ + jot Gsdg solves the SDE (3.7) with data (b, o™).

Note that, b, b", 54, and /" (j=1,...,d) are measurable bounded functions and Lipschitz continuous with constant M
in x. We conclude that the generalized derlvatlves (in the sense of distributions) by, b" E,{, and a] "(j=1,...,d) are well
defined.

Lemma 3.3. The following estimates

lim E[ sup |x{ — &t|2] =0, (3.19)
n—>+00  Loge<T

lim E[ sup |@"(s,0) — B(s, )| ] (3.20)
n—-+00 t<s<T

lim E[ sup |pf — |2] —0, (3.21)
n—+00 Lot

11m E[|H" (t,x¢, u, pf) — H(t, %, 0t, pp)|] =0, (3.22)

hold at least for a subsequence.

@, pr and H are determined respectively by the solution of (3.6), the adjoint process (3.2) and the associated Hamiltonian (3.5),
corresponding to the optimal state process X;. ®f, pf and H" are determined respectively by the solution (3.10), the adjoint pro-
cess (3.11) and the associated Hamiltonian (3.14), corresponding to the approximating sequence x}, given by (3.9).
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Proof. In what follows, C represents a generic constant, which can be different from line to line.
By squaring, taking expectations and using Burkholder-Davis-Gundy inequality, we get

E[ sup |x!—R[*] < (AT + A3+ AL+ M.(d2(6",))°).
0<I<T
where M is a positive constant, and
-
Al =E / " (s, x¢, u§) — b" (s, x5, ﬁs)yzx{un;ﬁa}(s) dsi|,
Lo
-
Al =E [ " (s, x¢, ) — B" (s, &s, ﬁs)}z + |o" (s, &%) — 0" (s, fcs)‘zds:|,
Lo
- t
Al =E / " (s, Xs, @15) — b(s, X, ﬁs)|2 +]o"(s. k) — 0 (s, fcs)‘zds:|.
Lo

By using the boundness of the coefficient b" and the fact that d;(u", i) — 0 as n — +o0, we have lim,_, », Al =0. Since
b" and o™ are Lipschitz in the state variable, then

t
A2<C5|:[ sup |x'r1—5<r|2dsi|.

o 0<r<s

Finally, we conclude from Lemma 3.2 that limp_, 1 A} = 0. Then by Gronwall Lemma, we obtain (3.19).
Again, using standard arguments based on Burkholder-Davis-Gundy, Schwartz inequalities and Gronwall Lemma, we
easily check that

1 T 2
E[ sup |¢"(s,t)—¢(s,t)|2]<c5[ sup |<D"(s,t)|4]2{E|:/|b2(t,x'g,u?)—bx(t,)?t,ﬁt)|4dti|
t<s<T t<s<T o

7 }
- 5 o] [l -otesortal |
0

1<j<d

Since the coefficients in the linear stochastic differential equation (3.10) are bounded, it is easy to see that
E[sups<i<1 [P (s, t)|*] < +o00. To obtain the desired result it is sufficient to prove that

n—+oo

T
lim E|:/|b§(t,x'g,u?)—bx(t,&t,ﬂt)}4dt:| =0,
0

n——+o0o

T
lim E|:/‘aﬁ’"(t,x?)—o,{(t,&t)‘4dt:|:O, for j=1,...,d.
0

We have
T

E[/|b§(t, ¢, up) —bx(t,&[,ﬁt)|4dt:| <C(IT+15),
0

where

T
17=E[/|b§(fvx?’u?)—bﬁ(f’xﬁﬁr)|4X{u"¢ﬁ}(‘)df}
0

T
Ig=E|:/|b2(t,X?,ﬁt)—bx(t,&t,ﬁt)|4dti|.
0

First, in view of the boundness of the derivative b? by the Lipschitz constant and the fact that d; (u", i) — 0 as n — +o0,
we obtain limy_, 1 I = 0. Next, let k > 1 be a fixed integer, then we get
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Jim 15 <HmC{ [} + 5+ U5

where

b2 (¢, %2, fi¢) — bE (¢, %7, ﬁt)|4dti|,

/T
0
T
Ji=E / DX (¢, %7, 1) — BX(t, &, ﬁt)|4dt:|,
0
T
0/

A s A4
|b§(f,xuut)—bx(ﬂxt,ut)! df:|-

Now, let z (resp. z") denote the unique solution of the SDE (3.17) (resp. (3.18)) corresponding to (ﬁ,é) (resp. (u™, &M)),
then it holds that

- T

J"=E / b2 (¢, 28, fi) — bE (e, 21 ﬁt)]4dti|,
-0

and

- T
J5=E / |B(t, 2, ) — ba(t, 22, fzf)|“dt}.
-0

Arguing as in [20, p. 87], let w(t,x) be a continuous function such that 0 < w < 1, w(t,x) =0 if t2 +x% > 1, and
w(0,0) = 1. Then for M > 0, we have

T T
— t % — t Zt\ |z N Tk A\ 14
lllgnlq<CE|:/(1—W<M,M)>dt:|+C11£nE|:/W<M,M).|b£(t,2?,ut)—bx(t,zg,u[)| dt]
0 0

Therefore without loss of generality, we may suppose that for all n € N*, the functions by, &y, EQ, and oy have compact
support in [0, T] x B(0, M). Since the diffusion matrix 6" is nondegenerate, then by applying Krylov’s inequality, we obtain

T
s n _ i é 1.
111511]1<CE|:/(1 W(M’M dt —l—Chﬁn
0

Since b} converges to by dx-a.e., it is simple to see that EQ converges to by dx-a.e. and

_ - 4
sup |b(t, x, a) — bX(t, x, @) H .
aeAl;z & X | d-+1.M

- - 4
sup |bl(t, x,a) — b(t, x, )| H
acAq

lim

d+1.M

Next, let M go to +oo, then from the properties of the function w(t,x) we have lim, J1 =0. Estimating J% similarly,
it holds that Iim, J§ =0. By using the continuity of bﬁ in x, relation (3.19), and the Dominated Convergence Theorem, we
deduce that Iim, J3 =0. Hence limy_, 1 I = 0. Using the same technique, we prove that

T
lim E|:/|U)Z""(t,x?)—oxj(t,)?t)|4dti|:0, for j=1,...,d.
0

Now, let us prove that limy, 100 E[Supg<;<t IPf — pe?]1 = 0. Clearly,

E[|p?—pf|2]<c(a'f+ot§), (3.23)

where

T
ol = E|: / | @™ (s, 0). f (s, X2, uf) — D*(5,0). fx (s, R, ﬂs)zdsi|,
t
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and

NINY
of = E[|@™* (T, t).gx (x}) — @*(T.t).gx(kp)|"].
Since fy is bounded by the Lipschitz constant M, then applying Schwarz inequality, we get

1

1
1 2
a?gas[ sup |qb"=*(s,t)| 2 [/|fx s, u" fx(s,)?s,ﬁs)|4dsi| +CM.E[ sup |¢"’*(s,t)—q§*(s,t)|2].
t<s<T t<s<T

We use the continuity and the boundness of derivatives fI, fy, relations (3.19), (3.20) and the fact that di(u", 1) — 0
as n — oo, together with the Krylov’s inequality and the Dominated Convergence Theorem, for the term involving
fX (s, X5, uf) — fx(s, Xs, Uls), to conclude that lim,_, 1 @} =0.

On the other hand, since gy is bounded by the Lipschitz constant, then applying Schwarz inequality we get

Y B § 2
o < CLE[|o" .0 ']} {E[g3() — &[T} + CME[|0™ (T, 0 — (T, 0) ]
Since, gl and gy are bounded by the Lipschitz constant and g} converges to gx, we conclude by using (3.19) and the
Dominated Convergence Theorem that

lim E[|g}(x}) — gx(fcr)]4]=0

n—-+o00
Then by using Burkholder-Davis-Gundy inequality together with (3.23), we obtain (3.21).

Now let us prove (3.22).
Apply Schwarz inequality to get

[SE

1
E[[H" (e, u?, p}) — H(t. &, due, po)[] < {E|p] — pflz}z (E[b" (. 7))
o {EJb (e ) — bt A 0[P} {EIpe )

+E|f (e, x¢, uf) — Ft, &, o).

Lemma 3.1 and relation (3.21) imply that the first expression in the right-hand side converges to 0 as n — +oco.
Next,

E|b t,x,u ) b(txt;ut)} /31+/32+ﬁ3)

where

B = E[|b" (6, %, ul) — " (£, X7, )| xgunzay O]
m— E[|b" (e, ) — b"(E R, 0[],
ﬂg = E”bn(tiﬁta ﬁt) _b(ta )}t7ﬁ[)|2]'

The boundness of b" and the fact that dq(u", i) —>n_0 0 (which implies the a.s. convergence to i of a subsequence
which is still denoted by (u")), guarantee the convergence of g} to 0 as n — +oo. By virtue of (3.19), and the Dominated
Convergence Theorem, we get, limy_. 1 5 = 0. In view of Lemma 3.1, we have limy_, ;o 85 =0.

The term E|f"(t, x}, ul) — f(t, X, lr)| can be treated by using the same technique. O

Proof of Theorem 3.1. Let n go to +oo, then from Proposition 3.1 and Lemma 3.3, we get

E[H(t,&.,v,pr) — H(t, %, 1, pr)] >0, dt-ae., P-as.,
T

/(k[—e—thf)d(n -y >0
0

for every Aj-valued F;-measurable random variable v, and n € U,.
Let a € A, then for every A; € F;

E[(H(t, %, a, po) — H(t, X, {¢, pe)) xa, ] >0, dt-ae., P-as.,
which implies that

E[(H(tv &t7a? p[) - H(t’ )A‘fs ﬁ[s pt))/F[] 2 0

Since H(t,X;,a, pt) — H(t, X, Uy, pr) is Fe-measurable, then the first variational inequality without expectations, follows
immediately. O
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4. The Degenerate case

In this section we drop the uniform ellipticity condition on the diffusion matrix. It is clear that the method used in the
last section will no longer be valid. To overcome this difficulty, the idea is to use a result of Bouleau and Hirsch [9], on
the differentiability in the sense of distributions, of the solution of an SDE with Lipschitz coefficients, with respect to the
initial data. This derivative is defined as the solution of a linear stochastic differential equation defined on an extension of
the initial probability space.

Let h be a continuous positive function on RY such that Sh(x)dx=1and [ [x|2h(x) dx < co. We set

d
= {f € L?>(hdx), such that %

- e L*(h dx)},
where 3f denotes the derivative in the distribution sense.
Equ1pped with the norm

1llp = [/f2ndx+ )3 /(”) hdx] ,

1<j<d

D is a Hilbert space, which is a classical Dirichlet space (see [9]). Moreover D is a subset of the Sobolev space Hloc(Rd)

Let 2 = ]Rd x §2, and F be the Borel o-field over 2 and P = hdx® P. Let B[(x w) = Br(w) and F; be the natural
filtration of Bt augmented with P- negligible sets of F lt is clear that (!2 F (Ff)t>0, P Bf) is a Brownian motion. We intro-
duce the process x; defined on the enlarged space (Q F, (Ft)t>0, P, Bt) which is the solution of the stochastic differential
equation

d)}[ = b(t, )N(t, fl[) dt + o (t, 5([) d§[ + Gt dét, fort e [0, T1, (41)
)N(o =, ’

associated to the control (il;, &)(x, ) = (u¢, &) ().

Since the coefficients are Lipschitz continuous and bounded, Eq. (4.1) has a unique F[-adapted solution. Egs. (2.1) and
(4.1) are almost the same, except that uniqueness of the solution of (4.1) is slightly weaker. One can easily prove that the
uniqueness implies that for each t > 0, X; = x;, P-a.s.

4.1. The main result

The main result of this section is stated in the following theorem.

Theorem 4.1 (Stochastic maximum principle). Let (ii, é) be an optimal control for the system (2.1), (2.2) and let X be the corresponding
optimal trajectory. Then there exists a measurable F-adapted process p; satisfying

T

pe:=F [ / B*(s,0). fuls, s, Us) ds + &*(T, t).gx(&r)/Ft}, (42)

t

such that foralla € Ay and n € U,

0 < H(t, %, a, p) — H(t, &, i, pr) dt-ae., P-as., (4.3)
and
T
0<E [ (e +Gipden - . (44)
0

where the Hamiltonian H is defined by
H(t,x,u, p) =p.b(t,x,u) + f(t,x,u), (4.5)
and @ (s, t), (s > t) is the fundamental solution of the linear equation

s = by(s. . i) P (s. ) ds + Y 07 (s.8).0(s.t)dB],
1<j<d (4.6)
o(t,t) =1Id.
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4.2. Proof of the main result
Let Zt = Xt — fot Gsdés be the unique solution of the SDE

dit = E(t, Et, ut) dt + E(t, fzt) dﬁt,

- (4.7)
=0

on the enlarged space (5, F, (Ft)t>0, ﬁ, §t), where b and & are defined in Section 3.

Theorem 4.2 (The Bouleau-Hirsch flow property).

(1) For P-almost every w and for all't > 0, ¢ isin DA, _
(2) There exists an F¢-adapted GLy(IR)-valued continuous process (P¢)¢>o such that for every t > 0

0 ~
e (22 (W) = Dr(er, w) dx-ae.,

where ;’—X denotes the derivative in the distribution sense.
(3) The distributional derivative @; is the unique solution of the linear stochastic differential equation

A (s, t) = by(s. 2. 1ly). B (s. ) ds + Y Ga(s,20).8(s,0)dBL, s>t
1<j<d (4.8)
&(t,t)=1d,

where by and E{; are versions of the almost everywhere derivatives of b and &/.
(4) The image measure of P by the map z; is absolutely continuous with respect to the Lebesgue measure.

Now, consider the process y;, t > 0, defined on the enlarged probability space (5, F, (7’})@0, P, Et) which is a solution

of
{dy[:b”(t,y[,ut)dt—i-(r"(t,yt)dEt+th§t, (4.9)
Yo=<0.
Define the cost functional accordingly
T T
M) = E[ [ eyt [+ g"'(m} , (410)
0 0

where b", 0", f" and g" be the regularized functions of b, o, f and g defined in Section 3.
The following result gives the estimates which relate the original control problem with the perturbed one.

Lemma 4.1. Let (x;) and (y;) be the solutions of (2.1) and (4.9) respectively, corresponding to an admissible control (u, &). Then

(1) Elsupocr<r X — yel?1 < M1.(en)?,
) 1JMu, &) — J(u, &) < Ma.€n,

where €, = % and M1 and M; are positive constants.

Let (i, é‘) be an optimal control for the initial problem (2.1) and (2.2). Note that (i1, é‘) is not necessarily optimal for the
perturbed control problem (4.9) and (4.10). However, according to Lemma 4.1, there exists (8;) = (2M3.€,) a sequence of
positive real numbers converging to 0, such that

J'@.& < inf JMu.n)+ 6
(v,meU

The functional J" defined by (4.10) is continuous on U = Uy x U3, with respect to the topology induced by the metric
d'((u, %), (v, m) =dj(u,v) +dy(&,n), where

dj(u,v) =P ® dt{(w,t) e 2 x [0, T], v(w,t) #u(w,t)},

dys.mp = ([ sup_ 16~ m|2])%.
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A 2
Then by applying Ekeland’s principle to J™ and (i1, ) with A, = §,7, there exists an admissible control (u", ") such that

d'((@ &), (u",&")) <85,
J5 (™, €") < Ji(u,m), forany (v,n) €U.

Then (u™, &™) is an optimal control for the perturbed system (4.9) with a new cost function

I, =J"w,n) +8 .d((w.n), (" &")).

Denote by x" the unique solution of (4.9) corresponding to (u", &™)

dx! =b" (¢, x7, ul') dt + 0" (¢, x") dB; + G, d&], (a11)
X =a. '
The controlled process dzf! =dx{ — G; d&[" is then defined as the solution to the stochastic differential equation
d:’t” =Db"(t, 2}, u) dt + &"(t, z}') dB, (412)
Zy=q,
where b" and &" are defined in Section 3. Let @"(s,t) (s >t) be the fundamental solution of the linear equation
do"(s,t) = b} (s, 7, ul).@" (s, t)ds + Z o m (s.x7).@" (s, ) dBl,
1<j<d (4.13)
D" (t,t) =1d.
Proposition 4.1. For each integer n, there exist an admissible control (u™, £™) and an (Ft)—adapted process p} given by
T
P = [ / O™ (s, b). fI (s, X0, uT) ds + ®™*(T, t).g;‘(er‘)/Ft:|, (4.14)
t
and a Lebesgue null set N such that for t € N©
~ 1
E[H"(t, ¢, v, pf) — H"(t. X}, uf, pf)] = =85 M1, (4.15)
and
T 1
E/ (ke + G p})d(n — &), = =87 .M, (4.16)
t
forall v € A1, and n € Uy, where the Hamiltonian H" is defined by
H"(t,x,u, p) =p.b"(t, x,u) + f"(t, x,u). (417)
The proof goes as in Section 3.
The proof of Theorem 4.1 is based on the following lemma.
Lemma 4.2. The following estimates hold
(i) lim ’E[ sup [x" — &42] —o0; (418)
n—>+oo  LogegT
(ii) Jim E[ sup [0, - 05,0 =0 (419)
s<t<T
(iii) Jim [ sup |pl — pi| ] —0; (4.20)
0<t<T
(iv) ngmoo E[|H"(t, %, ul, p!) — H(t. &, fi, po)|] =0, (4.21)

where @, p; and H are determined by (4.6), (4.2), and (4.5), corresponding to the optimal solution X;. ®[, p!' and H" are determined
by (4.13), (4.14) and (4.17), corresponding to the approximating sequence x{, given by (4.11).
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Proof. (i) is proved as (3.19).
Let us prove (ii).
Using Burkholder-Davis-Gundy, Schwartz inequalities and Gronwall Lemma, we obtain

1
T 2

1
~[ sup |@"(s,0) — &(s, )| ] ’E[ sup |0"(s, )| ]2{ [/|b" (t, x'g,ﬁt)—bx(t,&t,ﬁt)ﬁdr}
t<s<T <s<T o
: %
+ > [/ "(t, K — a,{(t,&t)|4dt:| }
1<j<d Ly

Since the coefficients in the linear stochastic differential equation (4.13) are bounded, it is easy to see that
E[sup;gs<r |®"(s, t)|*] < +o00. To derive (4.19), it is sufficient to prove the following two assertions

™

T
N A jd

/ (6. X7, 1i¢) — bx(t, X, Up)| dti|—>0 as n — 400,

Lo

and

T
E /|0Xj‘”(t,x?)—a){(t,ﬁt)|4dti|—>0 asn— +oo, for j=1,2,...,d.
Lo

Let us prove the first limit. We have

T

|:/|b”(t Xt upt) = by(t, &, fig) dt} C(n+13+15),

0

|bn(t Xt’ ) bn(t Xt,Ut)| X{un¢u}(t)dti|

B=FE

T
0
T
n=F / |2 (e, X2, i) — b(t, x?,ﬁf)}4dti|,
0
T
/|bx(t, X1, i) —bx(t,fct,ﬁ[)]4dt:|.
0
According to the boundness of the derivative b} by the Lipschitz constant and the fact that d(u",{) — 0 as n — o0,
we obtain limy_, ;o I =0.
Moreover, we have

T

T
< E|: / sup |b}(t. 21, a) — by(t, z?,a)|4dti| :// sup [B(t, y, a) — by(t, y, )| p(y) dy dt,
0

aehq aeAq
d

where z! denotes the unique solution of the SDE (4.12), corresponding to (u", £"), and p{(y) its density with respect to
the Lebesgue measure. Let us show

lim [ sup B¢, y,a) = ba(t, y, )| pf (y)dydt =0

n—-+o00 aehq
Rd

For each p > 0, we have E[supogtg |z}P] < 4o00. Then, limg_, oo F(supoth |z}| > R) = 0. So it is enough to show that
for every R > 0,

lim sup |bi(t, y,a) — EX(t,y,a)|4pF(y)dy:0-

n—-+o0 aehA;
B(O,R)

According to Lemma 3.1, it is easy to see that
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T T

b”(t y+/th$[”,a> bx(t,y+/th§}",a>

0 0

4
sup \Eﬁ(t,y,a) —Ex(t,y,a)] SUP

aeAq aeAq

— 0 dy-ae.,

at least for a subsequence. Then by Egorov’s Theorem, for every § > 0, there exists a measurable set F with A(F) <4,
such that supgea, |b”(t y.,a) — by(t, y,a)| converges uniformly to O on the set FC. Note that, since the Lebesgue measure is
regular, F may be chosen closed. This implies that

. - = 4 . - - 4
lim [ sup |b}(t,y.a) —bx(t.y.@)| pf (y)dy < ngrfoo( sup sup |by(t, y,a) — bx(t, y,a)| ) =

n—>+00Fc aeAq yeFCaeA
Now, by using the boundness of the derivatives EQ, by we have

/sup IbI(t, y, a) — bl(t, y, a)| ol (y)dy = E[sup |bi(t, 27, a) —Ex(t,2?,a)|4x[2pep}] <2MAP (2 € F).

acAq aeAq

According to (4.18), it is easy to see that z§ = x{ — fot GsdEl' converges to 2z = & — fé Gsd&s in probability, then in
distribution. Applying the Portmanteau-Alexandrov Theorem, we obtain

lilgnf sup |bi(t, y,a) — bx(t, y, a)| or(y)dy <2M*limsup P(z! € F) <2M*P (3 € F):ZM“/pt(y)dy <e,
acAq
F

where p¢(y) denotes the density of z; with respect to Lebesgue measure.
Now, since

- - 4 P 4
/ sup |by(t, y,a) — bx(t, y, a)| p?(y)dyzf sup |bi(t, y,a) — bx(t, y,a)| pf(y)dy

achAq

— i 4
+/ sup |by(t, y,a) — bx(t, y,a)| pf(y)dy,
achq
F(.‘
we get lim,_, oo 15 =0.
Let k > 0 be a fixed integer, then it holds that 17 < C(JX + JX + JX), where

JK=E (6. X7, ) —b (t,x?,ﬁt)|4dt},

t Xt,ut bl;(t752t1ﬁf)|4dt}i

i
I

~ s A4
J5=E / }bx(t,x[, Qi) — by(t, X, Uip) | df}-
-0
Applying the same arguments used in the first limit (Egorov and Portmanteau-Alexandrov Theorems), we obtain that
limy 400 ]’1< = 0. We use the continuity of b’; in x and the convergence in probability of x} to X1 to deduce that bﬁ(t, X, 1)

converges to bﬁﬁ(t, X¢, Uy) in probability as n — +o0, and to conclude by using the Dominated Convergence Theorem, that
limy_ 400 J§ =0.

T

T
]§=E[/ sup !5’;(t,2r,a)—Ex(t,ét,a)l“dt} 2// sup [BX(t, y, @) = bu(t, y, @)[* pe(y) dy dt.
achA aeAq
0 0 R

bX, by being bounded, then by using the convergence of b% to by, and the Dominated Convergence Theorem, we get
limy s 400 _113< =0.

(iii) and (iv) are proved by using the same techniques as in (ii) and Lemma 3.3. O
Proof of Theorem 4.1. Use Proposition 4.1 and Lemma 4.2. O
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