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1. Introduction and outline of the method

As we all know, many relevant fundamental laws in physics, chemistry, social sciences or economics are formulated
in terms of differential equations, which are the basis to solve a great number of problems on these disciplines. And we
also know that many of these important differential equations cannot be solved analytically. Therefore, many methods for
obtaining numerical solutions have been developed [1].

The aim of the present article is to introduce a method for numerical integration of second order non homogeneous
non autonomous ordinary differential equations of the type x%y”(x) + f (x)y(x) = 0. We propose an algebraic method of
integration with initial values and without singular points in the interval of integration. As usual, the method can be also
used as a basis for the numerical integration of equations with boundary conditions.

One of the most interesting applications of our method is indeed the radial Schrédinger equations with potentials of
different types. There are some other methods in the literature dealing with the numerical solution of the one dimensional
Schrédinger equation. Among them, we should mention the so-called “piecewise perturbation method” (PPM), which is
based on a perturbative decomposition of the potential [2]. In the case of the radial Schrédinger equation, previous numerical
studies including PPM have been applied to a certain class of radial potentials which includes the Coulomb case [3].

In our method, described below in the second part of the present introduction, we find numerical solutions of the radial
Schrédinger equation using another piecewise method based on the approximation of the original equation by another for
which the solutions are well known. In our case, the radial potential could be arbitrary with no other singularity than the
origin. The numerical integration is then performed on an interval of the form [¢, H] with € > 0 and H finite, so that we
can compare our results with those given by the Taylor method. As particular examples of application, we have chosen the
Wood-Saxon potential and the spherical oscillator.

For the numerical integration, we have used identical mesh intervals and this choice was motivated by its simplicity.
Here, we have used a step size h = 0.1 and have checked that the use of variable step sizes does not improve the efficiency
of the calculation and, in addition, requires another algorithm that increases CPU times. There are some other methods using
different mesh intervals widths [4]. Our method is simple and improves the precision of the Taylor method. However, it is
necessary to say that it requires more CPU times, as we have checked in the two examples studied on Sections 3.1 and 3.2.
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Our numerical test and computations have been performed with the help of the Mathematica package.

The remainder of the paper is organized as follows: right below in the second part of this section, we briefly described
our method. In the next section, we develop the method and discuss the uniform convergence of the proposed solution.
Then, we show the local error. In Section 3, we present some applications in quantum mechanics, particularly to the radial
Schrédinger equation with two types of potentials: the Woods-Saxon and the spherical oscillator. The paper ends with some
concluding remarks.

1.1. Outline of the method

We start with a method of numerical integration valid for equations of the following type:

Y% +f Xy =0, (1)

with initial conditions given by y(xo) = yo,¥'(x0) = y;, where yj, y; are real numbers. The function f(x) is an analytic
function of one real variable on the interval Xy < x < x + H and eventually xo may be a singular point.
Our method uses the general solution of the following equation

X’y (x) + (ax* + bx 4+ ¢) y(x) = 0, (2)
which is often written in terms of the Whittaker functions M and W as follows [5,6]:
yx) = 1Mo pRiVax) 4+ Wy 4(2ivax), 3)

where & = —ib/(2/a) and B = —3/4c — 1.

Then, we approximate the coefficient f(x) of y(x) in (1) by a quadratic polynomial on the variable x [7]. Consider the
initial value problem of (3) on the interval (xq, Xo + H) and divide it into n disjoint intervals each of length h, := H/n. On
the kth interval (x, xx + h), k=0, 1,...,n — 1, we approximate f (x) by the polynomial p,, \(x) := an,ka ~+ bpkx + ok In
each interval, the values {a, k, by k, ¢nk} depend on the optimal method to approximate f (x): either the Taylor method, the
minimal squares or the quadratic segmentary interpolation. Taking into account (3), the approximate solution of (1) on the
kth interval is

Yi(X) = €1, My p, ik X) + €2 We, g, (21/ai %), (4)
Xk<x<xk+hn:Xn+lv k:0517~--7n»

with o = —iby/(2\/a) and By = —3 /4, — 1.

The integration constants ¢y  and c; x are determined as follows: take the first interval (xo, x1) (recall that X,y = xx+hy)
and the known initial values y(xo), ¥’ (xo). Carrying these two initial values into (4) with k = 0, we can obtain ¢ ¢ and c; o,
since the functions My, g, (2iy/axx) and Wy, g, (2i,/ax x) are linearly independent. Then, y(x;) and y'(x;) are determined.
We can use these values as initial values for the interval (x4, x,) to obtain ¢; ; and ¢, ; and so on. The result is obviously an
approximate solution for (1).

2. On the convergence of the method

The objective of the present section is to show that this method works in the sense that we can construct an approximate
solution so that it converges uniformly to the exact solution. The fact that we are using a quadratic interpolation demands
some extra conditions on the coefficients defining the interpolating functions. As we shall see these conditions would not
have been required should the interpolation have been linear.

To this end, let us rewrite (1) in matrix form as

@ =F(x) &, d(x0) = Py (5)

y 0 1
@ = (z) and F(x) = (f(?zé) 0) (6)
P

and z(x) = y'(x).

with

Then, we use the function y;(x) as obtained in (4) to construct the segmentary solution on [xy, X41] given by (JZ':&‘;) again

with z,(x) = y,(x), k =1, 2, ..., n— 1. Since this solution has been constructed by dividing the interval [xo, Xo + H] into n
parts of length h,;, we shall denote the solution constructed on this manner as @;. Note that [xy, Xxr1] = [Xk, Xk + hn].

It is well known that the existence and uniqueness of solutions on a neighborhood of xy, with the given initial conditions,
is guaranteed by classical results [5]. However, we need to show that the approximate solution @, to (6) converges uniformly
to the exact solution in order to legitimate our procedure.
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We construct the approximate solution of @, (x) being the solution on each interval of the form [x;, x, + h,], k = 0,
1,...,n — 1, of the equation

@;,(X) = Gn,k(x) <Dn(x), (7)
with
0 1
Gn,k(x) = an,kx2 + bn,kx + Cn,k 0 . (8)
X2

In what follows, we assume that 0 ¢ [xp, Xo + H]. We denote by ¢, (x) the function equal to Xlz (an,kx2 + bp kX + Cak)

on each interval of the form [x;, X, + h,]. Since ¢, (x) interpolates ¢(x) = f(x)/x?, we have that ¢(x;) = @,(x;) for all
k=1, 2,...,nand for each value of n. From now on, we shall denote the functions of the sequence {¢,(x)} as interpolating
functions. In the next result, we shall discuss the convergence of the sequence of interpolating functions to the exact function

().

Lemma. Assume that the coefficients ay , and by , as in (8) were uniformly bounded foranyn =1,2,...andk = 1,2,...,n.
This means that there exists two positive constants « and 8 such that |ay | < o and |by | < B. Then, the sequence of interpolating
functions ¢, (x) converges uniformly to ¢ (x) on the closed interval [xq, xo + H].

Proof. It is enough to show that the sequence f,(x) of continuous functions on [Xg, Xo + H] such that are equal to
5 1X* + by X + cq i on each interval of the form [, X + h,,] converges uniformly to the function f (x).
The function f (x) is continuous on the interval [xg, X + H] and therefore uniformly continuous on the interval. This
means that given an ¢ > 0, there exists a § > 0 such thatif x, y € [xo, X0 + H] with [x —y| < §, then, |f (x) — f(¥)| < &.
Since h, —— 0 asn — 00, we can choose n such that, ¢ > 0, h, < § being fixed. Then for any x € [xg, Xy + h,], we
have

IfF () — )] < IF &) — F)l + 1f ) — fa@i) | + (i) — fa(X)]. 9)

Since |x — x| < h, < §, then |[f(x) — f(xx)| < e.Uniform continuity guarantees the independence on the interval

[xk, xx + h,] under consideration. The fact that f,(x) is an interpolating function for f(x) with interpolating points xj,
k=1,2,...,nshows that f (x) = f,(x,). Furthermore,

o) — fn@)] = |ak.nxi + by nXi + Cin — ak,nx2 — bi.nX — Cnl
= |akn (g = %*) + bia (i — 0| = X — X| |a o (X + %) + ben|
< hn {lagnlhn + [bgnl} < hp{aH + B} (10)

In consequence, |f (x) — f,(x)| < & + h,C, where C = oH + B is a fixed constant. Obviously, for any m > n the same
inequality holds and remains independent of the chosen point x € [xg, Xo + H]. Then, the uniform convergence of the
sequence {f,(x)} to f (x) follows. Now, the uniform convergence of the sequence {¢,(x)}, where each of the ¢, (x) is defined
on each subinterval [x;, x,+h,] as Xlz (an,kx2+bn,,<x+cn,k), to @(x) := f(x)/x? follows immediately. The lemma is proven. O

Remarks. 1. In the previous result, we have excluded the origin for technical reasons. Should we choose x, = 0, then we
have to make a slightly different fitting in the interval [0, x;] (on the other intervals we keep the same procedure), as we
shall explain in the next paragraph. Nevertheless, we shall not use this approach in the examples given in here, where we
shall always choose xy > 0, although small.

Let us assume that the function f (x) is analytic on a neighborhood of the origin. Let us choose h smaller than the radius
of convergence of f (x). Then, all we have to do is to prove the uniform convergence of ¢, (x) to ¢(x) on the interval [0, H].
The proof on the interval [h, H] has been provided by the lemma. Then, we have to show this uniform convergence on the
interval [0, x1], x; = h. We recall that

fx) ax?> + bx +c
e =" )= ——
X X
where we have omitted the subindices for simplicity. No confusion should arise as we are focusing our attention on the
interval [0, x1]. Due to our hypothesis of analyticity and our choice of h, for any x € [0, x;], we have:

, (11)

1" 0
£60 =50+ ©Ox+ 12 1R, (12)
where F(x) is analytic on the same neighborhood of the origin with F(0) = 0.' Consequently, for any x € [0, x;], we have
f | f© [0 c b
lon() — 9| = |—3- + =+ —— +F®) — 5 ———a. (13)
X X 2 X X

1 Note that the hypothesis of analyticity can be relaxed. It is sufficient that f ™ (x) be continuous on an open interval including [0, h], withn = 0, 1, 2, 3.
In this case, the Taylor theorem, and consequently (12), hold with F(x) = [xf(£)]/3!,& € (0, h).
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If we choose ¢ := f(0) and b := f’(0), we still need a to be fixed. This can be done with the condition ¢,(x1) = @(x1).
Consequently,

" 0
=f; )+F(x1). (14)
Note that ¢ and b are constants, although a depends on n, since x; depends on n (recall that h = H/n). Then, (13) gives
lgn(x) — @ (x)| = [F(x) — F(x1)], (15)

which can be arbitrarily small for any x € [—0, h]. This shows the uniform convergence on the interval [0, H].

This procedure gives f (x1) = ax% +bx;+candf(0) = c, so that the continuity is guaranteed. However, f'(x;) # 2ax;+b.
2.If instead of a quadratic type interpolation we take a linear interpolation, no restrictions in the coefficients are necessary.
Assume that we interpolate f (x) by the sequence g,(x) where on each interval of the form [x;, X, + h,], £,(X) is given by
g nX + by ». Then, under the conditions of the lemma, we have for any x € [xg, ¢ + hy], k=1,2,...,n,

[f @) — g )| < If () — fxi)] + If () — 8a (i) | + 180 (Xk) — 8 (%)

&+ 0+ |gn(xk) — ga(Xk + hy)

e+ [f(xe) — fxk + hn)| < 2e, (16)
S0 that maxye(xy xo+H1 If (X) — gn(X)| < 2e. Obviously, the same result is true for the same ¢ for any m > n. Thus, uniform
convergence holds without the need of any extra condition for the coefficients ay , and by .

Note that the condition {g,(x)} is an interpolating sequence for f (x), automatically gives the values for the coefficients aj ,
and by ,. This is not true for the quadratic interpolation, so we need an extra condition to assure the uniform convergence.

IN TN IA

3. The function f, (x) equal to a, ;X -+ by X + C.1, Which depends on three parameters on each of the intervals [xi, X + hy],
is obviously not determined with the two interpolation conditions f,, (xy) = f (x¢); fa(xk+hy) = f (e +hy), k=1,2,...,n.
If one of the parameters, say ay n, is determined by a constant a on all intervals, then b, \ and c, x are fixed. This procedure
gives uniquely a quadratic interpolation of f (x), but then one needs to be sure that f,(x) converges uniformly to f (x). This
comes up if f/(x) exists and is continuous on the interval [Xg, o + H] (and therefore bounded), where the right derivative
at xo and the left derivative at x, + H are defined as usual.

In fact, at each node x;, we have

f(xk + hn) = a(xk + hn)2 + bk,n(xk + hn) + Ck,n
f(xk) = axi + bk,nxk + Ck,n- (17)
The system given in (17) gives

l f(xk + hn) - (l(Xk + hn)z 1
hy, fx) — axt 1
_ f(xk + hn) _f(xk) B a(Xk + hn)2
B hy hy ’

The first term in the second row of (18) is approximately equal to f’(x,), while the second term is close to —2axy. Thus,
by.» is bounded and the conditions on the lemma are satisfied.

bk,n =

(18)

The uniform convergence is required in order to show that the solutions of the sequence of equations given by (7)
converge to the exact solution of (5) as will be shown in our next result.

Theorem. The sequence of approximate solutions {®,(x)}, defined as above, with initial values & (xq) = ®q converges uniformly
to the exact solution of (5) on the interval [xqg, Xo + H], xo > 0.

Proof. Let us rewrite (7) as

D, (%) = F(X) n(x) + Ra(x), (19)
where on each interval [x, X + h,]
Rn(x) == (Gr(x) — F(x)) @n(x). (20)

Let us integrate (19) with the integration interval (xi, x), xx < x < xx + hy,. This gives along the initial condition
Dp(X) =Pp,n=12,...,

X

F(X) @p(x') dx' + / R,(x) dx/, (21)

Xk

¢n(x) = & +/

Xk
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where n is a positive integer. If m is another positive integer, we have

X X

F(X) B @) ¥ + / Rupm(X) dX. (22)

Xk

<D,,+m(x) =& +/

Xk

Let us subtract (21) from (22). The norm of this difference satisfies this obvious inequality:

[Pnim(*) — Cr (]| 5/ IFCO N [ @nim(x) — @n(X)] dx’+/ [Rn+m (Xl dX/+/ IR ()| dx'. (23)
Xk Xk Xk

Since F(x) is a continuous function on the interval [xg, xo + H], then it is bounded in this compact interval. Let us denote
by N the supreme of the norm of F(x) in such interval, M = max ||F(X)||, X € [xo, Xo + H]. Then, (23) yields,

X X X
[Pnim(X) — Pr ()| < 1\/1/ [ Prsm () — Pn(X) | d¥’ +/ [Rnm (X)) || dx’ +f IR (X)) dx'. (24)
Xk Xk Xk

Let us denote by f;, (x) the function which coincides with ay,x*> + bgax + ¢, on each of the intervals [k, x; + h,] (with the
restrictions imposed in the previous lemma and subsequent remarks), and assume that f, (x) converges uniformly to f (x)
on [Xg, Xo + H]. As we have remarked, this is true if and only if ¢, (x) := Xlz fa(x) converges uniformly to ¢(x) := Xiz f(x). The
latter means that for any ¢ > 0, there exists N > 0 such thatifn > N, then,

[en @) =l < llon(x) — )| < &, (25)

where || ¥ (x)|| := max |{ (x)|. From (25) one gets,
f(x) 1 ,
len) < llpC)ll + & = = | TEs 2 IfI+e =K. (26)
0
Next, let us consider the homogeneous linear equation

Ly) =y" () + a1y '@ + -+ a0y (x) =0 (27)
with solutions on an interval I. Assume that there exist n non negative constants by, b,, ..., b, such that

max|ai(X)| <bj, j=1,2,...,n (28)

xel

LetC := 14 by + b, + - - - + b,. Then for any xy € I and for any solution ¢ (x) of (27), we have

@GOl < 1P (xo) |l exp{Clx — xol}, (29)
forallx € I and

P(x)
¢ x)
D(x) = : (30)
¢ (x)

The norm of the vector @ (x) in (30) is given by

121 = {161 + ¢’ QI + - - + 1o" T ()P} 72, (31)

In our case, the equation is ), (x) + ¢n (X)y(x) = 0,1 = [Xo, X0 + H],C =K + 1and xo € I. Thus, ifn > N
122Gl < 1ol exp(Clx = xol} < lI@oll exp{CH) =: A, (32)

and, hence, solutions (21) of Eq. (7) are uniformly bounded.
Now, let us go back to Eq. (15). Since we are operating on a finite dimensional space, all linear operators are bounded and
therefore (20) implies

R < 1G(x) = FX) | | Pn )| < Al G(X) = FOl. (33)

The space of real 2 x 2 matrices is finite dimensional and hence the norms on this space are all equivalent. Let G be an
arbitrary 2 x 2 matrix with entries gj. Let us use the notation ||G||; := maxi<; j<» |g;|. Then, the property of equivalence of
norms shows that there exists a positive real number a > 0 such that ||G|| < al||G||;. Thus,

[Ra @[l = AllG(x) = FQOIl < AllGe(x) = F(0) 1
= Algn(X) — 9], (34)
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since

Ge() — Fx) = (wn(x) % o 8) . (35)

Forn > N, (32) gives

[Rn@) <A  max |gn(x) — @(x)| < Ae, (36)
x€[xg.x0+H]

valid for any x € [xq, xo + H]. Since n + m > N, we also have in the same interval that

[Rntm )| < Ae. (37)
Then,
X X
/ [Ra(x)|| dX" < Ae(x —Xo) <AHe, and f [Rn4m ()]l dX' < AH €. (38)
X0 X0
Also,

/ | Pram(x) — P (X)) dx' < / max ]||<1>n+m(><)—<1>n(x)|| dx’
Xk X

. ¥€lxo.xo+H

X
max || @nim(x) — Pr(¥)| / ¥ < (x—x) max [ @Pnim(x) — Pp(x)| Iy
1 Xk X€[xg,x0+H]

x€[xg,xo+H €l +
x{ max ||®nim(x) — Pn(x)|}. (39)
x€[x.x0+H]
Combining (24) with (38) and (39), we get
1Pnym(X) — Pn()|| < hyM  max [[®Ppypm(X) — Pp(X)|| + 2AH €, (40)
x€[xg,Xo+H]
which readily implies that
max || ®pym(x) — Pn(X)|| < hyM  max || @pym(x) — Pn(¥)|| + 2AH ¢, (41)
x€[xp.xg+H] x€[xg.xp+H]
or
[Brim() — Bu| < — (42)
max X) — X —— ¢,
x€[xp.X9+H] nm " - 1- hnM

which is arbitrarily small, since h, — 0. Note that (42) is valid for any x € [xq, Xo + H], since any x in this interval lies in
some subinterval of the form [xy, X, + h,,]. Then, the sequence &, (x) is Cauchy uniform and therefore converges uniformly
to its limit. Let us call this limit ¥ (x):

X X
¥(x) = lim @,(x) = &y + lim / F(x) ®@,(x')dx' + lim / R,(x)dx'. (43)
n—o0o n—o0o X0 n—o0o X0
Due to the uniform convergence of the sequence &, (x), we have

nl’l)rglo/ F(x) @,(x) dx’ :/ FGH{ lim @,(x)}dx'. (44)
X0 % n— 00

0

Also, Eq. (36) implies that
X
lim / R,(x)dx = 0. (45)
n— oo X0
Therefore, (43) and (44) together imply that
X
U(x) = do + / FXHw ) dx, (46)

X0

which shows that the limit of the sequence @,(x) is indeed a solution of the exact system (5)-(6). O
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2.1. Remark: local error

It is well known that the local error depends on the form one approaches the function f (x). In our case, we have used
a fitting by means of a second order Taylor polynomial around x,. Since the equation x y”(x) + f(x)y(x) = 0 and its
approximation x2y” (x) + (ax* + bx 4+ c¢)y(x) = 0, with initial values given by y(x,) and y'(x) satisfy the existence and
uniqueness theorems, then the solutions are analytic at x;. Expanding both functions in Taylor series we can determine the
local error e, = |y(xk) — yx|. A simple operation gives

W= 15 2 Ly FE 0w hy, k=0,..., (47)

1
120 x
which shows that the local error is of the order of O(hg), with h, = H/n.
3. The radial Schrodinger equation

In this section, we consider the Schrédinger equation in spherical coordinates

1 0 2 1

= — —w 9¢w+ LE-vv =0 (48)
r2 or

corresponding to a particle w1th reduced mass u subject to the spherically symmetric potential V (r). If we denote the angular
momentum operator as £, we can write (48) as

Ll (ely ”2w+2 E-V)y =0, (49)
B (S _ _
r29r or % r2
If we now use separation of variables v/ (r, 8, ¢) = R(r)Y; m(6, ¢) and take into account that £2Y; ,, = k> [ (I + 1) Vi, we
obtain
1d d mId+1
— — (P — +—“ oy MDY Ry (50)
r2dr dr 12 24 r?

By performing the change of radial wave function given by y (r) = rR(r), the radial part of the wave equation can be written
as

d? 21 2 Id+1)
E—-V—— =0, 51
arzX X+ h? < 2u 12 > X (>1)
where we choose the boundary conditions given by x (0) = 0. In order to simplify the expression given in (51), we define
h? r c h? e? E v (52)
azi’ = -, = 5 € = —, V= —.
[,LEZ p a 0 12 Eo Ey
Then, (51) can be written as
P> %" (0) + fea(P)x (p) =0, (53)
where,
fea(p) =2€p* —2vp* =11+ 1). (54)

The prime denotes derivation with respect to the variable p.

Our goal is to solve (53) with (54) using the ideas outlined in Section 1 and study the advantages that our procedure could
have in relation to the Taylor method (see other methods in [8]). Let us consider an interval of the form [, H], where n > 0
can be taken arbitrarily small. Let us divide this interval into n equally spaced subintervals and on each of these subintervals,
we have a second order approximant polynomial of the type

Xk = C1.kMay g, 2i/ax p) + €21 Way g, 2iN/ax 0), (55)

with py < p < pry1 = pxk +hp, k=1,2,...,n.We have oy = —izbﬁ, Bk = —%m
This method is exact if the radial potential is equal either to p=2, p~! or p° (constant). For potentials V(p) with the
property p?V(p) —> 0as p —> 0, Eq. (48) can be approximated for small p as pzd £ —I(I4+ 1)x = 0. Thus, in a small

interval close to the origin it can be exactly integrated by our method. The result is approx1mately equal to p'*1 as expected.
On the other hand, if V(p) — 0as p — oo, the asymptotic expression results to be p?x” + 2ep?x = 0 (here xq has to
be large enough) and also admit exact numerical integration. In particular, the local error of x, when f (x) is approximated
by a Taylor quadratic polynomial is given by
e —1@ @ 208 R, k=0 56
k1 =75 pe V(oK) + o (o) + p (o) B, k=0,.... (56)

In what follows, we shall present our results for two types of potentials: the Woods-Saxon and the quadratic potential.
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3.1. Woods-Saxon potential

The Woods-Saxon potential is a mean field potential for the nucleons inside the atomic nucleus, which is widely used
by nuclear physicists [9]. This has the following form:

___ YV
N 1+exp(ZF)’

where R, @ and vy are parameters. We want to determine the solution of Eq. (53) for the particular case [ = 0. To do it, we
perform the following change of variables:

-1
y = (l—l—exp{?}) . (58)

Thus, Eq. (53) can be rewritten as:

(57)

2 d®x dx 2
V=10 ——=+y0—D@2y—1) = +2a(e +voy) x =0. (59)
dy dy
Its general solution is given in terms of the arbitrary constants ¢;,i = 1, 2 as
X0 = (14 V2N ey R (—y, 1=y, 1-28,)) + (= DXV Far(yy, 1+ 74, 1425, 1), (60)

where y; = iaﬁ(ﬁ + /vo F€), 8 = ia+/2¢€ and F>.1(a, b, c, x) are the well-known hypergeometric functions. If we
replace y in (60) by its value in terms of p given in (59), we finally obtain the general solution y (p) of (53) with v given by
the Woods-Saxon potential. We shall use this exact solution in order to determine the accuracy of the discrete solution as
obtained by our method.

To this end, let us consider the case, vg = 1, « = 1/2, R = 5. If we impose the condition that x (p) be square integrable,
then, € is an eigenvalue of the Schrédinger equation. Using (60), we can obtain an eigenvalue numerically and we obtain the
value €* = —0.81133937019. Its corresponding eigenfunction is given by:

1+exp(—10+2p) 1 1.13692 1 0.540.307132i
x(p) = —i -1+
exp(—5 + p) 1+ exp(—10+2p) 1+ exp(—10+2p)

1
x F>1(0.636922 + 0.3071321i, 1.63692 + 0.307132 i, 2.27384, . (61)
’ 1+ exp(—10+2p)

In order to quantify the accuracy of our method, we define the following index:
-l n
@ = (x(p) = x)* (62)
=1

For the next numerical results relative to each interval (p;, p; + h), the coefficient 2ep? — 2vp? (with [ = 0) of Eq. (53)
was fitted by means of a quadratic polynomial determined by the least square method. In the case of the chosen parameters,
we see that when p > 10, then yx(p) is negligible. Then, we use h = 0.1 and the interval 0.1 < p < 10 and we obtain
d?> = 3.1 x 107'°. Let us compare this result with the integration of Eq. (53) by means of the Taylor method of order n. The
result is shown in the following table:

n 3 4 5 6 7
d?> 24x10% 36x10° 54x107" 32x107'® 26x 1072

From this table, we conclude that the Taylor method requires a sixth order in order to improve our result.
For the choice h = 0.5and 0.1 < p < 10, we obtain d*> = 4.3 x 107'°. On the other hand, the Taylor method gives

n 4 5 6 7 8
d? 21x102 36x107 80x10% 33x107"° 4.0x 107",

We see from the above table that one needs an eighth order to improve our degree of accuracy.

Finally, we may consider h = 1.0, which is a quite big value for most of the integration methods, and as usual
0.1 < p < 10, we obtain d*> = 1.6 x 1075, For the Taylor method,
n 10 11 12 13 14

d 53x107° 14x10% 13x10° 41x10°% 2.8x1077.

In this case, a fourteenth order is required to improve our result.
However, concerning CPU times, the Taylor method is still more efficient than ours. For instance, for h = 0.1 (first table),
our method takes 4.7 s, while using Taylor, one needs 0.23 s.
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3.2. Spherical oscillator

The second example of physical interest is given by the spherical oscillator, which can be exactly solved, which will be
a basis for testing the accuracy of our method. In this case, the potential is given by v(p) = p?/2. Then, Eq. (53) has the
following form in this case:

p*x" + Qep? — p* — I+ 1)x =0. (63)
If we define a new unknown function f (p) := exp(p2/2) x (p), we have
, I+ 1)
f"(p) =2pf'(p) + (26 -1- pe ) f(p)=0. (64)
Note that p = 0 is a singular regular point. Then, the solution on a neighborhood of the origin must have the form
o0
fp)y=p"Y_ ap". (65)
k=0

In order to get a solution of (64), we have to replace (65) into (64) and find a recurrence among the a,. However,
the function x (p), solution of (63) should be square integrable, since we are looking for the eigenvalues (bound states)
of our physical problem. Then, the series in (65) must be truncated. Thus, we obtain the following relation among the
coefficients ay:

—2k+2q

g2 = a, q=0,...k,
(@+2)(q+21+3)
a2 =0, j=k+2,...,00,
1
€kl = E(Zk + 21+ 3),
s=1+1. (66)
Thus, the square integrable solution of (63) is given by
,02 k

Xk = Ck,) €XP (—7> P! q;oaqpq (67)

where ¢ is a normalization constant.

In order to compare exact and numerical solutions, we fix aqg = 0 and a; = 1. To conclude, we want to present two
examples for which in each interval (p;, p; + h), the coefficient (2ep? — p* — I(1 + 1)) is fitted by means of a quadratic
polynomial determined through the least squares method.

Example 1. Take | = 0 and k = 2. Then, the eigenvalue is given by €, 0 = 7/2 and its corresponding eigenfunction by
X2.0 = p(1— %pz) exp(—% p%). We use our method with h = 0.1 and range of integration 0.1 < p < 5.For p > 5, one
sees that 0 = 0. Then, we get d*> = 1.4 x 10714,

In the next table, we compare this value to the value obtained using the Taylor method of order n:
n 4 5 6 7 8
d> 50x107° 35x10% 1.7x107"° 1.8x107" 2.6x 107",
The accuracy of our method is then similar to the Taylor method of order seventh. If we now use h = 0.5and 0.1 < p <5,
we get d> = 3.3 x 1078, The result given by the Taylor method is now:
n 7 8 9 10 11
d*> 57x107% 20x10* 32x107 1.7x107 1.1x107".

Here, the Taylor method requires an eleventh order to improve our accuracy. However, Taylor is more efficient in terms of
CPU times. For h = 0.1, our method requires 5 s, while the Taylor’s 0.1 s.

Example 2. Let us choose | = 2 and k = 4. In this case, €4, = 15/2 and the corresponding exact eigenfunction is given by

4 4 1
3 2 4 2
= 1—=p"+ = exp|—= .
Xa.2 ’0( 7'0 63'O> p( 2p>

We use our method with h = 0.1 within the range 0.1 < p < 6. Note that for p > 6, we have that x ¢ = 0. In this
case,d’> = 1.1 x 10~". Let us compare our result with that given by the Taylor method of order n, which is given in the
next table:

n 5 6 7 8 9
d 12x107 49x10° 41x1072® 22x107" 1.8x107"°.

We see that our method behaves like the Taylor method of eighth order.
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Let us take now h = 0.5 and again 0.1 < p < 6. Then, d> = 7.7 x 10~°. The Taylor method gives:

n 8 9 10 11 12
d?> 17x1072 85x107* 34x10> 35x107% 3.7x1071°

We see that we need a twelfth order to improve our accuracy in this latter case.

4. Concluding remarks

We have developed a method for the numerical solution of equations of the form x2y”(x) + f(x)y(x) = 0, using the
well-known solutions of the equation x2y” (x) + (ax* + bx + ¢)y(x) = 0. The method uses segmentary approximation. We
have shown the uniform convergence of the approximate solutions to the exact solutions as the number of segments, all of
equal length, goes to infinity.

Then, we apply our results to the numerical solution of the radial Schrédinger equation on an interval. We use two
potentials to test the power of our method and compare it with the well-known Taylor method. For the Woods-Saxon
potential, our method clearly improves the Taylor method and its accuracy improves, as compared with the Taylor method,
when the length h of the interpolating segments increases from 0.1 through 1.0. A similar result is obtained in our second
example in which we use a potential of the spherical oscillator type. This shows a coincidence with the previous results
[10,11].

In terms of CPU times, the Taylor method is still one order of magnitude more efficient, as our examples show.
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