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Abstract

The toric Hilbert scheme of a lattice ¥<Z7" is the multigraded Hilbert scheme
parameterizing all homogeneous ideals I in S = k[xy, ..., x,] such that the Hilbert function
of the quotient S/I has value one for every ¢ in the grading monoid G* = N"/.%. In this paper
we show that if ¥ is two-dimensional, then the toric Hilbert scheme of % is smooth and
irreducible. This result is false for lattices of dimension three and higher as the toric Hilbert
scheme of a rank three lattice can be reducible.
© 2003 Elsevier Inc. All rights reserved.
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1. Introduction
The main result of this paper is the following structure theorem.

Theorem 1.1. Let ¥ be a two-dimensional lattice contained in 7". Then the toric
Hilbert scheme H 4 is smooth and irreducible.

Consider a sublattice £ <7" of dimension (rank) r and the abelian group
G=7"/%. Let S =K[x|,...,x,] be the polynomial ring in n variables over an
arbitrary infinite field k. We grade S by setting deg(x;) =¢; + & for i=1,...,n
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where ey, ..., e, are the unit vectors of Z". The set of possible degrees under this
grading is GT = N"/Z.

Definition 1.2. A homogeneous ideal /=S is ¥-graded if the value of its Hilbert
function dimk((S/7),) = 1 for all ge G™.

The notion of ¥-graded ideals extends the notion of A-graded ideals, first
introduced in [1] and further developed in [17,18, Chapter 10]. In the A4-graded
situation, ¥ = kerz(A4) = {ueZ": Au =0} where A is an integer matrix, and an
ideal 7<= S is A-graded if and only if it is kerz(A4)-graded in the sense of Definition
1.2. The toric Hilbert scheme H 4 [15,17] parameterizes all 4-graded ideals for a given
A. Haiman and Sturmfels [7] have introduced multigraded Hilbert schemes which
provide a uniform setting for many known Hilbert schemes, including H4. The
multigraded Hilbert scheme is a quasi-projective scheme which parameterizes all
ideals in a polynomial ring that are homogeneous with respect to grading by a fixed
abelian group and whose quotients have a fixed Hilbert function. In the special case
where this Hilbert function takes value one for all elements in G, Haiman and
Sturmfels call the resulting multigraded Hilbert scheme a toric Hilbert scheme
[7, Section 5].

Definition 1.3. The toric Hilbert scheme of the lattice .#, denoted by Hg, is the
multigraded Hilbert scheme that parameterizes all #-graded ideals in S.

Two special cases of Theorem 1.1 are in the literature. When the two-dimensional
lattice ¥ equals kerz(A) (for an integer matrix 4 of corank two), Theorem 1.1
was proved by Gasharov and Peeva [6] and Peeva and Stillman [15]. In this case,
G=27"/% is a free abelian group. At the other extreme, when % is a two-
dimensional lattice in Z> then G is a finite abelian group, and the lattice gives an
embedding of G into GL(2). In this case the toric Hilbert scheme is Nakamura’s G-
Hilbert scheme. This can be seen by comparing Reid’s functorial description [4,
Section 4.1] with that of the toric Hilbert scheme given in [7]. The fact that the G-
Hilbert scheme is smooth and irreducible for abelian subgroups of GL(2) is due to
Kidoh [9].

Although the G-Hilbert scheme is smooth and irreducible for abelian subgroups of
SL(3) [3.,4] there is no hope for a further common generalization, as [18, Theorem
10.4] shows that the toric Hilbert scheme of a rank three lattice can be reducible.

Theorem 1.1 firstly is a common generalization of the above results to all lattice
ideals of codimension two. The two special cases lie at the two extreme ends of the
spectrum for which Theorem 1.1 holds. Further, the proofs in this paper are much
more combinatorial and directly exploit the geometry and combinatorics of lattice
ideals of codimension two. One byproduct is simpler proofs of the two special cases.
We also establish new results about the structure of codimension two lattice ideals,
including some (e.g. Corollary 3.21) which were known for toric ideals of
codimension two.
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For an r-dimensional lattice ¥ <=Z7" and a vector ue %, we write u =u" —u~
where u",u~ e N" are defined by setting (u"), = w; if u;>0, and (u"); = 0 otherwise,
and u~ = (—u)". If ue N" we write x* for the monomial [[/_, x%". The lattice ideal of
& is the (n — r)-dimensional binomial ideal

Ty = (X" —x* cu=u"—u eL)cS.

If & = kerz(A) for some A e Z%" of corank n — d = r, then % is saturated and ¢
is the toric ideal of 4, denoted by I4. The ideal I« is a distinguished point on the toric
Hilbert scheme H . It lies on an irreducible component of H ¢ called the coherent
component [7, p. 30]. The algebraic torus (k*)" acts on Z-graded ideals by scaling
variables. This action translates into an action on H ¢, and the coherent component of
Hg is the closure of the (k*)"-orbit of I¢. An ideal Je Hy lies on the coherent
component, and is thus called coherent, if there is some weight vector we Z" and a
Je(k*)" such that J = lin,(I¢), where in,, (I ) is the initial ideal of I, with respect
to w. Note that I¢ = ing(/¢) and hence is coherent. For an arbitrary lattice &, Hg
could have other components. Theorem 1.1 asserts that when % is two dimensional,
the coherent component is the unique component of H ¢ and that it is smooth.

In Section 2 we establish some general results about .#-graded ideals for lattices &
of arbitrary dimension, while Sections 3 and 4 focus on two-dimensional lattices.
Our proof of Theorem 1.1 is in two parts. In Section 3 we show that all the monomial
ideals on H 4 are coherent (Theorem 3.1). Hence all the fixed points of H¢ under the
action of (k*)" lie on the coherent component. Grébner basis theory implies that
every irreducible component of H¢ contains a monomial ideal. Thus Theorem 3.1
implies that every irreducible component of H¢ intersects the coherent component
at a monomial ideal and so H¢ is connected. In Section 4 we show that the ideals
parameterized by the torus fixed curves between two monomial ideals in H¢ are also
coherent (Theorem 4.4) which lets us prove that the Zariski tangent space at each
monomial #-graded ideal is two-dimensional (Lemma 4.5). As the coherent
component is itself two-dimensional, it is therefore smooth. Since Hg is both
connected and smooth, it is irreducible.

2. General lattice lemmas

Before we restrict to the case where dim(.%), the dimension of Z, equals two, we
establish some basic results for monomial .#-graded ideals when dim(.¥) = r<n.

Definition 2.1. A binomial x* — x"el¢ is a Graver binomial if there is no other
binomial x* — x" €I, such that x* divides x* and x” divides x°. The set of Graver
binomials of Iy is called the Graver basis of I and is denoted by Grg.

Example 2.2. For the two-dimensional lattice ¥ = Z* generated by (2,0,-2,—2) and

. — 22,2 .22 .2 .2 2 .
(0,1,1,0), we have Grgy = {xox3 — 1, x3x7 — X7, X7X3 — X3, X7X2 — X3X; }. Note that

the first two binomials come from the two generators of the lattice.
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The Graver basis of /¢ is finite and [7, Proposition 5.2] shows that it gives rise to a
finite set of determinantal equations that cut out He. For ueZ", let supp(u) =
{i:u;#0} be the support of u and for a monomial x¥ we define its support
supp(x*) == supp(u). If x* — x"e Grg, then x* and x' have disjoint supports. We
repeatedly use the following lemma from [12,15].

Lemma 2.3 (Maclagan and Thomas [12, Lemma 2.4]; Peeva and Stillman
[15, Lemma 2.2]). If I is an ¥-graded ideal with x* — cx' (c€Kk, possibly zero) in
some reduced Grobner basis for I, then x* — x' is a Graver binomial. If ¢ = 0, then we
here assume that x° is a monomial not in I of the same ¥-degree as x".

Although in [12] it is assumed that ¥ = kerz(4) and £ N" = {0}, the proof
there is valid for general lattices. The same is true for other results quoted later
from [12].

Fix a matrix BeZ"™" whose columns form a Z-basis for .#. This implies that
¥ ={Bz:zeZ'} and the map

¢:7"->& given by z— Bz (1)

is bijective. Let b; denote the ith row of B. The vector configuration % =
{b1, ...,b,} =R’ is called the Gale diagram of #. For a subset t<[n] = {1, ...,n} let
B, be the submatrix of B whose rows are indexed by t and %, := {b;:iet}. Write
pos(,) for the cone {xB, : x>0, xe R} =R". If pos(8) = R", 4 is said to be rotally
cyclic. If r = 2 and 4 is totally cyclic, we set b, == b.

Example 2.4. Let .# be the lattice from Example 2.2. Then the Gale diagram of .& is
% =1{(2,0),(0,1),(=2,1),(=2,0)}. This is illustrated in Fig. I.

Remark 2.5. We may assume that no b; =0, and that for i#j, b;#mb; for any
meZ,. If some b; =0 then /; =0 for all /e ¥ and x; would not appear in any
generator of any #-graded ideal. This means that there would be a bijection between
the set of #-graded ideals in S and the set of #’-graded ideals in k[x, ..., X}, ..., Xy,
where %’ is the projection of % which removes the ith coordinate. Similarly if
b; = mb; for me Z ., the map which takes every occurrence of x; to x/"x; would give a
bijection between #’-graded ideals and #-graded ideals. These bijections would give
rise to an isomorphism between H¢ and H ¢, and so it suffices to prove Theorem 1.1
for the smaller lattice ..

Fig. 1. The configuration % from Example 2.4.
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We say that pos(4,), or t, is a g-simplex if |t| = ¢ and pos(4.) is g-dimensional. A
triangulation T of 2 is a collection of r-simplices such that (i) for t,7eT,
pos(B:nr) = pos(#B:) Npos(H.), and (ii) pos(#) = |,y pos(%-). To be completely
accurate, we must complete 7 to a simplicial complex on [r] by adding to T all
subsets of Te T. Depending on the context, a simplex te T will be either the set 1< [n]
or the cone pos(%,) =pos(4).

Recall that all monomial prime ideals in S are of the form P, = {x;:j¢o) for
a set 0<=[n]. We denote by 4(I) the simplicial complex whose Stanley-Reisner
ideal is rad(/). The following lemma is a mild extension of a special case of
[18, Theorem 10.10].

Lemma 2.6. Let I be a monomial ¥-graded ideal, for a lattice ¥ with dim(¥) =
r<n. Let rad(I) be its radical and rad(I) = (\,c ) Po be the unique prime

decomposition of rad(I). Fix A=|ay,...,a,)eZ" """ such that AB=0 and
rank(A) =n —r, and let of = {ay, ...,a,}. Then A(I) is a triangulation of </ .

Proof. We first note that since I¢ is (n — r)-dimensional, the same is true for I, so if
geA(I) we have |o|<n—r. We will show that A(I) is a triangulation of .7, by
showing firstly that the interiors of any two simplices in 4(/) do not intersect in this
embedding, and secondly that each point in pos(.eZ) is covered by one of these
simplices. This will also show that || =n —r for all ce A(I).

Suppose that ¢ and t are two simplices contained in simplices in A(I) such that
their relative interiors intersect. This means that there is some vector ¢ € pos(.e/) with
€= iep Ailli = ) e, N, Where we may take 4; and y; to be positive integers. Then
A — pekerz(A), and so there is some multiple (A — u)e#. Let t(2—u) =u—v,
where supp(u) nsupp(v) = 0. Then since supp(u) S o, we know that x* ¢ I. Similarly,
supp(v) =1, so x"¢ 1. But this means there are two standard monomials of 7 of the
same .¥-degree, contradicting the fact that 7 is an .#-graded ideal. This shows that ¢
does not exist, and so the relative interiors of different simplices in A(I) do not
intersect. Note that we made no assumption on the dimension of ¢ and 7, so in
particular they need not be r-dimensional.

We now show that each point ce{u:u =73, ma;, n;eZ,} is covered by pos(.Z,)
for some oeA(I). Grade the polynomial ring S by setting deg(x;) = ¢;. The Z-
grading of S refines this grading. It suffices to show that there is some monomial x*
of A-degree tc for some >0 with x*¢rad(l). This will imply that supp(u)=o for
some o€ 4(I), and so the point ¢ will be contained in a simplex of A([).

Consider the k-algebra U = @~ S\, where S, is the coarsely-graded part of S of
degree fc. We claim that U is a finitely generated algebra, generated by a finite
number of monomials. To see this consider the sequence of ideals P, = {x": Au =
tcy. By Maclagan [11, Theorem 1.1] only a finite number of the P, are not contained
in other ideals of this form. Let x*', ..., x* be the monomial generators of these
inclusion-maximal P,. If x* is any other monomial of degree ¢c for some >0, then x*
is divisible by one of the x*. Since x“~* also has degree a multiple of ¢, we see that in
fact we can write x* as a product of some (possibly repeated) of the x*, and so
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X", ..., x" generate U as an algebra. Let J = @50 [;.. If all of the x* lay in the
radical of I, then there would be an N for which x™ e[ for all i and hence x"* eJ
for all i. But this would mean that U/J was a finite-dimensional algebra, which
contradicts the fact that for all >0 there is a standard monomial for I of degree 7c.
Indeed, since the #-grading refines the A-grading, there may well be more than one
standard monomial of each degree zc. From this contradiction we can conclude that
there is a generator x* of U with x" ¢ rad(I), which in turn implies that the simplices
of A(I) cover pos(.eZ). O

Example 2.7. For the lattice of Example 2.2, we have

2 0

0 1 I -1 1 0
B= , so we can take 4 = .

-2 1 0 -1 1 -1

-2 0

Note that kerz(A4) is the saturation of &; the lattice generated by the
vectors (1,0,—1,—1) and (0,1,1,0). With this choice of A we have .o/ =
{(150)5 (715 71)) (la 1)) (07 71)}

There are four monomial #-graded ideals. We list them in the table below, each
with its radical and the prime decomposition of the radical.

Monomial #-graded ideal radical Prime decomposition of radical
{(xax3,x3) {xax3, X1 ) (X1, %20 N X1, X3)
{Xax3, X3x2, X3X3 ) {X1X2, X2X3, X3%4 ) | X1, X3) N (X2, x3 ) N X2, X4)
(xax3, X3X3, x3x5 > (X1x2, X0X3,x3%4 ) | {X1,X3) N (X2, x3) N (X2, X4
{x2x3,x3) {X2X3,X4) (X2, X4 O X3, X4 )

Note that the second and third ideals have the same radical. The three radicals
correspond to the triangulations of pos(.</) shown in Fig. 2 in order from left to
right.

Remark 2.8. The proof of Lemma 2.6 shows that each o€ A(I) has cardinality n — r.
Since the ideals P,, o € A(I) are precisely the minimal primes of 7, this shows that [ is

2 4 2 a 2

Fig. 2. The triangulations of .oZ corresponding to .#-graded ideals.
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an equidimensional ideal of dimension n — r. This is also true if r = n, as then [ is a
zero-dimensional ideal.

Let P, be a minimal prime of 7, so |g| = n — r. We can localize I at P, to get an
ideal I,. We identify I, with the projection 7,(I) where n, is the map:

i, S—>S; =Kk[x;:i¢a],

{Xj 1f]¢0’,
le—) .
1 if jeo.

The ideal I, is also the image under n, of the P,-primary component of / from an
irredundant primary decomposition of 7. Similarly, let 7, be the map that projects
ueZ" to the |a|-vector obtained by restricting u to its coordinates indexed by G,
where & = [n]\o.

Definition 2.9. A homogenecous ideal J=S is weakly L-graded if its Hilbert
function

dim ((S/J),)<1 for all geG".

We recall [12, Lemma 2.6] that a monomial ideal I is weakly #-graded if and only if
for each x" — x" e Grg, at least one of x* or x lies in 1.

Lemma 2.10. Let P, be a minimal prime of a monomial £-graded ideal I.

(1) For each le & there is some i€a for which I;#0.

(2) The localized ideal I, = S, is weakly & ;-graded, where ¥, = T,( %) =7, This
implies that I, is an artinian monomial ideal.

(3) If I =in,(I¢), where w; = 0 for i€a, then I, = in?(,(w)(lfv)' In particular, 1; is

L -graded and coherent.

Proof. (1) Since P, is a minimal prime of I, if x“¢ P, then x“¢1I. If /e &, then x'*
and x’ have the same #-degree, so at most one of them can be a standard monomial
of I. This means that at least one of /" and x/" must lie in P,, and so there is some
ied with /;#0.

(2) Let x* and x¥ be two monomials in S, with u — ve Z,. Then there exist v/, v/
with supp(«/),supp(v/) S0 and (u+u') — (v+v')e#. But this means that either
Xt e or x**" eI, and thus one of x* or x’ must lie in ,. This shows that I, has at
most one standard monomial of each .#,-degree.

(3) By the previous part we know that I, is a weakly .#,-graded ideal, so it suffices
to show that it is contained in the ¥ ,-graded ideal in/n\g ) (Ig,). Let x* be a generator

of I,. Then there is a «’ e N" with supp(«’) =¢ and x“** eI. Let x* be the standard

monomial of 7 in the same degree as x***. Then w(u + ' —v)>0, so T, (w)(u —
T,(v)) >0, and so x"ein~ (w)(Igﬂ). O
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Remark 2.11. A stronger result than part two of Lemma 2.10 is true, as I, is in fact
% ,-graded. The proof is longer, however, so we prove it in the next section only in
the case where . is two dimensional.

3. Monomial ideals

In the rest of this paper we assume that dim(.#) = 2. In this section we show that
all monomial ideals in the toric Hilbert scheme H ¢ are coherent.

Theorem 3.1. Let I be a monomial ¥L-graded ideal where ¥ is a two-dimensional
sublattice of 7". Then I = in,,(I¢) for some weZ".

The proof of Theorem 3.1 is established in several steps. We first show that
the localization of a monomial .#-graded ideal 7 at a minimal prime P, is coherent in
the sense that it is an initial ideal of I»,. One of these coherent localizations is special
in the sense that there is no other monomial #-graded ideal with the same
localization. This localization determines /. The coherence of this special localization
implies that it is the localization of a monomial initial ideal of /4. Thus [ is this
initial ideal.

We first recall the result of Lee [10] that all triangulations of n vectors in R"~2 are
regular. Recall [18, Chapter 8] that a triangulation 4 of {p, ..., p,} R"? is regular
if there exists a cost-vector we R” such that o € 4 if and only if there exists an xe 7" >
for which p;x = w; forie o, and p;x <w; for i¢ ¢. If such a w exists we denote 4 as 4,,.
Applying this definition to triangulations of .o/, we get that 4 = 4,, if and only if
g€ exactly when wB = (w — xA)Bepos(%5). (Recall that 4B =0.) Thus for a
weZ" such that wBepos(%), the maximal simplices of the regular triangulation 4,,
of .o/ are the (n — 2)-simplices o = [n] such that wBepos(%5). This means that there
is a bijection between the regular triangulations of .o/ and the chambers of 4.

Definition 3.2. Given a collection 2 of vectors in R", the chamber complex X (%) of ?
is the polyhedral fan obtained by intersecting all the simplices in 2. If n = 2, then the
chamber complex is the collection of cones formed by taking the positive hull of
adjacent vectors in 2. We identify chambers in the chamber complex with the
collection of maximal simplices (of ) which contain them. If ¥ is a lattice with
generating matrix B, we denote by X () the chamber complex X (%).

Example 3.3. For 4 = {(2,0),(0,1),(-=2,1),(—=2,0)}, the chamber complex is the
collection of three cones shown in Fig. 1.

By Lee’s result when . is two dimensional, Lemma 2.6 reduces to:

Lemma 3.4. Let I be a monomial ¥-graded ideal where dim(¥) = 2. Then the
collection {G:0€A(I)} = {G: P, is a minimal prime of I} is a chamber of 4.
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Definition 3.5. If the monomial #-graded ideal I maps to the chamber pos(b;, b;)
then the (n —2)-simplex ¢ = [n)\{i,j} is called the special simplex of I, and the
localization I, = S, = K[x;, x;], the special localization of I. If n =2 we set I, = 1.

Note that the special simplex determines the corresponding triangulation of
o [5, Corollary 5.9]. This is because since b; and b; are adjacent in the Gale diagram
A, pos(b;, b;) does not contain any other chamber of 4.

Example 3.6. Let 7 be the #-graded ideal < x2x3,x7x2,x3x7 > from Example 2.2. We
saw in Example 2.7 that I corresponds to the chamber pos(ba, b3), so the special
simplex is 0 = {1,4}. Note that the corresponding triangulation in Fig. 2 is the only
triangulation of .o/ containing the simplex pos(a;,as).

From now on, we fix a monomial #-graded ideal I and let ¢ = [n]\{i,j} always be
its special simplex. We now show that I, is coherent by showing that it is an initial
ideal of I,. To prove this it suffices to show that there exists some we Z* such that
w7 (u — v) >0 for all x* — x" € Gry such that n,(x*)el, and n,(x")¢1,. That this
suffices follows from Lemma 2.3 and the fact that Grg, < {m,(x" — x") :x" —
x'eGrg}.

Proposition 3.7. (1) There exists a cost-vector we Z" such that w(u — v) >0 whenever
X" — x"e Gry with n,(x")¢1,. We can choose w so that w; = 0 for i€a. This implies
that 1, = in-~ ) (Ig,) and is therefore coherent.

(2) The special simplex o of I is also the special simplex of the initial ideal in,,(I¢) of
Iy, and (inw(lg))a = I(;.

Proof. (1) Let x{ and xj’? be minimal generators of I, which exist by Lemma 2.10(2),
and let we N" be the cost-vector with w; = b, w; = a, and wy = 0 for k#1,j. Suppose
x"* — x'e Grg, with 7,(x")¢1,. Since x* and x” have disjoint support, if v;7#0, we
must have u; = 0. But then we must have ;> b, since n5(x") € I,. Since ,(x") ¢ I, we
must have v;<a. But now w(u —v) = —wv; + wju; = —bv; + au;> — ba + ab = 0.
Similarly, if v;#0 we must have v;<b and u;>a, so w(u — v)>0. Finally, if v; =
v; =0, then w(u—v)=bu;+au;. If u;=u; =0 then that would mean that
u—v=1Ie and [; = [; = 0 which contradicts Lemma 2.10(1). So we conclude that
w - (u —v)>0 as required.

(2) It suffices to show that ¢ is the special simplex for in,,(/¢), as then Lemma
2.103) and part (1) of this proposition together imply that (in,(I¢)), =
in> (I¢,) = I,. Let x" be a monomial with v; = v; = 0. Then for all x* such that
x" —x"ely, either u;>0 or u;>0 by Lemma 2.10(1). This implies that in,(x* —
x") = x" and hence x"¢in,(l¢). This shows that in,(l¢)<=P,. Since in,(l¢) is
(n — 2)-dimensional, P, must be a minimal prime of in,,(/¢) and hence ¢ appears in
A(in,, (I¢)). However this implies that A(I) = A(in,,(I¢)) since ¢ appears in only one
triangulation of .o/. Hence ¢ is the special simplex of in,,(I¢). O
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Notice that the proof of Proposition 3.7(1) works for any localization I; of I at a
minimal prime P, and hence all these localizations of I are coherent. Proposition 3.7
proves that Theorem 3.1 holds when % =77 since in this case, # = {b;,bs} and
I=1=1,

Example 3.8. Continuing Example 3.6, I, = {(x2,x3>, so from the proof of
Proposition 3.7 we see that w = (0,2,1,0) satisfies w(u —v)>0 whenever x" —
x"e Grg with n(x") ¢ I,. Every Graver binomial satisfies this condition on 7(x"), and
it is easy to check that they all also satisfy the condition on w(u — v).

In the rest of this section we fix w to be the vector constructed in the proof of
Proposition 3.7 for the special localization I;. The final step in the proof of Theorem
3.1 is to show that I = in,,(I¢). This requires understanding the Grobner fan of Iy
[2,13]. This is a fan in R” whose cells (which are open polyhedral cones) are in
bijection with the initial ideals of 7. The open cone indexing an initial ideal J of /¢
is the set of all peZ" such that J =in,(I¢). The closure of this cone is called the
Grobner cone of J. Full dimensional Grobner cones index the monomial initial
ideals of 7.

The Grobner fan of I can be drawn in R? as follows. By Lemma 2.3, the normal
vector to a facet (wall) of a full dimensional Grébner cone is an /e.% such that
I" _ xI" € Grg. Using the injective map ¢ from (1) we can represent / by ¢! (He R?
and the wall with normal / by the ray in R? with normal ¢ (7). We will always mean
this two-dimensional fan when we refer to the Grébner fan of 7. If a wall of the fan
(ray in R?) is pos(g) for some ge R?, then we always mean the primitive clockwise
normal vector g to g by the normal to this wall. We now recall that the Grobner fan
of Iy is a refinement of X(%). Let Z% be the lattice in Z* generated by the elements
of #. Recall that Z# = 7? if and only if % is saturated or equivalently, if /o is a
toric ideal.

X

Definition 3.9. Let K be a two-dimensional pointed rational polyhedral cone in R?
and H be the Hilbert basis of KnZ% (i.e., H is a minimal generating sct for the
semigroup KnZ%). We call the fan obtained by subdividing K by drawing in the
rays R - h for each he H the Hilbert refinement of K.

By Lemma 3.3.3 in [16], the Grobner fan of I¢ is supported on pos(%). Also, for
any {r,s}<[n] and t = [n]\{r,s} such that By, is non-singular, the Grébner fan of
I¢_is supported on pos(b,, by), and Example 3.3.4 in [16] shows that the Grébner fan
of I4_is the Hilbert refinement of pos(b,,b,). Theorem 3.3.8 in [16] implies the
following.

Lemma 3.10 (Saito et al. [16]). The Grobner fan of 14 is the fan obtained by taking
the Hilbert refinement of each full dimensional cone (chamber) in the chamber complex
().



D. Maclagan, R.R. Thomas | Journal of Combinatorial Theory, Series A 104 (2003) 2948 39

A two-dimensional rational cone K is unimodular if the primitive integer
generators of the two extreme rays of the cone form a basis for the lattice Z4.

The next two results rely on the geometry of the Hilbert basis of a two-
dimensional rational polyhedral cone K. It is known that the Hilbert basis elements
of K are precisely the lattice points that lie on the bounded faces of the polyhedron
K' =conv{ze KnZ%:z#0}. See [14, Proposition 1.19] for instance. For Corol-
laries 3.11 and 3.13, assume that the Hilbert basis elements of a chamber pos(b;, b;)
in (&) are go = by, g1, ..., gs, by = gr11 in the order they occur on the boundary of
K’ consisting of its bounded faces.

Corollary 3.11. FEach full dimensional Grobner cone of I¢ is unimodular.

Proof. If g; and g;. | are adjacent Hilbert basis elements, then there is no element of
the lattice Z4 in the convex hull of 0, gi, and gx,; other than the three vertices.
Indeed, if a lattice point g existed, then the fact that the g; are vertices of a convex
polyhedron means that g cannot be written as an integral combination of any of the
¢gi;, which would mean that the Hilbert basis was not complete. Now consider the
triangle with vertices gi,grr1 and gr + gro1. If there was a lattice point v in the
interior of this triangle, then v = Agx + pgry1 where 0<A,u<1 and A+ pu>1. This
implies that gx + gk+1 — v = gk (1 — 4) + g1 (1 — ) lies in the interior of the convex
hull of 0, gx, and g4y since | — 4,1 —pu>0and theirsum | —A+1—pu=2—-(1+
w) < 1. Since this contradicts the earlier observation, we can conclude that there are
no lattice points in the interior of the parallelogram spanned by g; and g, which is
hence a fundamental domain of Z#. Therefore, pos(gx, gk+1) is unimodular. [

Example 3.12. The Grobner fan for the lattice of Example 2.2 is shown in Fig. 3.
Note that of the three cones in the chamber complex, only the middle one contains
an extra Hilbert basis element, so we get four Grébner cones.

Corollary 3.13. Let pos(b,,bs) be a chamber of B and go = by, g1,92, -+, g1, bs = gri1
be the elements in the Hilbert basis of pos(b,, by) in clockwise order. Then by - gkl <b -

Gicy Jor all k =1, ... t. Similarly, b, - gi >b, - gi&, | for all k=1, ..., 1.

Proof. Since rotating the cone does not affect the statement, for the first assertion,
we may assume without loss of generality that b, = (0,y), yeZ, and b, = (p,q)eZ*

Fig. 3. The Grobner fan for the lattice of Example 2.2.
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with p>0. Let mgy,my,...,m; be the slopes of the Iline segments
[90,91],[g1,92], ---, [g:; gi+1]- Since the g; are vertices of a polyhedron, it now follows
that my<my <---<m,;<q/p. Let gi = (a,b) and gx1 = (c,d). Then gt = (b, —a)
and gkﬂl = (d,—c). Since my = (b —d)/(a — c)<q/p, we get that pb — pd <qa — qc
which implies that by - gt = pb — qa<pd — gc = by - gt ,. The assertion for b, is
proved similarly. [

We now begin the arguments to prove that I = in,,(I¢). Recall that ¢ = [n]\{i,j} is
the special simplex of I. Let int(C) denote the interior of a cone C.

Lemma 3.14. (1) If —breint(pos(b;, b;)), then ket for all 1€ A(I).
Q) If b - (1) =0 for Ie 2, I} = 0.

Proof. (1) Recall that k¢teA(I) if and only if there exists some g such that
pos(by, bi) 2pos(b;, b;). However, if this was the case, then —byeint(pos(b;,b;))
would mean —by eint(pos(by,b,)) which is not possible.

(2) Let z=¢ '(I). Recall that z-b; =1 for all i, and so if z-b; =0 then
Lk=0. 0O

Let C* = pos(g1,92) be the Grobner cone of in,(I¢) and ¢(gi) =1, Pp(g5) =
le%. Then C* is also the Grobner cone of (in,(I¢)), = in’i(w) (Ig,) and hence lies in

pos(b;, b;) which is the support of the Grébner fan of Iy,. We focus on the cones
pos(b;,b;) and C* =pos(gi,g>) in the rest of this section. Assume they are as
in Fig. 4(a), where it could be that b; = g; or b; = g».

Lemma 3.15. Suppose gepos(gi,g2) such that g = gy + pugr € 2> with i, ueZ, and
Plgt) =1ePL. Then x' divides x'" and x- divides x" .

Proof. We refer to Fig. 4(b) for this proof. If there is some index k for which (/1),
and (%), have opposite signs, then there must be some vector /€ % n int(pos(/y, 1))
with [y = 0. By Lemma 3.14(2), ¢! (1)b; = 0 which implies that + by int(C*). Since
bi ¢int(C*) for any k, this can only happen if —b; eint(C*).

Let U < [n] be the set of indices k for which —b; €int(C*), where U may be empty.
Then [, 1, [, are sign compatible in all slots except those indexed by U. If ke U then
git (=bx) >0, and so (1), <0. This means that supp(/;) n U = . Similarly for ke U,
g3 (=bi) <0, 50 (h), >0, and thus supp (/5 ) " U = 0. Therefore, looking at /* — I~ =
M=)+ pu(ly = 1) = (M +ulf) — (A +uly), we see that [f</T and
<~ O

Definition 3.16. Let M <=S be a weakly ¥-graded monomial ideal. The forced
ideal of M 1is the ideal generated by all monomials x* for which x* — x'e Grg
and x"¢ M.
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Rb;

Ry,

Rb;

(c)

Fig. 4. The cones pos(b;, b;) and C* = pos(g1, g2).

Remark 3.17. If M is a weakly #-graded monomial ideal, then note that the forced
ideal of M is contained in M as well as in all #-graded monomial ideals contained in
M. In particular, if the forced ideal of M is #-graded then it is the unique #-graded
ideal contained in M since one monomial #-graded ideal cannot be contained in
another.

In Proposition 3.19 we will prove that I is the forced ideal of 7,. We now collect
together some facts needed for this proof.

Lemma 3.18. (1) The special localization 1, —K[x;, x;] = S, of the monomial &-graded
ideal 1, is weakly ¥-graded when considered as an ideal in S.

(2) The monomials x%) xwb) gre minimal generators of I, <Kk[x;, x;] and the
monomials x;”(lf), x™5) are not in I, <K[x;, x;]. Hence X', x" lie in the forced ideal
of I, = S.

(3) If geint(pos(b;, b;)) and ¢(g*) = l€ Gro then x;|x" and x;|x"". If g¢ pos(bi, b))
and pos(b;, b;) lies on the same side of Rg as g, then x™"") =1 which implies that
xX'el,cS.
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Proof. (1) If there exists x*, x’€ S of the same #-degree such that x*, x"¢ I, then
x*, x*¢I<=1,=S. This cannot happen as [ is ¥-graded.

(2) Recall that C* is the Grobner cone of i  (I,) with the binomials o)

x%() and x%(5) — x%(5) defining the facets pos(g;) and pos(g») of C*. Further, the

Iy

initial terms in both binomials are the positive terms x™ (1) and x™(.) which are

minimal generators of in~ ) (Ig,). Itis known that ing, (I¢,) = < o () — xa(ly) >+

{x": x? is a minimal generator of in_ (Ig,), X' £ X% (0} >. Hence if ¥ s also in
in~ (W)(Iga), then we will get that ing, (/,) Sin-~ M(Ign) which is impossible as an

initial ideal of an ideal cannot be contained in another initial ideal of the same ideal.

~

Therefore, X% and similarly, x™(2) are not in I, = in~ (w)(l v,)<Kk[x;,x;]. This

implies that xi , x2 are not in I, =S and hence x/{ , x- lie in the forced ideal of I, = S.

(3) Since /; = b; - g* = 0 if and only if g and b; are dependent, it follows that /;
changes sign as g is rotated from one side of b; to the other. Similarly /; changes sign
as ¢ is rotated from one side of b; to the other. In particular, if g ¢ pos(b;, b;), then /;
and /; must have the same sign, while if geint(pos(b;, b;)), then /; and /; must have
opposite signs. Further, if g lies on the clockwise side of pos(b;, ;) as in the claim,
then na(x”) lies in all initial ideals corresponding to Grobner cones in pos(b;, b;)
which shows that /7,7 >0, as m,(x"") = 1 which does not lie in any initial ideal.

Finally, in the case that gepos(b;, b;), the fact that 7, (x'") lies in all initial ideals of
I, corresponding to Grébner cones that lie between g and b; while 7, (x' ) lies in all

initial ideals of I, corresponding to Grébner cones that lie between g and b; means
that ;<0 and /;>0. O

Proposition 3.19. The monomial ¥-graded ideal I is the forced ideal of I, <S.

Proof. Let J be the forced ideal of I,. Then J=I<1,. To show that J = I, it suffices
to show that J is weakly #-graded. This is true if for every x* — x” € Gr ¢ either x*eJ
or x"eJ. By the definition of J, if one of x* or x" does not lie in I, then the other is in
J, so we may assume that x*, x’el,. Let g* = ¢ (u — v) and ge Z> be the primitive
vector such that g* is the clockwise normal to the ray pos(g). Since x* x'el,,
Lemma 3.18(3) lets us assume gepos(b;, b;) (where we use v — u instead of u — v if
necessary).

Since C* = pos(g1,g2) is unimodular (Corollary 3.11), we can write u—v =
Ay + uly for A,ueZ. If Ju = 0, then since x* — x* e Gry eitheru —v =1 oru—v =
l,. In either case, x* and x" do not both belong to I, by Lemma 3.18(2) which
contradicts our assumption. So Au#0. The proof now breaks into two cases,
depending on the sign of Au.

Case 1: /u>0. From our assumption that gepos(b;,b;) it follows that A, u>0.

Then gepos(gi,g>) and hence by Lemma 3.15, x|x* and x“ |x* which implies that
x* x*eJ by Lemma 3.18(2).
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Case 2: Ju<0. Then geint(pos(b;, b;))\C*. We may assume that C* lies on the
same side of Rg as g+ (see Figs. 4(c) and (d)) and consider two subcases.

Subcase 2.1: Suppose ¢ is in the Hilbert basis of pos(b;,b;). Then by Lemma
3.18(3), v; = —(big*)>0. Also, (I;), = —(big5>). Then Corollary 3.13 implies that
(),

big* >b;gs which implies that v;<(/;),. Hence x™®) = x"¢1, since x;”" is a
minimal generator of I,. This means x’ ¢ I, which is a contradiction.
Subcase 2.2: Suppose g is not in the Hilbert basis of pos(b;,b;). Since ¢
lies in int(pos(b;, b;))\C*, it lies in the interior of some Grobner cone of Io
contained in pos(b;,b;) different from C*. Suppose this Grobner cone is
pos(gs,g4) with ¢(gi) =hLeGry and ¢(g9;)=leGry as in Fig. 4d). By
Lemma 3.15, x5 |x". Since g3 lies in the Hilbert basis of pos(b;, b;), the arguments
in the previous subcase show that x5 ¢, which implies that x5 €J and hence

xteJ. O

Example 3.20. In Example 3.6 we saw that for [ = {xyx3,x7x2,x3x3)> we have
o ={1,4},and I, = {x2,x3). Then in the notation of the preceding proofs, b; = b3,
b; = by, g1 = (—1,1),and g» = b>. We now check that the forced ideal of I, is weakly
P-graded, by checking that each binomial in the Graver basis has one of its
monomials lying in ;. The Graver binomial x,x3 — 1 is covered by part 3 of Lemma
3.18, as 1¢1,. The binomial x3x; — x? comes from ¢(h5-), while x2x, — x3x3 comes
from ¢(gi-), so they are both dealt with by part 2 of Lemma 3.18. Note that x and
x3x3 do not lie in Z,. Finally, x3x3 — xj comes from ¢ (b5-), so is covered by subcase

2.1. of Proposition 3.19. Note that x3 ¢ ,.

The intersection of the minimal primary components of a monomial ideal M is
called Top(M) in [16]. Theorem 3.3.6 in [16] and Theorem 4.4 in [8] then follow from
the following corollary of Proposition 3.19.

Corollary 3.21. If dim(%) =2 and I and I' are two distinct monomial ¥-graded
ideals, then Top(I)+#Top(I').

Proof. If I#1', then Proposition 3.19 implies that I, #I',/, where ¢ and ¢’ are the
special simplices of the two ideals. Since the minimal primary components are
uniquely determined from Top(7), this implies that Top(Z)#Top(I’).

Propositions 3.7 and 3.19 combine to prove Theorem 3.1.

Proof of Theorem 3.1. Proposition 3.19 says that I is generated by monomials x* for
which there is some x’¢ 1, with x* — x"e€ Gry. Proposition 3.7 says that there is a
cost-vector w for which w(u —v)>0 for all such Graver binomials x* — x". This
implies that 7/ <in, (/). Since we cannot have a proper inclusion of monomial .#-
graded ideals, we conclude that I = in,(I¢). O
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4. The general case

In this section we finish proving Theorem 3.2. We first recall from [12] the notion
of a flip.

Definition 4.1. Let M, be a monomial .#-graded ideal with minimal generator x*.
Let x¥ be the standard monomial for M of the same degree as x*. The wall ideal W
associated to M and x" is the ideal obtained by replacing the generator x* of M, by
the binomial x* — x”. We say the binomial x* — x¥ is flippable if in~ (W) = M, for
any term order with x¥ < x". If there is some other term order <’ with x¥ <'x" then
we set M, to be the ¥-graded monomial ideal in-.(W). We say that M, and M,
differ by a flip over the true flip x* — x*. If there is no such term order <’ we say that

x" — x"is a fake flip.

Remark 4.2. (1) In [12] the assumption that ker(4) nN" = {0} (the positively-graded
assumption) avoided the possibility of fake flips.

(2) For a true flip, we recall Definition 2.7 and Lemma 2.9 of [12] which says that
M, = (x*e M, :a#uand IxP ¢ M, with x* —xPeGryd + (x*).

Example 4.3. Let % be the lattice of Example 2.2. For the .#-graded ideal

{x2x3,x?) the binomial x,x3 — 1 is a fake flip, and the binomial x? — x%xﬁ is a true

flip. Flipping over the true flip, we get the other initial ideal of {x7 — x3x3, x2x3 ),
which is <{x2x3,x7x2,x3x3>. This has two true flips: x3x] — x7 and x?x; — x3x7.
Flipping over the second true ﬁ1p glves the ideal {xyx3, x7x3, X3x4> which again has
two true flips: x3x3 — x7x; and x7x3 — x3. thpmg over x7x3 — x; we get the last #-
graded ideal {x,x3,x7>. For this ideal x] — x{x3 is a true flip, and xx3 — 1 is a

fake flip.

We first prove that every wall ideal is coherent. If x“ is a monomial, we write

x%UPP(@) for the monomial I Ticsuppia) -
Lemma 4.4. Let % be a two-dimensional lattice contained in 7", and let I and J be two
monomial initials ideals of ¢ which differ by a flip. Then the wall ideal W of I and J is

coherent.

Proof. Let the flip be over the binomial x* — x¥, with x*eI\J, and x*e€J\I. Choose
cost-vectors wy and w; for which iny,(l¢) =1, and in,, (I¢) =J. Let w' be
the composite cost-vector (wo(u — v))w; — (wi(u — v))wp. This is chosen so that
w (u — v) = 0. Pick a monomial generator x* of W. If the standard monomial of the
same degree as x” is the same monomial x¢ for both 7 and J, then w;(o — ¢) >0 for
i =0, 1. This means that w'(o — ¢)>0, and so x*e€in,s(I«). If this is the case for all
such minimal monomial generators x*, then W <in,s(I«). As we cannot have a proper
inclusion of #-graded ideals, we conclude that in this case we have W = in,y (I ).
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Suppose on the contrary that there is some minimal generator x* of W for which
the standard monomials for I and J are different monomials x¢ and x¢, respectively.
The rest of the proof deals with this case. Let x¢ — x/ be a Graver binomial with x¢
dividing x¢ and x/ dividing x¢. Then we must have x¢eJ\I and x/ e \J. The second
observation in Remark 4.2 now implies that e = v and f = u. So we can write ¢ =
kv+vy, and d=ku+y, where y=vy,+y,+7y with supp(y,)<=supp(u),
supp(y,) Ssupp(v), and supp(y’) N (supp(u)usupp(v)) = 0. Also note that by
Lemma 2.3 x*—x¢ and x*—x¢ are both Graver basis elements, so
supp(2) Nsupp(c) = supp(a) Nsupp(d) = 0.

We next claim that x*t"*7¢rad(W). If x*t"*"erad(W), there is some /eN for
which x/(“t"+) e . We may assume that />k. Choose a monomial x¢ with
supp(g) =supp(u) so that x”t9 = x for some integer p. Since x* — x’e W, and
xlwtvtntlo e W it follows that x/(2t2)v+2+") e W and thus x/(@+Pv+7+7) eI Note
that supp(/((2 +p)v + 7, +7')) = supp(v) Usupp(y’).

Let x* be a monomial not lying in rad(Z). Since x*€ W, and thus x*€ I, we cannot
have supp(o)<supp(s). Similarly, we cannot have supp(u)<supp(s) or
supp(v) usupp(y’) Ssupp(s). Since these three sets are pairwise disjoint, we conclude
that |supp(s)|<n — 3. But since s was arbitrary this contradicts the observation of
Remark 2.8 that [ is a (n —2)-dimensional ideal. From this we conclude that
Xttt drad(W).

Since o — ¢ and o — d are not linearly dependent, they must be a basis for the real
span of %, so every vector /e ¥ can be written as a (possibly non-integral) linear
combination of o — ¢ and o — d.

Let w be the cost-vector with w; = 1 if iesupp(a), and w; = 0 otherwise. We will
show that W = in,(I¢). Let F be the generating set for in,,(I¢) obtained from the
corresponding reduced Grobner basis for /. If f € F then f is either a binomial or a
monomial. If f is a binomial, then f comes from a lattice vector / = A(o —¢) +
u(a — d) with w/ = 0. This means that A = —y, and so / = ku — kv. Since f must be a
Graver binomial, we know that k = 1, and thus /' = x* — x"e W. Now consider the
case that f is a monomial x#, and let x° be a standard monomial of in,, (1) with
X — x°eGry. Since f—de.¥, it equals A(a — ¢) + (o — d) for some constants A
and g, s0 B — & = (2 + p)a — kv — kuu — (2 + p)y. Because x* is the leading term of
x# — x% with respect to the cost-vector w, we know that A+ u>0. It follows that
supp(8) =supp(u) usupp(v) Usupp(y), so x° ¢ W. But this means that there is some
constant p for which x* — px?e W, and so x™f — pNxNoe W for all NeN. We can
choose N sufficiently large so that N(A + u)> 1, so x* divides x#. But x* was chosen
to be in W, so if p#0 this implies that xN°e W, and so x°erad(W). From this
contradiction we conclude that p = 0, and so x# € W. This shows that every minimal
generator of the #-graded ideal in,,(I¢) lies in W, and so since W is itself #-graded,
we must have W =in,(I¢). O

Corollary 4.5. Let & be a two-dimensional lattice. Then every monomial ¥-graded
ideal has exactly two flips.
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Proof. Let I be a monomial #-graded ideal. By Theorem 3.1 we know that 7 is an
initial ideal of I, and thus corresponds to a cone in the Grébner fan of 7. Now
Lemma 4.4 says that any true flip of I connects / to an initial ideal J that
corresponds to an adjacent Grobner cone. There are thus exactly two true flips of 7,
unless / corresponds to a cone which is adjacent to the boundary of the Grobner fan
of Iy, in which case I has only one true flip.

It thus suffices to show that I has no fake flips unless it corresponds to a cone
adjacent to the boundary of the Grobner fan, in which case I has exactly one fake
flip.

We first recall that if x* — x" is a flip of I then x" — x"e Grg. This means that x"
and x* have disjoint supports, and so if supp(v) # 0 there is some term order < with
x*< x". Thus the only way for x* — x" to be a fake flip is to have x" = 1.

Suppose x* — 1 is a fake flip for 7. If x* were another minimal generator of 7 with
supp(u) nsupp(u/') #0, then the S-pair S(x* — 1,x*) would divide x*, contradicting
the flippability of x* — 1. On the other hand, if x* is a minimal generator of I with
supp(u) nsupp(u') = 0, then S(x* — 1,x*) = x* el. So we see that a necessary and
sufficient condition for a minimal generator x* of I of the same .#-degree as 1 to give
rise to a fake flip x* — 1 is for supp(u) nsupp(«/') = @ for all other minimal generators
x* of I.

We note that for any vector x* — 1€y (such as a fake flip) there is a vector ve Z>
for which u = ¢(v), and b;v>0 for all i. Note that we can have b;v = 0 for at most
two values of i, and if b;v = bjv = 0, then b; is a negative multiple of b;.

Let the Grobner cone of I, pos(gi,g2), be contained in the secondary cone
pos(b;, b;). Let gi be the clockwise normal to gx for k = 1,2, and let [y = ¢p(gt ) e Z.
We assume that g; and g, are in clockwise order.

We first consider the case where / is a monomial #-graded ideal with two true
flips. Then x'",x2 el. Note that (/, ); = 9i"b;>0, and (h); = g5 b;<0. Hence
i,j¢supp(u). This means that if x* — 1 is a fake flip with u = ¢(v), then vb; = vh; =
0. Since pos(b;, b;) is a pointed cone this is not possible for v#0, so we conclude that
I has no fake flips.

We now consider the case where [ is a monomial .#-graded ideal with at most one
true flip, so I corresponds to a cone on the boundary of the Gréobner fan of /.
Without loss of generality we may assume that this boundary is the counter-
clockwise outer wall b;. We first note that the fact that the Grobner fan has a
boundary implies that it is pointed. If the fan is not pointed, then for every vector
xe€7Z? there is some by with x - by <0, and so # nN" = {0}. This means that the ideal
Iy is positively graded, which in turn means that the Grébner region of the ideal is
all of R" so the fan does not have a boundary. The fact that the Grobner fan is
pointed means that b*b; >0 for all i, and so if u = ¢(b}), then u>0, and we will
show that x* — 1 is a fake flip.

We know that the Grébner cone for 1 is pos(b;, g») for some vector g,, and x" €.
Note that /5 = ae; for some ae N. We now show that this x{ is the only generator of
I divisible by x;. Let '€ %, and write I’ = ¢(g*) for a vector g+ € Z>. Write g for the
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primitive vector in Z> whose clockwise normal is g+ . By Corollary 3.11 we know that
pos(b;, g») is a unimodular cone, so g = Ab; + pgs with 4, ue Z. Since ¢(b;i-), = 0, we
know that /; = u¢(gs-); = —ua. Since |ua|>a for |u|>1, we see that x' is in 7 but
not a minimal generator, so /’ does not give rise to a minimal generator of I unless
I' =1y or h. So the two generators of I are xi = x* and x = x¢. Since u; = b}-b; =
0, it follows from the above characterization of fake flips that x* — 1 is a fake flip.
The only other possible flip come from x{. If 7 has any true flips, this must come
from x¢, giving I a total of two flips. Otherwise I is the only monomial #-graded
ideal, and g, must be the other boundary of the Grobner fan, so x{ gives rise to a
second fake flip. O

We recall the following theorem which is Corollary 5.2 of [15].

Theorem 4.6. Let I be a monomial L-graded ideal. Then the number of flips of I is
equal to dimy(Homg(Z, S/I)),.

We note that in [15] the assumption was made that ¥ was saturated and
positively graded. The proof goes through word for word in the case of general
lattices.

We also recall the following theorem which is Proposition 1.6 of [7] applied to H .

Theorem 4.7. The Zariski tangent space to the toric Hilbert scheme H ¢ at an ideal I is
canonically isomorphic to (Homg(I, S/I)),.

We now complete the proof of Theorem 1.1.

Proof of Theorem 1.1. There is an action of the torus (k*)" on Hg¢ given by scaling
the variables occurring in an ideal /. Since the singular locus of H4 must be fixed
under this torus action, and the monomial #-graded ideals are the torus-fixed
points, to show that the scheme is smooth we need only show that it is smooth at
each monomial ideal. Now Corollary 4.5 and Theorem 4.6 imply that for a
monomial #-graded ideal we have dimyHom(Z, S/I) = 2, which Theorem 4.7 says is
the dimension of the tangent space of Hy at I.

Pick any two linearly independent vectors b;, b;€ . We now define a map 4 which

takes an element of (k*)* to a vector in (k*)" that we use to scale . Let

M(a,b)e (k)" have (4(a,b)), =1 for I#1i,j, (A(a,b)); = a, and (i(a,b)); = b. There
exist /,/'e & with [; = 0,1;#0 and I';#0,/'; = 0, so considering the action of A(a,b)
on the binomials x'" —x’" and x'" — x/~ we see that the map of (k*)* to the
underlying reduced scheme of Hy given by (a,b)+ i(a,b)I¢ is injective, so the
coherent component of H ¢ is at least two dimensional. Since we showed above that
the dimension of the tangent space to H ¢ at each monomial ideal is two, this shows
that H ¢ is smooth at every monomial ideal, and thus everywhere. Every irreducible
component must contain a monomial ideal, so Theorem 3.1 says that every
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irreducible component must intersect the coherent component. Since we just showed
that H ¢ is smooth, we conclude that it is also irreducible. [

Acknowledgments

We wish to thank Alastair Craw for details and references on G-Hilb.

References

[1] V.I. Arnold, A-graded algebras and continued fractions, Commun. Pure Appl. Math. 42 (1989)
993-1000.
[2] D. Bayer, I. Morrison, Grobner bases and geometric invariant theory I, J. Symbolic Comput. 6 (1998)
209-217.
[3] T. Bridgeland, A. King, M. Reid, The McKay correspondence as an equivalence of derived
categories, J. Amer. Math. Soc. 14 (3) (2001) 535-554 (electronic).
[4] A. Craw, M. Reid, How to calculate 4-Hilb C?, Séminaires et Congrés 6 (2002) 129-154 math.AG/
9909085.
[5] J. Deloera, S. Hosten, F. Santos, B. Sturmfels, The polytope of all triangulations of a point
configuration, Documenta Mathematica 1 (1996) 103-119.
[6] V. Gasharov, 1. Peeva, Deformations of codimension 2 toric varieties, Compositio Mathematica
123 (2000) 225-241.
[7] M. Haiman, B. Sturmfels, Multigraded Hilbert schemes, math.AG/0201271, J. Algebraic Geometry,
to appear.
[8] S. Hosten, R.R. Thomas, Standard pairs and group relaxations in integer programming, J. Pure
Appl. Algebra 139 (1999) 133-157.
[9] R. Kidoh, Hilbert schemes and cyclic quotient singularities, Hokkaido Math. J. 30 (2001) 91-103.
[10] C. Lee, Regular triangulations of convex polytopes, in: P. Gritzmann, B. Sturmfels (eds.), Applied
Geometry and Discrete Mathematics - The Victor Klee Festschrift, Vol. 4, Dimacs Series, AMS,
Providence, RI, 1991, pp. 443-456.
[11] D. Maclagan, Antichains of monomial ideals are finite, Proc. AMS 129 (2001) 1609-1615.
[12] D. Maclagan, R. Thomas, Combinatorics of the toric Hilbert scheme, Discrete Comput. Geom.
27 (2002) 249-264.
[13] T. Mora, L. Robbiano, The Grobner fan of an ideal, J. Symbolic Comput. 6 (1988) 183-208.
[14] T. Oda, Convex Bodies and Algebraic Geometry, Springer, Berlin, 1985.
[15] 1. Peeva, M. Stillman, Toric Hilbert schemes, Duke Math. J. 111 (3) (2002) 419-449.
[16] M. Saito, B. Sturmfels, N. Takayama, Grobner Deformations of Hypergeometric Differential
Equations, Vol. 6, Algorithms and Computation in Mathematics, Springer, New York, 1999.
[17] B. Sturmfels, The geometry of A-graded algebras, 1994, math.AG/9410032.
[18] B. Sturmfels, Grobner Bases and Convex Polytopes, American Mathematical Society, Providence,
RI, 1995.



	The toric Hilbert scheme of a rank two lattice is smooth and irreducible
	Introduction
	General lattice lemmas
	Maclagan and Thomas [12, Lemma 2.4]; Peeva and Stillman [15, Lemma 2.2]
	Monomial ideals
	Saito et™al. [16]
	The general case
	Acknowledgements
	References


