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1. Introduction
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AX=GC, XB1=(G (1.1)

over the complex field C, and presented an explicit expression for the general Hermitian solution to
(1.1), by generalized inverses, when the solvability conditions were satisfied. Using the singular value
decomposition (SVD), Yuan [16] investigated the general symmetric solution of (1.1) over the real
number field R. By the SVD, Dai and Lancaster in [2] considered the symmetric solution of equation

AXA* = C (1.2)

over R, which was motivated and illustrated with an inverse problem of vibration theory. GroR in [6],
Tian and Liu in [11] gave the solvability conditions for Hermitian solution and its expressions of (1.2)
over C in terms of generalized inverses, respectively. By using the generalized SVD, Chang and Wang
[1] examined the symmetric solution to the matrix equations

AsXAS = C3, AgXAf = Cy (13)

over R.In[11], Tian and Liu established the solvability conditions for (1.3) to have a common Hermitian
solution over C by the ranks of coefficient matrices. However, to our knowledge, the expression for the
general Hermitian solution to (1.3) has not been available by generalized inverses so far. For operator
equations, Phadke and Thakare [10] described the common Hermitian solution to Eq. (1.1) for Hilbert
space operators. Daji¢ and Koliha revisited (1.1) and obtained some new results in[3]. Daji¢ and Koliha in
[4] investigated the common Hermitian solution to Eq. (1.1) in rings with involution with applications
to Hilbert space operators. Xu in [13] considered the solvability conditions for (1.1) to have a common
Hermitian solution in the framework of Hilbert C*-modules, gave an expression for the Hermitian
solution to (1.1) when the solvability conditions were satisfied. To our knowledge, so far there has
been little information on the common Hermitian solution to (1.3) for operators in the framework of
Hilbert C*-modules. Note that the Egs. (1.1) and (1.3) for operators between Hilbert C*-modules are
special cases of the following equations

AX=C, XBj =Cp AsXAL =3, AXAL =G4 (14)

for operators between Hilbert C*-modules. Motivated by the work mentioned above, we in this paper
aim to consider the common Hermitian solution to Egs. (1.4) for operators between Hilbert C*-modules.

The paper is organized as follows. We start with some basic concepts and results about the Hilbert
C*-modulesin Section 2. We in Section 3 give some necessary and sufficient conditions for the existence
of the common Hermitian solution to (1.4) for operators between Hilbert C*-modules, and establish
an expression for this solution when the solvability conditions are met. To conclude this paper, we in
Section 4 propose some further research topics.

2. Preliminaries

Hilbert C*-modules arose as generalizations of the notion Hilbert space. The basic idea was to
consider modules over C*-algebras instead of linear spaces and to allow the inner product to take
values in a C*-algebra. The structure was first used by Kaplansky [7] in 1952. For more details of
C*-algebra and Hilbert C*-modules, we refer the readers to [9,12].

Let A be a C*-algebra. An inner-product 2[-module is a linear space E which is a right 2[-module
(with a scalar multiplication satisfying A(xa) = x(Aa) = (Ax)a for x € E, a € A, A € C), together
withamapE x E — U, (x,y) — (x,¥) such that

(1) X ay + Bz) = alxy) + Bx2);

(2) (x,ya) = (x,y)a;

(3) (xy) = 0"

(4) (x,x) >0,and (x,x) =0 x=0
forany x,y,z € E, o, B € C and a € . An inner-product 2-module E is called a (right) Hilbert 2I-
module if it is complete with respect to the induced norm ||x|| = |{x, x)|1/2.

Assume that H and K are two Hilbert 2[-modules, and B(H, ) is the set of all maps T : H — K
for which there isa map T* : K — H such that (Tx, y) = (x, T*y), foranyx € Handy € K. We know
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that any element T of B(H, K) is a bounded linear operator. We call B(#, K) the set of adjointable
operators from # into K. In case H = K, B(H, H) which we abbreviate to B(*), is a C*-algebra and we
use the notation I, to denote the identity operator on . For any A € B(H, K), the notation R(A) and
N (A) stand for the range of A and the null space of A, respectively. An operator A € B (%) is Hermitian
(or self-adjoint) if A* = A. Let B(H)sa denote the set of all Hermitian elements of B(H).

Let H, K be two Hilbert 2-modules, A € B(H, k). The Moore-Penrose inverse A’ of A (if it exists)
is defined as the unique element of B(K, ) which satisfies the following four Penrose equations

AXA=A XAX =X, (AX)* =AX, (XA)* = XA.

ForanyA € B(H, K), the Moore-Penrose inverse AT of A exists if and only if A has closed range [15].
In this case, AT exists uniquely and (A*)T = (AT)*. Moreover, both ATA and AAT are idempotent and
self-adjoint. For convenience, we use notations L4 and Ry4 to stand for Iy — ATAand]I © — AAT induced
by A, respectively. Obviously, L4 and R4 are also idempotent and self-adjoint and Ly = Rg+.

For any Hilbert C*-modules 7 and £, put

wox={(1)] nernrex],

which is also a Hilbert C*-module whose inner product is given by

<<Z:> ' <Z§>> = (hy, h2) + (kq, k2)

forhj € Handkj € K, i=1,2.
Let H1, Ho,and H3 be Hilbert 2[-modules,and A1 € B(H1, H3),Ay € B(Hy, H3).ThenA = (A1, Az)
€ B(H1 D Ha, H3) is the partitioned operator defined as

A <Z;> = Aihy + Ayhy forh; € Hj, i=1,2.

Similarly, one can define partitioned operators with more blocks, suchasA = (A1, Ay, A3, As) € B(Hq
® Hy ® Hz D Hy, Hs) and a4 x 4 partitioned operator Agxg € B(H1 D Hy © Hz D Ha).

Lemma 2.1 [14]. Let A = (A1, A) be a partitioned operator with A; € B(H1, H3), Ay € B(Ha, H3).
Suppose A1 has closed range, then AT exists if and only if (RAlAz)Jr exists.

In addition, since R(A1AI) C R(RAlAz)l, where R(RA]AZ)L is the orthogonal complement of
R(Ra,Az), we have (RAlAz)T(A1AI) =0,ie,

(Ra,A2)"Ra, = (RayA2)T. (2.1)
3. Common Hermitian solution to (1.4)

In this section, we give some solvability conditions for (1.4) to possess common Hermitian solution
and present an expression for this common Hermitian solution when the solvability conditions are
met. Throughout this section, 7+ and K; (i = 1, 2, 3, 4) are Hilbert 2[-modules. We have the following
main result of this paper.

Theorem 3.1. Let Ay, C; € B(H, K1), B1, C2 € B(Ka, H), Az € B(H, K3),As € B(H, K4), C3 € B(K3),
C4 € B(K4). Suppose that A1, By, As, Ay and F, M, P, N have closed ranges, where F = BfLa,, M = SLf,
P = (TLF)*, N=PlyandS = A3LA1, T = A4LA1 . Let
D=C —BAlq, J=Alc +FD, (31)
G = C3 — A3(J + La, LiJH)A;, (3.2)
Q = C4 — AglJ + La, LeJ* + MTG(M™)*1A;. (3.3)
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Then the following conditions are equivalent:

(1) Egs. (1.4) have a solution X € B(H)sa.
(2) C3 = C::’k, C4 = CI and

A1Cy = (4Bq, A1CT = (1A}, BTCZ = C;BL (34)
Ra,C; =0, ReD =0, (3.5)
RyG =0, QLp =0, RyQRy = 0. (3.6)
(3) Gz = (3, C4 = Cj, the equalities in (3.4) hold and
rc) cran, =(g) < w (3. 37)
2 1
C1A A
R(GA5| SR (BT, (3.8)
G As
C]Aﬁ Aq
rR|CA; | cr (B, (3.9)
Cy Ay
R(IRy) S R(Y), (3.10)
where
A 0 0 0 GA;
* 0 0 0 CIAS
_ | B _ 244
V=l 2= -4 -me - 0 | (3.11)
Ag 0 0 0 Cy
In this case, the general Hermitian solution to (1.4) can be expressed as
* vty o Nt i
X =]+ Lale)" +M'GM")" + E[N Q(Ry + Ii,)P
+(PY* Ry + I, )QIN) ] 4+ U + U*, (3.12)
where
1 1
U = L, LeLyVLeLa, — N'NVPPT + 5NTNVPI\JNTPT - ENTP*V*N*PT (3.13)

and V € B(H) is arbitrary.
Proof. (2) = (1): Note that AjL4, = 0.Then A{F* = 0, FM* = 0 and
L, L = (I, — AlAy — FTF) = Il
Lo, Ly = (I — ATA; — MTM) = Ly,
LeLy = (Iy — F'F — MTM) = LyLg.
Hence it follows from (2.1) that
(N = (LuLeLa, A%)' = (LuLrLa, AD) Ly = (LrLwLa, AL Ly = (LeLyLa, AL LeLy
= (L, LeLmAL) LeLyy = (La, LrLuAL) Lo, LeLy.

Therefore
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(N)" = LyLpLa,N" = La, LeLyN'.
Similarly,
=14 F', M = Lplg MT = Lo LeMT,  (PT)* = LeLa, (PY* = L4, Lp(PT)*.
Accordingly
AM" = A (PTY* = ANt = BEMT = B (P)* = BENT =0, BIF' = FF', (3.14)
AsMT = MMT, AsNT =0, AsMT = P*MT, A4(P")* = PTP, A4NT = NNT. (3.15)

Suppose (2) holds and X has the form of (3.12), where U can be expressed as (3.13). It follows from
(3.4) that

CiF* = A\D*, C'F* =B'D*, DF* = FD*. (3.16)
By (3.16),
JLeLy, = (AlCy + FID) (I, — ATA; — FTF)
=Alc, — Al ar@ah* — aleyF*(Fh* + F'p — Fipatal)* — FiDF* (Fh)*
=] —Ala @ale)* — Ala (Fp)* — FTr@lc)* — FTF(FTD)*
=] — ATA + FR)*
=] —J" +LaLeJ", (3.17)

implying thatJ + La, LgJ* is Hermitian. In view of C3 = Cj, C4 = C and the definition of G, Q in (3.2)
and (3.3),thenG = G*and Q = Q™. Note the expression of X in (3.12), then X = X*,i.e., X is Hermitian.
By (3.1), (3.4), (3.5) and (3.14),

AX = MAICH = C1, XBy = (B{X)" = (D + B{AICi — ReD) = C,.
Noting Ry G = 0 yields

AsXA; = Al + Lo, Le* + M'G(M")* 145 = G — G + MMTG(MT)*M* = G5
bﬁ, MLy = 0, (3.2) and (3.15). It follows from R(N) C R(P*),i.e., P'PN = N and QLp = 0, RyQRy = 0
that

1
E[NNTQ(RN + I, )P'P + P'P(Ry + I, )QNN']

1
5Ly = RQRY + Iic,)P'P + PTP(Ry + Ixc,)Q(Iic, — Rn)]
1

E(QRNP*P +Q — RyQ 4+ PPRyQ + Q — QRy) = Q.

In view of (3.3) and (3.15),
. * L Mteai™ 1A + LNt tp 4 pt f
AgXAy = Ayl] + La, LgJ” + M'G(M")*1A, + E[NN Q(Rn + I, )P'P + P'P(Ry + Ixc,)QNN']
=0G—-Q+Q=0G.

(1) = (3): Let Xp € B(H)sa be a Hermitian solution to (1.4). Then
A1y = A1XoBr = C1B1, A1CE = A1XoAT = CAY, BiCy = B'XoB1 = CiBy,

A C
= (§)0= (&)

and
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yielding (3.7),

A C1A% A C1A%
B} X0A§ =|CGAy|, (B} XOAZ = | GA;
As G A Ca
giving (3.8) and (3.9). It follows from 1Q + Py* = ¢, where

P=(0 0 —X3A5 0", Q=0 0 0 XA}

that ¥ QRy, = @Ry, . Therefore (3.10) holds.
(3) = (2):1Itis well known that if R (A) is closed, then R (A*) is also closed. It follows from Lemma
2.1 and the fact Ly = Rp* that

R(N) is closed < R(N*) is closed < (LyP) exists < [Lp (S* T*)]T exists
& [l B1 A3 Aj)]T exists & (A} By A} AN exists < ¢ exists.

Similarly, let

A1 A1
wz(ﬁ)e%mmh®m®K9,nz(ﬁ)e%mma$m®nu
As Ay

£ = (’;‘:) € BH, K1 ® k).

Then (pT € B(K1 ® Ky K3, H), r/T € B(K1 ® Ky @ Kg,H) and ET € B(K1 ® Ko, H) exist.
Suppose (3.7)-(3.10) hold. It follows from the well known fact

R(B) € R(A) < AA'B =B (3.18)
that Ra, i =0,
C]A§ C1Az C
R, [GAY| =0, R, [CAL| =0, R: (c}<> =0 (3.19)
G Cy 2
and
Ry ¢Ly+ = Ry pRy = 0. (3.20)
Suppose ¢ = (K1 K2 K3).Then
o Ak —AKy —AiK;
Ry = leyorons — 09! = | —BiKi e, —Bike  —Bils
—AskK; —AsKy I, — AsKs

Substituting R, above into the first equality in (3.19) gives

MK GAS + A G A + AK3 G = GiAS, (3.21)
BiK1C1A% + BYK>,C5 A% + BiK3C3 = G A3, (3.22)
AsK1C1A + AsKa G5 A + AsK3C3 = Gs. (3.23)

Multiplying (3.21) by (—BTA];), (—A3AJ{) from left side and adding them to (3.22), (3.23), respectively,
we have

FK1C1A3 + FK2Cy A} + FK3C3 = DA}, (3.24)
SKy C1AY + SKaCEAL + SK3Cs = C3 — AsAl LAY, (3.25)
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Multiplying (3.24) by (—SF') from left side and adding it to (3.25) yields
MK; 1A% + MKy CiA% 4+ MK3Cs = C3 — AsATCiA% — SFTDA. (3.26)

Note RyyM = 0 and (3.2). Multiplying (3.26) by Ry from left side gives Ry;G = 0.
Similarly, one can easily show that QLp = 0 and RgD = 0 by the second equality and the third
equality in (3.19), respectively.
Now we want to show that RyQRy = 0. Assume that
Vvi=(Ke Ks Ko K7)e BKDKyBKsDKaH).

Then

R'/f = 1K1®K2€BK3€9I€4 - wa

K, —AKy  —AiKs —ArKg —AK7
| —BKy I, —BKs  —BiKg —BK;
| —Asky —AsKs I, —AsKs  —AsKy

—A4Ky —A4Ks —AiKs I, — Agky

Llp* = IlC1G3Kl2€B)C3€BIC4 - (W*)TW*

Ie, — KGAY  —KiB — KA — KA

_ | KEAT b —KIBr —K3Ay —K3A

| —kgar —KiB1 I, — KEAY  —KZA;
—1<;A* —K2B, —K;“A* I, K;“A4

Substituting Ry, and Ly« above into (3.20) yields

A1KeH1 — [(x, — A1Ka)C1A] — A1KsCH AL — A1K7C4]KGAT = 0, (3.27)

BiKgH1 — [(Ix, — B{K5)CyA; — BiK4C1A; — BYK7C4] K7AT = 0, (3.28)

(A3Ks — Ix;)H1 + (A3K4C1A] + AsKsC A} + AsK7Ca)KIAT =0, (3.29)

AsKeHy — [(Ic, — A4K7)Cq — AsK4C1A} — AsKsCy AL K3AT = 0, (3.30)
and

A1KsHy — [(I, — A1Ka)C1A% — A1KsC3AS —A1K7C4] K7Bl =0,

BiKgHa — [(Ix, — BiKs)C3AL — B*K4C1A4 BiK7C4] K7B1 =0, (331)

(AsKg — Iic;)Ha + (AsKaC1A% + AsKsCHA; +A3K7C4) KiB1 =0, :

A4KsHy — [(Ic, — A4K7)Cq — AgKaCrA; — A4I<5C 2] K5B1 =0,

A1KsH3 — [(Ic, — A1Ka)C1A% — A1KsC3AS — A1K7Cy] 1<;%4\3 =0,

B¥KsH3 — [(Ix, — BiKs)C3A, — B*K4C1A4 — B¥K7C4] 1<7A3 =0, (332)

(AsKs — Ixc;)H3 + (A3K4C1A; +A31<5c;<A4 + A3K7Cy) 1<7A3 =0, :

A4KsH3 — [(Ixc, — AaK7)Ca — AgKaC1A% — AsKsCEAG] K3AL = 0,

A1KsHg — [ (Ix, —A1K4)C1A4 A1K5C§‘A4 A1K7Cq] (KFAS — Ix,) =0,

BiKeHs — [(Ic, — BiKs5)C5A; — BiKaC1A} — BiK7Ca| (K3AE — Ix,) = 0, (333)

(A3Kg — I;C3)H4 + (A3K4C1A4 +A3K5C;<A4 +A3K7C4) (K7A4 I;C4) =0, :

AsKsHa — [(Ic, — AaK7)Cs — AgKaC1A% — AaKsCHA% | (K3ASG — Ix,) = O,

where

Hi = AsC (I, — KiAY) — AsCoKEAT — GKEAT,

Hy = AsC} (—K}B1) + A3Cy(lxc, — KZB1) — G3KEBy,
Hz = AsCF (—K;A%) — AsCoKEAS 4 C3(Iic; — KZAS),
Hy = —AsCIKGA; — AsCoKEAL — C3KEAS.
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Multiplying (3.27) by (—B*A!), (—AsAl), (—A4A") from left side and adding them to (3.28)~(3.30),
respectively, we can get
FKgH; + [—DA% + FK4C1A% + FKsCiA% + FK7C4]KZAT = 0,
(SKs — Iicy)Hy + [AsAT CLA% + SK4CLA% + SK5CEAL + SK7C4 KA = 0, (3.34)
TKsH; 4 [AsAl QLAY — C4 + TK4C1AL + TKsCEAL + TK7 C4lKZAT =
Similarly, the equalities in (3.31)-(3.33) gives

FKsH + (—DA} + FK4C1 A} + FKsC3A% + FK7C4)K3By = 0,
(SKe — Ixe;)Hy + (A3A} C1A% + SK4C1AL + SKsCEAL + SK7Ca)KBy = 0, (3.35)
TKgHy + (A4A| C1AL — C4 + TK4C1A% + TKsCEA% + TK7C4)K3iBy = 0,

FKsHs + (—DA} + FK4C1A} + FKsC3A% + FK7C4)K3AS = 0,
(SKs — Iics)H3 + (A3A] CiAT + SKaCi AL + SKsCEA% + SK7Ca)KFAL = 0, (3.36)
TKsHs + (A4A| C1A; — C4 + TK4C1AL + TKsCIA% + TK7Ca)K3A% = 0,

and
FKsHy + (—DA} + FK4C1 AL + FKsC3A; + FK7Cq) (K3AS — Iic,) = 0,
(SKe — Ic3)Ha + (A3AI C1A} + SK4C1A} + SKsC A} + SK7Ca) (K5 A — Irc,) =0, (3.37)
TKsHa 4 (AgAl CLAL — Cq + TK4C1AL + TKsCEAL + TKoCy) (KFAL — Iic,) = 0.
Multiplying the first equality in (3.34) by —(A];)*Bl, —(A];)*Aé‘, —(A];)*Ajlk from right side and adding
them to the first equality in (3.35)-(3.37), respectively, we have
FKg(A3D* — AsC{K;F* — A3GoKEF* — GKEF*) + HsK5F* = 0,
FKg[C3 — A3 (A];Q)*Ag‘ — A3CTKGS™ — A3GoKES* — GKES™] + HsK5S™ = 0, (3.38)
1-"K6[—A3(AJ{C1)”‘Azlk — A3CFKG T — A3GKET* — GKET*] + Hs (KT — I,) = 0,
where
Hs = —DA} + FK4C1A} + FK5C3A} + FK7Cy.
Likewise, it follows from the second equality in (3.34)-(3.37) and the third equality in (3.34)-(3.37)
that
(SKe — Iic;) (A3D* — AsCYK{F* — A3GKZF* — G3KEF*) + HeKSF* = 0,
(SKs — Iic;)[C3 — A3(ATC1)* A% — AsCIKES* — A3CoKES* — C3KES*] + HgKiS* = 0,
(SKg — 1K3)[—A3(AJ{C1)*AZ — A3CTKG T — AsGKET" — GKET*] + He (K3 T* —Ix,) =0

(3.39)

and

TKs (AsD* — AsCIKIF* — A3CoKEF* — GKEF*) + HKEF* = 0,

TKs[Cs — A3(AlC1)* A% — AsCIKES* — AsGoKES* — C3KES*] + HpK3S* = 0, (3.40)

TKs[—A3 (A} C)*A% — ACEKGT* — AsGoKET* — GKET*] 4 Hy (KET* — Ie,) = 0,
where

He = AsAlCiAL + SK4C1A% + SKsCIA% + SK7Cy,

Hy = AgAl LA — Cy + TKaC1 AL + TK5CEAL + TKsCy.
Let

Hg = AsD* — AsCIIGF* — AsGoKEF* — C3KZF*.
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Then multiplying the first equality in (3.38) by —SFT, —TF" from left side and adding them to the first
equality in (3.39) and (3.40), respectively, we obtain

(MKs — Iic,)Hg + (A3JA; + MK4C1A} + MKsCyA; + MK7C)K5F* = 0,

P*KgHs + (A4JA} — Ca + P*K4C1A} + P*K5CA; + P*K7C4)K5F* = 0.
In the same way, from the second equality in (3.38)-(3.40) and the third equality in (3.38)-(3.40), we
derive

(MKs — Ixe;)Hg + (A3JA; + MK4C1A} + MKsCiAS 4+ MK7Ca)K3S* = 0,
P*KgHg + (AgJAL — Ca + P*K4C1A% + P*KsCyAL 4 P*K7C)KES* = 0

(3.41)

(3.42)

and

(MKs — Iic,)Hio + (AsJA% + MK4C1A% + MKsCEA% + MK7Cy) (KET* — Iic,) = 0,

P*KsHio + (AgJA% — Ca + P*KaC1A% + P*KsCLAL -+ P*K7Ca) (KET* — 1) = O, (343)

where
Ho = C3 — A3(AlC1)*AS — A3CTKS* — AsGoKES™ — G3KES™,
Hio = —As(ATC)*A% — AsCKIT* — AsGKET* — G3KET*.

Then multiplying the first equality in (3.41) by —(F")*s*, —(F")*T* from right side and adding them
to the first equality in (3.42) and (3.43), respectively, we have

(MKg — Irc;) (C3 — A3J*AS — AsCTK;M™ — AsCoKIM™ — C3KEM™) + HuKkiM™ =0, (3.44)

(MKs — Irc;) (—AsJ*A; — A3sCTK P — A3CoKEP — C3KEP) + Hy1 (K3P — Ix,) = 0, (3.45)
where

Hyp = AsJA] + MK4C1A; + MKsC5 A} + MK7Cy.
Similarly, it follows from the second equality in (3.41)-(3.43) that

P*Kg(C3 — A3J*AY — AsCTKGM™ — AsGoKEM™ — C3KEM™) 4+ HipKyM™ = 0, (3.46)

P*Ke(—AsJ* A} — AsC{K4P — A3CoKZP — C3KEP) + Hip(K5P — I,) =0, (3.47)
where

Hip = A4JA; — Cq + P*K4C1A; + P*KsC5 AL + P*K7Cy.

Multiplying (3.44), (3.45) by —P*M" from left side and adding them to (3.46) and (3.47), respectively,
we can get

(NKg + P*M")(C3 — A3J*AY — AsCTKZM™ — AsGKEM™ — GKEM™)
+ (AgJA} — Cq — P*MA3JAL 4+ NK4C1 AL + NKsCrAL 4 NK7C)KiM* = 0, (3.48)
(NKs + P*M") (—A3J*A} — AsCFK}P — A3CoKZP — C3KZP)
+ (AgJA} — C4 — P*MA3JA} 4+ NK4C1AS 4+ NKsCAL 4 NK7C4) (KP — I,) = 0. (3.49)
Multiplying (3.48) by —(M")*P from right side and adding it to (3.49) gives
(NKs + P*M")[—AsJ* A% — (C3 — AsJ*A3) (M) *P — AsCFKEN* — A3GoKEN™ — C3KEN™]
+ [AgJA; — C4 — P*MTA3JA% + NK4C1A; + NKsCyA% + NK7C41(KEN* —I,) = 0. (3.50)
Note RyN = 0, then multiplying (3.50) by Ry from two sides yields
RN[Ca — AgJAL + P*MTA3(J — J¥)AG — P*MT(C3 — A3J*A3)(MT)*PIRy = 0. (3.51)
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In view of (3.2), (3.17) and MTMPRy = PRy,
—RnP*M'(C3 — A3J*A%)(M")*PRy

= —RyP*M'[G + A3 (] + La, LeJ* — J*)A51(M")*PRy

= —RyP*M'[G(M")*P 4 A3JMMP]Ry
—RNP*MT[G(M™)*P + A3JP]Ry
—RyP*MT[G(M")*P + AsJLrLa, A§IRy
—RyP*M'[G(M")*P + A3 — J*)A; + MI*A;1Ry
= —RyP*M[G(M")*P + A3(J] — J*)A; 1Ry — RP*J*ALRY. (3.52)

Substituting (3.52) into (3.51) gives
RN[Cs — AgJA; — P*MTG(MTY*P — P**A%1Ry = O,
implying RyQRy = 0 by P*MT = A4;M".
Now we show that if Egs. (1.4) have a common Hermitian solution, i.e., the equalities in (3.4)-(3.6)
hold, then its general Hermitian solution can be expressed by (3.12), where U can be expressed as

(3.13).
Assume Xy € B(H)sa is any Hermitian solution to (1.4). Then

La, LeXoLrla, = (e — AVAy — FTF)XoLpLa, = (Xo — J)LeLa,

= Xo(ly — AVA] — FIF) — ]+ J* — Lp, LeJ*
= Xo —J — La, L™ (3.53)

PutV = %(Xo + XoM™M). In view of (3.2) and (3.53),
La, LiLyVLELa, + La, LeV*LyLgLg,
1
- ELA] Le[Ly (Xo + XoM™) + (Xo + M'MXo) Ly 1LeLa,

= Ly, Lr[Xo — MTMXoM'M)]L¢Ls,
= Xo —J — La,LeJ* — MA3(Xo — J — La, LeJ")A5 (M) *
= Xo —J — La,LeJ* — M'G(MT)*

and

NVP + P*V*N* = A4(La, LrLmVLrLa, + La, LV *LuLrLa, )A}
= C4 — Aq( + Ly, Le* + MTG(MT) )AL = Q.

In this case,
1 1
—N'NVPPT 4 5NTI\IVPNNTPT - ENTP*V*N*PT
1oitnvept — Lyt i Lyipryenept
= ——N'NvPPT — —NTNVPRyPT — —NTP*V*N*P
2 2 2
1

1 1
= —ENTQPT - 5NT(Q — P*V*N*)RyP' = —ENTQ(RN + Ie,)PT

and
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1

U+U" =X =] = L Ll = MIGMD" = JIN'Q(Ry + e, )P + (P Ry + I )QND].

Then Xy can be expressed as
1

Xo =]+ La LeJ* + MG + ZINQRy + )P + (P)* (R + e )QIND 1 + U + U™,
This expressionimplies that(3.13), where U can be expressed as (3.12), is the general Hermitian solution
to(1.4). O

Now we consider some special cases of Theorem 3.1.
Corollary 3.2. Let Ay, Cq, By, G, A3, C3 and F, D, M, ], G be as in Theorem 3.1. Suppose that A1, B, A3
and F, M have closed ranges. Then the following conditions are equivalent:
(1) Equations
AX =Cy, XB1=0C AsXA; =03 (3.54)

have a solution X € B(H)sa.
(2) G3 = (3, the equalities in (3.4), (3.5) and the first equality of (3.6) hold.
(3) G3 = C3, the equalities in (3.4), (3.7) and (3.8) hold.

In this case, the general Hermitian solution to (3.54) can be expressed as

X =] 4 La,LeJ* + La, LEM'G(MT)*LeLa, + La, LiLyVLELa, + La, LV*LyLeLa,,
where V € B(H) is arbitrary.
Corollary 3.3. Let A3, C3, A4, C4 be as in Theorem 3.1 and A3, A4 and N have closed ranges, where N =
A4LA3 . Put
Q = C4 — AsAL G (A])* A%
Then the following conditions are equivalent:

(1) Egs. (1.3) have a solution X € B(H)sa.
(2) G = C%k, Cy = CI and

Ra;C3 =0, Ra,C4 =0, RyQRy =O0.
(3) G = C; Cy = CI and
R(G3) S R(A3), R(C4) S R(As), R(PRy) S R(Y),

where
(A3 _ (-G 0

w_<A4>' ¢_< 0 C4>'

In this case, the general Hermitian solution to (1.3) can be expressed as
1

X = Al (ah)* + 5[NTQ(RN + I ) ADT + AL Ry + Ie,)QIND ] + U 4 U,

where
1 1

U= Ly,V — N NVAlA, + 5NTNVAINNT(AZ)T - E1\1T1¢\4v*1\1*(,c\j)T

and V € B(H) is arbitrary.

Remark 3.1. The finite-dimensional case of the above corollary was considered in [11,1] by rank and
the singular-value decomposition, respectively.
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Corollary 3.4. Let A1, Ci, By, Cy, F, D, ] be as in Theorem 3.1. Suppose that A1, By and F have closed
ranges. Then the following conditions are equivalent:

(1) Egs. (1.1) have a solution X € B(H)sa.
(2) The equalities in (3.4) and (3.5) hold.
(3) The equalities in (3.4) and (3.7) hold.
In this case, the general Hermitian solution to (1.1) can be expressed as

X =]+ La,LeJ" + La, L YLELa,, (3.55)
where Y € B(H)sa is arbitrary.

Remark 3.2. Corollary 3.4 is one of the main results of [4,13].

Remark 3.3. For matrices, we revisit Khatri and Mitra’s solvable conditions for the existence of the
common Hermitian solution to (1.1) over C in [8]. The following counterexample shows that these
conditions given in [8] are not sufficient for the existence of a common Hermitian solution to (1.1).
Take, for example,

A= 1), G=0—i 1+1), Blz(f), czz(::).

Then it is easy to verify that the conditions in [8] are all satisfied, and (é 8) is one of the inner

. A . . . . L
inverses of (B%) According to the expression for the Hermitian solution to (1.1), given in [8], we have

that
/0 1+4i\ . (0 -1\, (0 0
X_<1—i 0)+<0 1)”(—1 1)'

where U is an arbitrary Hermitian matrix with suitable size. However,

i—1
XBy = <i+ 1) * G.
The correction is as follows. Egs. (1.1) have a common Hermitian solution if and only if (3.4) and (3.5)

hold.

Remark 3.4. For matrices, we revisit the expression for general symmetric solution to (1.1)
X= A]; Ci + Ly, (A;r C1)* + F'DLa, + LeLa, (F'D)* 4 LpXLg

in [16]. By simply computing, we can show that the solvable conditions for (1.1) to have a symmetric
solution in [16] are equivalent to (3.4) and (3.5). However, under the conditions (3.4) and (3.5),

XB; = Cy + LgXLgBy # Cy.
The correct version of the general symmetric solution should be
X = AlCy + L, (Al C)* + F'DLa, + LiLa, (F'D)* + Ly, LiXL¢Ly, .

By (3.16), the expression mentioned above is the same as (3.55).

4. Conclusion

In this paper, we derive necessary and sufficient conditions for the existence of the common Hermi-
tian solution to (1.4) for Hilbert C*-modules operators, and give an expression for the general common
Hermitian solution to (1.4) when the solvability conditions are satisfied. Some corresponding results
on special cases are also given. Some known results can be viewed as special cases of this paper.



Q.-W. Wang, Z.-C. Wu / Linear Algebra and its Applications 432 (2010) 3159-3171 3171

It is worthy to say that the approach and results in this paper are also true to the bounded operators
between quaternionic Hilbert spaces, which plays an important role in certain physical problems (see,
for example [5]).

Motivated by the work in this paper, it would be of interest to investigate the common nonnegative
and positive solutions to equations (1.4) for Hilbert C*-modules operators. Moreover, two challenging
tasks are to derive the extremal ranks and inertias of the common general Hermitian solution to (1.4)
in matrix equation version.
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