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Abstract

The paper proposes a general optimization model with separable strictly convex objective function to obtain the con-
sistent OWA (ordered weighted averaging) operator family. The consistency means that the aggregation value of the oper-
ator monotonically changes with the given orness level. Some properties of the problem are discussed with its analytical
solution. The model includes the two most commonly used maximum entropy OWA operator and minimum variance
OWA operator determination methods as its special cases. The solution equivalence to the general minimax problem is
proved. Then, with the conclusion that the RIM (regular increasing monotone quantifier) can be seen as the continuous
case of OWA operator with infinite dimension, the paper further proposes a general RIM quantifier determination model,
and analytically solves it with the optimal control technique. Some properties of the optimal solution and the solution
equivalence to the minimax problem for RIM quantifier are also proved. Comparing with that of the OWA operator prob-
lem, the RIM quantifier solutions are usually more simple, intuitive, dimension free and can be connected to the linguistic
terms in natural language. With the solutions of these general problems, we not only can use the OWA operator or RIM
quantifier to obtain aggregation value that monotonically changes with the orness level for any aggregated set, but also can
obtain the parameterized OWA or RIM quantifier families in some specific function forms, which can incorporate the
background knowledge or the required characteristic of the aggregation problems.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

The ordered weighted averaging (OWA) operator, which was introduced by Yager [45], has attracted much
interest among researchers. It provides a general class of parameterized aggregation operators that include the
min, max, average. Many applications in the areas of decision making, expert systems, data mining, approx-
imate reasoning, fuzzy system and control have been proposed [20,21,29,37,53,57,60].
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One of the appealing points of OWA operators is the concept of orness [45]. The orness measure reflects the
andlike or orlike aggregation result of an OWA operator, which is very important both in theory and appli-
cations [13,15,50-52]. The orness of OWA operator, also called ‘““attitudinal-character”, can be used to repre-
sent the preference information in aggregation problems [53,54]. It is clear that the actual type of aggregation
performed by an OWA operator depends upon the form of the weight vector [8,12-15,49-52]. The weight vec-
tor determination is usually a prerequisite step in many OWA related applications, and it has become an active
topic in recent years [1,26,31,39,42]. A number of approaches were suggested for obtaining the required OWA
operator, i.e., quantifier guided aggregation [45,47], exponential smoothing [13], sample learning [37,56], the
weights function method [1], argument dependent methods [41,43] and the preference relation method [2]. The
most commonly used method is to obtain the desired OWA operator under a given orness level [12—
15,31,35,55], which is usually formulated as a constrained optimization problem. The objective to be opti-
mized can be the (Shannon) entropy [12,14,31,35], the variance [15,26], the maximum dispersion [4,39], the
(generalized) Rényi entropy [33] or even the preemptive goal programming [3,40]. O’Hagan [35] suggested
the problem of constraint nonlinear programming with a maximum entropy procedure, the solution is called
a MEOWA (Maximum Entropy OWA) operator. Filev and Yager [12] further proposed a method to generate
MEOWA weight vector by an immediate parameter. Fullér and Majlender [14] transformed the maximum
entropy model into a polynomial equation, which can be solved analytically. Liu and Chen [31] proposed gen-
eral forms of the MEOWA operator with a parametric geometric approach, and discussed its aggregation
properties. Apart from maximum entropy OWA operator, Fullér and Majlender [15] suggested the minimal
variability OWA operator problem in quadratic programming, and proposed an analytical method for solving
it. Liu [26] gave this OWA operator generating method with the equidifferent OWA operator, which seems
being a reformulation of [15], but actually is an extension with a more simple and intuitive process [28,34].
A closely related work is that of Wang and Parkan [39]. They proposed a linear programming model with
minimax disparity approach to get the OWA operator under the desired orness level. The solution equivalence
of the minimum variance problem and the minimax disparity problem was proved by Liu recently [30]. Maj-
lender [33] proposed a maximum Rényi entropy OWA operator problem with exponential objective function,
which can include the maximum entropy and minimum variance problem as special cases, and an analytical
solution was proposed.

Another important closely related topic is OWA aggregation with Regular Increasing Monotone (RIM)
quantifier, which was also proposed by Yager [48]. The linguistic quantifiers were proposed by Zadeh [59],
who also classified them with absolute quantifiers, such as “much more than 10”, and relative quantifiers, such
as “a half”. Flexibility can be obtained by introducing fuzzy quantifiers which permit a closer representation in
the language of daily life. Yager [46,48] further distinguished the relative quantifiers into three classes. They
are called Regular Increasing Monotone (RIM) quantifier, Regular Decreasing Monotone (RDM) quantifier
and Regular UniModal (RUM) quantifier, where the RIM quantifier is the basis of all kinds of relative quan-
tifiers [46,48]. Some RIM quantifiers in natural language are most, many, at least half, some [6,7,11,16,21,
19,38]. This RIM quantifier guided aggregation method with OWA operator in natural language [48] has been
applied in many areas such as decision analysis, database querying, and computing with words theory
[5,6,9,17,18,20,21,44]. Based on this method, Liu [24,29] further analyzed the relationship between the
OWA operator and the RIM quantifier with the generating function technique. With the generating function
in RIM quantifier playing the role of weight vector in OWA operator, the RIM quantifier can be seen as a
dimension free continuous OWA aggregation. The maximum entropy RIM quantifier and minimum variance
RIM quantifier were proposed, and some properties of them were discussed [24,27]. A summarization of the
OWA operator and the corresponding RIM quantifier determination methods was given in [32].

In the present paper, a general optimization model with strictly convex objective function to obtain the
OWA operator under given orness level is proposed. This approach includes the maximum entropy and the
minimum variance problems as special cases. The problem is also more general than the Rényi entropy objec-
tive function case. The solution methods and the properties of maximum entropy and minimum variance
problems were studied separately, but they can be included into this general model now. The consistent prop-
erty that the aggregation value for any aggregated set monotonically increases with the given orness value is
still kept, which gives more alternatives to represent the preference information in the aggregation of decision
making. Furthermore, the equivalence to the minimax problem is proved, which is the generalization of the
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equivalence of the minimum variance problem and the minimax disparity problem [30], but the proof is sim-
plified. With the generating function in the RIM quantifier playing the role of the weight vector in the OWA
operator, a general model that can include the maximum entropy and minimum variance RIM problems is
proposed. Some properties are discussed and the solution equivalence to the minimax problem for RIM quan-
tifier is proved. The RIM quantifier has the advantages of being dimension free, having a simple solution, and
having the ability to be connected with natural language terms. When we face the problem that the number of
arguments changes in different cases, the RIM quantifier based aggregation method can provide a uniform
formula with its membership function. With the analytical solution of these general models, we can make
the OWA operator become the interpolation series of a given monotonic function or make the RIM quantifier
function obey some specific function shapes, which gives more possible alternatives for the OWA operator and
RIM quantifier determination. We can also incorporate some prerequisite information such as the back-
ground or the characteristic requirements of the aggregation problem into the aggregation process.

The remainder of this paper is organized as follows. Section 2 gives some preliminaries of OWA operators,
the RIM quantifier guided OWA aggregation method, and the generating function representation method of
RIM quantifier. Section 3 proposes a general model to obtain OWA operator under given orness level. Some
properties of the optimal solution are discussed. The solution equivalence of the general model and the cor-
responding minimax problem is proved. Section 4 can be seen as the continuous extension of Section 3 with
RIM quantifier. As both OWA operators and RIM quantifiers have some common characteristics in both the
solution process and in their applications, the conclusions are organized in parallel for easy comparison. This
similarity proposes a general model to obtain the RIM quantifier under given orness level. Some properties of
the optimal solution are discussed and the solution equivalence to the corresponding minimax problem is
proved. As the general models of Sections 3 and 4 are improvements and extensions of the minimum variance
problems and the minimax disparity problems for OWA operators and RIM quantifiers, respectively, Section
5 summarizes the solutions and properties of these two kinds of problems in this general framework, so that
the similarity between these two kinds of problems can be connected and some existing results are extended.
Section 6 considers the problems’ solutions from another viewpoint, which can make the OWA operator or
the RIM quantifier generating function have a specific function shape. Some special function forms for the
OWA operator and RIM quantifier solutions are provided, which gives more alternatives for their determina-
tion. Section 7 summarizes the main results and draws conclusions.

2. Preliminaries

An OWA operator of dimension n is a mapping F : R" — R that has an associated weight vector
W = (wi,wy,...,w,) having the properties

witws+-o 4w, =1 0<w, <1, i=1,2,...,n

and such that

Fy(X) = Fy(x,x,....x) = > wy, (1)
i=1

with y, being the ith largest of the x;.
The degree of “orness” associated with this operator is defined as

n

n—i
W = i 2
orness(W) ;n—lw (2)
The max, min and average correspond to W*, W, and W,, respectively, where W* = (1,0,...,0),
W.=(0,0,....,1) and W, = (L1 .. 1) that is Fy (X)=min{x}, Fp(X)=max;c{x} and
1

Fy,(X) =15"" \x;. Obviously, orness(W*) = 1, orness(W,) = 0 and orness(W ;) = 1.

In [48], Yager proposed a method for obtaining the OWA weight vectors via fuzzy linguistic quantifiers,
especially the RIM quantifiers, which can provide information aggregation procedures guided by verbally
expressed concepts and a dimension independent description of the desired aggregation.
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Definition 1 [48]. A fuzzy subset Q of the real line is called a Regular Increasing Monotone (RIM) quantifier if
0(0) =0, O(1) =1, and QO(x) = O(y) for x > y.

Examples of this kind of quantifier are all, most, many, there exists [48].
The quantifier all and there exists is represented by O, and O, respectively,

wa:{1 if x=1 %@={0 if x =0

0 ifx#£1 1 ifx#£0

With a RIM quantifier Q, the quantifier guided aggregation with OWA operator is [48§]

Fon) = w0 =3 (1) = o(*F) ) B

i=1

where the OWA weight vector W = (wy,wy,...,w,) is

eofl) o5

Yager also extended the orness measure of OWA operator, and defined the orness of a RIM quantifier [48].
Given a RIM quantifier Q, we can generate the OWA operator with (4). Letting n — oo, the orness measure of
a RIM quantifier can be obtained

(o) -o(5) - m 825 - [ awmes ®

Thus, the orness degree of a RIM quantifier is equal to the area under it.
To analyze the relationship between OWA operators and RIM quantifiers, a generating function represen-
tation of RIM quantifiers was proposed.

Definition 2 [24]. For f(¢) on [0, 1]and a RIM quantifier Q(x), f(¢) is called generating function of Q(x), if it
satisfies

w=[?mw (6)

where f(¢) > 0 and fo t)de = 1.

n
orness(Q) = }erolc Z :_
i1

Obviously, for any differentiable RIM quantifier Q(x), its generating function f'(¢) is equal to its first-order
differential function Q'(x).
Using the generating function, the orness of Q(x) can be represented as

orness(Q) = /01 O(x)dx = /01 /Oxf(t)dtdx: /01 /rlf(t)dxdt = /01(1 —0)f(t)dt (7)

Comparing (2) and (7), these two orness measures are similar in their expressions. The generating function
f(x) in the RIM fuzzy quantifier plays the role of weights vector W in OWA operator, that the RIM quantifier
can be seen as the continuous form of OWA operator with generating function [24,29]. Furthermore, it can be
easily seen that Q, leads to the weight vector W, Q* leads to the weight vector W*, and the ordinary average
RIM quantifier Q,(x) =x leads to the weight vector W,. Furthermore, we also have orness(Q,) =0,
orness(Q*) = 1, and orness(Q,) = 1. Similarly, as the class of RIM quantifiers is bounded by the quantifiers
0, (quantifier “all”’) and Q" (quantifier ‘“there exists”), thus for any RIM quantifier QO(x), Q,(x) <
]Q(X) < O'(x), and for any X = (x1,x,...,%:), Fo(X)=maxige,{x:},Fo (X) =miniqe,{x}, Fo,(X) =
w21
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3. A general model to obtain OWA operator with given orness level
3.1. Problem formulation and its analytical solution properties

Consider the following OWA operator optimization problem with given orness level:
min VOWA = ZF(W,)

i=1
n

n—i
s.t. —w,=0a, 0<a<l
2 ®)

iwizl

=1
w; =20i=12,...,n

where F is a strictly convex function on [0, 1], and it is at least two order differentiable.

As o =0and « = 1 correspond to the unique OWA weight vector W, and W*, respectively, they will not be
included into the problem.

Problem (8) can be seen as a general model to obtain OWA weights with optimization method. When
F(x) =xIn(x), (8) becomes the maximum entropy OWA operator problem that was extensively discussed
in the literature [12,14,31,35]. And F(x) = x* in (8) corresponds to another commonly discussed minimum var-
iance OWA operator problem [15,26]. More generally, when F(x) = x* (« > 1), (8) becomes the OWA prob-
lem of Rényi entropy [33], which includes the maximum entropy and the minimum variance OWA problem as
special cases. Some more details of them are discussed in Section 5.

Remark 1. The feasible domain of F(x) becomes (0, 1) if F is meaningless at 0 as in the case of F(x) = xIn(x).
This requires an implicit constraint w; > 0 (i = 1,2,...,n.) in the problem.

Next, we will discuss some properties of the optimal solution (10) and (11) for problem (8). These properties
can be seen as the extensions of the two special cases of the maximum entropy OWA operator [31] and the
minimum variance OWA operator [26], with F(x) = xIn(x) and F(x) = x?, respectively.

Theorem 1. If W = (V}Q,Wz, ..., W) Is the optimal solution of (8) with given orness level a, then the reversed
elements order of W, W = (Wy,Wy_1,...,w1) is the optimal solution of (8) with orness value 1 — o.
Proof. With given orness level o, suppose the optimal solution of (8) is W = (wy, wy,...,w,), then
Y w =a
i=1
j 9)
ZW,' =1
i=1
We will show that the reversed elements order of W, W = (Wp, Wa_1, ..., wi) is the optimal solution of (8)

with orness value 1 — «. From the conclusions in [47, p. 127] or (2), it can be verified that orness(W) =1 — .
If W is not the optimal solution of (8) with 1 —a, then there must exist an OWA operator
W* = (wj,wh,...,w,) with orness(W*) =1 — o, which makes >} F(w;) < > ! F(w;). It is obvious that

n

W* = (wi,wi_,,...,w;) with orness(W*) = a, the objective value is the same as W* with > " | F(w}), which is

smaller than that of W with > F(w;). This contradicts the assumption that I is the optimal solution of (8)
with orness level . So W is the optimal solution of (8) with 1 —a. O

Next, we will give an analytical solution of (8), and some properties will be discussed.
Theorem 2. The optimal solution of (8) is unique, and it can be expressed as W = (wy,wa, ..., w,) that
{g("j—fil +h) ifieT
w; =

. (10)
0 otherwise
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where Ay, 1, are determined by

Z n— lg(u;Ll +/L2) =
ie€T 11
iel

and T = {i|l <i<n,g(=tiy + 42) > 0} with g(x) = (F') ™' ().

Proof. With the Kuhn-Tucker second-order sufficiency conditions for optimality [10, p. 58], the Lagrange
function of the constrained optimization problem (8) gives

LW, J,p) = ZF (wi) (Z% —oc) +)u2<zw, )—i:uiwf (12)
i=1 i=1

where 41,7, € R,and i; = 0 (i=1,2,...,n).
The optimal solution satisfies that

oL y n—i .

aWi:F(Wi)‘f'm}vl-F)vz_ﬂi—o i=1,....n

oL "\ n—i

o ;n_lwl—tx—o (13)

and
wuw; =0, i=12....n (14)
where ¢, = Oand w; = 0 (i=1,2,...,n).

Because F is strictly convex, that F' is strictly increasing, (F')~' exists and is an increasing function.
Observing that if y; # 0, then w; = 0 and if w; # 0, then g, = 0, with (13),

(12 ) "

It can be noticed that w; should be 0 or as (15) if nonzero. An OWA operator weight vector
W = (wi,wy,...,w,) can be proposed as

-1 n—i } J| 1 -1 n—i 1
Wy = (F)) (=24 — &) i (F') | (-0 =) >0 (16)
0 otherwise
where 1, Z, are determined by
Z ;::i Wl — o= 0
l:"I (17)
ZW,’ —1=0

Considering that (8) is a problem of separable strictly convex objective function with linear constraints, the
Hessian matrix of the Lagrange function is diagonal and positive definite everywhere. There is an unique glo-
bal optimal minimum solution [10]. This optimal solution is determined by (16) and (17) which is the station-
ary point of the Lagrangian function (12) that satisfies (13) and (14) with u, = F'(w;) + 2= + /o,
i=1,2,...,n. Thus, we have proved that the OWA operator W = (wy,wa,...,w,) with (16) and (17) is the
unique optimal solution of (8).

Let (F') ' (x) = g(x), and replace —1;, — 4, with A, 4, for a simple expression, the optimal solution (16) and
(17) can be expressed in the following form,
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{g(ﬁil+i2) ifieTl
w; =
' 0 otherwise

where 1, 1, are determined by

Z n— 1g(u/ll +/L2) =u

ieT . 19
e +A) =1 (19)
ieT

where T = {i|l <i<n,g(®=k + %) >0} O

As the unique optimal solution of (8) depends on the given orness level o, the objective function of (8)
Vowa = > i F(w;) can be seen as the function of the given orness level «, Vowa(x). Considering that
W = (wi,ws,...,w,) and W = (w,,w,_1,...,w;) have the same objective value for (8), from Theorems 1
and 2, we have

Corollary 1. Let Vowa(x) => 7 F(w;) be the objective function of (8) with orness level o, then

Vowa(a) = Vowa(l — «), which means Vowa () is symmetrical for o at o = 1.

Theorem 3. 1, 4, in (10) and (11) can be seen as the functions of the orness level o with A,(a) and J,(2), A (o)
monotonically increases with o and 7,(o) monotonically decreases with o. And furthermore, the objective value of
(8), Vowa(a) = >_1 F(w;) is a convex function of orness level o.

Proof. With Theorem 2, the parameters 4;, 4, in (10) and (11) can be uniquely determined by the orness level
o. Let us make a differential operation for « on the both sides of (11),

foig'(,l’iil*)“z}( /1’+/1’)
ieT 20
Zg(n li +i2)(uﬂl+i) ( )

that is

Y ()8 (o 22) + A0 e (i + ) = 1
/IET / (21)
CPIETACE RS F4T (=i +42) =0

i€ i€l

Solving these linear equations,

o > et
1 ] 2
Zier(ﬁ)z‘g (n 1/“1+/12)Z erg/<u/1+/“2) (Z&T'g =i (n 1/“1+/12)) (22)
P D ierate (Bt +ia)
5=

. 2
3 () (ria) oy (it )= (3t (3 +2))

Considering that
N 2 . ' ,
n—1 n—1i n—i n— i
’ / ) — :
(o) et e St n) - (S it (i)

1 n—i 2, n—i a ’ I’l_]
(2 G Gt e

JjeT

() e Gta) 2

JeT

/11 + /12)
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n—j ,[(n—j, ,
)1+;> —g( A1+/L2)>
— ( jGZTn—l n—1
i—j\ ,(n—1i, N\ S (n—J, ,
——ZZ< > ( lMﬂz)g( Hlﬂz)
ieT jeT - n—

where 7= {i|l <i<n,g(®=l+ %) >0} or T={j|1 <j<ng(*4l + /) >0} depends on the variable
name of the sum computatlon
Then, (22) becomes

M= 2Z;ETgl (ﬁ A+ 7o) |
ZieTZjeT(%) g/(ﬁll + iz)g' (ﬁ A+ },2)
22167‘”71. g/(nfi 2+ jL2)
ZteTZjeT( ) (,, LA+ /12) (":{ A+ iz)

As g = (F')” "is an strictly increasing function, g’ > 0, it can be obtained that 4, > 0 and 4, <0, so 4; in-
creases with o and A, decreases with o.
With (10) and g = (F')", it can be obtained that

, , n—i., A ag %/114‘/12
VOWA(O‘):ZF (g(n_lﬂﬁrﬂz))%

i€l
n—i n—i ., ,
_Z (( /L1+/L2)>g(n_l)ul‘i—/lz)(n_l)ul"‘/lz)
i€l
n—i n—i ,
< l]+}> <n_1}~]+/12> <m}~l+/12>

z; ( 1'“”%2)(71 1A1+/1)+A2;g(

i ) n—i )
1/11+A2>(—n_1/1/1+/2>
where 7 = {i|l <i< n,g(ﬁil + 4) > 0}.

Considering (20), then Viywa (%) = 41, with 2, increasing with «. Thus, Vowa () is a convex function for
o, O

With Corollary 1 and Theorem 3, it can be obtained that

(23)

N
NS~

Corollary 2. The objective function of orness level o for (8), Vowa () = >t F(w;) decreases for o € (0,1], and
increases for o € [1,1). Vowa (o) reaches its minimum value at o =

b

As W = (wy,wy,...,w,) is determined by the orness level o, it can be obtained that

Theorem 4. For the OWA operator Fy with a weight vector W = (wy,wa, ..., w,) determined by (10) of orness
level o, Zf;lwi monotonically increases with o for any k(1 < k < n), and furthermore VX = (x1,x2,...,x,), the
aggregation value Fy (X) also monotonically increases with o.

Proof. With (10) and (23),

k
a§ W
=l = (" "1+/2)(2 T4 1*‘2)

i€D
=AYt (i )+ ¢ (1)
ieD ieb
= 2Zi€Tg (n ]/11 + AZ)ZIED :7; g/(”*{ )u] + 12) _ ZZIGTVI lg (n 1741 + )Lz)ZIGDg/(:if;” + 12)
Dier jeT(;; ) g (S + )g (1) T jer Gt (5 + 2)g G+ )

where D = {i|l <i<k,g(®ti + 1) >0}
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As k<n, D is a subset of T ={ill <i<n,g(2ti + /) >0}, such that T—D={ilk+1<i<
n,g (= 1A1+A2) > 0}, so
k 22 g’(;’%iil + /12)21‘60%8/(%)4 + )~2) 22 ﬁg/(ﬁ)“l + )“2)21‘6135’/(%)“1 + )°2)
Gzizlwi __ ieT-D ieT-D

o Z’ETZJET(n 1) (B 2+ 22)g (i + 22) Zieijer(%)zg’(:fiii +4)g (F i + 4)
23 S ep g (I + 40) g (B + )

_ ieT-D
ZiETZjGT (%)2? (ﬁ A+ iz)g/ (,':{ A+ ),2)

Forie T —D, j € D, it holds thati > k+ 1 > k > j, and g is an increasing function, g’ = 0, so
which means Z _ Wi monotonlcally increase with orness level o for any k(1 < & < n).

Lets; =Y ,_wi, i=1,2,...,n,and 5o = 0, then s,, = 1. Let us suppose that x; = x; > --- = x,, with (1),
Fy(X) =Y wx; = > 1(3, — Si_1)X; = SpXn + Z, L Si(x — xip1) = x, + Z::l]si(x,- —Xi+1). As s; monotoni-
cally increases with orness level o, so Fj(X) also monotonically increases with o. O

k
DI
b

Qo

Furthermore, we can observe the OWA operator weight vector changes with orness level o.

Corollary 3. For the OWA operator weight vector W determined by the optimal solution (8) with orness level u, if

o =1 then iy =0, W = (rlmlwa%) =Wy, and Fy(X) = Fy,(X) =131 xi. If o < 3, then 4y < 0, w;s have the
Sfollowing  form wy=wy=-=w,, =0 < Wy_py] <Wy_pi2 <---<w,, and VX, FyX)<Fy,(X)=
%Z:,’:lx,-. If a >3 then Ay >0, W= (wy,wa,...,w,) has the following form wi > wy > - > w, > W, | =
Wyya =+ =Wy, and VX, Fo(X) > Fy,(X) =130 x.

Proof. With (10), since g = (F /)71 is increasing, the relationships among the OWA operator weight elements
of w; also monotonically change with i. Whether it is increasing or decreasing depends on the sign of /;.

When A, = 0, from (10), w; becomes a constant, so w; = wy = ---w, = 1, then o = §. From Theorem 3, 1,
monotonically increases with orness level o, so if o= %, then 4, =0, W= (n TR ,%) =Wy, and
Fy(X) = Fy,(X) = 3 >0 %

With the increasing property of A for orness level «, when o > %, A1 > 0, from (10), W = (w1, wy, ..., wy)
has the following form w; > wy > -+ > w, > W,y = W = -+ = wy,, and from Theorem 4, VX, Fy (X)

v

Fy,(X)=1%"" x;. When « <4, ; <0, then W = (w;,ws,...,w,) has the following form w; =w; =
Waer = 0 < Wyopy 1 < Wiz < -+ < wy, and VX, Fyp(X) < Fy,(X) =137 5. O

From these properties, it can be seen that the optimal solutions of (8) with different orness level compose a
parameterized OWA operator family, which always includes the ordinary arithmetic mean (average operator)
Fy,(X)= %Z;’:lx,- as a special case with orness being % In addition, the aggregation values always monoton-
ically change with the orness level, which make it possible to use the orness level as the control parameter to
obtain consistent aggregation results. This is especially useful in real OWA based aggregation problems when
the orness level is used as the index of OWA determination or to reflect the preference information [23,25,60].
Note that this consistency property does not hold for ordinary OWA operators, Liu [31, p. 172] once gave a
negative example.

3.2. The solution equivalence to the minimax problem

The first minimax problem for OWA operator, called minimax disparity problem, was proposed by Wang
and Parkan [39]. The objective is to minimize the maximum disparity, where the disparities between two adja-
cent weights are made as small as possible:

minimize ¢ max |w; — w; |
1<i<n—1

n

n—i
s.t. anw,»:a, O<ax1
i=
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w; =0, i=12....n (24)

The solution equivalence to the minimum variance problem of Fullér and Majlender [15] was verified theoret-
ically by Liu [30] with the dual theory of linear programming.

The general minimax problem for OWA operators tries to obtain the desired OWA weight vector under
given orness level to minimize the maximum difference between the adjacent elements after a monotonic func-
tion transformation, which includes the minimax disparity problem as special case. The general minimax prob-
lem corresponding to (8) is

min = Mowa = { max |F'(w;) — F’(w,»+1)|}
1<i<n—1
s.t. Zuw,—:a, O<a<l
n-1 (25)

n
S

i=1

Wi >07 l.:1727...,l’l

Problem (24) becomes a special case of (25) by setting F(x) = x> with coefficient 2 being omitted. Comparing
the objective functions of the original optimization problem (8) and that of the minimax problem (25), the
former minimizes the sum of F(w;) and the latter tries to minimize the maximum differences between the adja-
cent F'(w;)s.

Theorem 5. If W = (w1, wy, ..., w,) is the optimal solution of the minimax problem (25) with given orness level a,
then the reversed elements order of W, W = (Wy,Wy_1,...,w1) is the optimal solution of (25) with orness value
1—o

Proof. Similar to Theorem 1, omitted. [

Next, we will prove that problems (8) and (25) have the same optimal solution, which include the results of
[30] as a special case and with much more simplified proofs.

Theorem 6. There is an unique optimal solution for (25), and the optimal solutions of problems (8) and (25) are the

same. That is they both have the following form (10), (11) with WP = (wiP' wiP, ... woPY):
opt _ {g(:{i] +h) ifieT

' 0 otherwise

where g = (F')™", 1, 21 is determined by the constraints of (8):

g (I + ) =
€T

_ 27
Y= +4) =1 27)
ieT

(26)

with 7 = {i|l <i<n,g(*=i + 1) >0}

Proof. It is obvious that 7, is a feasible solution of (25), as both (25) and (8) have the same constraints. We
only need to prove that Wy is the optimal solution of (25). Suppose that there exists another OWA operator
W = (wi,wy,...,w,) such that W £ W, and

! R 2l ) < ! th I gpt
\max [F(w;) = F'(wier)| < max [F/(wi™) = F'(w?))] (28)

with > 77 w; = 1. We will prove that W does not satisfy the constraint ! | “=fw; = o.
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First, we will prove that

max |F'(w™) — F'(w")| = 'n

1<ig<n—1 i+l

a3
-1

It can be verified in the following three cases.

Case 1: If both i,i + 1 € T.From (26),

. il
' w®) — F ) = |F (g 2 a4 2 ) ) —F (g + 2
n—1 n—1
_ ! N —1 n—i I~ N —1 n—i—1 s
(i (2 ) ) (i ()
n—i n—i—1 . A
| Gmraes) - (S| -5

Case 2: If only one of the i and i + 1 belongs to T.
Let us assume that i ¢ T,i+1 € T, then g(%=£; + 4») < 0 and g(=5 4 + /) > 0 that w™ =0, so
g( n-ij 4 iz) is an decreasing function for i. Considering that g is increasing, we must have 4; < 0.
Then there exists & w1th I+ << i lm + A, that makes g(&) = 0. Similar with Case 1,
by considering g = (F')", it can be obtained that

i — 1 A
Frov™) — FwP)| = e — (2 + 4 )| < -2
‘ (Wt l+1 n—1 1+ 42 n—1
Case 3: If both i,i + 1 ¢ T, then w{™ = w¥| = 0, |[F'(w{™) — F'(wiF})| = 0.
on51der these three cases together, it can be obtained that
Y,
/ opt ! opt _ ‘1
max [F/(w™) = F'(wi)| = ‘n - 1‘ (30)
|F'(wiP) — F'(w{P) |—‘ 1 ’ ifiji+1eT (31)

Our next step is proving the optimal solution violation of W for (25). The proof will be presented in the
following two cases.

Case 1: If « = .. From Corollary 3, 4, = 0. In this case, w™ :% becomes a constant, the objective value
reaches its lower bound 0. With (28), it must have max,¢;c, 1 |F'(w;) — F'(wiy1)| = 0. As F' is strictly
monotonic increasing, all the w;s become a constant, that w; = %, so w; becomes the same as wi™, this is
a contradiction.

Case 2: If o ;é For simplification, we will only prove the case of o > 5 1, the condition of o < 1 can be obtained
dlrectly with the symmetrical property of Theorems 1 and 5

From Corollary 3, when « > 1, 4; > 0. As g is a continuous and strictly monotonic increasing function,
g(2=t 1 + 22) monotonically decreases with i, T = {i|l <i<n,g(2=tA + ) >0} has the followmg form

{1,2,...,7}. W™ also has the following form wi™ > ws™ > ... > WOPt >0=wP =wr = =Pt =0,
that F’( Y > F WP > o> F/(woP) > 0= F'(wh)) = F’(wfi‘z) = =F(woP!) = F’(O). From (28),
(30), (31),
21
1513)51(Fl(wi> —F'(wiy1)) <  max (F'(w™) — F'(wP)) = " (32)
A
F'(w;) = F'(wis1) < F'(W™) — F'(w) = - 1<i<r—1 33
Wit
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We can claim that F'(w;) < F'(w™), otherwise, F'(w;) > F'(w™). Considering that

i—1
F'(w;) = F'(w1) Z (F'(we) = F'(Wes1))
pas

. (34)
}7/( opt) / opt opt ]:,(Vviﬁa))
k:l
combining (33) and (34), we will have F'(w;) = F'(W{™) for 1 <i < r,sow; > Woptr 2o Wi = D WP, Con-
sidering that 7w =1, and Y7 ,w; = 1, w; > 0, we must hdve w; = w for 1 <i<rand w; =0 for
r+1<i<n, which 1rnp1y that w; = ™ for i=1,2,...,n. This is a contradiction. So we must have
F/(Wl) < Fl( Opl)’
Next, we will show that there exists a m, 1 < m < n, that makes
F'lw) <F'W™) 1<i<m (35)
F'lw) = FW™) m+1<i<

It will be proved in two cases of » < n and r = n, respectively.

If < n, considering that w; > 0 = w' for r + 1 < i < n, then F'(w;) = F'(0) = F/(w) forr+ 1 <i < n.
If Vi=1,2,...,rF (w) < F'(W™), Just by setting m =r, then (35) stands. Otherwise, there exists a &,
1 < k < r, that makes F'(w;) = F'(w{™). Combining with (33), (34) and F'(w;) < F'(wi™"), there has to exist a
m, 1 < m < k, that makes

{F’(w,«) <FW™) 1<i<m (36)
+1<

Flw) > F(u™) m
and furthermore F'(w;) = F'(w™) for k < i < r, with F'(w;) = F'(0) = F'(W{™) for r + 1 < i < n, then

F'(w) < FF(W™) 1<
F/(Wl-) F/( opt) m +
On the other hand, if » = n, we will show that F'(w,) > F'(wo"). Otherwise, F'(w,) < F'(w"). As

—_

Fl(w) = F'(w,) + S (F o) — F'(wi)
f (38)

n—1

F (™) = FOn™) + 3 (F ™) = F/ ()

k=i

=~
Il

considering (33), we will have that F'(w,) < F'(w™), i = 1,2,...,n, then w; < wi™, thus Y7 w, < S0 wiP,
this contradicts the condition that Y7 w, = >0 wi™ = 1. With F (W) < F'(w Opt) F'(w,) = F'(wo") and
(33), (38), we can also obtain that there exists a m,1 < m < n, that makes
F'w) <F(wW™) 1<i<m (39)
F'(w) = F(wW™) m+1<i<n

Combine these two cases of r together, and with F’ being strictly increasing, there always exists a
m,1 < m < n, that makes

<m
40
< (40)

wy < w1 <
+ i<n

t
w; = w? m+1
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With S0 w = Y0 wiP =1,

O Y N R W= R

=1 i—1 i—1 =l
" n—m " n—m n—m &
- opt - opt - opt
< E (w; —wi™) + E (Wi —wP)y =—— % (w; —w™)
~—~ p— 1 ) n—1 n—1 4%
i=1 i=m+1 i=1

=0
That is Y, 2=tw; < Y7 | 2=Iw?™ = 0. This contradicts the constraint Y, 2=Lw; = o. Therefore, Wy is the
optimal solution of (25), and this optimal solution is unique. [I
Similar to (8), the optimal solution of (25) also depends on the orness level «, from Theorems 5 and 6, we
also have

Corollary 4. Let Mowa (o) = max <, 1|F' (w;) — F'(wi1)| be the objective function value of (25) with orness
level o, then Mowa(a) = Mowa (1 — a), which means Mowa (o) is symmetrical for o at o = %

Theorem 7. The objective value of the minimax problem (25), Mowa (o) = maX i, 1|F' (w;) — F'(wis1)]
decreases for o € (0,3], and increases for o € [}, 1). Mowa () reaches its possible minimum value 0 at o =1,
Proof. From (30), with the optimal solution (26) and (27), the objective function value of the minimax prob-
lem (25) is

Mowa(#) = max_|F'(w) — F'(wp1)| =

1<i<n—1

)

From Corollary 3, when o = %, A1 =0, Mowa () = 0. From Theorem 3, 1, increases with orness level o, so
Ay < 0foroe (0,1) and 2, > 0 for « € (1, 1), that Mowa («) = |4| decreases for « € (0,1), and it increases for
a € (4,1), M(x) reaches its possible minimum value 0 at o = 1. O

4. A general model to obtain RIM quantifier with given orness level

Compared with the various OWA operator determination methods [42,57], the research on quantifier based
aggregation and its applications is relatively rare. As the RIM quantifier can be seen as the continuous form of
OWA operator with generating function [24,29], all the conclusions in Section 3 can be extended to the RIM
quantifier case, which are the extensions of the minimum variance and maximum entropy RIM quantifiers
[24,27]. The problem and conclusions are given in parallel to that of the OWA case for comparison.

4.1. Problem formulation and analytical solution properties
The general model for RIM quantifier determination under given orness level can be formulated as
1
min Vg = / F(f(x))dx
0
1
s.t. / (I—=x)fx)dx=0a, O0<a<l
o
J
f(x) =0

where F is a strictly convex function in [0, 4-00)," and it is at least two order differentiable.

fx)dx =1

! Similar to the OWA operator case, the feasible domain can be (0, +00) if F is meaningless at 0 as in the case of F(x) = xIn(x). This
means an implicit constraint f(x) > 0 in the problem.
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As a =0 or o =1 correspond to the unique RIM quantifier generating function solution of Q, (x) and 0" (x)
respectively, we will not include these two special cases into the problem.
Theorem 8. If f(x) is the optimal solution of (42) with given orness level a, then f (1 — x) is the optimal solution of
42) with 1 — a.

Proof. With given orness level o, suppose the optimal solution of (42) is f(x), then

{ Jo(1=x)f (x)dx = o
Jy £ (e)dx =
We will show that z(x) = f(1 — x) is the optimal solution of (42) with 1 — «. It can be verified that
(1 =x)h(x)dx = [;(1 —x)f(1 —x)dx = [, tf(5)dt =1 — &
{fo xX)dx = fo S =x)dx = fo r)dt = 1
If 2(x) = f(1 — x) is not the optimal solution of (42) with 1 — «, then there exists r(x), »(x) # h(x) and
{ (1 = x)r(x)dx =1 — a
i e =1

which makes fo (r(x))dx < fo (x))dx = fol F(f(1 —x))dx. It can verified that »(1 — x) satisfies
fo (1 -x)r(1 —x)dx =«
fo r(l —x)dx =1

and

/ (1 —x))dx = / dt</01F(h(x))dx_/01F(f(l—x))dx

This contradicts the assumption that f(x) is the optimal solution of (42) with orness level a. So f(1 — x) is
the optimal solution of (42) with 1 —a. O

Theorem 9. The optimal solution of (42) is unique, and it can be expressed as

~ [glhix+ ) ifx€E
Sx) = {0 otherwise (43)

where Ay, Ay is determined by the constraints of (45):

Jexg(lax+A)dx=1—o
fE L1x+/b2 dx:I

and E = {x|0 < x < 1,g(lx + 4) = 0} with g(x) = (F') ' (x).

Proof. An alternative form of Problem (42) is
1
min / F(f(x))dx
0
1
s.t. xfx)dx=1—-a, O0<a<l
/0 f(x) (45)
1
| ree =
0
f(x) =0

Similar to the transformation in [24], (45) can be transformed into an equivalent optimal control problem
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min leevuwu

m_(gm

st o= f@) x€0,1] (46)

- (3) o=

and the control constraint f(x) > 0.

As Fis strictly convex, with the optimal control theory [36], there exist an unique optimal solution f*(x) for
(46).

The Hamiltonian is

H = F(f(x)) + Aaxf (x) + af (x) (47)

-1

Since F is convex that F’ is increasing, (F')” exists. The optimal solution has the following form:

(F)Y N=dx = 1p) if F"Y(=dx—1y) =0
fx) = . (48)
0 otherwise
Let (F')'(x) = g(x), and replace —1;, —4, with ;, 2, for simple expression, (48) becomes
g(/llx+/12) if xeFE
= 49
S&) { 0 otherwise (49)
where 1, /, is determined by the constraints of (45):
xg(hx+A)dx=1—-ua
fE g( 1 A 2) (50)
ng(),lx + /Lz)dx = 1
and E={x|0 <x< L, glhx+4) =0} O
As fol F(f(1 —x)) dxzfol F(f(x))dx, from Theorems 8 and 9, we can get that
Corollary 5. Let Vyim(o fo ))dx be the objective function of orness level o for (42), then

Vem(o) = Vrim(1 — o), whlch means VRIM( ) is symmetrical for o at o = %

Theorem 10. 2,, 4, in (43) and (44) can be seen as the functions the orness level o with 2,(a), Z2(e). A (o) mono-
tonzcally decreases with o and Ay(a) monotonically increases with o. The objective value of (42),
Vrim (o) fo F(f(x,0))dx is a convex function of orness level o.

Proof. With Theorem 9, the parameters A, 4, in (43) and (44) can be uniquely determined by the orness level
o. Let us make a differential operation for o on the both sides of (44),

Jexg (2ax + Jo) (Ayx + 25)dx = —
fE /hx + ;\,2 (/le + ; )dx 0

that is

A [ 328 (ax + Ao)dx + 2, [ xg/ (Aax + Ar)dx = —1
Ay [ xg (Jax 4+ 22)x + 2, [, &' (Aix+ Jp)dx =0
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Solving these linear equations,

, & Gaxi)dr
N=— ‘ :

[ Gaxtin)dx [ g/ (it 22)dx— (fExg’(ﬂlx-%—).z)dx)

[ 3¢ Gavt72)dx

!
2= :
[ 32 Gaxtin)dx [ ¢/ (Gt 72)dx— ( fExg'ulez)dx)

Considering that

2
/ng/(ilx—&-ﬂyz)dx/g/(llx—i—iz)dx— (/ xg/(ilx—i—iz)dx)
E E E

! / /(2 / 1 / 3
=3 </ 2g (x4 )Lz)dx/g (Ay + A)dy + /yzg (hy + Az)dx/ g (lix + 2p)dx
E E E E

—2/xg'(ilx+ /lz)dx/yg'(/hy—i- iz)dy>
E E

1 ! / D] 1 / b / "
= Eg(xz —2xp + 1) (Aix + 22)g (ay + J2)dxdy = Eg(x — )28 (lax + 2)g (Jay + J2)dxdy

where E={x|0 <x<1,g(lix+4) =0} or E={y0<y<1,g(Liy+ 4) = 0} depends on the variable
name of the integrand function, and & = {(x,»)[0 <x < 1,0 <y < 1,g(hx+ A) = 0,g(Liy+ 4) = 0}.
Then (53) becomes

2 fE & (Z4x-+72)dx
6 (x=9)’€' (1 x+72)g (J1y+ia)dx dy
. 2 fE xg' (A1x-+7p)dx
2T (=) (ax+da)g (ay+ia)dx dy
Since g is an increasing function, g’ > 0 and E is not empty, it follows that )fl <0, /1’2 > 0, so A; decreases with
o and 1, increases with o.

With (43) and g = (F') ",

B =-

(54)

Vo) = [ F05000) B2 gn [ Pt g G+ i) -+ )

_ /(m )8 (ax + Ao) (2 + 70)dx

E

:/11/xg/(ilirig)(i’lx+)f2)dx+/lz/g/(llir/lz)(i’lir/l’z)dx
E

E

Considering (51), V(o) = —4;, with 4; decreasing with o, so Vrpv(2) is a convex function for oo. [
From Corollary 5 and Theorem 10, it can be obtained that
Corollary 6. The objective function of orness level o for (42), Vrim(o) = fol F(f (x,%))dx decreases for o € (0,1],

2
and increases in o € [5,1). Vrim(«)) reaches its minimum value at o = 3.
With Q(x) = [; f(¢)dz,
0W) = [ gt + )t D= {10 <1 <xglint+ ) > 0} (55)
D

It is obvious that the shape of f(x) and Q(x) is determined by the orness level o. If Q(x) is regarded as a
parameterized function family of Q(x, ), it holds that

Theorem 11. For the RIM quantifier function Q(x,o) with orness level o, it holds that ¥x € [0,1], O(x,«)
monotonically increases with o, and furthermore, YX = (x1,x2,...,x,), the aggregation value Fo(X) also
monotonically increases with orness level a.
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Proof. From (55),

O [ gt i)+ 2 = 7, [ 1 Gur+ iy 4 [ oo+ i
D D

Oo D
With (54), and replacing the integrand variable x,y in A}, 4, with ¢,s, E = {x|0 < x < 1,g(4ix + 4;) > 0} be-
comes E = {¢|0 <t < 1,g(Ait+ 1) = 0}, then
00 (x, ) —sztg (At 4 A)dt [, g (Mt + 22)d 2fD (At + A)dt [, 1/ (At + A5)dt
Ou ot — s) g (s + A)g (At + iz)dsdt et — s) "(Ms + A2)g' (At + 22)dsde
AsD={t0 <t<x,g(lit+ ) =0} isasubset of E, E—D = {tlx <t < 1,g(Lit + 4») = 0},
00(x,a) =2 [t/ (Mt + Jo)dt [, &' (Jat+ ) dt+2ng (At + A)dt [, 1g (At + Ar)dt

00 (t—5) g (s + )t + o)dsdt  s(t — 5)’g (s + A2)g' (at + Jo)dsdt
~ 29(s = )g'(his + Ar)g' (At + Ay)dsdt
(s = 02 (s + A0)g (nt + Ay)dsdr
where Z={(s,t)x<s<1,0<t<x,g(lis+4) =0,g(lit+4) =20}, E&={(0<s<1,0<r<1,
g(his+ 42) = 0,g(lt+ 4y) = 0}
Since g is an increasing function, g’ > 0, and s > ¢ on 2, aQ” > 0, and Q(x, ) increases with a.
From (3), let us suppose that x| > x; > --- > x,,, then FQ(X) Sx(0@E) — 0(5h) = x,0(1)+
Z;’;ll(x,- —xi11)O(%) =x, + Z;’;ll(xi —xi)O(). As Vi, i=1,2,...,n—1, x;—x1 =0 and Vx € [0,1],
O(x, a) increases with o, so Fp(X) increases with orness level o. D

As g = (F')"" is an strictly increasing function, from (43), f(x) is also is a monotonic function. Whether it is
increasing or decreasing depends on the sign of 4;. Furthermore, it can be obtained that

Corollary 7. For the RIM quantifier Q(x) and its generating function f(x) determined by the optimal solution (42)
with orness level w, if o =1, then Ay =0, f(x) =1, O(x) =x, and Fo(X) = Fg,(X) IE, Wi If o < 4, then
A1 >0, f(x) is increasing, Q(x) is convex and VX, Fo(X) < Fg,(X) =131 x. If o> 1, then 4 <0, f( ) is
decreasing, Q(x) is concave and VX, Fo(X) > Fo,(X) =1%"" x.

Proof. When 1, = 0, from (43), f(x) becomes a constant, with Definition 2 and (7), f(x) = 1, and o = % From
Theorem 10, A; decreases with orness level o. So if o = %, then 4, =0, f(x) =1, O(x) =x, and Fp(X) =

FQA (X) = %Z?:lxi‘

Considering the decreasing property of ; with orness level o, when o > %, 1 <0, then f(x) is decreasing,
O(x) is concave, from Theorem 11, VX, Fo(X) > Fo,(X)=13" x;, When o<1, 7, >0, then f(x) is
increasing, Q(x) is convex and VX, Fo(X) < Fo,(X)=1%" \x;,, O

4.2. The solution equivalence to the minimax problem

Corresponding to (42), consider the minimax problem for RIM quantifier:
min - M = { s 7707 )01 }

1
s.t. /(l—x)f(x)dx:oc, O<ax<1
0

[ rwac=
7

x) =0

Problem (42) minimizes the overall integral of F(f(x)), while (56) tries to minimize the absolute maximum
local differential value of F'(f(x)), that is |F”(f (x))f" (x)].
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Theorem 12. If f(x) is the optimal solution of (56) with given orness level o, then f(1 — x) is the optimal solution
of (56) with 1 — a.

Proof. Similar to Theorem 8, omitted. [

Theorem 13. There is an unique optimal solution for (56), and the optimal solutions of the two kinds problems (42)
and (56) are the same. That is, they both have the form of (43) as

glax+74) if glhix+7) =0

. _ 57
Sopi(x) { 0 otherwise (57)
where g = (F' ')71, A, Ay s determined by the constraints:
1
{fol Xfopt(x)dx =1 — o (58)
fo fopl(x)dx =1

Proof. We only need to prove that fo,, is the optimal solution of (56). Assume that there exists a function f'(x)
such that

f(x) ifopt(x)a f(x) = 0,
max |F”(f(x))/f"(x)] < max

0<x<1 0<x<l

(59)

F(fopy(6)) S (3)|

and the constraint fol f(x) =1. We will prove that f(x) does not satisfy the constraint fol (1 =x)f(x) =o.
From (57),

OF' (g(1x+2)) x€eE

F" (fopu () fop (6) = (F (fom (x))' = { & (60)

0 otherwise

where E = {x|0 < x < 1,g(ix + 4) > 0}. With g = (F')~!, Llelhrti)) _ dhrh) _ 5, thys

ox

P o) () = {“ xek (61)

0 otherwise

So maxocra1|F" (fopt (¥) /0 (X)| = |21]. As F"(f(0))f"(x) = (F'(f ()" and F"(fop () S35 (x) = (F'(fopt(x))', let
R(x) = F'(f(x)) and Rop(x) = F'(fop(x)), from (59),
max [R'(x)| < [R, ()] = || x€E (62)

opt

With Theorems 8 and 12, we will discuss in the following two cases.

Case 1: If o = '5, from Corollary 7, 4; = 0.fop(x) becomes a constant, £ = [0, 1], fo,x = 1. We also have
max,cp )[R (x)| = 0, then R'(x) = (F'(f(x)))" = 0 for x € [0, 1], F'(f(x)) is a constant. As F is convex,
F' is increasing, f(x) is also a constant. With fol f(x)dx =1, f(x) = 1, thus f(x) = fop(x) on [0, 1], this
is a contradiction.

Case 2: If o # 1. For simplification, we will only prove the case of « < 1, the condition of & > { can be obtained
directly with the symmetrical property of Theorems § and 12.

From Corollary 7, if o < %, then 41 > 0. As g is a continuous and monotonic increasing function,
g(41x + ;) is also continuous and monotonic increasing, £ = {x|0 < x < 1,g(4ix + 4,) = 0} is a continuous
and compact subset of [0,1]. Let inf{E} =a, and sup{E} =5, then E =[a,b] and it has b =1 and
f(a) =g(lia+ 22) =0 if a # 0. From (62),

R(x)<R_(x)=1 x € [a, 1] (63)

opt
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We can claim that R(1) < R, (1), otherwise, R(1) = Ron(1). As

R(x)=R(1) - [ R()de
/x (64)

Ropt(-x) = Ropl(l) / R:)pt( )d

Combining (63) and (64) we w1ll have R(x) = Rop(x) on [a,1], that is F/(f( ) = (Op[( ), s
f (x) > fop(x), and f f(x)dx = f Sopt(x)dx.  Considering that fol Sopt(x)dx = f Sopt(x)dx =1, and
fo )=1, f(x) >0, we must have f(x) = fon(x) on [a,1] and f(x) =0 on [0,q], Wh1ch 1mply that
f(x ) fopt(x) on [0, 1]. This is a contradiction. So we must have R(1) < Roy(1).

Next, we will show that there exists xy that makes

{R(x) = Ropi(x)  Vx € [0,x0]
R(x) < Rope(x)  V¥x € (x0,1]
It will be proved with the two cases a > 0 and a = 0 respectively.
If a > 0, then fon(a) =0, with f(a) = 0, then f(a) > fopi(a) =0, thus R(a) > Ropi(a), considering (63),
(64) and R(1) < Rypi(1), there exists a xo € [a, 1), that makes
{R(x) = Ropi(x)  Vx € [a,x0]
R(x) < Ropi(x)  Vx € (xo,1]

(65)

(66)

For x € [0,4], with f(x) = 0 = fo,(x), then R(x) > Rop(x). Combining with (66),

{R(x) = Ropi(x)  Vx € [0,x0]

R(x) < Ropt(x)  Vx € (x0,1] (67)

If a = 0, we will show that R(0) > R, (0), otherwise R(0) < Ropi(0). Considering that
(68)
Ron) = Ron0) + [ R 1)

combmmg (63) we will have R(x) < Rop(x) on [0, 1], that is F'(f(x)) < F'(fop(x)), so f(x ) < fopl( x), and
fo x)dx < fo Sopt(x)dx. This contradicts with the condition that fol x)dx = fo Sopt(x)dx = 1. With

R(0) > Ropi(0) and R(1) < Rop(1) and (63), it can also be obtained that there ex1sts ax €0, 1) that makes
(¥) = Ropi(x)  Vx € [0, %]
{R( ) < Ropt(x)  Vx € (x0,1] (69)
As R(x) = F'(f(x)) and Rop(x) = F'(fopi(x)), and F’ is strictly increasing, thus
(16)> fte) e € 0 -
J@¥) <foplx) Vxe (XO, 1]

With [ fo(x)dx = [} f(x)dx = 1,

Akl‘”ﬂm“”x /aﬂ—x x)dx = /‘xv — fop ()] dx LL X[f () = fopu ()]

</3WW<MMW+Amwwﬁmmw
. / () — fope())dx = 0
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That is fol(l —x)f(x)dx > fo x)fopt(x)dx = o, this contradicts the constraint fol(l —X)f(x)dx = a.
Therefore, fop(x) is the optimal solutlon of (56), and the optimal solution is unique. [I

From Theorems 12 and 13, we can get that

Corollary 8. Let Mriv (o) = maxoc <t |[F” (f (x))f' (x)| is the objective function of orness level o for (56), then

Mrim () = Mriv (1 — ), which means Vrim (o) is symmetrical for o at o = %

Theorem 14. The objective value of the minimax problem (56), Mrmv () = maxoc,<1 |[F"(f (x))f"(x)| decreases for
o € (0,3], and decreases for o € [, 1). Mr(at) reaches its possible minimum value 0 at o = %,

Proof. From (61), with the unique optimal solution of (57) and (58), the objective function value of the mini-
max problem (56) is

Mo () = oy

F"fope () f )| = 1211 (7)

From Corollary 7, when o = %, A1 =0, Mrim(a) = 0. From Theorem 10, A; decreases with orness level o, so
J1 >0 for e (0,4), 21 <0 for w € (3,1), that Mgym(a) = |41| decreases for « € (0,1), and it increases for

22
o € (3,1), Mriv(a) reaches its possible minimum value 0 at « =1. O

5. The solutions of two special cases

Here we will discuss the solution expression of two special cases of (8) and (42) with F(x) = xIn(x) and
F(x) = x>, which correspond to the maximum entropy problem and the minimum variance problem respec-
tively. The solutions of these two problems in OWA operator case were discussed separately
[12,14,15,26,31,35]. The results of this paper can be seen as an extension of them and an effort of trying to
connect these two problems together [33]. Most properties of these two kinds problems for OWA operator
and RIM quantifier [24,26,27,31] can be deduced directly from the conclusions of this general model. Similar
to the conclusions in Sections 3 and 4, the relationship between OWA operator and RIM quantifier can also
be observed and compared.

For the o tlmlzatlon problems (8 ), with Zl ]w, =1, >0 (aF(w;) + bw;) = a)_. | F(w;) + b, similarly, for
(42), with fj f(x)dx =1, anF x)) + bf (x) —afOF(f ))dx + b, F(x) and aF(x) 4+ bx(a > 0) have the
same optimal solutlons for (8) and (42), so the parameters a(a > 0),b in aF(x) + bx of (8) and (42) can be
neglected in some way. Please also note that the case of F(x) = xIn(x) is a maximum problem with an addi-
tional negative sign in the objective function.

5.1. Case 1: F(x) = xIn(x)
Problem (8) becomes the maximum entropy OWA (MEOWA) operator problem (72).
— Z w; In Wi
i=1

n

s.t. ZHW[:OC, 0<a<l (72)

i=1

n
Z w; = 1
i=1

As F'(x) = 1 +In(x), g(x) = (F") "' (x) = ¢!, from (10) and (11), the optimal solution is

n—i .
c=erteTl =12 g
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Let - = e = é, the solution can be expressed in geometric form as [8,31]
i+

i—1

_ 49
w; = P . (73)
>
j=0
where ¢ is the unique positive real root of the following equation:

(n—1ag"' + Z((n —Da—i+1)g"" =0
=

With the relationship between /; and ¢, from the conclusions of Section 3.1, we can also get the same con-
clusions about the MEOWA operator that were once obtained in [31].
Corresponding to (25), the solution equivalence minimax problem of (72) is

min { max |1n(Wi)—1n(Wi+1)|}

I<i<n—1

n

n—1i
s.t. Zl: njwi = a, O<ax<1 (74)

n
E w; = 1.
i=1

Furthermore, the solution equivalence minimax problem (74) can be replaced with a more simple minimax
ratio problem (75) without the absolute value operator. Similar to the minimax disparity problem (24), we can
call (75) as minimax ratio problem, which minimizes the maximum of the ratios between two adjacent weight
elements.

Theorem 15. The solution of the maximum entropy problem (72) is also equivalent to the following minimax
problem solution:

. Wi
min max
1<i<n—1 Wiq

" n—i
s.t. —w, =0, O0<a<l
;"—1 (75)

zn:w,- =1
i—1

Proof. We will show that the optimal solution of maximum entropy OWA operator problem (72) with
WPt = (WP weP' L., woPY) in (73) is also the unique optimal solution of (75).

Let W = (wy,w,...,w,) be a OWA weight vector such that W £ W°P', and

w; w; 1

max nax =
1<ig<n—1 Witl 1<i<n—1 Wi+1 q

and the constraint )" ,w; = 1. We will prove that w; does not satisfy the constraint } " | 2=tw; = o.
We claim that w, > woP', otherwise, w, < wiP'. As

n—1 Wi ) Wop[
W = w, ;o wh=—t— fori=12,...,n (77)
> Wil q
k=i
. . —1 w, t . . t
considering (76), we have [];_; TR q%, sow; <w,i=1,2,...,n Since > . w; = > wi™ =1, we must

have w; = w™ (i = 1,2,...,n). This contradicts to W # W°P'. Thus, we have proved that w, > wo.

i



X. Liul Internat. J. Approx. Reason. 48 (2008) 598-627 619

Similarly, with

i-1
w,-:wl/H W , wiPt = wiPg! i=1,2,...,n (78)

=1 Wi+l

we can also prove that w; < w{™. Combining these with (77) and (76), we can find k, 1 < k < n, such that

w,<wP i=1,2,... k-1
w, >w i=kk+1,....n

With the same proof method as Theorem 6 after (40), we can obtain that Y, Z=iw; < Y7 | 250y =g,

Therefore, W' = (wi™, woP' ... wP) is the unique optimal solution of (75). O

w o

Remark 2. Similarly, the objective function in (75) can also be replaced with min {max1<[<n,1 ”:'jl_‘ }

For Problem (42), when F(x) = xIn(x), it becomes the maximum entropy RIM quantifier problem (79).

- [ e

St /1(1 COfWdr =g,  O<a<l (79)
0

A?wwz

The solution and its properties were discussed in [27].
With F'(x) = 1 +1In(x), (F")"'(x) = !, as e > 0, from (43) and (44), the optimal solution is:

f(x) — e/llx+/1271
With the constraints of (79), the optimal solution can be expressed as

;Lle/llx
e — 1

fx) =

eMl — —A1—1
(et -1)
Jeilx

Remark 3. In [27], the solution of the maximum entropy RIM quantifier is expressed as f(x) = “5—, | where .
is the root of the equation )e(‘—ef“)l = o. It can be easily verified that these two solution forms are equivalent

with 1 = —4;.

As F"(x) =1, corresponding to (56), the solution equivalence minimax problem of (79) is:

o {1

ot /h—WMM=w0<wd (50)

/f

t)>0

where 4, is the root of the equation * =a.

Furthermore, as in the discrete case of OWA operator, (80) can be replaced with a problem without abso-
lute value operator.

Theorem 16. The solution of the maximum entropy problem (79) is also equivalent to the following minimax
problem solution without the absolute value operator.
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{2

s.t. /(l—x)f(x)dx:rx, 0<ax<l (81)

0
1
Sx)dx =1
0
f(6)>0
Proof. We will show that the optimal solution of maximum entropy OWA operator problem (79), fon(x) is
also the unique optimal solution of (81).
Let f(x) be a RIM quantifier such that f(x) # fop, and
oy / X
X /') < max opt (%) =] (82)

0l f(x) T 0sl fo(x)
and the constraint fol f(x) = 1. We will prove that f(x) does not satisfy the constraint fol (1 —x)f(x)dx = a.

We claim that f(0) > fo,:(0), otherwise, f(0) < fopt(0). ,
Let R(x) = In(f(x)), Ropt(x) = In(fopi(x)), then R(0) < Rop(0), and R'(x) = %;‘)), furthermore, for x € [0, 1],

(x) =22 — ), Considering (82),

R/

Opt fopt(x)
R(x) <R, (x) =/ Vxe[0,1] (83)
As in Case 2 of the Theorem 13 proof, it can be proved that there exists x,, which makes

{R(x) < Ropt(x) Vit € [0,x0) (84)

R(x) > Ropt(x) ¥t € (x0,1]
thus

{f(x) < fop(x) V€ [0,x0] (85)

J(x) > fopu(x) Vit € (x0,1]

and fol (1 —x)f(x)dx < fol (1 — x)fopt(x)dx = o at last, which contradicts the constraint fol (1 —x)f(x)dx = a.
Therefore, fop(x) is the unique optimal solution of (81). O

5.2. Case 2: F(x) =x°

Problem (8) becomes the alternative form of the minimum variance problems for OWA operator [15]:

. 1 <& 1
min D} (W) =~ sz -
n 4

(86)

n
E w; = 1,
i=1

w; =20, i=12,...,n
As F'(x) =2x, (F))'(x) = 3, the optimal solution is:

%)~1+22 . ﬁl]#»).g
- 3 if 3 . >0 (87)
0 otherwise
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with
Z ”j%{w,- —o=0
- (88)
S>wi—1=0
i=1
We will discuss the determination of W = (wy, wy,...,w,) in different cases.

Case 1: If o0 > % The OWA operator weight vector has the form W = (w;,ws,...,w,,0,0,...,0), where m is
the nonzero elements of W. Observing that m = 1 corresponds to the unique case W* = (1,0, ...,0) of
o =1, we will assume m > 2 in the following. From (88), it can be obtained that

A = 12(n—1)(—=2n+20n+1-20+m)
1= m(m—T1)(m+1) (89)
A = —6n%+60n> —9an-+6n-+6mn—3mon—1+3mo+30—2m>—3m)
2= m(m—1)(m+1)
With w,, =227, + /5 > 0 and ” "’*”A + /4, <0 (m > 2), we can get that
3n—m—1 3n—m—2 (90)
3(n—1) ~ 3(m-1)

This is the orness interval « lies in when W has m nonzero elements for o > 1. Observing that when
m=2,3,...,n, aonly changes in [3, 1), we can get a division of [3,1) form =1,2,...,n.. It is obvious
that when all the w;s are nonzero, we have m = n. From (90), for « € [2 , 3} it certamly has m = n. Thus,
with given orness level « € [},1), m can be determined as

:{[311—3(11—1)0(—1] xe (3,1)
n o€ [3.3]

Case 2: If o < % The OWA operator weight vector has the form W = (0,0,...,0, W, i1, Wami2, -, Ws). M
can be determined in a similar way

m_{[3(n—l)oc+2] xe (0,4)

(O1)

n o e [3 , 2) 42)

Combining (87), (91) and (92), the solution is the maximum spread equidifferent OWA operator exactly
[26]:

Algorithm 1
Step 1: Determine m with (93).
[Ba(n —1) + 2] if0<o<i
m={ n if 1<a<3 (93)

[Bn—3a(n—1)—1] if 2<a<l.

Step 2: Determine d with (94).

6(20—2no+m—1) : 1
_ ) 6(=29 e 1 2
d= n(n+1) if 3 NS 3 (94)
6(20—2no+2n—m—1) .0 2
B — if $<a<1
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Step 3: Determine W = (wy,wa,...,w,) with (95).

1 0 fl<i<n—m
Case : O<oa<=, w=

3’ “itdn 4 (j—ppm—1)d ifn—m+1<i<n
1 2 —dn® +dn +2
2 —<a<= = T (i1 i=1,2,... 95
Case ISAST W o +@G@-1d, i 2,0 (95)
Case 3: %<oc<1 w; = W+(i_l)d rhsism
3 o 0 ifn—m+1<i<n

Similar to the maximum entropy problem, the properties of minimum variance problem that was proposed
in [26] can also be obtained from the discussion of Section 3.1. The similarities between the maximum entropy
and the minimum variance problems can be understood naturally as they are just two special cases of the gen-
eral problem (8).

With Theorem 6 and F(x) = x°, the solution equivalence minimax problem of (86) and the minimax dispar-
ity problem (24) can be verified with an additional constant 2 in (24)’s objective function, which improves the
complicated process of the dual linear programming method [30].

For the RIM quantifier case, when F(x) = x?, problem (42) becomes the minimum variance RIM operator
problem [24]:

min - /() = [ e (/ ]f(x)dx)2

1
st ‘/ﬂ—@ﬂﬂw:a 0<a<l
0

/Of(x)Zl
flx) =0

Problem (96) can be solved with the optimal control technique. The solution is expressed as an equidifferent
RIM quantifier. Some properties of it were discussed [24].
As F'(x) =2x, (F)) ' (x) = 3, the optimal solution is:

Jixtda e xtio
axto  f axth 5 ()
f)=9 72 >

0 otherwise

with

{fole(x)dxloc

3 f(x)dx =1
This is just the equidifferent RIM quantifier [24]. The optimal solution is
1 0 0<x<1-3a
Case 1: If0< :xgg,f(x) = el 3y cxg
Case 2: If%<<x<§,f(x):(6—12a)x+(6oc—2), 0<x<1 (97)

2
Case 3: If —<a<lIf(x 9(1-2)*

W) < x <3 -3
3 (x) =
0 3-30<x<1

As F"(x) = 2, corresponding to (56), the solution equivalence minimax problem of (96) is formulated with
the constant 2 being omitted:
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: /
min { max |f (x>|}

s.t. /l(l—x)f(x)dx:oc, O<a<l
| rw=
f(x)=0

Remark 4. Similar to the conclusion of Theorem 15 and Remark 2 for the maximum entropy OWA operator
case, the solution equivalence can be kept without the absolute value operates in the minimax problems (24)
and (98) when the orness level « € [},3].

For these two cases, the RIM quantifier membership function can be obtained with Q(x) = [ f(r)dt
directly.

6. Another view of the problems solutions and some discussions

From above, we can see that with given a strictly convex function F(x), a parameterized OWA operator or
RIM quantifier family with orness level as its control parameter can always be obtained, which is the unique
optimal solution of (8) or (42). The OWA weight vector or the RIM quantifier generating function is deter-
mined by the increasing function g(x) = (F')"' (x). On the other hand, with an increasing function g(x), there
also exists a strictly convex function F(x), that makes g(x) = (F')"'(x). The OWA operator generated with
(10), (11) is the unique optimal solutions of (8), and the RIM quantifier generating function determined by
(43) and (44) is the unique optimal solutions of (42). This gives us a very broad way to obtain the parameter-
ized OWA operator or RIM quantifier families with different orness levels. The aggregation values of these
OWA operator or RIM quantifiers for any aggregated set are also consistently (monotonically) changes with
the orness level. Furthermore, we can control the relationships between the adjacent elements of OWA oper-
ator weight vector or the shape of the RIM quantifier function by selecting g(x) appropriately. This means we
can not only make the OWA operator or RIM quantifier based aggregation represent the preference informa-
tion, but also can incorporate the background or problem structure information with g(x).

With (F') "' (x) = g(x), the expression of F(x) can be easily obtained. We can observe how the form of g(x)
affects the OWA operator or the RIM quantifier under given orness level. As discussed at the beginning of
Section 5, for the OWA operator problems (8) and (42), F(x) and aF(x) 4+ bx(a > 0) have the same optimal
solution. Similarly, for the RIM quantifier problems (42) and (56), F(x) and aF(x) + bx(a > 0) also have
the same optimal solution. Both of these two cases imply that for the optimal solutions determined by (10),
(11), or (43), (44), aly + b or al, + b(a > 0) can be replaced with ; and A,, which means the constants a, b
can be neglected in some way.

Table 1 gives some examples of commonly used function forms for g(x) and F(x) respectively. Example 1
corresponds to the maximum entropy OWA operator (RIM quantifier) problem, and Example II corresponds
to the minimum variance OWA operator (RIM quantifier) problem that were discussed previously. Example
IIT and IV can be solved analytically with the method similar to that of Example II. Example II, II1, IV are the
special cases of Example V. An alternative analytic solution of Example V was proposed by Majlender [33] for
OWA operator. For simplification, their analytical solutions forms are omitted. For OWA operator, except
the proposed analytical solution method with g(x) in (10) and (11), considering F(x) in the objective function
of (8), these problems can also be solved with the optimization software such as Lingo or Maple.? Fig. 1 shows
the OWA operator solution under orness levels o = 0.2,0.5,0.8 for these five cases with n = 20 respectively.

Unlike the OWA operator case of (8), the analytical solutions is complicated sometimes. For any strictly
convex function F(x) or monotonic increasing function g(x), the analytical solutions of (43) or (42) is usually

2 www.lindo.com, www.maplesoft.com.
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Table 1
Some examples of g(x) and the possible corresponding F(x)
g(x) in (10) and (43) F(x) in (8) and (42)
I g(x)=c¢" F(x) = xIn(x)
11 glx)=x F(x) = x?
111 glx) =vx F(x) =x°
v gx) =x% F(x) =
v g(x) =x*(o > 0) F(x) = x*
VI g(x) =In(x) F(x)=¢"
IIIIIIIIIIIIIIIIIIII IIIIIIIIIIIIIIIIIIII IIIIIIIIIIIIIIIIIIII
0.2 o ol- 0.2 - 0.2 -
w01 e - b oword < SF wotid % R
: *****:Qg****:*:*****: : ******:Qs****:****** : : *******2@3i';*******:
0 TT?TIIIIIIIIIII????T 0 IIIIT?:IIIIII??IIIII o IIIIIIITIIII?IIIIIII
0 5 10 15 20 0 5 10 15 20 0 5 10 15 20
i i i
@ g(x) = e ) g(z) = 2? ©g(z) =z
|||||I|||I|||II||||I |||||||||I||||I||||I
0.2 I~ 0.2 I~
w; 0.1 3 ooo .-. L w; 0.1 ] 0000 ..'. L
*******:Q**’:******* B T *******i*a‘*:******* B ° orneSSZO'S
i o, C ] v i + omess=0.5
0 |||||||T|||||||||||| 0 IAREN RN RERRN ERRRN e orness=0.2
0 5 10 15 20 0 5 10 15 20
i i
) g(z) = In(x) @) g(z) =&

Fig. 1. The OWA operators for different forms of g(x) with n = 20.

a continuous function. Table 2 shows the RIM quantifier generating functions under orness levels
o =0.2,0.5,0.8 for these five cases, with their plots shown in Fig. 2.

From Figs. 1, 2 and Corollary 3, 7, for the optimal solution of (8) or (42), when orness level o = 1, we will
always have W=Ww,= (1 ...1) or f(x)=I1(which means O(x)=0Q,(x)=x). And for any

n’n? ‘n

Table 2
The RIM quantifier generating functions for different forms of g(x)
o=0.8 a=0.5 o=02

glx)=¢* f(x) = 4.841e 480 fx) =1 f(x) = 0.398¢#801x

- s o 0,4) B o x€[0,})
gx) =x fx) = {0 64 ‘e [%751] Sx)=1 fx) = 15(5g471)Z xe [%7 1]

B =D+ xe0,d _ _Jo x€0.3)
gl) =x f(x)_{09 T el =1 f(x)_{%“x—zg—o xe 1]

. v [In(=33.71x + 17.54) x € [0,0.49) S o]0 x €[0,0.51)
g(x) = Inx fx) = { 0 v €049, 1] S =1 fla) = { In(33.71x — 16.16) x € [0.51, 1]

= 1 0 0,1

o) = V& R PRI o) =1 0 ={3m=1 rep

# The coefficients of f(x) for g(x) = Inx are given numerically with the solution of nonlinear equations.
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5 IIIIIIIIIIIIIIIIIIIIIIII 5 IIIIIIIIIIIIIIIIIIIIIIII 5 IIIIIIIIIIIIIIIIIIIIIIII
4 IE 4 2 43 =
ER J E N /E 3 E
3] e e N3N e 3 B
f@)" 3\ / E flx)” 3 / E )™ 3 7/
29 , F 24 s FE 2 s F
E . E E . Y E E V2 E
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Fig. 2. The RIM quantifiers for different forms of g(x).

X = (x1,x2,...,x), Fy(X) = Fo(X) = 13" x;. The aggregation becomes the ordinary arithmetic mean (aver-
age operator). When o — 0, W — W., Fy(X) — min;<;<,{x;}, or O — Q,, Fo(X) — min;;<,{x;}. When
a— 1, W— W, Fp(X) - maxjg{x} or O — O, Fo(X) — max;<,{x;}. So the solution of (8) or (42)
can be seen as a parameterized extension of the ordinary arithmetic mean ranging between maximum and min-
imum in OWA operator and RIM quantifier forms respectively. The forms of the solutions for (8) or (42) are
determined by the strictly convex function F(x). The relationships between the elements of OWA operator or
the shape of the RIM quantifier generating function (which determines the membership function) can be
observed from the shape of g(x) = (F')"' (x) intuitively.

Comparing the solutions of these problems for OWA operator and RIM quantifier respectively, the optimal
solutions for RIM quantifier are usually more simple and intuitive than that of the OWA operator. The RIM
quantifier solutions are also dimension independent in the aggregation process. They can be interpreted with
natural language terms, and can be connected with the computing with words (CW) paradigm potentially
[21,22,44,58]. However, if they are used to generate the OWA weight vector, the weight elements usually
are not as accurate as that of the direct OWA generating methods unless the elements number approaches
infinity.

7. Conclusions

The paper proposes a general model to obtain the OWA operator with orness as its control parameter. This
general model includes the maximum entropy OWA operator and minimum variance OWA operator as spe-
cial cases. Some properties of its solution are discussed. The solution equivalence to the minimax problem are
proved, which is also a generalization of the solution equivalence for the minimum variance and minimax dis-
parity problems. Then, these results are extended to the RIM quantifier case, which corresponds to the OWA
operator in continuous form. A general model to obtain the parameterized RIM quantifiers of given orness
level is proposed, with the property discussions and the solution equivalence proof to the corresponding mini-
max problem. With the analytical optimal solution expression of these two kinds problems, the relationship
between the OWA operator vector elements or the shape of the RIM quantifier membership function can be
observed intuitively. We can not only use the OWA operator or RIM quantifier to get aggregation results con-
sistent to the preference information (orness level), but also can make the obtained optimal OWA operator or
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RIM quantifier obey some specific function forms by considering the structure or the background information
of the aggregation problem. The parameterized OWA operator and RIM quantifier families of some com-
monly used function forms are provided for possible applications. Whatever the forms of these optimal solu-
tions, they can always be seen as a parameterized extension of the arithmetic mean between the maximum and
minimum. Comparing with the case of the OWA operators, the parameterized RIM quantifier families are
dimension free in aggregation and can be connected with natural language interpretation.
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