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Abstract

Cloaking refers to hiding a body from detection by surrounding it with a coating consisting of an unusual anisotropic nonhomoge-
neous material. Its function is to deflect the rays that would have struck the object, guide them around the object, and return them to
their original trajectory, thus no waves are scattered from the body. The permittivity and permeability of such a cloak are determined
by the coordinate transformation of compressing a hidden body into a point or a line. Some components of the electrical parameters
of the cloaking material (g, ) are required to have infinite or zero value at the boundary of the hidden object. Approximate cloaking
can be achieved by transforming the cylindrical body (dielectric and conducting) virtually into a small cylinder rather than a line,
which eliminates the zero or infinite values of the electrical parameters. The radially-dependent cylindrical cloaking shell can be
approximately discretized into many homogeneous anisotropic layers; each anisotropic layer can be replaced by a pair of equivalent
isotropic sub-layers, where the effective medium approximation is used to find the parameters of these two equivalent sub-layers.
In this work, the scattering properties of cloaked perfectly conducting cylinder is investigated using a combination of approximate
cloaking, together with discretizing the cloaking material using pairs of homogeneous isotropic sub-layers. The solution is obtained
by rigorously solving Maxwell equations using angular harmonics expansion. The scattering pattern, and the back scattering cross
section against the frequency are studied for both transverse magnetic (TM,) and transverse electric (TE,) polarizations of the
incident plane wave for different transformed body radii.
© 2014 Production and hosting by Elsevier B.V. on behalf of Electronics Research Institute (ERI).
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1. Introduction

Recently, the concept of electromagnetic cloaking has drawn considerable attention concerning theoretical, numeri-
cal and experimental aspects (Pendry et al., 2006; Cheng et al., 2009; Yangetal.,2011; Shahzad etal.,2011; Chengetal.,
2010; Zhang and Mortensen, 201 1; Zhai and Cui, 2011; Schurig et al., 2006). One approach to achieve electromagnetic
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Fig. 1. (a) Virtual domain and (b) actual domain.

cloaking is to deflect the rays that would have struck the object, guide them around the object, and return them to their
original trajectory, thus no waves are scattered from the body (Pendry et al., 2006). In the coordinate transformation
method for cloaking, the body to be hidden is transformed virtually into a point (3D or spherical configuration) or a
line (2D or cylindrical configuration), and this transformation leads to radially nonhomogeneous profiles of anisotropic
permittivity and permeability €, p in the cloaking coating. One problem for the line-transformed cloaks is that some
components of the parameters (e, pt) always have singularities at the inner boundary. For cylindrical cloak, &4, ¢ are
infinite while €,, ), &;, |1, are zero. This requires the use of metamaterials which can produce such values, however,
they are narrow band since they rely on using array of resonant elements (as split ring resonators) (Pendry et al., 1999;
Eleftheriades and Balmain, 2005; Engheta and Ziolkowski, 2006; Wang et al., 2009). To avoid the problem of the
infinite or zero material parameters at the hidden body boundary, two approaches are studied. The first is removing
a thin layer from the inner boundary; however, cloaking is very sensitive to this removal (Shahzad et al., 2011; Ruan
et al., 2007). Another technique to obtain approximate cloaking is to transform the hidden body virtually into a small
object rather than a point or a line as shown in Fig. 1, which eliminates the zero or infinite values of the electromagnetic
parameters (Liu, 2009; Zhou, 2010; Song et al., 2012). This, however, leads to some scattering since the hidden body
is virtually transformed into a small object rather than a point or a line, and the scattering decreases as the transformed
cylinder radius is smaller.

The radially-dependent cylindrical cloaking shell can be approximately discretized into many homogeneous
anisotropic layers, provided that the thickness of each layer is much less than the wavelength, and this discreti-
zation raises the level of scattering as the number of layers decreases. Each anisotropic layer can be replaced by a
pair of equivalent homogeneous isotropic sub-layers A and B with different thicknesses, where the effective medium
approximation is used to find the parameters of these two equivalent sub-layers (Huang et al., 2007). The combination
of approximate cloaking with layered cloaking material is considered in (Song et al., 2012).

In this work, the scattering properties of cloaked perfectly conducting cylinder is investigated using a combination of
approximate cloaking together with discretizing the cloaking material using pairs of homogeneous isotropic sub-layers.
The solution is obtained by rigorously solving Maxwell equations using angular harmonics expansion. The scattering
pattern, and the back scattering cross section against the frequency are studied for both TM, and TE, polarizations of
the incident plane wave for different transformed body radii.

2. Coordinate transformation method for cloaking
2.1. Material parameters of the approximate cylindrical cloak

Perfect cylindrical cloak can be constructed by compressing the electromagnetic fields in a cylindrical region p’ < R;
into a cylindrical shell Ry < p < R; as shown in Fig. 1. The coordinate transformation relates the radius o’ in the virtual
domain to the corresponding radius p in the cloaking material. The coordinate transformation is o’ =f{p), with fiR1) =0
for perfect cloaking or f{R1) = ¢ for approximate cloaking and f{R>) = R (Zhou, 2010), while ¢ and z are kept unchanged,



84 H.M. Zamel et al. / Journal of Electrical Systems and Information Technology 1 (2014) 82-93

where c is the reduced radius in the virtual domain. In the principal directions (p, ¢, z in cylindrical coordinates) this
transformation leads to a diagonal Jacobian matrix 7 (McGuirk, 2009; Hu et al., 2009):

0, 0 0
T=|0 0, 0 (1)
0 0 0.

whose elements are the stretching ratios (Q,, Oy, Q) of the line elements in the principal directions (dp'/dp, p'dy'l pdep,
d7'/dz) in the virtual domain relative to the actual domain.
The radial and transverse permittivity and permeability of the cylindrical cloak, depending on p, are given as (Pendry
et al., 2006; Yan et al., 2009):
Ep _ HMp _ 0,0:  [fp)
g0 o 0,  pflp)
g _ Mo _ 200z _ pf'(p)
g0 Mo Qo  f(p)
& Mz _ Q90 _ f(0)f'(p)

€0 Mo 0. Jo

A linear transformation is usually used, given for approximate cloaking by (for ideal cloaking ¢ =0) (Zhou, 2010;
Zamel et al., 2012):

@

/ 1 _ _
flp)=p = m[p(ﬂ’z ¢)+ Ra(c — Ry)] (3)

Thus, the permittivity and permeability of the approximate cylindrical cloak are given from the above equations by:

gp _ Mp _ p(R2—0)+ Ry(c — Ry)

& Ko p(Ry — c) @
Ep _ My _ P(Ry —¢) 5)
o Mo  p(Ry—c)+ Ra(c— Ry)
gz _ Mz _ P(Ry — ¢)* + Ra(c — Ri)(Ry — ) ©)
€0 Mo P(Ry — Ry)

At p=Ry,
& _ Ri(Ry —¢)+ Ry(c — Ry) :C(Rz—Rl) )
€0 Ri(R2 — o) Ri(Ry —©)
g _ Ri(R2 — 0 _RiR2—0) @)
eo Ri(Ra—c¢)+ Ra(c—R1) c(Ry—Ry)
e _RiR =+ Ryc—R)Ry—¢) _ c(Ry—0) ©

€0 Ri(Ry — R))? ~ Ri(R,—Ry)

For approximate cloaking &y, ty are proportional to 1/c, while €, (i, &;, 14, are proportional to c. Thus, for ideal
cloaking (¢ =0), at the inner boundary, &, 4, are infinitely large, and the other components are zero.
At p=R3,

£p R — Ry

- 10
&0 Ry —c¢ 10
tp _ Rr—c an
£0 Ry — Ry

e _(R—cP+(c—R)R—c) _ Ra—c a2

€0 (Ry — R1)? " (R2—R))
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The fields E' = [EL, Efp, Eiland H' = [H/’;, Hé), H!] in the virtual domain are related to the fields in the cloak
medium E , H by the relation E = T'E'. For cylindrical cloaks (Yan et al., 2009)

E, = f{(0)EL(f(p). 9. 2). Hy = f(0)H(f(p). ¢.2) (13)
Ey = %E;(f(p), ¢, 2), Hy = %H;(ﬂp), . 2) (14)
E. = EX(f(p), ¢,2), H. = H.(f(p), $, 2) (15)

3. Formulation of the problem of scattering by cylindrical layered structure of homogeneous isotropic
materials

The radially-dependent cylindrical cloaking shell can be approximately discretized into many homogeneous
anisotropic layers, provided that the thickness of each layer is much less than the wavelength, and this discreti-
zation raises the level of scattering as the number of layers decreases. Each anisotropic layer can be replaced by a
pair of equivalent homogeneous isotropic sub-layers A and B with different thicknesses, where the effective medium
approximation is used to find the parameters of these two equivalent sub-layers (Huang et al., 2007), as shown in Fig. 2.

To study fields and waves in cylindrical coordinates, the normally incident field on the cylinder can be decomposed
into TE; and TM fields w.r.t. the axial Z direction. Thus, for TE, fields only ., &, and &, are required when analyzing
field behaviour. TM, fields require &, 11, and (.

3.1. The parameters of the isotropic layers
When the layer thicknesses (dj, dp) are much less than the wavelength A, the relationships between the anisotropic

permittivities €,, &, and the two-layer isotropic permittivities 4, g for TE, polarization are given by Huang et al.
(2007):

14+
6 = (I +n)eacp (16)
&Ep+nea
o, = SAT N an
1479

In which, n=dp/dy4, ds and dp are the thicknesses of the layers A and B, respectively. These formulas correspond
to series and parallel combinations of capacitors of layers A and B in the r- and ¢-directions.

By solving the above equations for ¢4 and ¢p, one can obtain the equivalent medium parameters for the isotropic
sub-layers when the thicknesses are identical (= 1):

EB = &y 1+ \/€5 — £4Ep (18)

nth Anisotropic laye

Medium B Medium A

(a) Anisotropic (b) Isotropic

Fig. 2. Equivalence of an anisotropic cylindrical shell and two isotropic sub-shells.
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€A =Ep— \[E2 — €pEp 19)

which are used together with the axial permeability w,. Similar expressions hold for p for TM, polarization. The values
of &y, €5 and p, are taken at the average radius of the layer.

3.2. Scattering by a cloaked cylinder

The configuration for electromagnetic scattering by the cylindrical body (dielectric and conducting) coated by 2M
layers is shown in Fig. 3. The external radius, permittivity, and permeability of the core and the layers are denoted
by a;, ¢ and pu; (i=1, 2,...,2M + 1), respectively. Fig. 3 shows an E, polarized plane wave with amplitude Ej,
E™ = Ege—/K0¥z incident upon the coated cylinder along the & direction, where ko = w./e0ko, j = J/—1. The
time dependence of ¢/’ is suppressed. The incident field can be expanded in angular harmonics for TM, and TE,
polarizations as (Jin, 2010):

o0
EM =Ey Y ()" Julkop)e’ (20)
n=—oo
. e .
H" = Hy Y ()" Julkop)e’™ @1
n=—oo

where J,, is the n order Bessel function of the first kind, n is integer.
The scattered Ef field for TM, polarization can be expanded as (Jin, 2010):

o0
ES=Ey Y ()" AuHy(kop)e™? (22)
n=—00
Also, the scattered field Hf for TE, polarization can be expanded as:
s .
HY = Hy Y ()" BuHy(kop)e™™? (23)
n=-—00

where H,% is the n'M order Hankel function of the second kind, A,, and B,, are coefficients to be determined.

Fig. 3. Plane wave scattering by a multilayer dielectric cylinder.



H.M. Zamel et al. / Journal of Electrical Systems and Information Technology 1 (2014) 82-93 87

For TM, polarization, the field in the i layer can be expressed as:

o
El=E Y ()™ {cf,H,i(k,-p) + D;’,H,f(km)] e™? (24)
n=—oo

where k; = w./eilL;.

From Maxwell equation

; 1 9E!
=—— (25)
Y juw dp
Hence, for TM, polarization (Jin, 2010):
i Eoo~ [ i T " i 2 " ing
Hy= 3" ()7 |Ci | Hitkip)] + D} [H2kio)| | € (26)
i =
where n; = 4/u;/¢;, and the prime over the square bracket indicates differentiation w.r.t. the argument.
For TE, polarization, the field in the i layer can be expressed as:
Hi = Hy > () "[C}H)(kip) + D} H2(kip)le™ 27)
n=—00
From Maxwell equation:
. —10H!
E)=—— (28)
¢ jwe dp
Hence,
i o [ [t "R [ "I in
E, = jHon: Y () {cn | Hikip)| + D} | HEk1p) } el 29)
n=—oo
For TM, polarization, the boundary conditions are that the tangential components E, and H,, respectively, are
continuous across the cylindrical interfaces p=a; (i=1, 2, .. .,2M) and can be expressed as:
CyH Hy (ki1ai) + D HE (kiaai) = Cp H,y (kiay) + D}y Hyy (kia;) (30)
&ixl . / . / &; . / . /
o [c;f‘ Hyina)| + Di [ Haki1an) } =\ [c; | Hyiap]| + D[ HE(kia)| } (1)
i+ i

For TE, polarization, the boundary conditions are that the tangential components H, and E,, respectively, are
continuous across the cylindrical interfaces p=a;(i=1, 2, ..., 2M) and can be expressed as:

(G HyKira) + D B2 K1) | = [l H)iap) + D) Hi kiay)| (32)

it1 | = / . / P / . /
o {Ci,“ Hitkisaa)] + Dy [ kipa) } == [C; [Hikiap)| + Dy [ Hkia)| } (33)
i+ i
The finiteness of the field in the dielectric core leads to the following ratios in the dielectric core (Jin, 2010):

D) D)

—t=1,=r=1 (34)

Cp Ca

When cloaking a conducting cylinder, the dielectric constant in the core is taken to be very large.
The ratios DI /Ci*1 and Di*!/Ci*! in the successive larger layers can be obtained iteratively from the following
equations (Jin, 2010):
D' Hy(kitia) — REHY (kiv1a)
Cit! H2(kiv1a;) — RgHZ (kiv1a;)’

=1,2,...,2M (35)
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D' Hj(kipia) — Ry Hy (ki1a)

= Hn . i=1,...2M (36)
cit! Hy(kiv1a;) — Ry HY (kiv1a;)
where
——— H(kia;) + 2 H2 (ki)
; Mi€i+1 n AN cy 14 .
’Ez,/g"’_ - o . i=1,2,...,2M (37
ilki+1 HY (kja;) + CT":H" (kia;)

| —— B (kiar) + 2 H2(Kiai)
RtH:\/m ! G i=1,2,...2M (38)
Eit1 Ui Hr}/(kia,-) + %H,%/(kia,-)

Finally, the boundary conditions between the outer layer and air lead to the following equations:

Jn(koR2) + Ay H2(koR2) = C2MTV H (kapr 1 R2) + D2MHV H2 (kppr 11 R2) (39)
8() / & / /
1/% |:[Jn(k0R2)]/ + A, [H,?(koRz)} } = ’/ﬁ [CﬁMH [H,:(]QM-HRZ)} + DM+l [H,%(]QM-HRZ)} ]
+
(40)
Ju(koR2) + By H2(koR2) = C2M T HY (kypr 1 Ro) + DMV H2 (kopr 11 R2) (1)
[ ko ! [12 > _ !
P {Un(kORZ)]/ + By [Hr?(kORZ)} } = ﬁ {CZMH {Hi(kzMHRz)} + D2MH! [Hy%(kZM—HRZ)} }
+
(42)

From these equations, we can get the scattering coefficients A, (TM; case) and B, (TE, case):

_ JakoR2) = R (ko Ry)
H2(koRy) — RF™H HY (ko R2)

(43)

n=

 JulkoR2) — R (ko Ro)
H2(koR2) — RIM TV H2 (ko R2)

(44)
The mode series is truncated at the mode number ny,x =koRy + 5 (Li and Shen, 2003).

3.3. The scattering width

For the 2-D scattering problem, the scattering width o(¢), which is referred to as the scattering cross section per
unit length, is defined as (Ruck et al., 1970):
|ES(p)*

HS(p)?
o(p) = lim 2np———— = lim 271,0' 2l
p—>00

- —_— 45
|E’|2 p—>00 |Hl|2 45)

The scattering width o(g) defines the scattering in an arbitrary direction (for forward scattering ¢ =0°, for back
scattering ¢ =1).
For TM,, case (Ruck et al., 1970):

2

4 (o]
o$) =1 > (=1)"e, Ay cos(ng) (46)
n=0
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For TE, case (Ruck et al., 1970):
2

4 00
@) =1 > (=1Y"ey By cos(ng) (47)
n=0

where the Neuman number

. 1 for n=0
1T\2 for n=1,2,3,...

4. Results

To check the above analysis, the far field scattering pattern for a bare conducting cylinder shelled with 2 M layers
of alternating dielectric A and B with identical thickness (= 1) are calculated for M =5, 20, and compared with the
results in (Huang et al., 2007), leading to identical results.

4.1. Normalized bistatic scattering width

To show the effect of the cloaking radius c on the normalized bistatic scattering width, consider the inner core with
radius Ry = A, the outermost radius Ry =2R1, where X is the wavelength, the cloak is discretized into 2M =40 layers.

Figs. 4 and 5 show the normalized bistatic scattering width (o/R1) versus the angle ¢ of cloaked conducting cylinder
coated with multilayered isotropic homogenous layers for the ideal (¢ =0) and three different cloaking radii ¢ for TE,
and TM,, cases, respectively. It can be seen from Figs. 4 and 5 that, use of approximate cloaking (¢ =R;/10, R1/20 and
R1/40) leads to reduction of the scattering compared with the uncoated conducting cylinder. The scattering from the
layered cloak shows high endfire scattering (¢ = 0°), similar to the behaviour of scattering from the uncloaked cylinder.

o /R (dB)

—== Conducting_Cylinder_TE_Case
Ideal _c=0

Approximate_ c=R1/10
Approximate_ ¢c=R1/20

©-& Approximate_ c=R1/40

0 20 40 60 80 100 120 140 160 180
@ (degree)

Fig. 4. Normalized bistatic scattering width for cloaked conducting cylinder with multilayered isotropic structure for different reduced radii, TE,
case.
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90
20
=== Conducting_Cylinder_TM_Case
—— Ideal _c=0
. Approximate_ c=R1/10
‘. Approximate_ c=R1/20
\ -5 Approximate_ c=R1/40

o /Ry (dB)

0 20 40 60 80 100 120 140 160 180
@ (degree)

Fig. 5. Normalized bistatic scattering width for cloaked conducting cylinder with multilayered isotropic structure for different reduced radii, TM,

case.

10

o /7 R4(dB)

=== Conducting_Cylinder_TE_Case
Ideal _c=0

Approximate_ ¢c=R1/10
Approximate_ ¢c=R1/20

S5 Approximate_ c=R1/40

koR¢

Fig. 6. Normalized back scattering width for cloaked conducting cylinder with multilayered isotropic structure for different reduced radii, TE, case.
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10
—== Conducting_Cylinder_TM_Case
Ideal_TM
Approximate_ c=R1/10
\ Approximate_ c=R1/20
N ©-65 Approximate_ c=R1/40
0

o/m Ry (dB)

-20

-30
koR1

Fig. 7. Normalized back scattering width for cloaked conducting cylinder with multilayered isotropic structure for different reduced radii, TM,
case.

4.2. Normalized back scattering width

Figs. 6 and 7 show the normalized back scattering width (o/7R|) versus the normalized frequency kgR for cloaked
conducting cylinder coated with multi isotropic homogenous layers (Ry =2R1, 2M =40), for the ideal (¢ =0) and three
different cloaking radii ¢ for TE, and TM; cases, respectively. It can be seen from Figs. 6 and 7 that when the reduced
radius ¢ decreases, the back scattering width decreases on the average. By setting ¢ = R1/40 the scattering approaches
that of the ideal profile ¢ =0. The back scattering width at low frequencies for TE, case increases generally as the
frequency increases, similar to the behaviour of the scattering by the conducting cylinder, which results from the
reflected and creeping waves. On the other hand, the back scattering width at low frequencies for TM, case decreases
generally as the frequency increases, similar to the behaviour of the scattering by the conducting cylinder, which is high
at low frequencies, since the incident electric field is parallel to the cylinder. The reduction of scattering by cloaking
at low frequencies, compared with the uncloaked conducting cylinder, is more significant for TE, polarization than for
TM,, polarization.

4.3. Permittivity and permeability profiles in the cloak layers

Fig. 8 shows values of the relative permittivity in the cloaking layers for perfect cloaking ¢ =0 and two different
radii for approximate cloaks, Egs. (4), (5), (18), and (19). We consider Ry =2R; and the cloak is discretized into
2M =40 layers. For the ideal case, the value of the relative permittivity &, at the inner boundary approaches infinity,
Eq. (8), but for approximate cloaking the value of ep/eg at the inner layer is finite (53 for ¢=R1/20 and 80 for
c=R1/40), Eqgs. (7), (8), (18), as shown in Fig. 8. For ideal cloak (¢ =0), u, is zero at the inner boundary, Eq. (9),
but for approximate cloaking the value of the relative permeability (u,/1t9) is finite (0.18 for ¢ =R;/20 and 0.14 for
c=R1/40).
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160
140
120
e_Ideal (¢=0)
100 —--— g _Approx _c=R;/20

------ € _Approx _c=R;/40

Relative gp, g
[<2] <]
o o

S
o

20 |-

1 1.2 1.4 1.6 1.8 2
Normalized Radius, p/R/

Fig. 8. Relative permittivities €4 g in the layers for the multilayered isotropic structure.

5. Conclusion

In this work, the scattering from cloaked conducting cylindrical is studied for both TE, and TM, polarizations
using approximate multilayer cloak of isotropic homogenous layers. The anisotropic transverse components of &(u)
for TE, (TM;) case are replaced by two isotropic layers, together with the single component of w(g). The solution is
obtained iteratively for the angular modes amplitudes in the layers. The effect of approximate cloaking on removing
the singular values of &, i components at the inner cloak radius shows that the components &4, @, vary as Ri(Ry—c)

c(Ra—Ry)’
. c(Ry—Ry) c(Ry—c) 1
while the components ¢, ), vary as R0 and the components ¢, i, vary as R(R—RD" The scattering from the

layered cloak shows high endfire scattering. The use of approximate cloaking leads to reduction of scattering compared
with the uncoated conducting cylinder, particularly for TE, polarization at low frequencies. The back scattering versus
frequency decreases on the average as the cloaking radius c decreases.
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