Available online at www.sciencedirect.com

. . stochastic
ScienceDirect processes
and their
applications _

ELSEVIER Stochastic Processes and their Applications 121 (2011) 1464—1491 =
www.elsevier.com/locate/spa

An approximation scheme for reflected stochastic
differential equations

Lawrence Christopher Evans*, Daniel W. Stroock

Department of Mathematics, Massachusetts Institute of Technology, Cambridge, MA 02139, United States

Received 26 August 2010; received in revised form 8 March 2011; accepted 8 March 2011
Available online 16 March 2011

Abstract

In this paper, we consider the Stratonovich reflected SDE dX; = o(X;) o dW; 4+ b(X;)dt 4+ dL; in a
bounded domain O. Letting WtN be the N-dyadic piecewise linear interpolation of Wy, we show that the
distribution of the solution (X N LtN ) to the reflected ODE X tN =o(X ,N )W,N + b(X,N )+ L;V converges
weakly to that of (X;, L;). Hence, we prove a distributional version for reflected diffusions of the famous
result of Wong and Zakai.

In particular, we apply our result to derive some geometric properties of coupled reflected Brownian
motion, especially those properties which have been used in the recent work on the “hot spots” conjecture
for special domains.
© 2011 Elsevier B.V. All rights reserved.
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1. Introduction
1.1. Motivation

As is well known, Itd stochastic differential equations can be very misleading from a
geometric standpoint. The classic example of this observation is the Itd stochastic differential
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equation (SDE)

dX () =o(X(¢))dW; with X(0) = <(1)> and o = <_x)162> ,
where W; is a 1-dimensional Brownian motion. If one makes the mistake of thinking that It6 dif-
ferentials of Brownian motion behave like classical differentials, then one would predict that X (¢)
should live on the unit circle. On the other hand, 1t6’s formula, which is a quantitative statement of
the extent to which they do not behave like classical differentials, says that d| X (r)|> = | X (r)|*dr,
and so | X (1)|> =¢'.

To avoid the sort of misinterpretation to which It6 SDE’s lead, it is convenient to replace Itd
SDE’s by their Stratonovich counterparts. When one does so, then the Wong—Zakai theorem [16]
shows that the solution to the SDE can be approximated by solutions to the ordinary differential
equation (ODE) which one obtains by piecewise linearizing the Brownian paths. In this way,
one can transfer to solutions of the SDE geometric properties which one knows for the solutions
to the ODE’s. The purpose of this paper is to carry out the analogous program for SDE’s for
diffusions which are reflected at the boundary of some region. This is not the first time that such
a program has been attempted. For example, R. Petterson proved in [7] a result of this sort under
the assumption that the domain is convex. Unfortunately, convexity is too rigid a requirement
for applications of the sort which appear in papers like [2] by Banuelos and Burdzy, and so
it is important to replace convexity by a more general condition, like the one given in [6] by
Sznitman and Lions. Finally, it should be mentioned that the article [5] by Kohatsu-Higa contains
a very general, highly abstract approximation procedure which may be applicable to the situation
here.

1.2. Background for reflected SDE’s

We begin by recalling the (deterministic) Skorohod problem.

Let O C R? be a domain and to each x € 9O assign a nonempty collection v(x) € S?~!, to
be thought of as the set of directions in which a path can be “pushed” when it hits x. Given a con-
tinuous path w : [0, c0) — RY with wo € O, known as the “input”, we say that a solution to the
Skorohod problem for (O, v(x)) is a pair (x., £.) consisting of a continuous path ¢t € [0, c0) —>
X € O and a continuous function of locally bounded variation ¢ € [0, 0c0) —> £; € R4 such that

t t
Xt = wy + 4, |£]; = / lyo(xs)dllg, and £ = / v(xs)d|£]s, (1)
0 0

where |£|; denotes the total variation of ¢; on the interval [0, #], and the third line is a shorthand
way of saying that

de;

n

(S V(.xt), d|£|; — a.c.

When a unique solution exists for each input, we will call the map w. ~~ (x., £.) the Skorohod
map and will denote it by I'. Also, the path x. will be referred to as the “output”.

Throughout this paper, we will take v(x) to be the collection of inward pointing proximal
normal vectors

vx) = eSS aIC >0V €O (x' —x)-v+Clx —x')? = 0}. )
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Elementary algebra shows that

W0 v Cin—rP <0 - (- ) < (o) )
— Y — < J— —_— < JR—
X X X X X X 2C 2C
which shows that, geometrically, v(x) is the collection of unit vectors based at x € 9O such that
there exists an open ball touching the base of v but not intersecting O.
The class of domains which we will consider was described by Lions and Sznitman in [6].
Namely, we will say that O is admissible if the definition given below holds.

Definition 1.1. 1. Vx € 00, v(x) # ¢, and there exists a Coy > 0 such that
x'=x) v+ Colx —x'>=>0 forallx’ € O, x € 30, and v € v(x).
2. There exists a function ¢ € C 2(Rd; R) and @ > 0 such that
Vo(x)-v>a >0 forallx € 30 and v € v(x).
3. Thereexistn > 1,A >0, R > 0,ay,...,a, € S !, and xq, ..., x, € 80 such that

n
90 | JB(xi.R) and
i=1

x€dONBX;,2R) = v-a; >A >0 forallv € v(x).

In view of (3), Part 1 of Definition 1.1 can be seen as a sort of uniform exterior ball condition.
More precisely, it says that not only can every point x € 9O be touched by an exterior ball
but also that the exterior ball touching x can be scaled to have a uniformly large radius. In the
convex analysis literature, the closure of a set O satisfying Part 1 of Definition 1.1 is said to be
uniformly prox-regular (see [8], especially Theorem 4.1, for more on the properties of uniformly
prox-regular sets).

Parts 2 and 3 of Definition 1.1 are regularity requirements on d©O which ensure that the
“normal vectors” do not fluctuate too wildly. In this connection, notice that Part 3 is implied
by Part 2 when O is bounded.

In their paper [6], Lions and Sznitman show that for each w. € C([0, 00); R4 with wg € O,
there exists a unique solution (x., £.) to the deterministic Skorohod problem when the domain O
is admissible. The map I" which takes w. to x. is called the deterministic Skorohod map.

We turn next to the formulation of reflected diffusions in terms of a Skorohod problem for
an SDE. Until further notice, we will be looking at Itd6 SDE’s and will only reformulate them as
Stratonovich SDE’s when it is important to do so.

Let O C R? be an admissible domain, and let o : © —> Hom(R"; RY) and b : © —> R be
uniformly Lipschitz continuous maps. Given an r-dimensional Brownian motion W. and xo € O,
a solution to (X., L.) to the reflected SDE (4) is a continuous process {(X;, L;) : t > 0} which is
progressively measurable with respect to W. and satisfies the conditions that (X;, L;) € O x R4
and |L|; < oo for all > 0, and, almost surely,

t t
X1 = X0 +/ o (Xs)dW; +/ b(Xs)ds + Ly,
70 0 t “
ILl; = / lyo(Xs)d[Lls, and L, = f v(X5)d[L]s,
0 0
where |L|; denotes the total variation of L; by time ¢, and the third line is shorthand for %
e v(X;), d|L|; — ae.
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Existence and uniqueness of solution to reflected SDE’s was proved by Tanaka in [13] when
O is convex. The extension of his result to admissible domains was made by Lions and Sznitman
in [6] and Saisho in [9]. We refer the reader to those papers for an overview of the subject.

1.3. Our result

With these preliminaries in place, our main result can be summarized as follows. Given a
bounded admissible domain O, suppose that ¢ € C%(O; Hom(R"; R%)) and b : O —> R?
is uniformly Lipschitz continuous. Then, given an r-dimensional Brownian motion W., denote
by WX the polygonal path obtained by linearly interpolating W. over the N-dyadic intervals
(defined precisely in Section 3). Then, for each xy € O, there exists a unique solution to the
reflected ODE

t t
xN =x0+/ U(Xf,v)dWSN—i—/ b(XNyds + LY,
0 0
t t
|LN|Z:/0 Lio(XMd|LN|;, and L,N=/O v(xMd|LN ;.

Moreover, if (X, L) is the solution to (4) when the stochastic integrals are taken in the sense
of Stratonovich, then the distribution of (XV, LY, WN) on C([0, 00); @) x C([0, 00); RY) x
C([0, 00); R") converges to that of (X, L, W). This is the content of Theorem 5.4. Finally, in
Section 6 we show how our result can be applied to better understand the geometry of certain
reflected SDE.

In [16,17] Wong and Zakai show, in the unreflected case, that X N almost surely converges to
X in C([0, 00); Rd) when d = 1 and in the L! sense when d > 2. In [7] Petterson shows that in
the reflected case with a convex domain, XV converges to X almost surely when either d = 1 or
d > 2 and o is constant. In view of his results, it would be interesting to know whether almost
sure convergence, or at least convergence in measure, holds in the more general setting in which
we are working here. In light of the cited results, a counter-example would require that d > 2
and that either the domain is non-convex or ¢ is non-constant. To date, the authors are unaware
of either a proof of stronger convergence or a counter-example to it. Be that as it may, at least for
the applications we consider in Section 6, convergence in distribution is sufficient.

2. Equations with reflection
2.1. Properties of solutions to reflected ODE’s

Suppose that O is a bounded, admissible domain and that 0 : O —> Hom(R"; RY) is
uniformly Lipschitz continuous. In this section, we will show that, for each xg € O and piecewise
smooth w. : [0, c0) —> R’ there is precisely one solution (x., £.) to the reflected ODE

t
xt=x0+/ o (xg)dws + ¢4,
 Jo , 5)
el = fo LoG)dlel, and & = /0 b(x,)dI€ls,

where x. € C([0, 00); (’_)) and ¢, : [0, co) —> R? is a continuous function having finite variation
|£]; on [0, ] forall # > 0. In addition, we will give a geometrically appealing alternate description
of this solution. Previously, existence and uniqueness results for variants of (5) are well known
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in the convex analysis literature. For example, see [3] for such a recent result as well as a good
overview of other known results.

Although the proofs of existence and uniqueness are implicit in the contents of other articles,
we, mimicking the proof of Theorem 3.1 in [6], will prove them here. For this purpose, consider
the map Fy, : C([0, 00); 0) — C([0, 00); 0) given by Fy,(y.) = I'(xg —i—fo' o (ys)dwy), where
I' is the Skorohod map (we will henceforth suppress the dependence of F' on w). We will show
that F has a unique fixed point, and the key to doing so is contained in the next lemma.

Lemma 2.1. For each T > 0 there exists a C = Cy(T) < oo such that for any pair of paths y.
and y',

t
|F(y.) — FO)* < / e€= Iy, —yl|’dr forallt € [0, T]. (©6)
0

Proof. Set z. = F(y.) and 7/ = F(y/). Given T > 0, we will show that there is a C < oo such
that

t t
|zt—z;|256</ |z,—z;|2dr+f |yf—y;|2dr>, t€[0,T].
0 0

Once this is proved, the required estimate follows immediately from Gronwall’s inequality.
Let ¢ be the function associated with O (see part 2 of Definition 1.1). For any constant y, we
have that

e—V[¢(Zr)+¢(Zf)]d(ey[¢(1t)+¢(d)]|ZI _ Z;|2)
=2z — 2}) - [0 (y)dw, + de,) — (o (y))dw; + de))]
+ |z — 2Py [V () - (0 (v)dw, + de,) + Vo (2)) (o (v))dw, + de))]
= [QG —2)) + vz — 2PV (20) - v(z)1dIe],
+1Q — 20) + vz — PV () - v | + [2(z — 2)) - (0 (3) — o (1))
+ylze — 22 (Vo (z)o (3) + Vo (2o (v)) 1dw,.

Taking y = aCo , we have that (cf. Part 1 of Definition 1.1) the first two terms are less than or

equal to 0. Since o and V¢ are Lipschitz continuous and %—1;’
know that there exists a C = C,,(T) < oo such that

t t
IZz—z§|2§C<f0 Izr—z’flzerr/O |ZI_Z;||yr_y;|dT>

fort € [0, R]. Thus, because |z; — 2} ||yr — yi| < %Izr S ALEs %Iyr — y.|?, we get our estimate
after replacing C by 2C. O

is bounded on finite intervals, we

Once we have Lemma 2.1, one can apply a standard Picard iteration argument to show that
F,, has a unique fixed point and that this fixed point is the first component of the one and only
pair (x;, £;) which solves (5).

We now want to describe a couple of important properties of the solution (x., £.).

Lemma 2.2. Let (x., £.) be the solution to (5) for a given input w. and starting point xo € O.
Then there exists a constant C, depending only on o, b, and O, such that

dlx|; = Cdwl;.
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Proof. Set y, = xo + fot o (xg)dws. Then, x. = I'(y.), and so it follows from Theorem 2.2 in [6]
that d|£|; < d|y|;. Since o is bounded on O, there exists a C < oo such that d|y|; < Cdlw|;, and
therefore, because x; = y; + ¢;, we have that d|x|, < d|y|; + d|¢]; < C(d|w]|; + d|w];), from
which the lemma follows immediately. [

We now introduce a more geometric representation of Eq. (5). For a closed set D € R? and
zeRe letdp(z) = infyep |y — z| denote the distance from z to D and denote by

d h
Tp(z) = {v cR?: liminfM = 0}
AN h

the tangent cone (a.k.a. the contingent cone) to D at z. Finally, let proj,(z) denote the (possibly
multi-valued) projection of z onto D.
The following is a version of a representation result which was introduced originally in [4].

Theorem 2.3. Let O be a bounded, admissible set and w. a fixed, piecewise smooth input. If
(x., £.) is the unique solution to (5), then
X =pr0jT@(xl)(a(x,)u'),), t-a.e. @)

Conversely, given a solution x. to (7), there exists an £. such that (x., £.) is a solution to (5).

Remark 2.4. In general, the tangent cone Tp(z) is only closed and not necessarily convex.
However, Part 1 of Definition 1.1 guarantees that 7{5(z) is convex for all z € O (cf. Lemma 2.5
below) and so projg (-) is single valued.

In order to prove Theorem 2.3, we will need to introduce some concepts from convex analysis.
For more information about these concepts and their properties, we refer the reader to the
texts [14,15].

A nonempty set K C R? is called a cone if v € K = Av € K for all » > 0. Given a cone
K, we denote by K™ its polar cone K* to be the set {w : v-w < 0, Yv € K}. Next, for a given
closedset D CR? andaz € D, we define the proximal normal cone to D at z to be the set

N};(Z)E{v eR?:3C >0st.(y—2)-v=< Clz—y|2, Vy € D}
and the Clarke tangent cone to D at z to be the set
Tp(z) ={v e R? :Vz, € Ds.t. 2y — z, Juy € Tp(zn) s.t. vy — v).

Note that Tp (z) is always convex.
We now present a lemma which records the properties of an admissible set O in terms of these
concepts.

Lemma 2.5. Let O be admissible. Then we have the following.
(1) For each z € 00,

ve N(%(z) — ¢ v(z) forv #0.
lv]

(2) The graph of z —> N(%(z) is closed. That is, if z; € 0, v; € Ng(zi), zi —> z, and v; — v,
then v € Ng(z).

3) Ta(z) = f"@ (2), and so it is convex for all z € O.
@) Nj(@) = Tp(2)* forall z € O.
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Proof. (1) is immediate from our definitions.

(2) follows from (1) and Part 1 of Definition 1.1. Indeed, there exists a Coy > 0 such that for each
i’

(zi =) -vi + Colvillzi = y> 20, VyeO )

(note that when z; € O, v; = 0 and (8) holds trivially). Taking i — oo we see that
(z—y) v+ Colv|lz— y|*> = 0forall y € O, from which it follows that v € Ng(z).

(3) and (4) follow in a standard way from (2). See Chapter 4. of [15] and Chapter 6 of [14]
(in particular Corollary 6.29) for details. [

Using ideas from [4], we now prove Theorem 2.3.

Proof of Theorem 2.3. First suppose (x., £.) is a solution to (5). From Lemma 2.2 and its proof,
we see that x. an_d £. are locally Lipschitz and therefore X; = o (x;)w; + £;, t-a.e. Since x;4
and x;_j, are in O, we have that

X € =Tax) NTa(x), t-ae., 9)

and, because Tj5(x) is convex, X; is the projection of o (x;)w; onto T5(x;) if and only if
(o(x)wy — %) - (v — %) < Oforall, v € T(x;). Note that by property (1) of Lemma 2.5,
—Z, eN (% (x7) (when x; € O this holds trivially), and so, by property (4) of Lemma 2.5 and (9),
we have that

)'C[-étf(), XIEIEO:X[E[:O
Therefore, using property (4) again, we have that
(0 () =) - (V=) = —br - (V= k) = ~{ v <0

as desired.

Conversely, suppose x. is a solution to (7), and set £; = fot Xy — 0 (x5)wsds. Then £5 = 0 and,
since o is bounded, £. is a continuous function of locally bounded variation. Finally, because X,
is the projection of o (x;)w;, onto the convex set T (x;), we have that

—l - (v = %) = (@ (x)y — &) - (v —3) <0, Vv e Tix).

Since x; € T5(x;) and T5(x;) is a convex cone, for each v € T5(x;), X, + v € T5(x). Thus, by
replacing v with v + x; in the inequality above, we find that —¢, - v < 0 for all v € T (x;), and
SO —ét € T@(x,)* = N(g (x). Finally, by property (1) of Lemma 2.5, this implies that (x;, ¢;) is
a solution to (5). U

3. Tightness of the approximating measures

Let (C([0, 00); R"), F, W) be the standard r-dimensional Wiener space. That is, F is the
Borel field for C ([0, 00); R") and W is the standard Wiener measure. We will use W. to denote
a generic Wiener path and J; to denote the o-algebra generated by W. [ [0, ¢]. Finally, for
each positive integer N, let W/ denote the N-dyadic linear polygonalization of W.. That is,

Wﬁz,N = W,,,-~ and W¥ is linear on [m2~", (m 4 1)27V] for each m € N.

Next, @ C R? will be a bounded, admissible domain, and b : O —Rlando : O —
Hom(R”; R?) will be uniformly Lipschitz continuous functions. Given a starting point xo € O,
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for each WY, (XN, L") will denote the solution to the reflected ODE (5) with w; and o (x)
replaced by, respectively,

WN r o(x) r . md
< tt )ER x R and (b(x)>eHom(R x R; RY x R).

{XZN : t >0} and {L{V : t > 0} are then progressively measurable with respect to {F; : ¢ > 0},
and we will use PN on the (X, L, W)—pathspace C ([0, 00); @) x C([0, 00); R?) x C([0, 00): R")
to denote the distribution of the triple (X, WN ) under W.

In first subsection, we show that the family {IP’N N > 0} is tight on the (X, L, W)-pathspace.
In second subsection, we also develop some estimates which will needed for the next section.

3.1. Tightness of the PN

By Kolmogorov’s Continuity Criterion, we will know that {P¥ : N > 0} is tight as soon as
we prove that for each m € N and T > 0 there exists a C,,, (T) < oo, which is independent of N,
suchthatforall0 <s <t < T,

EGWY — WY < Cu (D@ — )" (10)
ENXY — XM < Cu(D) @ — 9" (11)
EQLY — LYY < (D) — )" (12)
First note that (10) is an easy consequence of the equality E[|W; — W |2m+1] =Cp(t — s)zm

om+1

where C,, = E[|W]]| 1.
The proofs of (11) and (12) are a little more involved.

Lemma 3.1. There is a C < oo such that forall s <t <s + 2N,
XY = xJI <cw) —wl |+ c@—s). (13)

Proof. When s and ¢ lie in the same N-dyadic interval, this follows more or less immediately
from Lemma 2.2. Namely,

=C(W) — WV + (1 — ),

IXN — XN < XN, = 1XY], < W] = WV )+t —5))

where the last equality comes from the fact that s and ¢ lie in the same N-dyadic interval. When
they are in adjacent N-dyadic intervals, one can reduce to the case when they are in the same
N-dyadic interval by an application of Minkowski’s inequality. [J

It remains to handle s and 7 with r —s > 2~ and for this we will need the next three lemmas.
Here, and elsewhere, |u | y is shorthand for the largest N-dyadic number m2~" dominated by u.
That is, [u]y equals 27V times the integer part of 2¥u. When the choice of N is clear from the

context, we simply write |u|. We will also use the notation AWN = W(II\; +1)2 N W”]:]z N
which gives the convenient algebraic relation W — Lu )= (- LuJ)ZN AWLM I
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Lemma 3.2. For m > 0 there exists a C,,, < 00 such that forall s < t

t 2m
E (f |W;V—W{XJ|d|WN|u) }scma—sﬁ (14)
s

and

- .
E (/ (u—LuJ)dIWNlu) }scma—s)z’”. (15)

Proof. If s < ¢ lie in the same N-dyadic interval we have that

t t
/S |W;V—Wﬁj|d|WN|u=4N|AWﬁJ|2/S (u — [ulydu < 2N|AWT P2 = 5)

t t
/(u— Lu W], =2N|Ang|/ (u— [u])du < [AW[ 1@ =)

and so

[ 2m 2*”‘1
E[(/ |W,£V—WLNMJ|d|WN|M) } < Cult — )
s

: om 2—m
E[(/ (M—LMJ)dIWNlu) } <Cu2 V"N —5) < Cult — ).

Applying the Minkowski inequality, we see that the inequalities (16) continue to hold for general
s<t. O

(16)

Lemma 3.3. Let ¢ and o be as in Part 2 of Definition 1.1, and set y = —%, where Cy is

the constant in Part 1 of that definition. Given s > 0, there exist {F; : t > 0} progressively
measurable functions {Z, s : T > s} and {Vr s : T > s} satisfying

izV < cixl —xN. o izY o —z¥ J<cxl - XN and (VNI<cC. a7
with a constant C < oo, which is independent of s and N, such that
t t
eV¢(X1N)|XtN — xN? 5/ zY . awy +/ Vdu forallt > s. (18)
s N

Proof. Just as in the proof of Lemma 2.1,
N
d(eW(Xt )|XtN _ X5N|2)
<D xY — XN+ y1xY - XV PPVe (XY o (xNyaw N
+e? XN QXN — XN+ y1xN — xVPVe (XN )b(xN)dr.
from which (18) follows with
N
zy =MDy - xV) 4+ 1x) = XN PPy Ve X))o (X))
and

N
v = et XDy — xN) 4+ 1xY — xVN 2y vexy) - bx ).

u,s



L.C. Evans, D.W. Stroock / Stochastic Processes and their Applications 121 (2011) 1464-1491 1473

Since V¢, b, and o are Lipschitz continuous functions on the bounded domain O, it is clear how
to choose the C in (17). [

The next lemma is a variant of Burkholder’s inequality.

Lemma 3.4. Let a : [0, 00) —> Hom(R"; R™) be an {F; : t > 0}-progressively measurable
function and let p > 1. Then there exists a constant C, > 0 depending only on p such that

E|: p} < C,E [(/t |a(LrJ)|2dr)g]

Proof. For simplicity of exposition, we will assume that s is an N-dyadic rational. The “N-
dyadic remainder” on the left side of the interval [s, ] is handled the same as that on the right

side.
p t p
E|: :|+CPEH/ a(lt))dw¥ ]
1)
|

+Cp2"P(t — P Ele(LtDIPIEL AW 1]

t
/ a(lz))dw

t
/ a(lz))dw

p M1 pled
:|§CPE / a(lz))dw

[ pLed
< C,E / a(lt])dwW;

11] 5 )
<C,E (f |a(LrJ)|2dr) +Cplt = L) B Ella(le)I?)

. ;
< C,E <f |a(LrJ)|2dr> } 0

We now prove (11) in the case that # — s > 27" by induction on m. Taking into account the
fact that ¢ is bounded, we can use (18) to derive the estimate

2]11
E[|XIN |2m+1] < C,E |:</ (Z Lujw AW, ) :|
t 2m t m
+ CnE [(/ wdeN) } + CuE {(/ Vuff’sdu> ] (19)

for some C,, < oo. Because VN is bounded (see (17)), the third term is bounded by a constant

times (r — s)2 . For the first term we have that, for some constants C < 00,

2m t om

|:(/ (Z”S LuJVss)dWN> i| CE|:</ |X’i\’ LMJVS|d|WN|M) ]
s

t 2m

ch:[(/ |W5—Wﬁjvs|d|wN|u) }
s

IA

IA
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t m
+CE [(/ (— (lu) v s)>d|WN|u) }

<c@—s%,

where the first inequality follows from (17), the second inequality from (13), and the third in-
equality from (14) and (15). Finally, for the second term we have that

‘ om 2m71
E|:</ LMJVsdeN> i| CE|:</ |Z[uJ\/ss ) i|
m—1_
C(it—s)%" ~DE / |zwm ]

m—1__ m
<Cit—-9" "VE / X Dvs — X du}

IA

IA

IA

Ccit—s5)@" DR / (L) V s) —s)2m_ldu]

IA

r t
C(t — )@ '-DE / (t—s)ZMIduj| <C@ -9,
LJS

where the first inequality is an application of Lemma 3.4, the third inequality follows from (17),
the fourth inequality is our induction hypothesis, and the fifth inequality follows from our as-
sumption that # — s > 27", Hence we will be done once we show that (11) holds when m = 0.
But we can handle the base case by the same estimates as above, only now noting that the second
term of (19) is O in this case.

Finally, we must prove (12). Since
dx¥ = o (XM)dWN + b(xN)dt 4+ dLY

we have that

¢ 2m+1
E(LY — LY < cEIXY — XV + CE [(/ o(XZY)quN) ]
N

' 2m+l
+CE[(/ b(Xj,V)du> }

We already know that the first term is bounded from above by C(r — s)2" . Moreover, because b
is bounded and 0 < s < ¢ < T, the third term is bounded above by a constant depending on T’
times (f — s)zm. For the second term we have that

t om+l t om+l1
E[(/ a(X{}’)dWL{V> }5@;[([ o (X)) —o(X] J)dW’V) }
' 2m+1
—i—C]E[(/ a(XLuJ)dW,ﬁV) }
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¢ 2m+1
§CE|:</ |X{,V—Xffd|d|WN|u> }Lcu—s)z
N

t m
SC(E[(/ |W;V—Waj|d|wN|u> }
‘t m
+ E[(f (u—LuJ)dIWN|u> D+C(r—s)2'"

S C(t _ S)Zm—]

where the second inequality follows from Lemma 3.4 and the fact that o is bounded, the third
inequality follows from (13), and the last inequality follows from (14) and (15). Putting these
inequalities together we get (12).

Givena ¢ : [0, 00) —> RY, Be,1],andt > s > 0, set

I¥lipsc1 = sup M

s<uy<up<t (ur — Ml)/8

As an immediate consequence of the estimates in (10), (11), and (12) combined with Kol-
mogorov’s Continuity Criterion (cf. Theorem 3.1.4 in [10]), we have the following theorem.

Theorem 3.5. For each < % p € (1,00), and T > O, there exists a Kg ,(T) < 00 such that

PAWNlg.10,71 vV IX Nl 00.71 V IILY g, 10,711 = R) < K p(T)R™P  for R > 0.

3.2. Controlling the variation of LN

In general, the variation of a function cannot be controlled by its uniform norm. Thus, before
we can apply the tightness result in the previous subsection to get the sort of result which we are
seeking, we must give a separate argument which shows that the variation of LN can be estimated
in terms of its uniform norm. To be precise, Theorem 3.6 says that the variation of LV | [0, ¢]
can be estimated in terms of the uniform norm of LV [ [0, ¢] and the Holder norm of X N [ [0, ¢].
Hence, since Theorem 3.5 provides control on the Holder, and therefore the uniform, norms of
the three processes WN_ XN and LV, our tightness result will be sufficient for our purposes
(cf. Theorem 4.1 below).

In the following, and elsewhere, [|Y/([[¢,,1,] = SUp,epy, 4,1 1V (D)1

Theorem 3.6. Forall0 <s < t,
LY = 1LY = €@ =) RTIXMIT )+ DILY s, (20)
where R is the constant given in Part 3 of Definition 1.1.
Our proof follows the proof of Lemma 1.2 in [6].

Proof. Let Oy, ..., O, denote the open balls B(xy, 2R), ..., B(xn, 2R) appearing in Part 3 of
Definition 1.1, and choose an open set O such that Oy € O and O € Oy U |J!_, B(xi, R).



1476 L.C. Evans, D.W. Stroock / Stochastic Processes and their Applications 121 (2011) 1464—1491

Given x € O, let k(x) be the smallest 1 < k < n such that x € B(xg, R), or otherwise let k(x)
be 0. Next, set {o = s and define ¢, for m > 1 inductively so that

Cmgt =t AdNF{T > & 0 XY # Orx )1

Consider the time interval [, {n41]- If & < ¢ and k(Xgl) = 0, then LN ' [Sms Sm+1] 18

constant and so |LN|;erI — |LN|;m =0.If¢, <tandk, = k(X?,/,,) > 1, then (cf. Part 3 of
Definition 1.1)

— LY.

§m+1
@~ a, = [ o), diLtle = ALV,

In
* : C’ m

Hence, in either case,

\LV g, — 1LY, < CILY = LY | < CILY |0

| Sm+1 Cm+1

At the same time, if {,,,+1 < ¢ and k(X?,ln) > 1, then |X?’m+ — Xgnl > R and so

1

N _ yN
R < |X{m+1 szll

(§m+l - {m)% h ({m—i—l - é-m)Z
Thus if M = sup{m : {41 < t}, then

N
<X ”%,[O,t]'

r—s)xXN|*
¢ =IXM

’

M
S S 1Al G <randk(Xg) = 1) < 1+ =

which, in conjunction with the preceding, means that

A

M-1
1LY = 1LY < D ALY gy = 1LY 15,) + (LY | = 1LY 60
m=0

IA

(CM+DIL 5.1 = CL = )RTNXMT |+ TIEY g5, O

4. Associated martingale and submartingale problems

We know that the sequence of measures {P¥ : N > 0} is on (X, L, W)-pathspace. Our
eventual goal is to show that this sequence converges. Equivalently, we want to show that all
limit points are the same. In this section, we will show that every limit solves martingale and
submartingale problems, and in the next section we will show that this fact is sufficient to check
that convergence takes place.

Up until now, we have needed only the assumptions that O is bounded and admissible,
and o and b are Lipschitz continuous. However, starting now, we will be assuming that o €
C2(@; Hom(R"; RY )). In addition, it will be convenient to make a change in our notation. Instead
of writing the equation which determines (X N Lﬁv ) (pathwise) as

dXY = o (XMdW) + b(xNydr +dLY, XY = x, 21)

we will use the equivalent expression

.
ax =Y VixMdWhy, + oxMydr +dLY, XY = xo (22)

i=1
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where V; is the ith column of the matrix o and V[ = b. At the same time, we introduce the vector
fields \71 0 — RY xR given by ‘71 = (‘e/:) forl <i <rand \70 = (Y)O),Where {e1, ..., e}

is the standard, orthonormal basis in R”. Then, P -almost surely,

,

~ ~ X

¥, = > Vi(X)d(Wi), + Vo(Xp)dr, Yo = (00) (23)
i=1

where Y, = (X’V;TL’ ) In keeping with this notation, we use Dy, and Dy, to denote the directional

derivative operators on R? and R? x R” determined, respectively, by V; and V;. Finally, for & €
RY, T¢ will denote the translation operator on C[RY xR"; R) givenby Tz p(x,y) = p(x — &, y).

Theorem 4.1. Let P be any limit point of the sequence {PY : N > 0}. Then for all h €
CZ(RY x R"; R),

t 1 r
h(¥) — /0 (5 > IDE Te hI(Xs, W) + [Dy To h1(Xs, Ws)) ds (24)
i=1

is a P-martingale relative to the filtration {B; : t > 0} generated by the paths in the (X, L, W)-
pathspace. Also, for all f € Cg(]Rd; R) satisfying %(x) > 0 for every x € 00 and v € v(x),

t 1 r 5
FOX0) = Fxo) — fo 330 DY (X0 + D f (X)) ds 25)
i=1

is a P-submartingale relative to the filtration {B; : t > 0}.

We will begin with the proof of the martingale property for (24), and, without loss of gener-
ality, we will do so under the assumption that / is smooth and compactly supported. What we
need to show is that for any limit point P, 0 < s < ¢ and bounded, continuous, 3;-measurable
F:C([0,0); R x RY x R") —> [0, 00),

t
EP [(h(y,) — h(Yy) —/ Eh(u)du) F} =0 (26)

where we have used £h (u) to denote the integrand in (24), and clearly it suffices to check this
when s and ¢ are M-dyadic rationals for some M € N. Thus, it suffices to show that

t
EP” [(h(y,) — h(Yy) —/ Eh(u)du> F] =0 Q7

for M-dyadic s and ¢ and bounded, 3;-measurable F € C([0, 00); RY x RY x R” ).
For N > M, write

2N
h(Y) = h(Y) = D (¥ pip-n) = (Vo).

m=2Ns

and, for each term in the sum, use (23) to see that, PN _almost surely,
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(m+1)2=N r

h(Y(pi1)2-8) — h(Yyp-n) = / Z[DVG T, WXz, Wo) (Wi m)dT
iz

m2—N

(m+1)2~N
+ Dy, T 1 (Xe, Wodr,

m2—N

where W; ,, = 2Y (W; ((m 4+ 1)27V) — W;(m2~V)).
Since

2Vt (m+1)27N t
> / [Dy, Tr h1(Xe, We)dr = f [Dy, Te 1(Xr, Wy)dr,
S

—-N
m=2Ng m2

the second term on the right causes no problem.
To handle the first term, note that

[Dy, Ty, h)(Xe. We) = [Dy, Ty, h1(Xe, W)
d T

1m2N

[Dy, TL, 9 h](X e, We)dLo.

Since the second term on the right is dominated by a constant times |L|,, 1 yp-~ — |L|,0-~, We
see that

W 2N (m+1)27N )
E > / ([Dy, Te,h] = [Dy Te k)Xo, W) dT | Wim
m=2Ng m2~N
_N N
< C2EET LI g 0] — O

as N — oo.
Next, use (22) to see that

(Dy T, , yh1(Xe, W) = [DyTr _yh1(X -5, Wipa-n)

m

T
b [ DD T RN W) do
m

2—-N

d
+ ) [0 Dy Te, v h1(Xs, Wo)dL,
k=1

r T
+ > Wim / 0Dy Ty (X W) do.
j=1 m2

Since the conditional PV -expected value of
Wi,m [D"/, TLm27N ]’l](XmZ—N , W, o-n)

given B; is zero, the first term on the right does not appear in the computation. Moreover, After
integrating the second two terms over [m2~", (m + 1)2V], multiplying by W;_,,, and summing
fromm = 2" tom = 2¥¢, one can easily check that the absolute values of the resulting quantities
have PV -expected values which tend to 0 as N — oo.
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Finally, again applying (22), one finds that

T

[Dy Dy Tr , whl(Xo, Wy)do
msz J i m2

can be replaced by

('L' — mZ_N) [DV/ DV, TLmZ_N h](Xm2—N . sz—N)
plus terms which make no contributions in the limit as N — oo. Hence, we are left with quanti-
ties of the form

2Ny
Z 2—2N—1 Wj,m Wi,m[D(/j DV, TLmZ_Nh](sz_N s sz—N).

m=2Ng

Since the PV -conditional expected value of 272N Wj,m W,',m is2=V dij»

2Ny
N N1
EP Z 72N lWj,le-’m[DVjD‘ZTLmz_Nh](szfN,szfN) F
m=2Ns .
Sij o |y 2"
i,j —
=S E |2V D D4, Dy T, MK, W) | F |

m=2Ng

which, as N — o0, has that same limit as

8’ . t
%]E]P‘N [(/ [Dy, Dy, Te h(Xs, Ws)ds) F} .
s

The proof of (25) is similar, but easier, and so we will skip the details. The only difference is
that when we apply (22) to the difference f(X m +])2—N) — f(X,,n-~), we throw away the dL,
integral since, under our hypotheses, it is non-negative.

5. Convergence

In this section, we complete our program of proving {PY : N > 0} converges to the dis-
tribution of an appropriate Stratonovich reflected SDE. By the uniqueness result of Lions and
Sznitman (Theorem 3.1 of [6]) and the tightness which we proved in 3.1, the convergence will
follow as soon as we show that every limit [P is the distribution of that reflected SDE.

Let P be any limit of {PY : N > 0}. By Theorem 4.1, we know that, for all 1 € Cg
[R? xR"; R),

t
h(X; — Ly, W) — h(xg,0) — / Lh(s)ds is a P martingale, (28)
0
relative to {3, : t > 0}, where

~ 1<
Lh(s) = 5 DD TLhI(Xs. Wo) + [Dy, T, h1(Xs, Wo).
i=1

1
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Using elementary stochastic calculus (cf. Theorem 8.1.1 in [11]), it follows from (28) that
{W, : t > 0} is a P-Brownian motion relative to {3; : ¢ > 0} and that, P-almost surely,

t

t r
Xt —x0 — /0 (% Z[Dv,- Vil(Xs) + Vo(Xs)> ds —L; = /0 o (Xs)dWy,
i=1

which can be rewritten in Stratonovich form as
r t t
X, —xp = Zf Vi (Xy) o dW, +/ Vo(Xy)ds + L;. (29)
i=170 0

Thus, the only remaining question is whether {L, : ¢ > 0} has the required properties. That is,
whether, P-almost surely, |L|; < oo and fé 1o(Xs)d|L|s = 0 for all # > 0, and d‘}ﬁr € v(Xy)
a.e.

Since the local variation norm is a lower semicontinuous function of local uniform conver-
gence, Theorem 3.6 tells us that, P-almost surely, L. has locally bounded variation. In fact, by
combining that theorem with the estimates in Theorem 3.5, one sees that, for all # > 0, |L|,; has
finite P-moments of all orders.

In order to prove the other properties of L. we will use the second part of Theorem 4.1, which
says that for every f € C{ 2(R4; R) satlsfylng o (x) >0forallx € 00 and v € v(x),

t
f(Xy) — / Lf(Xs)ds 1is aP submartingale (30)
0

relative to {3; : ¢t > 0}, where
1 r
L) =5 Dy f@) + Dy f(x).
i=1

Now compare this to what one gets by applying 1t6’s formula to (29). Namely, his formula says
that if &/ = [I V f(X,) - dL, then

t
f(X) - / Lf(Xy)—&  isaP-martingale.
0

Thus, S.f is [P-almost surely non-decreasing. Starting from this observation and using the argu-
ments in Lemmas 2.3 and 2.5 of [12], one can prove the following lemma.

Lemma 5.1. For f € Cg (R?; R), define E‘f as above. Then, P-almost surely, fooo 1o (Xy)
d|gf |y = 0. Moreover, if g—{(x) > 0 for all x in an open set U and all v € v(x), then, P-almost
surely, t ~> fé 1y (Xy) dés‘f is non-decreasing.

Because ¢; - L. = £, it is obvious from the first part of Lemma 5.1 that fooo 1lo(X,)d|L|s =

0 P-almost surely, and so all that we have to do is to show that, P-almost surely, dd\%it € v(Xy)
a.e. To this end, let ¢ be the function in Part 2 of Definition 1.1, and define

af af
9 (x 3 (X
inf %U and b/ (x) = sup v ()
vev(x) W(x) vev(x) dv (X)

af(x) =

forx € 00.
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Lemma5.2. If {x, : n > 1} C 00, v, € v(xy,) for eachn > 1, and (x,,v;) — (x,v) in
00 x SN~ thenv ¢ v(x). In particular, for each f € Cg(]Rd; R), a’l is lower semicontinuous
and b! is upper semicontinuous on dO. Furthermore, if (x,£) € 30 x SN~ and there exists
ap > 0suchthat Vf(x)-£ > Bal(x) foraset S of f € Cg(Rd; R) with the property that
(Vf(x): f € S)isdense inRY, then £ € v(x).

Proof. The initial assertion is an easy consequence of Parts 1 and 2 of Definition 1.1. Next,
suppose that x, —> x in d0. Because, by the first assertion, v(y) is compact for each y € 90,

for each n > 1 there is a v, € v(x,) such that ar(x,) = %

{Xn, : m > 1} so that lim,  _a'(x,) = limy—cca’(x,,) and v,, —> v in S¥~!. Then
v € v(x) and so

Vi) -v < liminfa’ (x,).
Vo(x)-v = n=o0

. Now choose a subsequence

al(x) < =22 —

The same argument shows that b/ is upper semicontinuous.

Next, let (x, £) and B be as in the final assertion. Then, by Part 2 of Definition 1.1. By taking
f to be linear in a neighborhood of @, one sees that for every v € R there exists a v € v(x)
such that v - £ > ﬂ%. Hence, for each x” € O thereis a v € v(x) such that

x'—x)-v BCo ’
— E i p— -
=0tz p Vo(x)-v — o =l

which, by (3), means that £ € v(x). O

’

Lemma 5.3. For each [ € CZ(Rd R), P-almost surely d&. I s absolutely continuous with
respect to d§¢ and a’ (X,) < dg 5 () < bf(Xl)for d$¢ -almost every t > 0.

Proof. First observe that f ~~ éf is linear. Now choose A > 0 so that V(A¢ — f)(x) - v > O for
all x € 30 and v € v(x). Then, 5 aa A§¢ & 1 is P-almost surely non-decreasing, which

proves that déf < d§¢ and that dz < A P-almost surely.

The proof that, P-almost surely, a(t) = S¢ (t) lies between a/ (X,) and b/ (X;) for d§¢

almost every t > 0 is a simple localization of the preceding. For example, to prove the lower
bound, use the lower semicontinuity of a/ to choose, for each n > 1, a finite cover of 8(9 by
open balls B(xx n, 1), 1 <k <k, such that x; , € 00, 1y, 5 =, and af(y) > af(xk n) — = for
all y € B(xg n,1r,) N0O. Then

3 1\ ¢
%(y) > (af(Xk,n) - ;) E(y) forall 1 <k <k,, y € B(xgn,n), and v € v(y).

Now let 1 be the Borel measure on C ([0, 00); R x RY x R") x [0, co) determined by
w(l x [a, b)) = E [£2 () — £% (@), T

for all Borel subsets I of C([0, 00); R x R? x R") and all ¢ < b. Then, by Lemma 5.1, we can
find a Borel measurable set A € C([0, 00); R? x RY x R") x [0, oco) whose complement has
u-measure 0 and on which both

éf

1
X. €00 and 1p(y,.rn)(X.) (df(xk,n) - —> < 1By ) (X )— G
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h01d foralln > 1 and 1 < k < k,. Hence, again by the lower semicontinuity of al, we see that

1
% > a(X.). The proof of the upper bound is the same. [J

Theorem 5.4. Let PV be the distribution of (XN, LN) under Wiener measure. Then {PN :
N > 0} converges to the distribution P of the solution to the reflected stochastic differential
equation (29).

Proof. As we said earlier, everything comes down to showing that if P is a limit of {PV : N > 0}
then, P-almost surely €. = % € v(X.) d|L|.-almost everywhere. Thus, because, without loss
of generality, we may assume that |£.| = 1, the second part of Lemma 5.2 says that it suffices for
us to show that, P-almost surely, there exista 8. > O such that V f(X.) - £. > B.al (X)) d|L|.-ae.
for sufficiently many f’s. To this end, first note that, since §.¢ is P-almost surely non-decreasing,
B. = V(X)) £ = 0d|L].-a.e. P-almost surely. Second, because L. = Z?:l £ P-almost

surely, we know that, P-almost surely, d|L|. <« d.§.¢ and that, for each f € CS(R"; R),

7 f
VX)) €= a8 £w)(x.) 0. > Bal (X)d|L|.-ae. (%)
diLl  qg?

Finally, let D be a countable, dense subset of R4, and for each v € D choose fv € Cﬁ(Rd; R) so

that f;,(x) = v - x in a neighborhood of O. Then, P-almost surely, () holds simultaneously with
f= fyforeveryve D. O

Remark 5.5. In our derivation of Theorem 5.4 we used (30) to show that L. has the required
properties. However, using the ideas in Lemma 1.3 of [6], we could have based our proof on the
fact that the approximating L ’s had these properties. Our choice of proof was dictated by two
considerations. First, it seemed to us to be the simpler one. Second, and more important, it brings
up an interesting question. Namely, does (30) by itself determine P? In [12] it was shown that
(30) determines P when O has a smooth boundary and L is strictly elliptic, even if the coefficients
are not smooth. Thus, the question is whether the same result holds when O is only admissible
and the coefficients of £ are smooth but may be degenerate.

6. Observations and applications

It should be noticed that although the approximating LY ’s as well as limit L. have locally
bounded variation, we cannot replace our (X, L, W)-pathspace with one in which the middle
component is the space of continuous paths of locally bounded variation. The reason is that
although LN will be absolutely continuous, L. will not. Indeed, consider reflected Brownian
motion on the halfline [0, co). In this case L{V = SUPg<s<[— WSN ] is piecewise constant and
therefore absolutely continuous. On the other hand, L; _=_sup0<s<,[—WS], which is the local
time at O of W. and as such is singular. o

The main application of our result that we consider is the following. Suppose that for each
N, the paths X tN satisfy a certain geometric property almost surely and the set S of paths which
satisfy this geometric property is closed in C([0, oo); R¥). It then follows that the paths of X,
also satisfy this geometric property almost surely since

P(S) > limsup PV ($) = 1 (€28

N—o0
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Xy Xy

Xo @) O

Xo

Xe

1 V=O Xw
ol > 1 ol < 1 vtl '

Fig. 1. The geometric behavior of the approximating process depends on the starting location.

where, abusing notation, we use PV and P to denote the marginal distributions of PV and P
on X-pathspace. That is, PV (A) = PN(4 x C([0, 00); RY) x C([0, c0); R")) and P(A) =
P(A x C([0, 00); R?) x C([0, 00); R")). We conclude with several examples of the sort of
application which we have in mind.

Example 6.1. In R2, let O be the rectangle [—1, 1] x [0, 2]. Fix xo € O and consider the
Stratonovich reflected SDE

dX[ :U(X[)OdW[+dL[, XO = X0,

where o (x) = (_Xﬁl) Then

if |xg| > 1, | X¢| < |x0| fort > 0P-a.s. 32)
and

if |xo] < 1, |X¢| = |xo| fort > 0P-as. (33)

Proof. In view of (31), it suffices to prove that (32) and (33) hold PN -a.s. The distribution of X.
under PV is, in view of Theorem 2.3, the same as the distribution of X~ under W, where X~
solves the ODE

xN =projT@(XtN)(a(X,N)WtN), x{ = xo.

It is easy to check that Vx € O,a € R, x - projT@( )(a(x)a) is non-negative or non-

positive according as x| > 1 or |x| < 1. Hence, because, for each W;, %(lXtN|2) =

2xN . projT@ XN)(U(XIN)W,N) dz-a.e., (32) and (33) for XV are obvious. Fig. 1 shows a sample
b4

path of X tN under W (to save space, we denote the “intended velocity” o (X tN ) W,N by v, and the
“actual velocity” projT@( XIN)(O' (X ,N )W[N )by v,). O

We next consider coupled reflected Brownian motion, for which we will need the following
lemmas.

Lemma 6.2. Suppose O is bounded and admissible. Then O x O is bounded and admissible as
well. Furthermore, for each (x,y) € (O x ), the set of normal vectors v(x, y) defined by
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(2) has the representation

v(x,y) = (alvx> Dvy € v(X), vy €V(Y), 4l +a3 =1,a1,a2 > O} ,
avy
when (x,y) € 00 x 30, (34)

v(x,y) = (‘8‘) TV € v(x)} ,  when (x,y) € 00 x O,

and

v(x,y) = (\?y) tvy € v(y)} , when (x,y) e O xa0.

Proof. The representation formulas are a straightforward consequence of the definition of inward
pointing unit proximal normal vectors in (2). That O x O satisfies Part 1 of Definition 1.1 follows
from the representation formulas and the fact that O satisfies Part 1 of Definition 1.1.

We next show that O x O satisfies Part 2 of Definition 1.1. Since O is bounded, ¢ is bounded
in O and so after adding a constant to ¢ if necessary, we may assume that ¢ > 1in O.

Let @(x,y) = ¢(x)¢(y). Then for all (x,y) € (O x O), v € v(x,y), we have, by our
representation formulas, that

Vo, y)-v=a19¢(y)VP(x) - vy +a290(x)VP(y) - vy
a1p(Ya +ad(x)a > ala) +a2) > o

v

(where (ay, az) = (1, 0) and (0, 1) for the cases (x, y) € (00 x O) U (O x 30)), and so Part 2
holds with the function @(x, y). Finally, as O x O is bounded, Part 3 follows immediately from
Part2. [

Lemma 6.3. Let O be bounded and admissible. Then for (x, y) € O x O,

Taax, y) = Ta(x) x Ta(y).

Furthermore,
. & _ prOjT@(x)(i:)
ProlTs o) (7) N Projr o (m |

Proof. When D C R is admissible, it follows from Part (3) of Lemma 2.5 that

dpz+ h
Tp() = {v eR? : lim D&Y :o}
ANO

(i.e. lim replaces lim inf). Since O, and by Lemma 6.2, O x O, are bounded and admissible, the
first statement then follows immediately from the relation

a2 ((’;) +h (;’))) = dg(x +hv) +d35(y + hw).

The second statement then follows from the first by a similar argument. [
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6.1. Synchronously coupled reflected Brownian motion

We now discuss synchronously coupled reflected Brownian motion. A d-dimensional syn-
chronously coupled reflected Brownian motion is a 2d-dimensional process Z;, = (X, ¥;) in a
product domain O x O which satisfies the reflected SDE

dZ; = O'(Zt)th + dL[,

where

o(z) = <§> .

Note that, because o is constant, there is no difference between the Stratonovich and Itd versions
of the above SDE. We will express this reflected SDE in a more convenient form as the pair of
reflected SDEs

dXt = th + st, XO = X0 and dYt = dW[ + th, Y() = 0.

We think of X; and Y; as being two d-dimensional processes which are driven by the same
Brownian motion W; and which are constrained to lie in the same domain O. The two processes
move in sync except for when one or the other is bumps against the boundary and gets nudged.

We now consider the geometric properties of synchronously coupled reflected Brownian
motion in two domains. Such properties were used to prove the “hot spots conjecture” for these
domains (see [2,1] for more details).

Example 6.4. Let O C R? be the obtuse triangle lying with its longest face on the horizontal
axis, and denote its left and right acute angles by « and . Suppose xo # yo, and for x # y, let
/(x,y) = arg(y — x). Then, P-almost surely,

— B < L(x9, y0) <a = forall t either — 8 < /(X;,Y;) <a or X,=Y,. (35)

Proof. By (31), it suffices to show that (35) holds PV-a.s. Fix N and W; € f2. In view of
Theorem 2.3 and Lemma 6.3 it will suffice to show that XV and YV satisfy (35) where X and
YN satisfy the ODE

>N : o\ N
X, = prO_]Té(ng)(Wl ), Xy =xo 36)
YzN = prOjT@(Y,N)(WzN), Yév =Y.
It is straightforward to check that the functions X N YtN starting at X(j)V = Xo, Yév = yp and
defined inductively for # € [m2™", (m + 1)27"] by X}V = projs (X + (t —m2~V)W})
and YtN = proj @(Yrﬁlvz, v+ @ =m27N )W,N ) satisfy (36). A simple geometric argument shows
that if Z(x, y) € [—B, a] then Z(proj5(x), proj3(y)) € [—pB, a] or proj5(x) = projs;(y). From
this it follows by induction that X ,N and YIN satisfy (35) as desired. Fig. 2 shows a pair of sample
paths X tN and YtN in the interval m2~N <t < (m+ 1)2_N where we use v to denote the constant
vector 2N(W(m+1)2—N - sz—N). O

Example 6.5 (Proposition 2 in [I]). We now consider synchronously coupled reflected
Brownian motion in a lip domain. A lip domain is a domain in R? which is bounded below
by a function f7(x) and above by another function f>(x) each of which is Lipschitz continuous
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Fig. 2. The effect of the boundary can be interpreted as a projection.

Fig. 3. A lip domain.

with constant bounded by 1. The domains are so named because they look like a pair of lips (see
Fig. 3).

Consider synchronously coupled reflected Brownian motion in a lip domain O where the
defining functions f(x) and f>(x) are smooth and have Lipschitz constants bounded by A < 1.
Then O is a bounded admissible domain. Recall the definition of Z(x, y) from the previous
example, and let xo, yo € R? be such that xo # yo and Z(xo, yo) € [—7%. 7] We have the
following geometric property for the paths X, and Y;:

Vi, eitherZ(Xt,Y,)e[—%,%] or X,=7Y, P-as. (37)

Proof. In view of (31) and Theorem 2.3 it suffices to show that for every W; € 2, XV and YV
satisfy (37) when X and Y¥ solve the ODE (36). Let ¥ = (XN, YN) or 0 according to
whether XV # YN or XN = Y. It is enough to show that, dz-almost everywhere, O < 0
when @N elf.5— tan~1(1)] and @,N > 0 when —@,N elf. 53— tan~!'(1)]. By symmetry it
will suffice to prove the first statement.
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Fig. 4. The effect of the boundary in two cases.

Letv, = WN, o, = Projg,, (xNy(vr), and ] = projz v, (vy). We compute:

d [ N] d 1 <(Y,N —X,N)2> N =X R@; - 1)

= —tan_

de L1 YN — xVy, YN — xN 2
YN —XxN) R —v) | YN —XN)- R, — 7))
YN — X2 N — X2

where R = (? _01> is the matrix which rotates vectors in R? by 90° counter-clockwise. Suppose

@tN € [%, % —tan~! (A)]. Then since the Lipschitz constants of f1 and f5 are strictly less than 1,
X ,N cannot be on the f>-boundary and YtN cannot be on the fi-boundary. For each ¢, it follows
that either v, = 0, or arg(R(; — v;)) € [ — tan~' (1), 7 + tan~'(1)] and either v, = U] or
arg(R(v; — 0})) € [ — tan~ ' (1), 7 + tan~1(1)]. And so each of the terms in the sum above is
< 0. We depict in Fig. 4, the case where XY € O and YN € 0. O

6.2. Mirror coupled reflected Brownian motion

Our final example involves mirror coupled reflected Brownian motion. A d-dimensional
mirror coupled rgﬂect_ed Brownian motion is a 2d-dimensional process Z; = (X;,Y;) in a
product domain O x O which satisfies the reflected SDE

dZ; = U(Zt)dW[ + dL[, (38)
where
I
o) =0,y = /— 2()’ —x)y-x)" ],
ly —x|?

defined up until the first time 7 that Z, hits the diagonal of @ x O, at which point we stop our
process (i.e. Z; = Z, for t > ). We will express this reflected SDE in a more convenient form
as the pair of reflected SDEs

dXt Zth+st, XO = X0
Y = X)¥ — X'
1Y — X2

(39)

vy, = <1—2 )th+sz, Yo = yo.

We think of X; and Y; as being two d-dimensional processes which are “mirror coupled” with
respect to the driving Brownian motion W; and which are constrained to lie in the same domain
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O. That is, if you consider the hyperplane which perpendicularly bisects the line segment
connecting X; and Y; to be a “mirror”, then the two processes move in such a way that they
are mirror images of each other until either process bumps into the boundary and is nudged
(which causes the mirror to shift). We refer the reader to the papers [2,1] for a more thorough
overview.

We will prove the same geometric property we considered for synchronously coupled reflected
Brownian motion in Example 6.5, but now for mirror coupled reflected Brownian motion. The
point is that (38) can be viewed as a Stratonovich reflected SDE and so again it suffices to prove
the geometric property for the approximating processes.

We make this rigorous with the following lemma which shows that, off the diagonal of O x O,
the Stratonovich correction factor for (38) is 0.

Lemma 6.6. Fort < T,

4] Y, — X (¥, — X"
;5d<<1_2 ¥, — X, >-~’(W’)’ - o
j= Y
In fact,
_ _ T
d (1 _ W = Xo ZX’) ) ,(Wy); ) =0, foreach j. 41)
1Y; — X;| ij

Proof. It suffices to prove (41). Let V; = (Y; — X;);, where we have suppressed the dependence

of V; on t. An easy calculation shows that

=2V;V,
YV

k

d(Ve, (Wy)j) = dr

and

Vi <§ Vk2> - zviz Vi

o ViV | _
aV: V2 - 2
i ; k <ka2>
k
Vi V2| —-2vv?
[ vivi | @ k) L
avi | ov2 |~ 2
)T )
k
a [ wv; —2V,V;V,
L BRCASRN A A YT A
aVy ZVkZ ) 2
)
k

Putting these together, we have that
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Vi vZ) —2v2v;
J (%: k) i ) —ZVJ'V,'
2 Z V2
k

J

ViV;
YV
k

d( W) =

_l’_
2 Z VZ
(pw) "
k
—2viv;ve | [ —2v;ve
+ Z 2 Z V2
CH#iQ, j <Z Vk2> Z k
k
= 0.

From this, (41) immediately follows. [

We now prove a geometric property.

Example 6.7 (Example 6.5 for Mirror Coupling). Let O be the same lip domain defined by
smooth functions considered in Example 6.5 and consider the mirror coupled reflected Brownian
motion starting from x¢ and yo where xo # yo. Then (37) holds where X, and Y; are given by
(39).

Proof. Let D, = {z = (x,y) € O x g’_) : |x — y| < €} be the “e-diagonal” of @ x O. Consider
a sequence of smooth functions p; : O x O — [0, 1] such that p(z) =0on D and p(z) = 1
2k

off D%. Let 0x(z) = px(z)o (z). Then o} € C2(@ X (’_)).
Let P¥ be the measure on Z-pathspace induced by the solutions to the reflected SDE

dzF = o1 (ZF) o dW, + dLk

and define P&V to be the measures on Z-pathspace induced by solutions to the approximating
reflected ODE

Az = o (ZENydw N 4 aLkN, (42)

Recall that the stopping time t corresponds to the first time X, equals Y; and define tp = inf{z :
X, — Y| < 1}.Let § = {Z, € C([0,00); R¥) : —Z < /(X,,¥;) < %, Vt < 7} and let
Se ={Zi € C(10,00); R*) : =% < L(X,, ¥)) < §, Vi < w).

Our goal is to show that P(S) = 1, where [P is the measure induced on Z-pathspace by
(38). It is clear that the subsets S; decrease monotonically to S, and so it suffices to prove that
P(Sy) =1, Vk.

We first claim that P(S;) = Pk (Sk). This is true because Sy is F7, -measurable, and, in view
of Lemma 6.6 and the equality o = o} on D%, it is clear that P(A) = P*(A) for A € Fr- Sowe

need only show that Pk (Sk) = 1, and for this it will suffice to show that PXY (§;) = 1. We argue
this as we did in Example 6.5.
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Fix N and W; € {2 and let th’N = Z(Xf’N, Y,k’N). By symmetry, it is enough to show that

@,’“N < 0 for @,k’N elq. 53— tan~! (1)] for almost every t < 7;. Let v; = W,N and

k,N k,N k,N k,N
T = Xp e =X T
X

W = I — Vt.

Then, in view of Theorem 2.3 and Lemma 6.3, Xf’N =17 = projT@(X,N)(v,) and f’,k’N =W, =
projT@(YtN)(w,) (recall that pk(Xf’N, Ytk’N) =1fort < 1).

We compute:
M= XM R@ = i)

Hk,N

6" =
N,k N.k

|Yz _Xt |2

aﬁ*—XN%-ma—w)+u¢*—Xﬂ%-Mw—w»
= X DA

@M= x5y Rw, — )

+
NK_ yNk
DA b

The argument in the Proof 6.1 again shows that the first and third terms are non-positive. That
the second term is non-positive follows from the fact that either v, = w; or arg(v; — w;) =
+oFN. O
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