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Abstract

We consider the U (1)n extension of the effective N = 2 supersymmetric U (1) × U (1) model of 
arXiv:1204.2141; and study the explicit relationship between partial breaking of N = 2 supersymmetry 
constraint and D3 brane tadpole anomaly of type IIB string on Calabi–Yau threefolds in presence of HRR

and HNS fluxes. We also comment on supersymmetry breaking in the particular N = 2U (1) Maxwell the-
ory; and study its interpretation in connection with the tadpole anomaly with extra localised flux sources.
© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Breaking N = 2 supersymmetric quantum field theories in 4d space time at two different mass 
scales has been subject of interest for many years [1–19]; and references therein. This scenario is 
possible in 4d N = 2 supergravity theory; but not with N = 2 global supersymmetry suspected to 
live at lower energies below Planck scale. If gravity is neglected, superalgebra relations require
that once one of the two global supercharges Q±

α = (Qα, Q̃α) is broken; say Q−
α , the second 

Q+
α has to be broken too. However this constraint can be bypassed in the presence of magnetic 

Fayet–Iliopoulos (FI) terms induced by non-perturbative BPS states such as D-branes of type II 
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strings. With non zero magnetic FI couplings, the supercurrent algebra develops a constant term 
that violates the SUR (2) R-symmetry of the supercharges [6], offering as a consequence a way 
to break N = 2 supersymmetry partially via gauginos instead of gravitinos [4,20–23]. This idea 
has been approached in past by using non-linear realisation of half of the eight supersymmetric 
charges [24–30]; but further developed recently in [31–33] by using N = 1 superspace QFT4
method where a simple, but instructive, effective N = 2 supersymmetric abelian U (1)2 model, 
with two breaking scales �1 and �2, has been engineered.

In this paper, we consider the partial breaking of N = 2 supersymmetry in the effective 
4d U (1) × U (1) model of [31,32], to which we refer from now on as ADJ effective gauge 
theory; and study explicitly its relationship with D3 brane tadpole anomaly of type IIB string 
compactified on local Calabi–Yau threefolds (CY3). To deal with brane realisation of the ADJ 
construction, we first relax the rank of the abelian group symmetry by considering the effective 
U (1)2 model as the leading prototype in the family of 4d N = 2 U (1)n gauge models indexed 
by n ≥ 2; and then think of this set of abelian gauge models in terms of an effective low energy 
theory following from D3 branes wrapping 3-cycles in type IIB string on local CY3 with an
n-dimensional symplectic homology basis of 3-cycles (Aa,Ba), a = 1, . . . , n. In this D3 brane 
realisation of 4d N = 2 U (1)n gauge theory, partial breaking of global N = 2 supersymmetry 
is induced by HRR

3 and HNS
3 fluxes; and the ADJ condition 

∑
a

ga

κa
= 0 supporting the partial 

breakings is interpreted in terms of conservation of the total 3-forms flux �flux in the Calabi–Yau 
threefolds; that is �flux = ∫CY3 HNS

3 ∧ HRR
3 = 0. We also study the missing n = 1 term in the se-

quence of 4d N = 2 U (1)n gauge models with n ≥ 2; this particular model, which corresponds 
type IIB string on conifold geometry, is anomalous in agreement with known results in literature; 
this anomaly may be directly learnt from the naive extension of ADJ condition which is given 
by the singular equation g

κ = 0 requiring the vanishing of the gauge coupling constant g = 0
for finite magnetic FI coupling κ . By trying to engineer a 4d N = 2 U (1) model going beyond 
ADJ constraint by deforming the singularity like ν + g

κ = 0, we end with an explicit breaking of 
N = 2 supersymmetry down to N = 1. The brane interpretation of this deformation in terms of 
presence of D7 branes or O3 planes is also studied by using a result from [34].

The presentation is as follows: In section 2, we review the basis of the effective 4d N = 2
U (1)2 model; and derive the N = 2 ADJ constraint equation and its N = 1 deformation. In 
section 3, we give the main lines of the N = 1 superfield formulation of the 4d N = 2 U (1)n

gauge theory describing the gauge dynamics of n N = 2 gauge multiplets coupled to a single 
tensor multiplet. In section 4, we study the realisation of ADJ model in type IIB string on CY3 
with non-trivial fluxes of the 3-form field strengths HNS

3 and HRR
3 .

In Section 5, we give conclusion and make some comments. In Section 6 we give two appen-
dices; in the first appendix we collect some useful tools on type IIB string compactification to 
4d space time; and in the second we describe the gauge and supersymmetric transformations of 
single-tensor and Maxwell multiplets in superspace.

2. N = 2 U (1)n theory and ADJ constraints

In this section, we review the main lines of the model of [31,32]; and study particular aspects 
of ADJ constraint equation supporting the partial supersymmetry breaking in this theory. Follow-
ing [31–33], the ADJ model is a 4d N = 2 supersymmetric effective gauge theory where gravity 
is decoupled; but global N = 2 supersymmetry is broken at two different scales. The simplest 
version of the model realising the two partial breaking is given by the interacting dynamics of an
N = 2 single tensor multiplet T (N=2) with two abelian N = 2 gauge supermultiplets V(N=2)
1
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and V(N=2)
2 . Besides special Kahler geometry of the gauge background, the model has a Chern–

Simons type interaction between T (N=2) and the linear combination g1V
(N=2)
1 + g2V

(N=2)
2 .

2.1. ADJ theory in N = 1 superspace

Because of lack of a simple formulation of 4d supersymmetric gauge theories with 8 super-
charges in N = 2 superspace, one is limited to use the standard N = 1 superspace method with 
the price that only half of supersymmetries is manifestly exhibited; the other half is hidden; but 
can be linearly realised in absence of magnetic FI couplings.

2.1.1. Fibering N = 2 chiral superspace
A way to deal with the 4 hidden supersymmetric charges is to use N = 2 chiral superspace 

and think about it in terms of fibration of two copies of N = 1 chiral superspaces; an Nfiber = 1′
chiral superspace, with odd coordinates θ̃ α , fibered on an Nbase = 1 chiral superspace base with 
odd coordinates θα . Schematically, this fibration may be represented like

Nfiber = 1′ → N = 2
↓
Nbase = 1 (2.1)

In this chiral superspace fibration, typical N = 2 chiral superfields have the structure �N=2 =
�(z, θ, θ̃ ) with space time coordinate zμ related to the real xμ by two pure imaginary shifts 
iυμ + iυ̃μ, one from Nfiber = 1′ fiber and the other from the Nbase = 1 base as shown on the 

relation z = y − iθ̃σ˜̄θ with y = x − iθσ θ̄ . Viewed from fiber, �N=2 can be expanded in a finite 
series of θ̃ as follows

�N=2 = �N=1 + √
2 θ̃ α
N=1

α + θ̃2FN=1 + . . . (2.2)

with expansion modes given by Nbase = 1 superfields: �N=1 = � (y, θ) and similarly for 
N=1
α

and FN=1. The extra dots stand for additional terms involving space time derivatives generated 
by −iθ̃σμ˜̄θ∂μ = −iυ̃μ∂μ. The expansion modes in (2.2) describe N = 1 chiral superfields in 
the base; and are related amongst others by those Nfiber = 1′ supersymmetric transformations in 
the fiber; for example

δ̃�N=1 = √
2ε̃α
N=1

α

δ̃
N=1
α = √

2ε̃αFN=1 − i
√

2

2
σ μ̃ε̄∂μ�N=1

δ̃FN=1 = − i
√

2

2
∂μ
N=1

α σ μ̃ε̄ (2.3)

By imposing appropriate constraint relations on �N=2, one obtains the desired Nbase = 1 super-
fields to describe supersymmetric matter or radiation with 8 supercharges. In this way of doing, 
N = 2 supersymmetric gauge multiplet is then approached by using superfield strength WN=2

with expansion as in (2.2); but satisfying moreover DαD̃αWN=2 + hc = 0. As this constraint 
involves both the chiral WN=2 and its adjoint conjugate, one ends with a θ̃-expansion involving 
both N = 1 chiral X and D̄2X̄ as follows

WN=2 = X + i
√

2 θ̃ αWα − θ̃2
(

1
4D̄2X̄

)
W̃N=2 = WN=2 + θ̃2 1 (2.4)
2κ
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where the role of the extra constant coefficient 1
2κ

will be discussed later on; it scales as mass2

seen that 
[
WN=2

] = [X] = mass1 and the Nbase = 1 chiral gauge superfield strength spinor 
[Wα] = mass3/2; it may be generated by the particular and asymmetric shift of the θ̃2 component

1

4
D̄2X̄

∣∣∣∣
θ=0

= F̄ X̄ → F̄ X̄ − 1

2κ
(2.5)

By asymmetric we mean eq. (2.5) but without modifying the X superfield in (2.4). This property 
may be roughly interpreted as giving a non-zero VEV to the θ̃2-component field of expansion of 
(2.4) as〈

1

4
D̄2X̄

〉
= 1√

2
〈A + iB〉 = − 1

2κ
(2.6)

breaking thus the Nfiber = 1′ supersymmetry in fiber. For a stringy interpretation of the coupling 
constant 1

κ
in terms of 3-form flux through non compact 3-cycles in local CY3; see eq. (4.30).

A quite similar expansion is valid for the N = 2 tensor multiplet T (N=2) which is described 
as well by a constrained N = 2 chiral superfield [31–33], see also Appendix A.2; it is given by

T N=2 = Y + √
2 θ̃ αχα − θ̃2

(
i

2
� + 1

4
D̄2Ȳ

)
(2.7)

with Nfiber = 1′ supersymmetric transformations in fiber as

δ̃Y = +√
2 ε̃αχα

δ̃χα = √
2ε̃αE − i√

2
σ

μ
αα̇
˜̄εα̇

∂μY

δ̃E =
√

2
2i

∂μχασ
μ
αα̇
˜̄εα̇

(2.8)

where we have set

E = − i

2
� − 1

4
D̄2Ȳ (2.9)

With these tools at hand, we turn to describe useful features on superfield spectrum of N = 2 su-
persymmetric ADJ model. For later use, we will give both the N = 2 chiral superfields spectrum 
and their splitting in terms of Nbase = 1 superfields.

More on matter sector The matter sector of ADJ model is quite simple; it involves one 4d 
N = 2 matter multiplet having two dual realisations as given by eq. (2.11).

In the realisation we will be using in present study, N = 2 matter is described by an N = 2
chiral superfield T (N=2) with expansion along fiber direction as in (2.7). From the Nbase = 1
base view, this expansion has four chiral superfields: two bosonic Y , �; and a fermionic super-
field doublet χα = (χ1,χ2

)
; altogether they capture 16 + 16 off shell degrees of freedom. This 

number may be reduced down to 8 +8 by thinking about Y as an exotic auxiliary superfield play-
ing the role of a Lagrange superfield parameter capturing the constraint on partial breaking of 
second supersymmetry; and about χα as a superfield prepotential of a hermitian linear multiplet 
L given by the relation

L = Dαχα + D̄α̇χ̄ α̇ (2.10)

Observe that L is invariant under the change χ ′
α = χα + i

4D̄2Dα� with � an arbitrary real su-
perfield; this symmetry together with footnote 1 allows to reduce the 16 + 16 degrees of freedom 
down to 8 + 8; for details see Appendix A.2; other features can be found in [31–33].
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For completeness, notice that using a result on hypermultiplet duality on superfield represen-
tations of N = 2 matter multiplet [35–39], we can show that N = 2 superfield T (N=2) has two 
dual representations in terms of Nbase = 1 superfields; the (�,L) we will be using in this paper; 
and a second realisation based on two chiral superfields Q1, Q2;

a) : T (N=2) ≡ �,L ; Y

b) : T (N=2) ≡ Q1,Q2 ; Y (2.11)

ADJ constraint First notice that in above (2.11), it looks like if we have three Nbase = 1 super-
fields to describe N = 2 matter; this is not exact since Y is some how a “spurious superfield” 
carrying no physical degrees of freedom; it is a topological object exhibiting very special prop-
erties as shown by eqs. (2.19)–(2.21); this is our reason behind putting Y aside in eq. (2.11); 
it breaks N = 2 supersymmetry partially and is one of the nice observations in [32]; there it 
appears as a Lagrange superfield parameter capturing a constraint relation f (ga, κa) = 0 of the 
model, which to fix ideas may be thought of as

f (ga, κa) =
n∑

a=1

ga

κa

= 0 , n ≥ 2 (2.12)

giving a relationship between the coupling constants ga and the magnetic FI couplings 1/κa of 
the ADJ model; see also eq. (3.5) given below for explicit details. In the limit

1

κa

→ 0 (2.13)

the above constraint is trivially solved and then Y has no role to play in this N = 2 supersym-
metric limit.

Notice also that the sum on integer n in eq. (2.12) rules out the particular case n = 1; since 
the corresponding condition reads as

g1

κ1
= 0 (2.14)

leading to g1 = 0 for finite 1/κ1; and then no ADJ theory with one U (1) gauge factor [29–33]. 
By trying to overcome the constraint g1

κ1
= 0 by adding an extra term like

ν + g1

κ1
= 0 (2.15)

with ν a real parameter having same scaling mass dimension as ga

κa
; one breaks explicitly N = 2

supersymmetry down to N = 1.

2.1.2. N = 1 superfields in U (1)2 ADJ model
In our superspace description of U (1) × U (1) ADJ model, we will use a particular set of 

N = 1 superfields; these are the chiral � and hermitian L for representing T (N=2); and 2 gauge 
superfields (V 1,V 2), 2 chiral (X1,X2) for representing V(N=2)

1 ⊕V(N=2)
2 . Let us comment this 

system of superfields.
• T (N=2) sector
In the N = 1 superfield realisation given by the first relation of eq. (2.11), the dynamics of 

T (N=2) is described by two basic superfields and an auxiliary one; these are:
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(i) the chiral superfield � with the usual θ -expansion namely a leading scalar component φ; 
a Weyl fermions ψα and auxiliary field Fφ ;

(ii) the standard hermitian linear multiplet L satisfying the superspace constraint relations 
D2L = D̄2L = 0 following from (2.10); this is a particular superfield with θ -expansion 
in component fields as follows

L = C + iθ.η − iθ̄ .η̄ + θσμθ̄εμνρσ ∂νBρσ +
1
2θ2θ̄ σ̄ μ∂μη − 1

2 θ̄2θσμ∂μη̄ − 1
4θ2θ̄2�C (2.16)

involving the propagating real field C and the field strength of the antisymmetric tensor 
field Bρσ ; but no auxiliary field. The superfields � and L are related under fiber Nfiber = 1′
supersymmetric variations as follows

δ̃εL =
√

2

2i

(
ε̃αDα� −˜̄εα̇D̄α̇�̄

)
δ̃ε� = −i

√
2̃ε̄α̇D̄α̇L (2.17)

with [
δ̃ε′ , δ̃ε

]
� = −2i

(
ε̃σμ˜̄ε′ − ε̃′σμ˜̄ε) ∂μ� (2.18)

with � standing for L and �.
(iii) an extra auxiliary superfield Y capturing information on non linear realisation of the 

Nfiber = 1′ hidden supersymmetry; it is not needed for the closure of transformations (2.17); 
but will be used to approach partial supersymmetry breaking. Properties of this superfield 
have been explored in [31,32] where, using gauge fixing1 method, it has been shown to have 
the following remarkable θ -expansion

Y gauged = i

4!θ
2εμνρσ Cμνρσ (2.19)

for details see Appendix A.2. This relation shows that Y encodes data on the constant anti-
symmetric tensor Cμνρσ = 4!εμνρσ �. Because of its special dependence in θ , Y has no 
physical degrees of freedom

δεY
gauged = 0 (2.20)

and obeys moreover a nilpotency property

Y †Y = θ4�2 , YY = 0 = Y †Y † (2.21)

In the N = 1 superfield realisation given by the second relation of eq. (2.11), the role of � and 
L gets played by the two chiral superfields Q1 and Q2 capturing opposite charge under a U (1)

gauge symmetry. The duality transformations between the two matter multiplet realisations are 
given by Legendre transform in superspace [35–39]; they may be written as follows

1 Following analysis of appendix 8.2, the reduction of the 16 + 16 degrees of N = 2 chiral superfield T N=2 down 
to 8 + 8 is achieved into two steps: a first reduction from 16 + 16 down to 12 + 12 ensured by gauge symmetry under 
χ ′

α = χα + i
4 D̄2Dα� (A.23); a second reduction from 12 + 12 down to 8 + 8 given by requiring symmetry under gauge 

transformation Y → Y − 1
2 D̄2ϒ with ϒ a real superfield. Gauge fixing of this symmetry leads precisely to eq. (2.19); 

for more details see also [31].
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Q1 = 2
−1
4

√
�e+�′

Q2 = 2
−1
4

√
�e−�′

(2.22)

with � as in the first relation of eq. (2.11) and where �′ is another chiral superfield. We will not 
need this realisation in this paper; but to fix ideas we give some comments on their dynamics in 
§3.2; see eq. (3.18).

• V(N=2)
a gauge sector

The gauge sector of ADJ supersymmetric U (1)2 model involves two N = 2 abelian Maxwell 
type multiplets described by the hermitian superfields V (N=2)

1 and V (N=2)
2 with superfields 

strength θ -expansions along fiber direction as in eq. (2.2). Following [31,32], the solution of 
constraint equations lead to the N = 1 superfields spectrum

V
(N=2)
1 ≡ V 1,X1 , κ1

V
(N=2)
2 ≡ V 2,X2 , κ2 (2.23)

where the hermitian V 1, V 2 are the usual Nbase = 1 gauge superfield potentials; and where X1, 
X2 are two chiral superfields. So the gauge symmetry of the model is U1 (1) × U2 (1). The extra 
κ1, κ2 are constants and are as in (2.4); they may be put in correspondence with the auxiliary 
chiral superfield Y as it may be viewed by comparing (2.7) with (2.4); that is:∑ ga

κa

↔ Y (2.24)

The general form of the superspace lagrangian density Lgauge of the gauge superfields depending 
on the prepotential F (X1,X2) reads as follows

Lgauge = LU1(1)×U2(1) +LFI (2.25)

with gauge lagrangian density in Nbase = 1 superspace given by

LU1(1)×U2(1) =
∫

d4θ
i

2

(
F̄aX

a −FaX̄
a
)

+
∫

d2θ

(
− i

4
FabW

a.Wb

)
+ hc (2.26)

and Fayet–Iliopoulos part as

LFI =
∫

d4θξaV
a −

∫
d2θ

ea

4
Xa −

∫
d2θ

i

4κa

Fa + hc (2.27)

where the real ξa and complex (pure imaginary) ea are constants and where the holomorphic 
Fa = ∂F

∂Xa and Fab = ∂2F
∂Xa∂Xb .

2.2. ADJ constraint and N = 1 deformation

Here we use the N = 1 superfield spectrum of ADJ model to study the derivation of the 
constraint eq. (2.12) and its N = 1 deformation (2.15).

2.2.1. Superfield Y
Viewed from N = 2 chiral superspace, the U (1) × U (1) ADJ supersymmetric model in-

volves the N = 2 chiral superfields WN=2
a given by (2.4); and the T N=2 of (2.7). These N = 2

chiral superfields are remarkable; they have the same scaling mass dimension and quite similar 
θ̃ -expansions which make them to share some general features. Indeed, though physically dif-
ferent objects, the resemblance between their θ̃ -expansions could serve as a guide to have more 
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insight into the ADJ construction. This formal property has been used in [31,25] to study the 
interaction between an N = 2 Maxwell multiplet WN=2 and a tensor T N=2. There, the formal 
similarity between the two chiral superfields WN=2 and T N=2; in particular their scaling mass 
dimension and θ -expansions, has been used to build the linear combination of these N = 2 chiral 
superfield

WN=2 + 2gT N=2 (2.28)

to reach the gauge invariant quantity

FMax
μν − gBμν (2.29)

that plays a central role in the N = 2 Dirac–Born–Infeld Umax (1) theory; and also in studying 
electric–magnetic duality in N = 2 chiral superspace in presence of Chern–Simons coupling. In 
this relation, FMax

μν is the usual field strength of the Maxwell gauge field potential; and Bμν the 
antisymmetric gauge potential appearing in the tensor multiplet.

By exhibiting this formal similarity between WN=2 and T N=2; one finds that there exist a 
correspondence between their N = 1 superfields contents; by comparing the θ̃ -expansions (2.4)
and (2.7); as well as topological relations reported in Appendix A (A.19) and (A.24), one ends 
with

Gauge multiplet W̃N=2 Tensor multiplet T N=2

X Y

iWα χα
−1
2κ

i
2�

D̄2X̄ D̄2Ȳ

(2.30)

where Y occupies a place in T N=2 that is similar to the place occupied by X in W̃N=2. Obvi-
ously the superfields in left and right of table (2.30) have different meanings and carry different 
degrees of freedom; but as far as fibration of N = 2 supersymmetry is concerned; this corre-
spondence may be used as an indication to get more insight into the general form of constraint 
equation captured by Y .

2.2.2. Deriving ADJ condition
The ADJ constraint equation is obtained by from N = 2 Chern–Simons couplings between 

the linear combination of the gauge superfield strengths (
∑

a gaW̃N=2
a ) and the tensor multiplet 

T N=2. In N = 2 chiral superspace where N = 2 supersymmetry is manifest, this CS coupling 
reads in terms of W̃N=2

a and T N=2 as follows

LCS = −2i

∫
d2θd2θ̃

(
n∑

a=1

gaW̃N=2
a

)
T N=2 (2.31)

where n = 2 for the case of U (1)2 model; but can generally take any value n ≥ 2 as the case of 
U (1)n models with n gauge W̃N=2

a coupled to T N=2. By using (2.4) and (2.7) and performing 
integration with respect to θ̃ ; one brings above CS coupling to the form
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LCS = +2
∫

d4θ

(
n∑

a=1

gaV
a

)
L −

∫
d2θ

(
n∑

a=1

gaX
a

)
�

− i

∫
d2θ

(
n∑

a=1

ga

κa

)
Y (2.32)

where N = 1 supersymmetry in the base of fibration is manifest and the fibered N = 1′ one be-
comes hidden. Because of linear dependence, the superfield equation of Y leads to the constraint

n∑
a=1

ga

κa
= 0 , n ≥ 2 (2.33)

Notice that the deformation of the CS coupling (2.32) by adding the term ν
∫

d2θY like

L′
CS = +2

∫
d4θ

(
n∑

a=1

gaV
a

)
L −

∫
d2θ

(
n∑

a=1

gaX
a

)
�

− i

∫
d2θ

(
ν +

n∑
a=1

ga

κa

)
Y (2.34)

preserves gauge symmetry as shown by (A.41) of Appendix A; but breaks explicitly N = 2
supersymmetry down to N = 1. Under this deformation, the ADJ constraint becomes

ν +
n∑

a=1

ga

κa
= 0 (2.35)

3. Superspace lagrangian

The N = 1 superspace expression of the lagrangian density L describing the interacting dy-

namics of the above N = 2 supersymmetric system 
{
W(N=2)

a ,T (N=2)
}

can be approached in 

two manners depending on the N = 1 superfield realisation used to represent the T (N=2) single 
tensor multiplet.

3.1. Using N = 1 multiplets (L,�)

With the realisation of the tensor multiplet T (N=2) in terms of the superfields the chiral �, 
the hermitian L as well as the Lagrange chiral superfield Y carrying the ADJ constraint; and 
following [32], the superspace lagrangian density of the N = 2 supersymmetric U (1)2 model 
describing coupled dynamics of W(N=2)

a and T (N=2) reads in N = 1 superspace as follows

L = Lgauge +LST +LCS (3.1)

with Lgauge as in eq. (2.26) and

LST +LCS =
∫

d4θ

√
L2 + 2�̄� − L ln

(
L +

√
L2 + 2�̄�

)
+ 2

∫
d4θgaV

aL −
∫

d2θ
(
m + gaX

a
)
�

− i

∫
d2θ

(
g1 + g2

)
Y + hc (3.2)
κ1 κ2
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In what follows, we first make few comments useful for our later analysis; then we study scalar 
potential of the gauge model.

3.1.1. Properties of (3.2)
From the above expression of the superspace lagrangian density (3.2), we learn a set of special 

properties on the superfield realisation of matter using single tensor multiplet; in particular the 
following:

First, the mass constant m in (3.2) can be absorbed by shifting the linear combination gaX
a ; 

it will be dropped out in what follows.
Second, the superfields � and L are gauge invariant and scale as mass2; their coupling to the 

gauge multiplet is of Chern–Simons type

2
∫

d4θ (g1V 1 + g2V 2)L −
∫

d2θ (g1X1 + g2X2)� (3.3)

they involve the remarkable linear combinations g1V 1 +g2V 2 and g1X1 +g2X2. Moreover, the 
contribution of the superfield Y in the full superspace lagrangian density (3.2) appears linearly 
as follows

i

∫
d2θ

(
g1

κ1
+ g2

κ2

)
Y + hc (3.4)

together with the particular linear combination g1
κ1

+ g2
κ2

. So the auxiliary superfield Y in ADJ 
theory plays the role of a Lagrange superfield capturing the constraint relation

g1

κ1
+ g2

κ2
= 0 (3.5)

showing that the ratio g1
g2

of the two gauge couplings is fixed by the ratio κ1
κ2

of the magnetic FI 
coupling constants.

Third, the kinetic energy density of � and L involves non-polynomial expressions, a square 

root term 
√

L2 + 2�̄� and a logarithm one namely L ln
(
L +

√
L2 + 2�̄�

)
; this non-linearity

may be understood as due to the antisymmetric field Bμν . Self interactions of (�,L) are also non-
polynomial and are generally characterised by an arbitrary hermitian prepotential H

(
�, �̄;L)

with superspace lagrangian density as [35–37]

L(H)
ST =

∫
d4θH

(
�, �̄;L) (3.6)

3.1.2. Scalar potential
The scalar potential of the ADJ model (3.1)–(3.2) has two contributions as follows

Vsca = Vgauge + Vtens (3.7)

a contribution Vgauge coming from the auxiliary fields FXa
and Da of the gauge multiplets; and 

another contribution Vtens coming from the auxiliary field �; seen that L has no auxiliary field. 
The Vgauge contribution reads explicitly as

Vgauge = Hab

(
FXa

F̄ X̄b + 1

2
DaDb

)
(3.8)

where Hab = ImFab is the metric of the special-Kähler manifold with inverse Hab. For the Vtens

contribution, we have
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Vtens = FφGφφ̄F̄ φ̄ (3.9)

where Gφφ̄ is the analogue of metric Hab for the matter sector.
Substituting the various auxiliary fields by their field equations, we obtain the explicit expres-

sion of the full scalar potential of the model. For the contribution Vgauge, we have

Vgauge = Hab

(
1

2
rarb + waw̄b

)
(3.10)

with real ra and complex wa as follows

ra = gaC + ξa

2

wa = gaφ + 1
4ea + i

4κc
Fac (3.11)

Besides FI coupling constants, they depend on the degrees of freedom of the tensor multiplet 
namely C and φ. The other contribution is given by

Vtensor = 2�2 |gX|2 (3.12)

where we have set

�2 =
√

C2 + 2 |φ|2 , gX = g1X1 + g2X2 (3.13)

So the total scalar potential reads as

Vsca = Hab

(
1

2
rarb + waw̄b

)
+ 2 |gX|2 �2 (3.14)

Observe the two following features: first for �2 = 0 and wa = 0, the scalar potential Vsca has a 
non-zero value due to the non-vanishing ξ and hence N = 2 supersymmetry breaks down. For 
�2 = 0 and ξa = ea = 0, the scalar potential Vsca has as well a non-zero value proportional to the 
magnetic FI coupling as shown on the following expression

Vsca =
∑ 1

16κcκd

FcaH
abF̄bd (3.15)

The stationarity condition of the scalar potential with respect to the various fields namely

∂Vsca

∂X
= 0 ,

∂Vsca

∂φ
= 0 ,

∂Vsca

∂C
= 0 (3.16)

leads, for the case 
〈
C2 + 2 |φ|2〉= 0, to the following equation

Fabc

[
Fxb

(
F̄ x̄c + 1

2κc

)
+ 1

2
DbDc

]
= 0 (3.17)

leading to broken supersymmetric phase for the case where Fabc �= 0.

3.2. Using (Q1, Q2) hypermultiplet

Using duality transformations (2.22), one can also express the N = 2 tensor multiplet T (N=2)

as a hypermultiplet described by two N = 1 chiral superfields Q1 and Q2. In this realisation of 
T (N=2), the previous superspace density (3.2) gets mapped to the equivalent expression
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Lhyp =
∫

d4θ
(
Q̄1e

g1V 1+g2V 2Q1 + Q̄2e
−g1V 1−g2V 2Q2

)
+
∫

d2θ
(
m + i

√
2g1X1 + i

√
2g2X2

)
Q1Q2

− i

∫
d2θ

(
g1

κ1
+ g2

κ2

)
Y + hc (3.18)

where the superfields Q1 and Q2 carry opposite charges under the U1 (1) × U2 (1) gauge sym-
metry; but Y playing the same role.

The scalar potential of this superfield realisation of the gauge theory is given by

V ′
sca = Hab

[
Fxa

F̄ x̄b + 1

2
DaDb

]
+ Guv̄F

qu

F̄ q̄v̄

(3.19)

It has the same form as (3.14)

V ′
sca = 1

2
r ′
aH

abr ′
b + w′

aH
ab w̄′

b + �′2
∣∣∣m + √

2igax
a
∣∣∣2 (3.20)

but now with the dual expressions

r ′
a = −ga

(∣∣q1
∣∣2 − ∣∣q2

∣∣2)+ ξa

2

w′
a =

√
2ga

i
q1q2 + 1

4ea + i
4κc

Fac (3.21)

and

�′2 =
∣∣∣q1
∣∣∣2 +

∣∣∣q2
∣∣∣2 (3.22)

The properties of the scalar potential (3.20), including the description of the two scale breakings 
of N = 2 supersymmetry, have been explicitly studied in [32].

4. ADJ model and tadpole anomaly

In this section, we study a D3 brane realisation of ADJ theory and the interpretation of partial 
supersymmetric breaking in terms of 3-forms fluxes through 3-cycles in CY3. This brane reali-
sation has been succinctly presented in the introduction section; here we use results on type IIB 
string on local CY3s to describe the underlying geometry and the nature of HRR

3 , HNS
3 fluxes 

behind N = 2 ADJ model. To reach this goal, we first examine the geometric property the lin-
ear combinations of abelian gauge superfields; then we study the geometric derivation of the 
N = 2 ADJ condition and its N = 1 deformation given by (2.35); and after we give the explicit 
relationship between ADJ condition and D3 tadpole cancellation anomaly in type IIB.

4.1. N = 2 ADJ model and 3-cycles in CY3

In the effective N = 2 supersymmetric U (1)×U (1) gauge model, the superspace lagrangian 
density LN=2

U(1)2 depends, in addition to the single tensor multiplet T N=2 = (L,�,Y ), on two 

N = 2 abelian gauge multiplets WN=2 = (X1,V 1), (X2,V 2).
1,2
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4.1.1. Linear combinations
By an inspection of the superspace density (3.1), one notices that LN=2

U(1)2 depends on the 
following superfield linear combinations

V = g1V 1 + g2V 2
V ′ = ξ1V 1 + ξ2V 2 (4.1)

and

X = g1X1 + g2X2

X′ = e1X1 + e2X2

∂F
∂X

= 1

κ1

∂F
∂X1

+ 1

κ2

∂F
∂X2

(4.2)

These superfield combinations may a priori be extended to any number n of N = 2 gauge mul-
tiplets WN=2

a = (Xa,V a) as follows

V =
n∑

a=1

gaV a (4.3)

X =
n∑

a=1

gaXa (4.4)

where the ga’s are gauge coupling constants associated with each abelian Ua (1) gauge multiplet 
(Xa,V a). Similar relations can be written down for V ′, X′ and ∂F

∂X
. However, because of ADJ 

constraint relation; the generalisation of the condition (3.5) to arbitrary U (1)n gauge symmetry 
is valid provided n ≥ 2 as in (2.12). The restriction to the particular n = 1 case leads to singular 
relation

g1

κ1
= 0

requiring g = 0 for κ �= 0. To overcome this difficulty; one may resolve the g1
κ1

= 0 singularity 
by deforming it like ν + g

κ = 0; this leads to g = −κν; however remembering the property of 
eqs. (2.34)–(2.35), one learns that the deformation by ν breaks explicitly N = 2 supersymmetry 
down to N = 1.

To see the meaning of the linear combinations (4.1)–(4.4) as well as the interpretation of the 
deformation

ν +
n∑

a=1

ga

κa

= 0 (4.5)

we need to go beyond 4d space time by thinking of:

• the N = 2 supersymmetric U (1)n gauge model as a part of an effective theory following 
from type IIB string compactified on a local CY3; and

• the constraint relation (4.5) as corresponding to the D3 tapole anomaly [34]

1

2κ2
10T3

∫
ĤRR

3 ∧ ĤNS
3 + ND3 = 0 (4.6)
CY3
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where the 3-form gauge field strengths ĤRR
3 , ĤNS

3 ; and the numbers T3 and ND3 will be 
introduced later on.

To be explicit, we study in what follows the derivation of the linear combinations 
∑

a ξaV
a

and 
∑

a gaV
a from type IIB string compactification on a Calabi–Yau threefold Z3 with Kähler

2-form J2 and complex holomorphic 3-form �3. Then, we turn to the derivation of the linear 
combinations 

∑
a eaX

a and 
∑

a
1
κa

∂F
∂Xa concerning the chiral superfields.

4.1.2. Kahler sector
To derive the two linear combinations involving the gauge multiplet namely the V =∑
a ξaV

a , depending on FI coupling constants ξa , and the V ′ =∑a gaV
a involving gauge cou-

pling constants ga , it is interesting to start by describing the θ -expansions of these combinations. 
Focusing on the 4-vector υa

μ field components of the linear sum of gauge superfields V a which 
expands in θ -series as

V = θσμθ̄
(
υμ

)+ θ2θ̄2

(
n∑

a=1

χaD
a

)

+ i√
2
θ2θ̄

(
n∑

a=1

χaλ̄
a

)
− i√

2
θ̄2θ

(
n∑

a=1

χaλ
a

)
(4.7)

with

υμ =
n∑

a=1

χaυ
a
μ , χa = ξa, ga (4.8)

Obviously for the case χa = ξa , the contribution to ADJ model is given by the D-term 
θ2θ̄2

(∑n
a=1 ξaD

a
)
; and the interpretation of ξa’s may be obtained by computing the field equa-

tions of the auxiliary Da fields. However, we can reach the same result by looking for the 
derivation of this quantity from superstring compactification.

i) FI coupling constants
As a first step toward the ξaV

a’s, we use the 4d space time language of 1-form gauge field 
potentials V a

1 = υa
μdxμ to rewrite the gauge component field linear combination 

∑
ξaυ

a
μ as 

follows(
n∑

a=1

ξaυ
a
μ

)
dxμ =

n∑
a=1

ξaV
a
1 ≡ V1 (4.9)

So ξaυ
a
μ can be also viewed in terms of a linear combination of the 1-form gauge field potentials 

V a
1 . The next step is to transform above (4.9) into an integral over full dimensions of the Calabi–

Yau threefolds; this is achieved by thinking about the 1-form gauge field V a
1 in 4d space time as 

due to a 4-form gauge potential Ĉ4 of a D3 brane living in 10d space time

Ĉ4 = 1

4!CMNPQ dx̂M ∧ dx̂N ∧ dx̂P ∧ dx̂Q (4.10)

but with three directions wrapping the compact 3-cycles [Aa] of the local CY3 as follows

V a
1 = 1

′

∫
Ĉ4 ∧ βa (4.11)
2πα CY3
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with harmonic 3-form βa belonging to H(2,1) (CY3,R) ⊕ H(1,2) (CY3,R). Putting this relation 
back into (4.9), we end with

n∑
a=1

ξaV
a
1 = 1

2πα′

∫
CY3

Ĉ4 ∧ dJ2 (4.12)

with dJ2 standing for 3-form obtained by complex deformation of Kähler 2-form J2 of the CY3 
[40–43]

dJ2 =
n∑

a=1

ξaβ
a , ξa = 1

2

(∫
[Ba ]

dJ2 + hc

)
(4.13)

where 3-cycle 
[
Ba
]

is the dual of [Aa] in the CY3. Recall that the pair [Aa] and 
[
Ba
]

form a 
symplectic basis of 3-cycles in the homology group of the CY3; they are in 1:1 correspondence 
with the 3-form harmonic basis 

(
αa,β

a
)

of the cohomology group.
ii) Gauge coupling constants
To derive the linear combination 

∑n
a=1 gaυ

a
μ and the expression of the gauge coupling con-

stants ga , we use the 4d Chern–Simons interaction L4d
CS between the gauge potentials υa

μ and the 
antisymmetric field strength Hνρσ ,

L4d
CS = 1

3!

(
n∑

a=1

gaυ
a
μHνρσ

)
εμνρσ (4.14)

that we rewrite, by using wedge product V a
1 ∧ H3 of 4d space time 1- and 3-forms like

S4d
CS =

∫
M4

(
n∑

a=1

gaV
a
1

)
∧ H3 (4.15)

But seen that in type IIB string, we have two kinds of 3-forms HRR
3 and ĤNS

3 ; then we can think 
of the 4d Chern–Simons action S4d

CS as resulting from the following 10d expression

S10d
CS =

∫
M10

Ĉ4 ∧ ĤNS
3 ∧ ĤRR

3 (4.16)

This relation leads in general to two kinds of 4d space time contributions; one involving 4d space 
time 3-form H RR

3 and the other the 4d 3-form H NS
3 as follows∫

M4

(∫
CY3

Ĉ4 ∧ ĤNS
3

)
∧ HRR

3 −
∫

M4

(∫
CY3

Ĉ4 ∧ ĤRR
3

)
∧ HNS

3 (4.17)

If we restrict to first contribution and comparing with (4.11), we end with the following expres-
sion for the gauge coupling constants

ga = 1

2πα′

∫
CY3

αa ∧ HNS
3 (4.18)

that reads also as follows

ga = 1

2πα′

∫ �0

Ba

HNS
3 (4.19)

with α′ the string constant and where �0 is a cut off playing the role of running scale of the well 
known renormalisation group equation.
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To conclude, the linear combinations of the N = 2 gauge multiplets used in ADJ model have 
the following geometric interpretation in type IIB string on local CY3

n∑
a=1

ξaV
a
1 = 1

2πα′

∫
CY3

Ĉ4 ∧ dJ2 (4.20)

∑
a≥1

gaV
a
1 = 1

4π2α′2

∫
CY3

Ĉ4 ∧ HNS
3 (4.21)

4.1.3. Chiral sector
The Xa’s are chiral superfields with θ -components given by complex scalar fields Xa|θ=0 =

Xa ; Weyl spinors DαXa|θ=0 = ψa
α and auxiliary fields 1

2DαDαXa
∣∣∣
θ=0

= Fa . The linear com-

bination 
∑

eaX
a is a chiral superfield

∑
a≥1

eaX
a = X + θ.

⎛⎝∑
a≥1

eaψ
a

⎞⎠+ θ2

⎛⎝∑
a≥1

eaF
a

⎞⎠ (4.22)

with leading θ -component given by a similar relation to the superfield one namely

X =
∑
a≥1

eaX
a (4.23)

A similar relation is valid for the magnetic FI combination

1

κ

∂F
∂X

=
∑
a≥1

1

κa

∂F
∂Xa

(4.24)

In the embedding of ADJ model into 10d type IIB string compactification on CY3, the complex 
scalars Xa and Fa describe the expansion modes of the holomorphic 3-form �3 over the 3-form 
harmonic basis (αa,β

a) of the local CY3

�3 = Xaαa −Faβ
a (4.25)

with

Xa =
∫

CY3
�3 ∧ βa , Fa =

∫
CY3

�3 ∧ αa (4.26)

The electric FI ea and magnetic 1
κa

coupling constants are obtained by equating the superpotential

W (X) = eaX
a − 1

κa

Fa (4.27)

with the expression of W (X), build out of G3 = HRR
3 − τHNS

3 and the complex holomorphic 
3-form namely [46,34],

W (X) ∼
∫

CY3
�3 ∧ G3 (4.28)

We obtain

G3 = eaβ
a − 1

αa (4.29)

κa
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So, we have

ea =
∫

CY3
αa ∧ G3 ,

1

κa

=
∫

CY3
G3 ∧ βa (4.30)

4.2. Deriving ADJ constraint from type IIB string

In ADJ model, the condition (2.12) is intimately related with the real 4-form C4 with anti-
symmetric gauge potential field Cμνρσ as in (2.19) and directions filling the 4d space time 
dimensions

C4 = Cμνρσ dxμ ∧ dxν ∧ dxρ ∧ dxσ

F5 = 0 (4.31)

This 4-form gauge field potential cannot have field strength F5 = dC4 in 4d space time; and thus 
it should be treated as an auxiliary field as done by ADJ theory. Notice that this is a constant 
field that may be ignored by setting it to zero; but this corresponds to a particular solution since 
in general it reads like

Cμνρσ = �εμνρσ , � = cst

d� = 0 (4.32)

and captures a constraint relation that we study below. Observe that � scales as mass2; and so 
the scaling mass dimension of C4 is mass−2.

4.2.1. Tadpole anomaly
To get more insight into the meaning of the N = 2 ADJ condition 

∑
a

ga

κa
= 0 and its N = 1

deformation ν +∑a
ga

κa
= 0, one has to go beyond 4d space time where the gauge potential C4

is no longer constant

F5|4d = dC4|4d = 0 , F̂5

∣∣∣
10d

= dĈ4

∣∣∣
10d

�= 0 (4.33)

In a higher dimension D space time compactified on real (D − 4) manifold, MD = M1,3 ×
M(D−4), some of the directions of the extended 4-form field Ĉ4 can wrap dimensions in the 
internal space allowing as consequence Chern–Simons couplings between Ĉ4 and other pi -forms 
F̂pi

living in MD ; for example SD
CS ∼ ∫

MD Ĉ4 ∧ F̂D−4. This is exactly what happens in the case 
of type IIB strings compactified on Calabi–Yau threefolds where the 4-form gauge potential 
Ĉ4, sourced by D3 brane, appears naturally and where couplings with other p-form gauge field 
potentials are possible. In 10d type IIB theory, the Chern–Simons coupling reads as follows

S10d
CS ∼

∫
M1,9

Ĉ4 ∧ ĤRR
3 ∧ ĤNS

3 (4.34)

where the 3-forms ĤNS
3 and ĤRR

3 are the gauge field strengths of the antisymmetric B̂NS
μν and B̂RR

μν

gauge potentials of type IIB strings. The field equation of the 5-form field strength F̂5 of the Ĉ4
gauge potential is given by

dF5 = ĤNS ∧ ĤRR + 2κ2 T3�
loc (4.35)
3 3 10 3
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with T3 = 1
(2π)3α′2 the D3-brane tension, 2κ2

10 = (2π)7 α′4; and where �loc
3 -form stands for the 

D3 charge density due to localised sources including D7-branes or O3 planes and also of mobile 
D3-branes [34]; see also [44,45]∫

CY3
�loc

3 = ND3 (4.36)

From 4d space time view, the integration of the Chern–Simons coupling (4.34) on the internal 
coordinates

S4d
CS =

∫
M1,3

(∫
CY3

Ĉ4 ∧ ĤRR
3 ∧ ĤNS

3

)
(4.37)

leads to various terms that can be organised into three block terms

S4d
CS =

∫
M1,3

(
L4d

0 +L4d
1 +L4d

2

)
(4.38)

with

L4d
0 ∼

(∫
CY3

ĤRR
3 ∧ ĤNS

3

)
∧ C4 (4.39)

L4d
1 ∼

(∫
CY3

Ĉ4 ∧ ĤRR
3

)
∧ HNS

3 (4.40)

L4d
2 ∼ −

(∫
CY3

Ĉ4 ∧ ĤNS
3

)
∧ HRR

3 (4.41)

where un-hatted fields refer to 4d space time fields. Notice that the two last terms are precisely 
the ones given by eq. (4.17), they contribute to Chern–Simons couplings in 4d space time.

The remaining term (4.39), involving the integral of ĤRR
3 ∧ ĤNS

3 through full CY3; is a topo-

logical term describing the flux �flux of the 6-form ĤRR
3 ∧ ĤNS

3 through the CY3

�flux ∼
∫

CY3
ĤRR

3 ∧ ĤNS
3 (4.42)

For compact CY3, this flux has no where to go and so has to vanish; but as we will see in a mo-
ment it may be compensated by D3-brane charges coming from local sources. So the contribution 
of this term to 4d space time lagrangian density reads as

�flux

24
εμνρσ Cμνρσ = �flux

24
� (4.43)

where we have used (4.32). This term appears linearly in the ADJ lagrangian density; so it cap-
tures a constraint equation requiring the flux �flux to vanish as noticed above. This constraint can 
be then interpreted as nothing but the vanishing condition given by the integral of (4.35) on CY3 
for the particular case �loc

3 = 0. For a non-zero �loc
3 density of D3-brane charges as in eq. (4.36), 

the tadpole vanishing condition reads as

1

2κ2
10T3

∫
ĤRR

3 ∧ ĤNS
3 + ND3 = 0 (4.44)
CY3
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and the contribution to the 4d space time lagrangian density gets modified like

L4d
0 = �

24

(
�flux + ND3

)
(4.45)

The presence of the ND3 flux breaks explicitly N = 2 supersymmetry down to N = 1; ND3 flux 
plays the same role as the parameter ν in the deformed constraint eq. (4.5).

4.2.2. Revisiting N = 2 ADJ condition and its deformation
Here, we give the general expression of the condition of tadpole cancellation in terms of the 

HRR
3 and HNS

3 fluxes. If assuming that the CY3 is compact, then we have

1

2πα′

∫
CY3

HRR
3 ∧ βa = pa

1

2πα′

∫
CY3

αa ∧ HRR
3 = pn+a (4.46)

and

1

2πα′

∫
CY3

HNS
3 ∧ βa = qa

1

2πα′

∫
CY3

αa ∧ HNS
3 = qn+a (4.47)

From these relations, we learn

1

4π2α′2

∫
CY3

ĤNS
3 ∧ ĤRR

3 = qA�ABpB (4.48)

where the quantised vectors are as

pA =
(

pa

pa+n

)
, qA =

(
qb

qb+n

)
(4.49)

and where �AB is the usual 2n × 2n symplectic matrix

�AB =
(

0 In×n

−In×n 0

)
(4.50)

Putting back into (4.44), the tadpole condition becomes

ν + 4π2α′2 qA�ABpB = 0 (4.51)

with

ν = 2κ2
10T3ND3 = (2π)4 α′2ND3 (4.52)

The N = 2 ADJ constraint (2.12) may be recovered by requiring ND3 = 0; and choosing the 
vectors pA and qA like

1

κa

= 2πα′2qa , ga = 2πpa+n (4.53)

the other pa and qa+n are set to zero.
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5. Conclusion and comments

In this paper, we have studied a D3 brane realisation of partial breaking of N = 2 supersym-
metry in ADJ model of Ref. [32]. This is a particular 4d N = 2 supersymmetric U (1) × U (1)

gauge model describing the coupling of the N = 2 gauge multiplets W (N=2)
1 , W(N=2)

2 with a 
single tensor T (N=2); it is also the leading model in the family of effective 4d N = 2 U (1)n

gauge theory describing the dynamics of the multiplet T (N=2) coupled to n N = 2 Maxwell 
gauge superfield strengths W(N=2)

1 , . . ., W(N=2)
n with n ≥ 2. The coupling between gauge and 

matter superfields is of Chern–Simons type; it reads in N = 2 chiral superspace as follows

LCS =
∫

d8θT (N=2)

(
n∑

a=1

gaW(N=2)
a

)
(5.1)

One of the basic constraint equations in this 4d effective N = 2 supersymmetric U (1)n gauge 
theory, formulated in N = 1 superspace with lagrangian density L =Lgauge +LST +LCS, is the 
one given by δL

δY
= 0; the superfield equation of the auxiliary Y whose full contribution comes 

from the LCS term namely

δLCS

δY
= 0 (5.2)

Because of linear dependence of LCS into the superfield Y , the above superfield equation turns 
into the constraint 

∑n
a=1

ga

κa
= 0. This condition relates the gauge coupling constants ga to mag-

netic FI couplings 1
κa

; and, upon computing energy of the ground state of the model, one also 
obtains links between partial supersymmetry breaking scales and the ga , κa constant parameters 
as done in [32].

In our brane realisation, the ADJ model is represented by D3 branes wrapping 3-cycles in 
type IIB on local CY3 in presence of non-trivial fluxes of the 3-forms gauge field strengths H RR

3
and HNS

3 . In this picture, the Chern–Simons coupling (5.1) is associated with a particular term in 
the Calabi–Yau compactification of 10-dim field action

S10d
CS ∼

∫
M1,9

Ĉ4 ∧ ĤRR
3 ∧ ĤNS

3 (5.3)

down to 4d space time; for details see eqs. (4.34)–(4.41). In this brane representation of ADJ 
theory, the constraint relation 

∑n
a=1

ga

κa
= 0 is a particular realisation of the total flux conservation 

condition �flux = 1
2κ2

10T3

∫
CY3 ĤNS

3 ∧ ĤRR
3 = 0 which, by using the n-dimensional symplectic 

homology basis of 3-cycles (Aa,Ba) of the CY3, reads in general like �flux = qA�ABpB with 
pA and qB as in eqs. (4.46)–(4.48).

�flux = (qa, qa+n)

(
0 δab

−δab 0

)(
pb

pb+n

)
(5.4)

By expanding the above relation as �flux = qapa+n − qa+npa ; it follows that the condition ∑n
a=1

ga

κa
= 0 is indeed a particular solution of vanishing �flux = 0 given the choice of fluxes 

as in eq. (4.53). This flux choice corresponds to expanding gauge field strengths H3 on the basis 
(αa,β

a) of 3-forms, dual to 3-cycles basis, like HNS
3 = qaαa and HRR

3 = pa+nβ
a . Geometri-

cally, these values correspond to the local Calabi–Yau picture where the 3-cycles Ba are taken 
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in the non-compact space approximation. In the case n = 1; describing the special N = 2 U (1)

gauge model, the CY3 is the T ∗S3 conifold with compact A given by the 3-sphere S3 and non 
compact B �R

3; and the above expression of the �flux flux reduces to

(q1,0)

(
0 1

−1 0

)(
0
p2

)
= q1p2 (5.5)

The relationship between ADJ constraint and the flux qA�ABpB shows that 
∑n

a=1
ga

κa
= 0 is 

nothing but the vanishing condition of the D3 tadpole anomaly in absence of D7 branes or O3 
planes; the particular n = 1 case is therefore anomalous.

By taking into account D3 charge density due to localised sources D7-branes or O3 planes; 
and by using a result from the study of [34], the previous total flux conservation condition gets 
promoted to the following relation

�̃flux = �flux + ND3 = 0 (5.6)

with ND3 as in (4.36). In this picture, the tadpole anomaly can be lifted; but with the price 
of breaking explicitly N = 2 supersymmetry in the underlying effective field theory down to 
N = 1. In this situation, the ADJ constraint 

∑
a

ga

κa
= 0 becomes deformed like ν +∑a

ga

κa
= 0

as shown by eq. (4.45).
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Appendix A

Here we give two appendices; in Appendix A.1, we collect useful tools on type IIB on CY3; 
and in Appendix A.2, we study properties shared by supersymmetric and gauge transformations 
of the N = 2 gauge superfield WN=2 and the N = 2 tensor multiplet T N=2 used in this paper.

A.1. Useful tools on type IIB on CY3

Effective N = 2 supersymmetric QFT models in 4d space-time can be embedded in string 
compactifications; they are constructed in various manners; in particular by compactifying type II 
strings on CY3s or heterotic string on K3 ×T

2. These compactifications to 4d N = 2 low energy 
theories are related by duality symmetries. By decoupling massive modes which are of order 
compactification scale, one can build the structure of the effective N = 2 supersymmetric theory 
with decoupled gravity. The massless states following from the CY3 compactification can be 
organised into N = 2 multiplets as follows:

(1) vectors VN=2; each contains a complex scalar, a vector and two Weyl fermions.
(2) hypermultiplets HN=2; each contains four real scalars and two Weyl fermions.
(3) two other kinds of non-standard N = 2 multiplets having an antisymmetric tensor Bμν ; 

these are: (a) the tensor multiplet TN=2 having: 3 scalars, Bμν and 2 Weyl fermions; and (b) the 
vector-tensor RN=2 containing: a scalar, a vector, Bμν and 2 Weyl fermions.
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Type IIB in 10d The 10d type IIB supergravity multiplet has 128 + 128 on shell degrees of 
freedom with bosonic sector as follows

NS–NS : φ̂, ĜMN, B̂MN

RR : Ĉ0, ĈMN, ĈMNPQ (A.1)

In addition to the metric ĜMN , we have a real axion Ĉ0 and the dilation φ̂ = lngIIB with gIIB

the string coupling. We also have p-forms namely the NS–NS B̂2 and the RR p-form gauge field 
potentials Ĉp together with the corresponding gauge invariant field strengths

F̂p+1 = dĈp

Ĥ3 = dB̂2
(A.2)

This theory has an S-duality symmetry that allows to combine these fields into SL (2,Z) repre-
sentations; in particular as

τ = Ĉ0 − ie−φ̂

Ĝ3 = F̂3 − τĤ3

F̃5 = F̂5 − 1
2 Ĉ2 ∧ Ĥ3 + 1

2 B̂2 ∧ F̂3 (A.3)

where τ may be interpreted as the complex structure of 2-torus as in the embedding of type IIB 
in F-theory. The 5-form F̃5 gauge field strength span in 5 of the 10d space time dimensions; it is 
a self dual form ∗F̃5 = F̃5 with ∗ defined as

∗F̂M0M1...Mn = 1

n! εM0M1...MnMn+1....M8M9 F̂Mn+1...M9
(A.4)

To avoid confusion between p-form of same rank and also their descendent after compacti-
fication, we shall use the notations B̂2 = B̂NS

2 for NS 2-form gauge potential sourced by the 
elementary string F1; and Ĉ2 = B̂RR

2 for the RR 2-form gauge potential sourced by the solitonic 
D1 string.

Type IIB on CY3 To descend to 4d space time, we have to factorise the 10d fields as products of 
parts; one depending on 4d space time and the other on the internal coordinates. This is achieved 
by decomposing the 2- and 4-forms on a harmonic basis of form of the local CY3 as follows

B̂NS
2 = BNS

2 + bI
NSωI

B̂RR
2 = BRR

2 + bI
RRωI

Ĉ4 = C4 + AI
2 ∧ ωI + V a

1 ∧ αa − U1aβ
a + �I ∧ ω̃I (A.5)

Here the set ωI , αa , βa , ω̃I stand for a real harmonic basis of p-forms generating the cohomology 
of the CY3 obeying amongst others the following useful relations∫

CY3
ωI ∧ ω̃J = δJ

I ,

∫
CY3

αa ∧ βb = δb
a (A.6)

Notice that the 10d self duality condition of F̂5 = dĈ4 implies that the 2-form AI
2 = 1

2!A
I
μνdxμ ∧

dxν and the scalars �I in eq. (A.5) are related as dAI
2 = ∗d�I ; and so only one of them should 

be kept; for our concern we have kept AI . The same feature holds for the 1-form gauge field 
2



502 R. Ahl Laamara et al. / Nuclear Physics B 901 (2015) 480–509
potentials V a
1 and U1a ; in other words the decomposition of Ĉ4 capturing the right number of 

degrees of freedom is reduced to

Ĉ4 = C4 + AI
2 ∧ ωI + V a

1 ∧ αa (A.7)

Combining altogether, we learn from above decomposition that the 4d space time spectrum that 
we obtain, after compactification on CY3, the following multiplets where only bosonic fields are 
reported

Multiplets Type IIB/Z3 Number

Gravity
(
Gμν,V

0
μ

)
1

Vector
(
V a

μ,Xa, X̄a

)
h2,1

Tensor
(
AI

μν, b
I
RR, tI , t̄ I

)
h1,1

Bi-tensor
(
BNS

μν ,BRR
μν , ξ, S

)
1

(A.8)

and where the 4d scalars ξ and S stand respectively the 4d space time dilaton and 4d axion.
To embed the effective ADJ theory in type IIB string on local CY3, we have to think about 

the degrees of freedom of ADJ model to belong to a subsector of type IIB/CY3 namely

vector : (V a
μ,Xa, X̄a

)
tensor : (BNS

μν ,BRR
μν , ξ, S

)
(A.9)

with V a
1 = V a

μdxμ standing for 1-form gauge potential in 4d space time. The fields of (A.9) are 
obtained by inverting eq. (A.5) by using properties of the harmonic basis of the homology cycles 
of the CY3; they are given by

V a
1 =

∫
CY3

Ĉ4 ∧ βa

Xa =
∫

CY3
�3 ∧ βa (A.10)

A.2. More on WN=2 and T N=2 multiplets

In this appendix, we shed light on those features behind formal similarities between Maxwell 
WN=2 and single tensor T N=2 superfields; this is done by studying their behaviour under the 
second supersymmetric charge in the fibration (2.1); as well as their link through gauge symme-
try.

A.2.1. Realising N = 2 by two N = 1 gauge superfields
There are different ways to deal with off shell representations of N = 2 gauge and tensor 

multiplets; here we want to focus on those aspects shared by their formulation in terms of the 
N = 2 chiral superfields WN=2 and T N=2 introduced in section 2. These superfields carry 
8B + 8F degrees of freedom; they may be obtained by first considering two N = 1 superfields 
having 16B + 16F degrees of freedom; and then reducing this number down to 8B + 8F degrees 
by imposing appropriate constraints. The study of the reduction

16B + 16F → 8B + 8F (A.11)
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for both gauge WN=2 and tensor T N=2 multiplets is interesting in the sense it allows to get 
more information on: (i) the link between the second supersymmetry and gauge symmetry; and 
(ii) the feature behind similarities between WN=2 and T N=2. Explicitly, we proceed as follows:

First, we use N = 1 formalism, where the first supersymmetry is manifest; to study a simple 
realisation of WN=2 and T N=2 engineered from two N = 1 hermitian gauge superfields V1 and 
V2; but handled in different manners.

After that, we draw the line on how this construction extends to the N = 2 chiral superspace; 
this extension is also important for WN=2 and T N=2 because it constitutes the starting point for 
studying electric–magnetic duality in N = 2 superspace in presence of the Chern–Simons term 
given by the coupling

LN=2
CS =

∫
d2θd2θ̃ igWN=2T N=2 + hc (A.12)

Actually, this duality gives another facet on the relationship between WN=2 and T N=2 as shown 
by eq. (2.28); it will not be developed here; but for details see [31] and references therein.

N = 2 supersymmetry in N = 1 superspace

In N = 1 superspace, the hermitian gauge superfields V1 and V2 describe two representations 
of N = 1 supersymmetry; and roughly speaking a N = 2 multiplet. Altogether, V1 and V2 carry 
16B +16F off shell degrees of freedom; half of them coming from V1 and the other half from V2. 
With these two superfields, the second supersymmetry is generated by the transformations

δ̃V1 = −i√
2

(
εD + ε̄D̄

)
V2

δ̃V2 = i
√

2
(
εD + ε̄D̄

)
V1 (A.13)

with supersymmetric parameter ε = δθ̃ . These 16B + 16F degrees can be reduced down to 
8B + 8F by imposing constraint equations on V1 and V2; it happens that this can be done in 
two different manners; one leading to (X,Wα), the N = 1 superfields representation of WN=2; 
and the other to the (�,L) realisation of T N=2; or up to a gauge symmetry, to 

(
Y ,χα,�

)
with 

L = Dαχα + D̄α̇χ̄ α̇ and Y as in (2.19).

From (V1, V2) to WN=2

In this realisation, the N = 1 hermitian superfields V1 and V2 are interpreted as gauge super-
field potentials obeying the following U (1) gauge transformations

V ′
1 ≡ V1 + �l

V ′
2 ≡ V2 + (�c + �̄c

)
(A.14)

They involve two N = 1 superfield gauge parameters; the hermitian �l = �̄l and the chiral �c

solving the superspace conditions

D2�l = 0 = D̄2�l

D̄α̇�c = 0 = Dα�̄c (A.15)

Each one of these superparameters reduces by 4 the number of degrees of freedom in the corre-
sponding gauge superfield. The N = 2 Maxwell chiral superfield strength WN=2 ≡ (X,Wα) is 
related to (V1,V2) through the following gauge invariant quantities

X = 1
D̄2V1 , Wα = −1

D̄2DαV2 (A.16)

2 4
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they can be combined into an N = 2 chiral superfield strength as in (2.4) namely

WN=2 = X + i
√

2 θ̃ αWα − θ̃2
(

1

4
D̄2X̄

)
which by substituting can be also expressed like WN=2 = 1

4D̄2� with

� = 2V1 − i
√

2θ̃ α (DαV2) − θ̃2
(
D2V1

)
(A.17)

Notice that in analogy with the Wess–Zumino gauge commonly used for V2, the vector superfield 
V1 in (A.16) has also a Wess–Zumino like expansion leading, after substituting in X = 1

2D̄2V1, 
to the following θ -expansion

X = X + √
2θψ1 + θ2θ̄2FX (A.18)

with X standing for the complex scalar of the N = 2 gauge multiplet and ψα1 for one of the 
two gauginos; the other gaugino ψα2 comes from Wα . However, the non-propagating complex 
auxiliary field FX is realised here as FX = −d1 − i∂μυ

μ
1 with imaginary part ImFX given by the 

topological quantity

∂μυ
μ
1 = i

4!ε
μνρσF[μνρσ ] (A.19)

with F[μνρσ ] interpreted as the field strength of a 3-form gauge potential A[νρσ ] describing a 
non-propagating component field. Being completely antisymmetric, this 4-tensor F[μνρσ ] can be 
realised like 1

κ
εμνρσ where 1

κ
is precisely the deformation term appearing in the second line of 

(2.4).

A.2.2. From (V1,V2) to tensor multiplet T N=2

First recall that in this paper, we have considered two kinds of realisations of the tensor 
multiplet T N=2: (i) a short representation where T N=2 ≡ (L,�) having 8B + 8F degrees of 
freedom; and (ii) a long representation T N=2 ≡ (Y ,χα,�

)
involving 16B + 16F degrees of 

freedom obeying the symmetry (A.23). The first one is obtained from the second by gauging 
away half of the degrees of freedom as in eq. (A.11). In fact both short and long representation 
of T N=2 may be imagined as solutions of the following linear constraint relations

D̄2U1 = D2U1 = 0
D̄2DαU2 = D2D̄α̇U2 = 0 (A.20)

where we have used the notation (U1,U2) to avoid confusion with the hermitian multiplets 
(V1,V2) used in eq. (A.16). Notice that eq. (A.20) may thought of as the complement of 
eq. (A.16) in the space parameterised by (V1,V2).

A first type of solution of these constraint relations is easily identified by remembering that 
the N = 1 linear multiplet L satisfies also the conditions D2L = D̄2L = 0 exactly as U1. More-
over because of the chirality properties D̄α̇� = Dα� = 0 as well as the relations 

[
Dα,∂μ

] =[
D̄α̇, ∂μ

]= 0; it follows that (U1,U2) are nothing but

U1 = L

U2 = � + �̄ (A.21)

where we have dropped out the spurious superfield Y .
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The second type of solution of (A.20) is given by T N=2 ≡ (Y ,χα,�
)
; it is convenient for 

the use of the N = 2 chiral superspace and reads, roughly speaking, in terms of the four N = 1
chiral superfields as follows

U1 = Dαχα + D̄α̇χ̄ α̇

U2 = (
� + �̄

)+ i
2

(
D2Y − D̄2Ȳ

)
(A.22)

with the gauge symmetry property

χ ′
α = χα + i

4D̄2Dα�

Y ′ = Y − 1
2D̄2ϒ

�′ = � (A.23)

where � and ϒ are two N = 1 hermitian gauge superfield parameters. Notice that the implemen-
tation of the superfield Y is required by off shell closure of N = 2 supersymmetry as in eq. (2.8). 
Notice also the three following features:

(i) first in the gauge where Y ′ = 0, the chiral superfield Y is given by 1
2D̄2ϒ ; by comparing 

this expression with the first relation of (A.16), one learns that Y has same form as the chiral 
superfield X = 1

2D̄2V1. Obviously X and Y are different things; the first one carries propagating 
physical degrees of freedom; while the second is a pure auxiliary superfield with no physical 
field.

(ii) Second alike for the relations (A.18)–(A.19) satisfied by the X superfield and allowing 
adjunction of a topological term to the lagrangian density implemented in superspace formulation 
by the θ̃2

2κ
deformation in the second line of (2.4), one has as well a quite similar feature for the 

superfield Y . Indeed, following [31], there is a gauge where Y reads as

Y = i

4!θ
2εμνρσ Cμνρσ (A.24)

with Cμνρσ a 4-form field with no propagating degree of freedom.
(iii) Third if denoting by

ŵα = − 1
4D̄2Dα�

x̂ = 1
2D̄2ϒ (A.25)

then the gauge transformations (A.23) read as

χ ′
α = χα − iŵα

Y ′ = Y − x̂

�′ = � (A.26)

Putting this change into

T N=2 = Y + √
2θ̃ αχα − θ̃2

(
i

2
� + 1

4
D̄2Ȳ

)
we find that it transforms like

T ′N=2 = T N=2 − ŵ (A.27)

with N = 2 superfield gauge parameter
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ŵ = x̂ + i
√

2θ̃ αŵα − 1

4
θ̃2D̄2x̂ (A.28)

having the same structure as the Maxwell superfield WN=2. From this view, it follows that a 
single-tensor superfield T N=2 is a chiral superfield

Z = Z (y, θ) + √
2θ̃ αϒα (y, θ) − θ̃2F (y, θ)

[
i

2
�Z (y, θ) + 1

4
D̄2Z̄ (y, θ)

]
(A.29)

obeying the gauge symmetry (A.27) with superfield parameter as in (A.28).

A.2.3. Comment on gauge symmetry
Here we comment on the gauge symmetry of the field action term S (Y ) = ∫ d4xL (Y ) with 

lagrangian density L (Y ) ≡ L given by

L = η

∫
d2θY + hc (A.30)

and coupling constant a pure imaginary number η = iν. This field action S (Y ) is an extra term 
that has been used in this paper to induce a deformation of the ADJ constraint 

∑
a

ga

κa
= 0 into 

ν +∑a
ga

κa
= 0; it lifts the singularity of the particular equation g1

κ1
= 0; but breaks N = 2 super-

symmetry explicitly.
Gauge invariance of S (Y ) can be studied either directly by using the superspace method 

taking into account that the superfield Y is a chiral multiplet; or more explicitly by working with 
component fields. In the first way, the gauge transformation of Y can be learnt from (A.23); 
it reads as Y′ = Y + δgaugeY with δgaugeY = − 1

2D̄2ϒ ; where ϒ is an arbitrary N = 1 real 
superfield. To shed light on this gauge transformation and its effect on the action S (Y ); we will 
use the component field language to first build the explicit θ -expansions of ϒ and D̄2ϒ ; then 
turn back to study gauge symmetry of (A.30).

• Component field analysis

We begin by describing the θ -expansion of the superfield Y which can be expressed into two 
manners: (i) either by using the complex chiral superspace coordinate basis Zc = (x − iθσ θ̄, θ

)
where Y is expanded as y + √

2θ
 + θ2F; or (ii) by working in the real superspace coordinate 
basis ZR = (xμ, θa, θ̄ȧ

)
where the superfield Y has also an explicit θ̄ dependence as shown 

below2

Y = y − iθσμθ̄∂μy + 1

4
θ2θ̄2�y + √

2θ
 + i√
2
θ2∂μ
σμθ̄ + θ2FY (A.31)

From this expansion, we learn

L = iν
(
FY − F̄Y

)
(A.32)

In the gauge transformation δgaugeY = − 1
2D̄2ϒ , the real superfield parameter ϒ has a θ -expan-

sion involving as usual several component field parameters which, for later use can be expressed 
like

ϒ = γ − 1

2
θ2M̄ − 1

2
θ̄2M − θσμθ̄wμ + θ2θ̄2

(
dϒ + 1

4
�γ

)
+ fermionic (A.33)

2 Our notations are as in Wess–Bagger’s book: supersymmetry and supergravity [47].
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where “fermionic” stands for those monomials with odd powers in Grassman variables involv-
ing fermionic fields. The components γ , dϒ are real scalar components; the complex scalars 
M , M̄ are related by complex conjugation; and the real 4-vector wμ is parameterised like 
wμ = 1

3!εμνρσ A[νρσ ] with A[νρσ ] a completely antisymmetric real rank 3-tensor. This dual 
parametrisation of wμ is dictated by an underlying arbitrariness in dealing with the superfield 
ϒ ; by shifting the real superparameter ϒ by a hermitian superfield � like ϒ ′ = ϒ + �, the 
quantity D̄2ϒ remains invariant provided � satisfying the constraints

D̄2� = D2� = 0 , �† = � (A.34)

But these conditions are same as the ones defining linear multiplet L introduced in Section 2 and 
which we recall here for comparison D̄2L = D2L = 0 with L† = L; the real superfield � has 
therefore a similar θ -expansion as eq. (2.16); and so it can be expressed like

� = γ + θσμθ̄εμνρσ ∂νω[ρσ ] − 1

4
θ2θ̄2�γ + fermionic (A.35)

showing that the term εμνρσ ∂νωρσ is nothing but a gauge transformation of wμ = 1
3!εμνρσ A[νρσ ]

with gauge parameter given by the rank 2-antisymmetric ωρσ = −ωσρ . Taking advantage of the 
arbitrariness (A.34), one can make convenient choices; in particular we can put the real superfield 
ϒ into the following form; see also [31],

ϒ = −1

2
θ2M̄ − 1

2
θ̄2M − θσμθ̄wμ + 1√

2
θ2θ̄ λ̄ + 1√

2
θ̄2θλ + 1

2
θ2θ̄2dϒ (A.36)

With this choice; the initial gauge symmetry (A.23) gets now reduced to gauge symmetry of the 
4-vector wμ = 1

3!εμνρσ A[νρσ ] namely

wμ → wμ + εμνρσ ∂νωρσ (A.37)

• More on gauge invariance

From the gauge fixed expression (A.36), we can make two useful computations namely the 
explicit expressions of 1

2D̄2ϒ and the integral over Grassman variables iν
∫

d2θ Y +hc. For the 
θ -expansion of 1

2D̄2ϒ ; we find

1
2D̄2ϒ = M + √

2θλ − θ2
[
dϒ + i∂μwμ

]+ iθσ ν θ̄∂νM

− i√
2
θ2∂νλσ νθ̄ + 1

4θ2θ̄2�M (A.38)

where

∂μwμ = 1
3!ε

μνρσ ∂μA[νρσ ]

= 1
4!ε

μνρσ F[μνρσ ] ≡ � (A.39)

has an interpretation in term of rank 4-antisymmetric field strength F[μνρσ ] of the 3-form poten-
tial field A[νρσ ]. Under the residual gauge (A.37), the term ∂μwμ is therefore manifestly gauge 
invariant; this property can be explicitly checked on the transformation

∂μwμ → ∂μwμ + εμνρσ ∂μ∂νωρσ (A.40)

where the extra term εμνρσ ∂μ∂νωρσ vanishes identically due to a tensor calculus feature.
Comparing (A.31) and (A.38), one remarks, that by using a Wess–Zumino-like gauge, Y can 

be expressed as Y gauged = iθ2∂μwμ. Moreover, using this gauge fixed expression, the field action 
S = ∫ d4xL with the lagrangian density L as in eq. (A.30) reads therefore like,
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S = −2ν

∫
d4x ∂μwμ (A.41)

and, because of (A.40), is manifestly gauge invariant δgaugeS = 0.
In the end of this comment, we would like to add that even if thinking of the scalar ∂μwμ =

� as the dual of a generic rank 4-tensor gauge potential like � = 1
4!ε

μνρσ A[μνρσ ] where the 
completely antisymmetric A[μνρσ ] obeys the gauge transformation δA[μνρσ ] = ∂[μ�νρσ ], the 
variation of the quantity 1

4!ε
μνρσ A[μνρσ ] behaves as a divergence term 1

3!∂μ

(
εμνρσ �νρσ

)
; and, 

up on ignoring boundary effects, this variation does not contribute at the level of the action S =
−2ν

∫
d4x 1

4!ε
μνρσ A[μνρσ ]. However, in this way of doing, the field strength F[μνρστ ] ≡ F(5), 

associated to the potential field A[μνρσ ] ≡ A(4), would be a rank 5-antisymmetric tensor field 
which is invariant under the gauge transformation A(4) → A(4) + d�(3); but because of space 
time dimension constraint, the rank 5-tensor should be equal to zero, F(5) = dA(4) = 0; this 
means that the 4-form A(4) is a pure gauge potential without curvature which may be thought of 
as A(4) = dA(3); and then the gauge parameter �(3) as just a shift of the origin of A(3).
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