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INTRODUCTION

The purpose of this paper is to study k-plane integral transformations
on the spaces LY(R") and L% R"). Such transformations arise naturally in
electron microscopy [5, 7], (crystallography [2], biochemistry [12], molecular
biology [23]), aerodynamics [22], radio astronomy [3, 30], radiography [4, 16],
and in various areas of pure mathematics such as partial differential equations
{18], and integral geometry [9]. Particularly significant advances have been
made in radiography in developing new methods for detecting brain tumors
[10, 15]. Of practical importance is the problem of reconstructing a three-
dimensional object from certain projections. The three-dimensional recon-
struction problem can be formulated as follows.

An object in three-dimensional space is determined by a density function f
on the space R3, f(x) being the density at the point x. An X-ray picture taken
in the direction @ provides a function L, f on the plane orthogonal to 8 whose
value at a point x on this plane is the total mass along the line through x in the
direction 6;

Lof(x) = fw fx416)dt, xed-

The reconstruction problem is to recover f from a finite number of the X rays
L,f. (Technically speaking L, f is the radiograph of f. Radiologists refer to the
photon beam as the X ray and the picture as the radiograph. However, we
shall not make this distinction.) See [28] for some of the results that have
been obtained on phantoms and on actual brain tumor patients. Reference [8]
contains a discussion of the many algorithms currently in use.
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62 DONALD €. SOLMON

More generally, let = be a k-dimensional subspace of R”. The X ray of a
function f on R™ in the direction 7 at the point x” in 7+ is defined by

L. f(x") = Lf(m, &") = Lf(x’, x") dx’,

provided that the integral exists in the Lebesgue sense. Here, and in general,
once a subspace 7 is fixed we write x = (x', ") where &’ and x” are the
orthogonal projections of x on = and =, respectively. The k-dimensional
subspaces of R" form the Grassmann manifold G, ;. The X ray of fis a
function Lf (7, ") on a fiber bundle T(G,, ,) with base space G, , and fibers
isomorphic to R**, When k =1, or k =n — 1, G, , = S™ L. The purpose
of this paper is to discuss the transformations L and L1,
The topics discussed are given in the following table of contents.

The determination of an integrable function by X rays.
Lower dimensional integrability of L2 functions.

The X ray transform as an unbounded operator on L2
Inversion formulas.

The supports of f and Lf.

The range of the X ray transform.

AN AN S o B

7. An iterative scheme and some comments on the three-dimensional
reconstruction problem.

These topics have received a great deal of study in the case & = n — 1.
In this case, the X-ray transform is the same as the Radon transform. Indeed,
the Radon transform is defined by

Rf() [ | f) deuos(®)

where 6 is a direction on the unit sphere S"%, ¢ € RY, and «,,_, is the (n — 1)-
dimensional surface area measure in R So L,f = Ryf with = = 6. Radon
[25] and John [17] proved that a differentiable function with compact
support in R" is uniquely determined by means of its integrals over the
hyperplanes in the space. Radon and John also give inversion formulas.
Ludwig [20], characterized the range of the Radon transform on various
function spaces and spaces of distributions.. The lower dimensional cases,
k << n — 2, have received less attention. However, Helgason [13] has given
inversion formulas for the space of infinitely differentiable functions with
compact support when % is even, and for a special subspace of the Schwartz
space of rapidly decreasing functions for all & [14].
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As one might expect, the results depend on the value of k. However, often
there is a critical value of k at which results either become false, or become
much more difficult to prove. For example, a square integrable function on R®
is actually integrable on almost every translate of almost every k-dimensional
subspace when k << nf2 [26]. This fails when % > n/2. Also, the X-ray
transform with domain Cy*°(R"), the infinitely differentiable functions with
compact support, has a closure in all dimensions, but the closure is given by
the defining integral only when & << #n/2. In studying the supports of f
and Lf, it was discovered that when & <{ #n — 2, f has compact support if and
only if Lf has compact support. Moreover, if & <{n — 2, it is possible, in
some cases, to get inside the convex hull of the support of f from a knowledge
of the support of Lf.

A few remarks on notation are needed before beginning. The symbol L
will be used when a subspace = is fixed. In the case £ = 1, L, will sometimes
be written L, with § € S* the direction of 7, and L,f = L_ f will be referred
to as the ordinary X ray of f. Functions on the fiber bundle T(G, ;) will be
denoted g(m, x”) or g,(x"). The latter notation will be used when looking at g
as a function on the fiber over a fixed k-space m. Finally, all inner products
will be designated by {,>.

The work in this paper stems from joint research on the practical and
mathematical aspects of the three-dimensional reconstruction problem with
Guenther, Smith, and Wagner [10, 28]. The author is especially indebted
to Smith for many helpful suggestions in both the research and writing of this

paper.

1. Tue DETERMINATION OF AN INTEGRABLE FuNcTION BY X Ravs

In this section the X-ray transform is defined and a few simple, but useful,
formulas are developed. These lead to two interesting results concerning the
determination of a compactly supported integrable function by ordinary
X rays. First, such a function is uniquely determined by any infinite set of
ordinary X rays. Second, finitely many ordinary X rays tell nothing about the
function in the interior of the support.

If = is a k-dimensional subspace of R", the X ray of the function f in the
direction 7 at the point x” in =+ is defined by

L, f(a") = Lf(m, 5") = f,, F(, &) dv, (1.1)

provided that the integral exists in the Lebesgue sense. Here, and in general,
once a subspace 7 is fixed we write ¥ = (', ") where " and x” are the

409/56/1-5



64 DONALD (. SOLMON

orthogonal projections of x on = and 7-, respectively. The A-dimensional
subspaces of R" form the Grassmann manifold G, ;. The X rav of fis a
function Lf (=, ") on a fiber bundle T(G,, ;) with base space G, and fibers
isomorphic to R** When k =1, or k =#n — 1, then G, = S"%.

Lemma 1.2, If p is a locally integrable function of one variable and for
fixed v" € w*, p({x", ¥"D) L, | f| (x") is integrable on =", then

| @y Lf)d = [ py) fds. (13)

Proof. Fubini’s theorem gives that

[ oy L feya = |

T

| ey f ) d d
= [ #y) S dr.
The Fourier transform of an integrable function on R" is given by
f@O=@me | eieof( de.
R
Thus if 7 is a k-space and g € L(n), it is natural to define

(&) = (2m)k-m12 f eI Ep(x") dx”, & et
L

T

Lemma 1.2 leads immediately to a relationship between the Fourier
transform of f and the Fourier transform of L_f.

Lemma 1.4, For each k-space = and integrable function f,
(L f) (&) = @mErf(€)  for & et

Proof. 'The proof is immediate if one takes p(#) = ¢* in Lemma 1.2.
If D =(8/o%,,..., 0/0x,) and Q is a polynomial in 7 variables, it follows
immediately that

(LAQD) L)) (¢) = @mP2 Qg f(¢)  for & em™. (1.5)

If VVis a (k + 1)-dimensional subspace of R and ¢ is an arbitrary point in
R, then ¢ € n- for some k-space w contained in V. Lemma 1.4 tells how to
compute £ (£) from L, f. Since an integrable function f is uniquely determined
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by its Fourier transform, f is uniquely determined by the X rays in the
directions = C V. This establishes the following result, G, ;(}') being the
submanifold of G, ;. consisting of the k-spaces contained in V.

COROLLARY 1.6. An integrable function on R™ is uniquely determined by
the X rays in the directions n € G, (V) for any (k -+ 1)-dimensional subspace V
of R".

Note that if £ = [, then G, (V) is a great circle on the sphere S*1.
Much more can be said in the case of ordinary X rays when f is assumed to
have compact support.

Taeorem 1.7. If fe L\(R") has compact support, then f is uniquely deter-
mined by any infinite set of ordinary X rays.

Proof. Suppose that L, f =0 for an infinite set of directions 6;,
j=1,2,..Lemma 14 1mphes that f vanishes identically on the hyperplanes
6~ for all j. Since f has compact support, f is an analytic function on R and
thus cannot vanish identically on infinitely many hyperplanes through the
origin unless f is identically zero. Thus f — 0 almost everywhere.

In the practical reconstruction problem the functions do have compact
support but only a finite number of X rays can be taken. Thus, it is useful
to know the amount of information given by finitely many ordinary X rays.
The following, which is a joint result with Smith and was announced in
[10, 27], gives a rather pessimistic answer to this question.

TueoreM 1.8. Let fy € Co*(R"), A be any compact set in the interior of the
support of f,, and 0, ..., 0y be a finite set of directions. Then there is a new
infimitely differentiable function f with the same shape, the same ordinary X rays
in the given directions, and completely arbitrary on A.

Proof. Let Q be a polynomial such that Q(i€) vanishes identically on the
hyperplanes 6,%,..., 0y*, and f; € C*(R") be arbitrary. The theorem of
Malgrange on the existence of solutions to constant coefficient partial differ-

ential equations [21], guarantees the existence of functions #, and #, in
C=(R") such that

OD)u; =f;,, i=01 (1.9)

Choose ¢ € Cy*(R"*) such that ¢ == 1 in a neighborhood of 4 and vanishes
outside the support of f, . Now, let

o = Q(D) (puo) (1.10)
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and
vy = O(D) (puy). (L.11)

Now, (1.9) and (1.10) show that v, == f; in a neighborhood of 4, while (1.9)
and (1.11) show that ¢; = f; in a neighborhood of 4. Moreover ¢, and ¢,
vanish outside the support of f,. Also, (1.5) shows that for each 0,
j=1,.,N,

(Lovo)” (€7) = 2m)1 2 OGE") (guo)” (€') =0,  &"eb;
since Q(z€) vanishes identically on 8;*. Thus
Lopg =0, j=1,.,N. (1.12)

Similarly
Lywy =0, j=1,..,N. (1.13)

Finally, define f = f, — v, + 7, . In a neighborhood of 4, f = f, , and more-

over

Lyf=Lofo, j=1..N,

from (1.12) and (1.13).
This theorem has very practical consequences which are discussed in
Section 7 and in [28].

2. Lower DIMENSIONAL INTEGRABILITY OF L? FuUNCTIONS

In this section a formula relating integrals over R" with integrals over the
fiber bundle T(G,, ;) is used to find an isometry from L?*(R") into the square
integrable functions on this fiber bundle. Also a theorem on the lower
dimensional integrability of L? functions is stated. This theorem gives the
first example of a critical value of % at which results become false.

The symbol L¥T) will be used to designate the measurable functions on
the fiber bundle 7'(G,, ;) which satisfy

J,

where p is the finite measure on G, ;, invariant under orthogonal transforma-
tions [24], and normalized so that

:u'(Gn,k) = | Sn—1 [/’ Sn—k-1 |,

fl | g, &")|2 dx” dp < o0,

n, kT

the bars denoting the appropriate area measures on the spheres.
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LemMma 2.1. If g is nonnegative and measurable on the sphere S™1, then

i

ST lAmt

§(e) do du = |

sn

£(6) db.

Proof. The integral on the left defines a continuous linear form on the
space C(S"1) (hence a measure on S*1). This form is obviously finite and
rotation invariant and there is only one such up to a constant factor, namely
the integral on the right. The normalization of u is chosen to make the
constant 1. Once the formula is established for continuous functions it
extends immediately to nonnegative functions by the standard arguments of
measure theory.

Lemma 2.2, If g is nonnegative and measurable on R™, then

fG f_x. | 2" |* g(x") dx” du = J-Rng(x) dx.
nk T

Proof. Write the integral over = in polar coordinates and use Lemma
2.1.
In terms of Fourier transforms the operator A is defined by

(Af) (&) = | €1f(®). 2.3)

To avoid cumbersome notation, the same symbol is used irrespective of the
space R™, or subspace of R", in which 4 acts.

THEOREM 2.4. The map (2m) %12 (A*/2L) extends to an isometry V from
LA(R"y into L¥(T).

Proof. 1t suffices to show that (2m)~%/2 (A%/2L) maps C,™(R") isometrically
into L¥(T). If fe Cy*(R"), the definition of 4, the Parseval equality in =+,
Lemmas 1.4 and 2.2 show that

[ ] 1aenr, e ds dy

Gpyx 7
=@ [ [ 1E FIAE) A dp = Q)11 1B -
Gy, k at

The next theorem, which is a rather surprising one, is proved in a recent
paper [26].

THEOREM 2.5. For k < n/2 there is a constant ¢ (depending on k and n) such
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that if f € LA(R™), then for almost every me G, ;, , f is integrable on almost every
k-plane parallel to = and

f HL,.,ina(,,J-) d/"‘ < 62 ”f”i}(Rﬂ) ’ q= 2(" - k)/(n - 2k)
k

7,

Remark 2.6. The function

f@) =ix"2loglxl)?, |x]>2

=0, otherwise

is square integrable on R", but is not integrable over any plane of dimension
=nf2.

3. Tue X-Ray TraNsFORM As AN UNBOUNDED OPERATOR ON L2

Now the X-ray transform is considered as an unbounded operator from
L*(R") into LA(T). There are two seemingly natural choices for the domain.
The most direct is

D, = 3feL2(R"); L 1L, f1Ragey dp < 00 .
Bk
However, the Fourier transform relationship of Lemma 1.4 and the integra-
tion formula of Lemma 2.2 suggest the indirect definition
Dy, ={feL*Rm): | £ |-+ fe LA(R™)}.

It is shown that D; = D, if and only if & < n/2. Moreover the X-ray
transform with domain Cy(R") has a closure with domain D, for all &. (It
is not known whether the operator is even closable with domain D; when
k =mn/2)

Levma 3.1. If fe L{R") A L¥R") then f € D, and
I Lf [Zagy < Q@ (S™ M HNFIZ + 1 F1122). (3.2)

Proof. Since feL' N L2 it follows that | ¢ | %/ fe L3(R") and an easy
calculation shows that

€2 f1R <1 S™ 1 fl2e + 1 F1i% (3.3)
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But Parseval’s relation on 7%, Lemmas 1.4 and 2.2 give that

ILf1Bag, = Qu)* 1] €172 £, .

The result follows from (3.3), Parseval’s relation on R", and the fact that

I Fllze <N fllpa -

THEOREM 3.4. Let k < nf2. Then D, = Dy and if f € D,,, then for almost
every k-space w

(L f) =QnY2f ae. on o (3.5)

If k > n)2, then D, # Dy, .

Proof. Let 0 <k <n and assume that fe D). Choose f, € Co>(R")
such that f, —finL?and | £ l—klzfn — | £|~*2 fin L2 Let f, be the inverse
Fourier transform of f, . Lemmas 1.4 and 2.2 show that

(Lof = @n)2f in  L¥=%) forae. m
Choosing a suitable subsequence if necessary, we obtain for almost every =
L,fo)— 2. ae. on (3.6)
where g, is defined by
. =Qm2f on  at (3.7

However, when % << n/2, Theorem 2.5 shows that for almost every =, and
again a suitable subsequence

L.f,—~L.f ae. in at,
Thus for almost every =«
g.=L.f ae. on (3.8)

Hence f € D, . Moreover (3.7) and (3.8) show that (3.5) is valid.
Conversely, suppose f€ D, , k < n/2, and define f(x) = e*"131f. Lemma
2.2 implies (for a suitable sequence of p’s) that

lim f L& | f, — fl2de" =0  forae.m, (3.9)
P00 J oy

and Theorem 2.5 gives (for a suitable sequence of p’s) that

L.f,—~L.f in LYv') forae. =,
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and hence that
L.f,—L,f in SF'(7t) fora.e. =, (3.10)

where &'(7") denotes the tempered distributions in 7. Since the Fourier
transform is a topological isomorphism on %, and f, e L', Lemma 1.4 and
3.10 show that

@ny2f,—> (L.fy>  in SL'(wt)  forae. m. (3.11)
Now it follows from (3.9) that
(L.f)Y =Qny2f ae. on at

for any = for which (3.9) and (3.11) hold. Since fe D, , Lemma 2.2 shows
that | £ |%/2 fe L?, and the theorem is proved for the case k < nf2.

To prove the second part of the theorem, we construct a function g € L(R")
such that | £ |-%/2§ € L? but g is not Lebesgue integrable over any plane of
dimension % > n/2. Let f be the function in Remark 2.6. Define g, by

go(®) =f(x), 2m; < %; <2m; +1, j=1,.,m

=0, otherwise

where the m;’s run through the integers. (For example, on the line, g, = 0
on alternate intervals between integers.) Let ¢, ,..., e, be the unit vectors
along the axes, and put

&lx) = gia(x + &) — gy (%)

One can easily check that g, is not Lebesgue integrable over any plane of
dimension >n/2. But

£n) = (€1 — 1) = (€% — 1) 4(§),
which gives the desired result since
(% — 1) (e — 1) | £

is bounded.

TueoreM 3.12. The X-ray transform with domain Cy*(R*) admits a
closure L with domain Dy, (= Dy, for k < n|2 and +#D, for k > n/2).

Proof. Assume that f,, € Cy*(R"), f,,—f in L}(R"), and that Lf, —g¢
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in L¥(T). Lemma 2.2 and Parseval’s relation on 7 show that for almost every
7 (and an appropriate subsequence if necessary),

QY2 f,, — g, ae. in =4
Also, for an appropriate sequence of m
fu—f ae. in R~
It follows that
b= Qny2f ae. on nt fora.e. m. (3.13)

In particular, if g = 0, then f = 0, so L exists. Moreover, since g e L(T), it
follows from Lemma 2.2 and 3.13 that | ¢ |-*/2 f e L3(R"). Thus fe D, .

Finally suppose that f € D, . The proof of Theorem 3.4 (up to (3.7) which
is valid for all k) shows that there is a sequence f,, in the Schwartz space % (R")
such that f,, — f in L(R") and Lf,, converges in L¥T). Thus it suffices to
show that #(R") is in the domain of L. But this is immediate from (3.2).

Note that if & <C /2, then the closure of the X-ray transform is defined by
the integral (1.1) for almost every =. However, when k& >> n/2, the integral
may not exist and in this case Lf = g, where g is defined by (3.13). From now
on the same symbol L wil be used to denote both the X-ray transform and its
closure.

The Sobolev spaces H*(T) on the fiber bundle T(G, ;) consist of the
measurable functions g which satisfy

lglE=[ [ Q+1¢ P 14L& ag" du < oo.
G N

nk 7

CoroLLARY 3.14. If fe D, , k > n/2, then for almost every k-space m,
L,.f is continuous on m (after being altered on a set of measure zero).

Proof. Lemmas 1.4 and 2.2 and Theorem 3.12 show that Lf is in H*/¥(T),
and thus is in H*/2(7*) for almost every =. Since & > n/2, it follows that
k[2 > (n — k)/2 and the theorem of Sobolev [29] shows that L, f can be made

continuous by a change on a set of measure zero for such =.

4. INVERSION FORMULAS

In Theorem 2.4 it was shown that the extension V of (27)~%/2 (A*/2L) is an
isometry from L#R") into L¥(T). It is well known that for any isometry
V*V = I. Thus if Lf = g, then

f — (277.)—7{! (/lk/2L)* Ak/2g
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Formally the operators L and A commute. The purpose of this section is to
show that for a proper permutation of the operators L* and /1 the domains
are correct and meaningful inversion formulas can be given for all fe D, .
An inversion formula was given by Helgason [13] for f € Cy*(R™) when % is
even. Also, in the proof of {14, Theorem 8.2], Helgason derived an inversion
formula which is valid in all dimensions for a special subspace of S (R").

Suppose that feL X R"), geL¥*T) are nonnegative functions and that
P,. is the projection on #*. Then Fubini’s theorem gives that

Afgy=[ | Lfe") el o) dx" dp

L
Gpge @

=[ fo [ gln P x)ydudy =<1 L),
R" Gn,k
where

Lrgx) = [ glm, P.%) dp.
G,k

n

The following result has been established.

Lemma 4.1. For every g e L¥(T), L*g is defined almost everywhere and is
locally square integrable. Moreover, g is in the domain of the adjoint of the X-ray
transform L* if and only if L*g is globally square integrable, in which case
L*g =L#g.

It is worth noting that the domain of L* is rather peculiar, especially when
k > nf2. Indeed, if g is a nontrivial nonnegative function and % > n/2, then
there exists a nonnegative f € L% R") which is not integrable over any &-plane
(Remark 2.6). Choose a sequence of nonnegative functions f, € L,°(R")
such that f, # f. Then

oo =<Lf, g) = imlLfy, &> = im{f, ,L7g) = {f,L*g).

Thus L#g cannot be globally square integrable. Hence the condition that
L#g be square integrable depends entirely on cancellation. On the other
hand, if 2 < n/2, then it follows from Theorem 2.5 that any g € L¥(T") with
compact support is in the domain of L*,

THEOREM 4.2. If fe Dy and Lf = g, then
(2m)* AEL* A%y — f.
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(Note that the 4%/ on the left acts in R* while the one on the right acts
on each fiber in T(G, ;).

Proof. First it is necessary to show that /A%/%g is in the domain of L*. Let
h € Cy*(R"). Parseval’s relation, Theorem 3.4, and Lemma 2.2 give that

(L, A473g) 1y = (@) b | € P g
= 2m)e Chy | 172 £ gy = (2m)* Ky ) 3y »
where
— | g|enf “3)

Note that the last equality holds by Parseval’s relation on R* and the fact
that fe D, . Thus A*/%¢ is in the domain of L* and

L*Akl2g = 2mYt u.

The theorem follows from the definition of A and (4.3).
Actually there are several variations of the inversion formula given above
depending on the regularity of f. Let us define

9, = {feL¥R"): | £ I fe LAR)}.

Notice that @_,,, = D,,. For s >0, 9, is simply the Sobolev space H¢,
but for s < 0 this is not so. In general 2, is a strictly decreasing function of
|'s]. The following can be established by the methods used in proving
Theorem 4.2.

THeOREM 4.4. If f€ Do 1))o N D _ypo for s =k, or f€ Dyy0y_y for s <k,
and Lf = g, then

(2.”.) ~k k- S/ZL*A8/2g f (45)

Setting 5/2 =k = n — 1 in (4.5) gives the classical inversion formula for
the Radon transform.

5. THE SUPPORT OF f AND Lf

Another critical value of k appears in the relationship between the supports
of fand Lf. When k <. # — 2 and f is integrable, then f has compact support
if and only if Lf has compact support. Moreover, in this case one can some-
times get inside the convex hull of the support of f from a knowledge of the
support of Lf.
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Until further notice K will designate an n-dimensional compact, convex
subset of R™.

THEOREM 5.1. Let feLY (R") and k <<n — 2. Then f has support in K
if and only if L f(x") = 0 whenever x" + = does not intersect K. The result
fails when k = n — 1 unless f is assumed a priori to have compact support.

Proof. Assuming that L_f(x") =0 for almost every x” € =" such that
x" -+ 7 does not intersect K and that £ <{ n — 2, we shall conclude that f
has support in K (the converse being obvious). Let H be any half-space not
meeting K and let I/ be the subspace parallel to the boundary. Since K is
convex it is sufficient to show that

h(x) = f(x) if xeH,
=0 otherwise

is identically O; and for this it is sufficient, according to Corollary 1.6, to
show that L_k = 0 for all # C V. Now, if x” ¢ H then x” + 7 does not meet
H, so L.h(x") =0, while if "€ H, then »" + » CH, so Lh(x") =
L.f(x")=0.

Now assume that & = # — 1. Choose an integrable C* function f, without
compact support and with Af =0 for | x| > 1, (e.g., f(x) = 3| x [>"/0x,?
for | x| > 1, n > 2). Let 7w be an arbitrary (n — 1)-dimensional subspace. We
will show that L f(x") =0 if | " | > 1. If ¢ is the coordinate on the line
orthogonal to 7, it follows from (1.5) that

&L, fldtt =L (4f) =0  for|t]| > 1.

But, since L, f is an integrable function of ¢, it cannot be a nonzero linear
function of £ on # > 1, and ¢+ < —1. Thus

L,f() =0, [tl>1,

and the theorem is proved, except for the final case where # =7z — [ and f
is assumed a priori to have compact support. This is covered in Corollary
5.5 below.

The idea for the proof of the next theorem comes from [20, Lemma 3.1].

THEOREM 5.2. Let m, be a k-space, 0 <<k << n— 1, and V be an open,
connected, unbounded subset of my-. If fe L\(R"™) has compact support and Lf
vanishes in a neighborhood of (my, V) ={(my,x")e T(G,1): "€ V} then f
vanishes on wy + V.

Note that when & = n — 1, =" is one-dimensional. Thus V is a half-line,
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my+ V is a half-space, and R"\(w, + V) is convex. However, when
k <{n — 2, my* has dimension >2 and V can be more interesting. In partic-
ular, R"\(my + V') need not be convex. Thus, when & <{ 7 — 2, it is possible,
in some cases, to get inside the convex hull of the support of f.

Proof. First assume that f e Cy=(R"). Without loss of generality, assume
that my, = [e, ..., €], the k-space spanned by e, ,..., ¢; . Choose neighborhoods
Ny ,..., Nyof e ,..., &, such that whenever w = (w; ,..., w;) € N} X -+ X Ny,
then m, = [wy,..., w,] is a subspace of dimension k. For yeR" define

Lof(y) = f: f—wf(y b, e A ty) dty - diy

Note that

1
Lﬂ Us
T e el )

L =
wf(9) =157~
and L,f vanishes in a neighborhood of each point (y, @ ,..., w,) with
yemy-+ V and w; =be;e Ny If w; = (wyy 5., wip) €N; and yemy + V
is fixed, then

0=(52) " (5o) " uf )

Owy; Oty

w={ey,....0)

0 ] Alel
:J f ti‘l...takd__-[(y+tlel+..._l_tkek)dtl...dtk,

k -
- © Gl

where

k
o == (g yeees Og) and |oc|=Zoc,-.
i-1

Letting y vary in m, + V we see that for each i

glel peo

W . f_w 1 1 (Y ey o A he) dty ooty = 0.

Thus

Py = [ o [T (e o b ) dy e dn (53)

is a polynomial of degree less than | « | in y in the domain m, + V. Since f
has compact support P(y) =0 for sufficiently large y € my - V. Since
m, -+ V is connected P vanishes identically on =, + V. But then (5.3) shows
that for all y € V, the function f(y + t,e; + *** - #;¢;) is orthogonal to all
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polynomials in the variables ¢, ,..., f,. . Since f has compact support f vanishes
onmy,+ .
To pass from fe Cy~(R") to fe LY R"), note that
Lo(f ) = (Lo f) * (Loh) (5.4)

where * denotes convolution, and use standard regularization techniques.

CoroOLLARY 5.5. If f is an integrable function with compact support and for
each (n — 1)-dimensional subspace m, L f(x") = O whenever x" -~ 7 does not
intersect K, then f has support in K.

Proof. If k ==n — 1 in Theorem 5.2, then V is a half-line and 7y + IV
is a half-space. Theorem 5.2 implies that f vanishes on each half-space not
intersecting K. Since K is convex f has support in K.

6. TuE RANGE oF L

Ludwig [20] and Lax and Phillips [19] derived necessary and sufficient
conditions that a measurable function g(6, t), € S*%, t € R\, be the Radon
transform of a square integrable function with support in an n-dimensional
compact, convex set. The same is done here for the X-ray transform. As
might be expected from Theorem 5.1, the theorem of Ludwig, k = n — 1,
is more subtle than that of the lower dimensions. The proof given here is
valid only for k2 <<n — 1.

Lemma 6.1. If f e L\(R™) has compact support and
P-n,m(é:”) — f <§n, x”)mL,,f(x”) dx”, gll Eﬂ"L, (62)

then for each nonnegative integer m there is a homogeneous polynomial P,, of
degree m on R" such that

P(&) =P, (&), foréent
Proof. Letting p(t) = t™ in Lemma 1.2, it follows that the polynomial
Pu(&) = Pulf, €) = [ <, €5 f(x) dx 6.3)
R’ﬂ

does the job.
Note that the polynomials (6.3) can also be defined for { € C* simply by
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replacing € by ¢ in the formula. The following result shows the relationship
between the Fourier transform of f and the polynomials P, .

LemmMa 6.4. If fe LY(R") has compact support, then the Fourier transform
of f extends to a complex analytic function on C* with the expansion

@ =@y Y G Pagym. 65)

Proof. The extension of the Fourier transform is given by the Laplace
transform

fO =@y | eveos)ds

The integral converges absolutely for every { € C* even after differentiating
under the integral sign and does determine an entire function on C*.
On the other hand,

e—ie > — Z (l‘—-m<x, c>m/m!)’
m=0
and term-by-term integration gives the right-hand side of (6.5).

In proving the theorem characterizing the range of L for dimensions
k<n—1, the classical Paley-Wiener theorem [29] will be used. An
improved version of the Paley-Wiener theorem has been established by
Smith [28], which allows the omission of condition (iv) in Theorem 6.6.

THEOREM 6.6. Let g(m, x") be a measurable function on T(G, ;). There
exists a square integrable function f with support in K such that Lf = g if and

only if

() geH'XT);
(i) (compatibility conditions) for each nonnegative integer m there exists a

homogeneous polynomial P,, of degree m on R* such that P,(¢") == P, ,(£") for
each w € G, ;, and £ € o>, where P, ,, is defined as in (6.2) with L_f replaced

by gz
(iii) g(m, ") = O whenever 8" + m does not meet K;

(iv) there exists a constant ¢ >0 such that || g (¢ Wiy < c¢ for all
Te Gn‘ I

Proof. When k = n — 1, this is the theorem of Ludwig and the proof
given here fails. The necessity of the conditions follows from Theorem 2.4,
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Lemma 6.1, Theorem 5.1, and Fubini’s theorem. It remains to establish the
sufficiency. Assume that £ << n — 2.

Condition (iii) and Lemma 6.4 show that g, is given by the series (6.5) with
P, replaced by P, ,, and the constant (27)~*/* replaced by (27)%~"/2, Using
the polynomials P,, provided by (ii), define f on R" by the series (6.5). The
relationship between P,, and P,, guarantees that the series defining f
converges absolutely for every £ € R® and that

F(&) = (2m)*2g.(€) for § e wt. (6.7)

Condition (i) and Lemma 2.2 show that f is square integrable and that the
inverse Fourier transform, f, is in D, . Thus

(L.fY = @Qn)k2f=g ae on o+ forae m (6.8)

Thus Lf = g. It remains to show that f has support in K. It has already been
established that fis square integrable and analytic on R". In order to apply the
classical Paley—Wiener theorem, it is necessary to check the growth of the
entire extension of f to Cn. (It is here that the proof fails when & = n — 1.)

Conditions (iii), (iv), and the Paley~Wiener theorem show that for each =,
£, has an entire extension to

met ={{eCm{= ¢+ feat,nent}
such that
| §(m, D)l < cerlm, (6.9)

where 7 is chosen so that K is contained in the ball B(0, r). But, by (6.7) the
analytic extension of f to C* must agree with that of (27)*2 g on =gt
However, when & <{ n — 2, each { € C*is in 7" for some 7. Thus the analytic
extension of f to Cn satisfies the inequality (6.9) and the classical Paley~
Wiener theorem implies that f has support in the ball B(0, 7). Now, f has
support in K by Theorem 5.1.

7. AN ITERATIVE SCHEME AND SoME COMMENTS ON THE
THREE-DIMENSIONAL RECONSTRUCTION PROBLEM

"The research in this paper was inspired by the work in [10, 28], on the
detection of brain tumors with ordinary hospital equipment, and without
the introduction of contrast material. This section deals with an iterative
scheme for solving the n-dimensional reconstruction problem. In addition
some practical comments on the brain tumor work and the three-dimensional
reconstruction problem in general are made.
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Let K be a fixed compact subset of R*. (We no longer assume that K is
convex.) The square integrable functions on R® which vanish outside K
will be denoted by Ly%(K). Now, we consider L, as an operator on L2(K).

TreoREM 7.1.  The null space N, of L is a closed subspace of Ly*(K) whose
orthogonal complement consists of the functions that are constant on k-planes
parallel to =.

Proof. It can easily be checked that L, is continuous on Ly*K) and so
A, is closed. A function A is constant on k-planes parallel to = if and only if &
is a function of x” alone, where as usual x” is the projection of x on =
Suppose that f = Zh where Z is the characteristic function of K and % is a
function of x” alone. If g e A4/, , then

<g,f>:f gi‘?itdx:f hfgdx’dx":O
R® nt -

since the inner integral is L, g(x") = 0.
Suppose that f € A, 1. By the first half of the proof, it is sufficient to find a
function & of x” alone such that

L.f=L,%h.
To find %, note that L, f = L %k if and only if

L fo, &) dx' = f Z(¥, x") h(x") dx' = (x") h(x") (7.2)

where 8(x") = L,Z(x"). Define h(x") by the above formula. It remains to
show that Zh e L} K). Now

f | Zh |2 dx = f 8(x") | A(x")[2 dx”. (1.3)

R™ L4

But since Zf = f, (7.2) and the Cauchy-Schwarz inequality give that

G e = | [ foanax [ <o) [ 171ea.

It follows from (7.3) that 2% ||?: < | f|i72 and the theorem is proved.

CoroLLarY 7.2. Let f, € Li¥(K). The orthogonal projection P, on the plane
fo + A is given by the formula

Pﬂg =g+ ‘@(Lnfo -——L"g)/Lﬂ,Q"’

where & is the characteristic function of K.

409/56/1-6
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In practice one is given a finite number of X rays, Lﬁlf0 ,...,Lﬁjfo, of an
unknown object £, , and one would like to find f, or at least an object f with
the correct X rays. The objects with the 7th X ray correct are those in the
plane f; + A7, , and the objects with all j X rays correct are those in the planc
fo+ A%, ,/V(,A = (Yie1 A, . According to Corollary 7.2 the orthogonal
projection P; on f, + JVﬂ.Iis computable, and there is the following theorem
due to Kacmarz [6] in the finite-dimensional case and to Amemiya and
Ando [I] in the infinite-dimensional case.

TueoremM 7.3. Let N} ,..., A be closed subspaces of a Hilbert space S
with intersection N . Let P, be the orthogonal projection on the plane f, + A
and let Q = P, -+ Py . For every g € #, Q"g — Pyg.

Thus O™g is a computable approximate solution to the problem of finding
an object, Pyg, with the correct X rays. The initial guess g can be chosen
arbitrarily, and poor choices of course provide poor solutions, far from the
true solution f;. In specific practical problems criteria for choosing g are
lacking. In the brain tumor problem the best results have been obtained with
g =0, which leads to the solution with minimum norm in L3 K).

There are many reasonable reconstruction techniques [8], any one of which
picks out an object with the same, or nearly the same, X rays. However,
Theorem 1.8 shows that such objects are arbitrary, at least in the interior.
Thus, it seems that the reconstruction technique must be suited to the
problem so that it picks out a solution close to the solution of nature. For
example, the EMI scanner initially used the technique of Theorem 7.3 with
initial guess g = 0. The demonstrated effectiveness of the EMI scanner in
detecting brain tumors [15] suggests that this is a good method in the case of
heads. However, this technique may not be successful in other reconstruction
problems.

The rate of convergence of the iterative scheme of projections in Theorem
7.3 is of practical interest. When the angles between the subspaces are
positive, the following theorem gives an upper bound for the rate of con-
vergence.

THEOREM 7.4. For each i let o; be the angle between N; and N, N
Ay, Then

J-1 m
10 — Poglt < ( I — ] sin? az-) lg — Pog .
\ i=1

In practice the angles between the X rays are known and one would like
to know the relationship between these angles and the angles between the
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corresponding null spaces. When K is the unit disc in R? the relationship
between the angle between two X rays and the angle between the corre-
sponding null spaces is given by the following theorem.

THEOREM 7.5. Let K be the unit disc in R If the angle between the X rays
Ly, and Ly, is 0, then the angle o between the null spaces N and Ny in LK)
is given by
sin(n + 1) 6
(n+ 1)sin@ |~

€OS & == sup
n>0

(1.6)

Note that if 8 = =2, then cos « = 4. Moreover, the sup in (7.6) need only
be taken over finitely many 7. The proof of Theorem 7.4 is given in [28],
while that of Theorem 7.5 and a formula for all the angles «; between the null
spaces is given in [11].

We conclude this paper with two short remarks concerning some practical
applications of Theorem 6.6 to the reconstruction problem.

A small, but useful, application of Theorem 6.6 arises in the problem of
matching data from radiographs accurately. Consider the problem of recon-
structing a cross section of a patient’s head from ordinary X-ray data. The
head may be considered as a positive density function with support in a ball B.
It is of evident importance to match the several X rays accurately. With due
clinical level precautions, the patient’s head can still be expected to move
around some, the films can be expected to vary in their cassettes, etc. Theo-
rem 6.6 shows that the orthogonal projection of the center of gravity of the
object f on the plane 0+ is the center of gravity of the projection Lyf. Thus,
the center of gravity of each Lyf can be shifted to the geometric center of the
projection of B, and the effect will be to shift the center of gravity of f to the
geometric center of B. This technique of matching the X rays accurately was
used in [10, 28].

The compatibility conditions of Theorem 6.6 may also be of practical
use. Data from X rays are invariably noisy, and the compatibility conditions
may be useful in measuring the extent of the noise. The functions in practice
are positive, and the compatibility condition for m = 0 simply says that all
the L, should have the same L' norm. This can easily be checked. Alter-
natively, one might normalize the data so that the Oth compatibility con-
dition is satisfied. (This normalization has been done in some of the joint
work on detecting brain tumors with Guenther and Smith, but more work is
necessary to determine the effect on the reconstruction.) Similar steps might
be taken for any finite number of the compatibility conditions.
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