-
View metadata, citation and similar papers at core.ac.uk brought to you by .i CORE

provided by Elsevier - Publisher Connector

Topology Vol. 31, No. 4, pp. 847-855, 1992. 0040-9383/92 $5.00 + 0.00
Printed in Great Britian © 1992 Pergamon Press Ltd

THE MARKED LENGTH-SPECTRUM OF A SURFACE OF
NONPOSITIVE CURVATUREfY

C. CrokE, A. Fatnr and J. FELDMAN

(Received 11 June 1990; in revised form 12 September 1991)

Ir M is a manifold and ¢,, g, are two Riemannian metrics, we say that they have the same
marked length spectrum if in each homotopy class of closed curves in M the infinimum of
gi-lengths of curves and the infinimum of g,-lengths of curves are the same. The marked
length spectrum problem in general is to show that two metrics with the same marked
length spectrum are isometric. Of course, this cannot hold for arbitrary metrics (for example
if M is simply connected). This problem was stated as a conjecture in [1] in the case where
M is a closed surface and g, and g, are of negative curvature. This conjecture was solved by
J. P. Otal [12] and independently by C. Croke [3]—see also [4]. Previous work on the
problem was done by Guillemin and Kazhdan [7].

In this work, using Otal’s approach, we improve some of these results by proving the
following theorem:

THEOREM A. Let M be a closed surface and let g, , g, be Riemannian metrics on M, with g,
of nonpositive curvature and g, without conjugate points. If g, and g, have the same marked
length-spectrum then they are isometric by an isometry homotopic to the identity.

We will also prove the following fact, which reduces the length spectrum and curvature
condition to the assumption that the Morse correspondence preserves angles—see §1 for the
definition of the Morse correspondence.

THEOREM B. Let M be a closed surface of genus > 2, and let g,, g, be Riemannian metrics
without conjugate points on M. If g, and g, have the same marked length-spectrum and the
Morse correspondence preserves angles then they are isometric by an isometry homotopic to
the identity.

Finally, we obtain a third result of a more dynamical nature. This is a generalization of
a question raised in [5, 6.3, p. 70], see also [3] and [2] where this question is solved.

THueorem C. Let (M,,g,) and (M;, g,) be Riemannian closed surfaces of genus > 2
without conjugate points. If one of the two metrics has nonpositive curvature, then any time
preserving semi-conjugacy from the geodesic flow of (M1, g,) to the geodesic flow of (M5, g,)
comes from a Riemannian submersion composed with a shift by some fixed time.
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We introduce here some definitions and notation. If g is a Riemannian metric on the
surface M we will denote by x,(m) the curvature of g at a point me M. The lift of g to the
universal cover M of M will be denoted by §. A §-strip in M is a closed subset of
M homeomorphic to R x [0, 1] whose boundary consists of two g-geodesics which remain
at bounded distance from each other. Any two disjoint j-geodesics which remain at
bounded distance from one another and are closed as subsets of M bound a g-strip.
A g-strip is flat if the curvature of § is zero on the strip. If two g-geodesics G and G’ intersect
at a unique point, we will denote by / ;(G, G') e ]0, n[ the angle at the point of intersection.

1. BACKGROUND

We fix a reference Riemannian metric g, of (strictly) negative curvature on M. The
following theorem is due to Morse [10].

THEOREM 1.1. (Morse). Let g be a Riemannian metric on M. Let § and §, be the lifts of
g and of the Riemannian metric g, of (strictly) negative curvature to the universal cover M of
M. Then there exists a constant K > 0, which depends only on g and go, such that any
Jo-geodesic contains in its K-neighborhood a minimizing §-geodesic, and any minimizing
g-geodesic contains a unique {o-geodesic in its K-neighborhood. The map S M- g70 from
the space M of G-minimizing geodesics to the space 9, of §o-geodesics which sends a minimiz-
ing g-geodesic to the §o- geodesw inits K- nelghborhood is continuous and proper. (When g has
no conjugate points then M is of course the space g of all g-geodesics.) Moreover, the map Zis
n,(M) equivariant.

We will call the map & a Morse map.

CoroLLARY 1.2. For every Riemannian metric g without conjugate points on M, there is
a constant C such that any § strip in M has width < C.

Proof. The Morse map sends all g-geodesics entirely contained in a given strip to the
same §o-geodesic. O

It will be convenient to introduce the following concept. If g, and g, are metrics on M,
we say that the §,-geodesic G, and the §,-geodesic G, both in M, are Morse correspondent
and we will write G, ~ G,, if they remain at bounded distance, i.c. if we have:

sup d(m, G} < © and sup d(m, G;) < w©

meG, meGa
where d is a metric on M coming from a Riemannian metric on M. Since M is compact, the
condition does not depend on the choice of d. It is not assumed that the Riemannian metrics
g: and g, are distinct. As before g, will be a fixed reference Riemannian metric of (strictly)
negative curvature on M. Suppose g, and g, are Riemannian metrics without conjugate
points on M. Calil PG, - 9, (resp. Fo: G, —>9,) the Morse map from the set of
d1-geodesics (resp. §,-geodesics) onto the set of go-geodesics. If G, is a §,-geodesic and G, is
a §,-geodesic, then G, ~ G, if and only if & (Gy) = & 2(G5). The following two statements
are easy consequences of the work of Leon Green [6, Corollary 3.2 p. 536 and Theorem 4.1
p. 5597]:

ProposITION 1.3, Let g be a Riemannian metric without conjugate points on M. Let G and
G' be two §-geodesics (in M). If G ~ G’ then either G = G’ or G and G’ do not intersect,
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moreover, in the latter case they bound a §-strip, and through each point y of this §-strip there
passes a unique g-geodesic G, such that G ~ G,. If g is of nonpositive curvature then all
g-strips are flat.

COROLLARY 1.4. Let g and g, be Riemannian metrics without conjugate points of M. Let
G, and G| (resp. G, and G%) be two §,-geodesics (resp. §,-geodesics) in M. If G, ~ G, and
G ~ G, then G, and G', intersect transversally if and only if G, and G’ intersect trans-
versally.

We will now show how to adapt Otal’s arguments [12] to prove the following lemma:

Lemma 1.5. Let g, and g, be two Riemannian metrics without conjugate points on M.
Suppose that g, is of nonpositive curvature and that g, and g, have the same length spectrum.
Then:

For every pair (G, G) of §,-geodesics, and every pair (G,, G3) of §,-geodesics, if G, ~ G,
and G ~ G4, then [ ;(Gy, G1) = L 5,(G2, G3).

Consequently the metric g also has nonpositive curvature.

Sketch of Proof. We will use the setting of [4] to show how to adapt the arguments of
Otal. Let g, be a metric of (strictly) negative curvature on M. Let & 1 g 1= g (resp.
P9, >% ) be the Morse map from the space of §,-geodesics (resp. §,-geodesics) onto the
space of jy-geodesics, as described above. As in [4], using & . and & 2, We obtain, from the
Liouville measures, geodesic currents 4,, and 4,,. By [12, théoréme 2], we obtain 4,, = 4,,.
We define for each pair (G, G’) of transversally intersecting jo-geodesics the angle 6(G, G')
as the §, angle of any pair (G,, G,) of §,-geodesics such that & 2(G2)=G and
#,(G%) = G'. The fact that this angle is independent of the choices follows from the flatness
of the §,-strips—see Proposition 1.3. It is not very difficult now to adapt Otal’s arguments
[12] as in [4], to prove the angle condition of the lemma.

This angle condition, taken with the fact that g, has nonpositive curvature, implies that
the sum of the angles of any triangle whose sides are §,-geodesics is < z. It follows from the
Gauss—Bonnet theorem that g, also has nonpositive curvature. O

2. PROOF OF THEOREM A

Because, the sphere is simply connected the genus of M has to be > 1. A theorem of
Hopf says that a metric without conjugate points on a torus or a Klein bottle is flat.
Theorem A follows for the torus and the Klein bottle—see [3, pp. 167-168]. So we assume
for the rest of the section that the genus of M is > 2. Since we want to use the work done in
this section to prove other theorems, we will use general arguments as often as possible.

Definition 2.1. Suppose g, and g, are Riemannian metrics without conjugate points on
M. We define a partial relation # on M in the following way m%m/, if every §,-geodesic
through m’ is at bounded distance from some §,-geodesic through m.

Lemma 2.2. Suppose g, and g, are Riemannian metrics without conjugate points on M. If
mAm', then every §,-geodesic through m is at bounded distance from some §,-geodesic through

’

m.
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Proof Let g, be a metric of (strictly) negative curvature on M. As before, let #,: 4, - %
(resp. P .‘fz - g) be the Morse map from the space of §;-geodesics (resp. §,-geodesics)
onto the space of §o- geodesws We have m%m’ if and only if
E7R {Gegz |’ eG} c 7, {Geg lmeG} But by Proposition 1.3, the map &, (resp. &,) is
injective on {Ge %, |me G} (resp. {Ge G, |m' e G}). Hence we have a natural 1-1 continuous
map from the circle of §,-geodesics through m’ to the circle of §,-geodesics through m. Such
a map must be a homeomorphism, so we are done. O

LemMa 2.3. Suppose g, and g, are Riemannian metrics without conjugate points on M,
and every §,-strip is flat. If m; Bm’ and m, Am’, then my = m,. If every §,-strip is also flat,
t{len A is the graph of a bijection ¢ between the domain D, of # and its range D,. Both D, and
D, are invariant under the action of n;(M), and moreover, the map ¢ is n,(M) equivariant.

Proof. From Lemma 2.2 and the definition of £, it follows that if G is a §;-geodesic
through m, it is at bounded distance from some §;-geodesic G’ through m,. If m; # m, and
G is not the geodesic through m; and m,, then G and G’ bound a §,-strip which by
hypothesis must be flat. This implies that the curvature of §, along every §,-geodesic
through m, is 0 (by continuity this is also true for the geodesic between m; and m;). The
completeness of g, implies that g, is flat which is impossible since the genus of M is > 2.
The equivariance is obvious. ]

Let us now suppose that the Riemannian metrics g, and g, without conjugate points on
M have the same length spectrum and one of them has non positive curvature. By 1.5, both
of them have nonpositive curvature, and by 1.3 all §, and §, strips are flat and by 2.3 the
relation & is the graph of a bijection.

Let U, i= 1,2, be {me M|x;,(m) # 0}.

LemMma 2.4, Under the hypothesis of Theorem A, let G, and G| be {j,-geodesics which
intersect transversally at a point m which is in U . Suppose that G, and G, are §,-geodesics
with G; ~ G, and Gy ~ G. If m' is the point of intersection of G, and G', then m&Am'. In
particular, the set U, is contained in the domain 51 of the map ¢ given by 2.3.

Moreover, every §,-geodesic which is at bounded distance from a §,-geodesic through
m must also pass through m, and every §,-geodesic which is at bounded distance from
a §,-geodesic through m' must also pass through m'.

Proof. If H is a g,-geodesic which is at bounded distance from some §,-geodesic which
passes through m', the angle condition of Lemma 1.5 shows that G,, G; and H bound
a triangle 7" whose sum of angles is 7. But g, is of nonpositive curvature and one of the
vertices of the triangle, namely m, satisfies x; (m) # 0, so from the Gauss-Bonnet theorem it
follows that T is degenerate and that H goes through m. This proves that m%Zm'.

Since §;-strips are flat, the point m cannot be contained in a §,-strip. So every
g1-geodesic which is at bounded distance from some §,-geodesic through m must also pass
through m.

It remains to prove that every §,-geodesic which is at bounded distance from a §,-
geodesic through m’ must also pass through m'. Let H, and H’ be two §,-geodesics that
remain at bounded distance and suppose that meH S, m' ¢ Hy and m” € HS. We know from
the first part that both H, and K, the §,-geodesic through m' and m”, are at bounded
distance from §,-geodesics that pass through m. It follows that the pair H, K of transverse
g,-geodesics are at bounded distance from §,-geodesics through m. By the first part of the
lemma m#Zm”’. From Lemma 2.3, we obtain m’ = m”. This is a contradiction. |
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LemMa 2.5. Under the hypothesis of Theorem A, if m,m'e (jl, then dz (m,m') =
d;,(p(m), p(m')), where @ is given by Lemma 2.3. In particular, the map ¢ induces an isometry
between U, and U,.

Proof Fix a Riemannian metric go on M of (strictly) negative curvature and let
i I g 1 & and 5’2 gz — % the Morse maps described above. It is not difficult to see,
using Lemma 2.4, that there exists a set .o/ < & such that # ! (/) (resp. y (o)) is the
subset of 4, (resp. GZZ) consisting of §,-geodesics (resp. §,-geodesics) that intersect the
J1-geodesic (resp. §,-geodesic) segment between m and m' (resp. @(m) and @(m')). Using the
fact that the Liouville currents obtained from g, and g, are the same, an application of the
Crofton formula finishes the proof of the first part.

It follows from [11] that ¢ is differentiable on U, and hence it is also a Riemannian
isometry on U;. This implies ¢(U,) = U,. Exchanging the role of g, and g, gives

oU,) =U,. O

LEMMA 2.6. Let g, and g, be Riemannian metrics without conjugate points on M, for which
g: and §, strips are flat. Suppose that the map ¢ induces a bijection between

= {meMlxgl(m) #0} and U, = {meMIng(m) # 0}, and that for every m,m'e U, we
have d (m,m’) = dj, (¢(m), @(m')). Then ¢ extends to a Riemannian isometry of (M, §,) onto
(M, §,) which is equivariant under the action of ©,. Hence the Riemannian metrics g, and g,
are isometric by an isometry homotopic to the identity of M.

Proof. As above ¢ induces a Riemannian isometry on U,. If peU,, call T,o the
derivative of ¢ at p. One can check that the map @ = exp%;, T, @(exp3') ™' extends ¢ to M.
Moreover, the extension @ preserves curvature, since along any geodesic through p the map
will be an isometry at points of U,, namely ¢, and will take points of zero curvature to
points of zero curvature. From the well-known relation between Jacobi fields and
the derivative of the exponential map—see [8, Lemma 54.3 p. 102]—it follows that
@: (M, §,)— (M, §,) is an isometry. The fact that § is equivariant under =, (M) follows
from the fact that ¢ is equivariant under the same action. O

The proof of Theorem A follows from the above lemmas.

3. PROOF OF THEOREM B

In this section we assume that g; and g, are Riemannian metrics without conjugate
points on M, and that the angle hypothesis of Theorem B is satisfied, i.e.:

For every pair (G, G}) of §;-geodesics, and every pair (G,, G3) of §,-geodesics,
G, ~ G, and Gy, ~ Gy = [ ; (G, Gy) = L;(G,, G3).
As before let U; = {(me M |x; (m) # 0}, i = 1,2.

We first prove three more lemmas.

LemMa 3.1. All strips for §; and §, are flat. Consequently, no point of U, (resp. U,) is
contained in a §, (resp. §,) strip.

Proof. We will show the result for §,. A consequence of the hypothesis of Theorem 3.1,
is that if the §,-geodesics G, G’ remain at bounded distance then any other §,-geodesic cuts
them at the same angle. By the result of Leon Green, Proposition 1.3, any strip bounded by
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two §;-geodesics can be foliated by infinite §,-geodesics. It is easy to deduce that any point
inside the strip is contained in arbitrarily small geodesic triangles whose sum of interior
angles is 7. It follows from the Gauss—Bonnet theorem that the strip is flat. O

LeMMA 3.2, Let %, = {G,€9, |G, n U, # 0 and ¥, = {G,€%,|13G,€%,,G, ~ G, }.
The formula G, ~ £G, defines a continuous surjective map F: %'y — %, . Of course U, is
open; moreover, the set U is also open.

Proof. By Lemma 3.1, if G, G’ are §,-geodesics with Ge %, and G ~ G’ then G = G'. As
above, let #,: 9, >9 and F,: 9, > % the Morse maps obtained in 1.1. From the
observation just made, &, induces a bijection from Uy P (W) and PP (U, =U,.
It is not difficult, using the fact that &, is continuous and proper, to conclude that P )
is open and that &, restricts to a homeomorphism from %; onto & 1(@,). The lemma
follows since % = F5 Y (#,(@,)) and F = P71 P,. O

LeEMMA 3.3. Suppose that the §;-geodesics G,, G are in %'y and that G, and F G
intersect transversally at a point m which is in U,. If m' is the point of intersection of G, and
5 then m%&m'. Moreover, every §,-geodesic which is at bounded distance from some §,-
geodesic through m must also pass through m, and every {,-geodesic which is at bounded
distance from some §,-geodesic through m' must also pass through m'.

Proof. Let G, and G, be §,-geodesics passing through m’ such that G, ~ G; and
G, ~ G where G, and G’ are §,-geodesics passing through m. For 6 [0, n], let G (resp.
G'?) be the §,-geodesic through m’ making an angle 6 with G, (resp. G5). Let T be the set of
6e[0, =] such that there exists §,-geodesics G§ and G'? through m with G4 ~ G¢ and
G? ~ G

Since two geodesics that stay at a bounded distance must stay within a constant distance
depending only on g4, g, and g, we see that 7 must be closed.

Since T is non-empty we need only show that T is open. Let y € T Since GY% and G are
in 4% and %', is open, if 0 is close enough to V¥, the §,-geodesics G4 and G¥ are also in

', and hence there exists unique geodesics G4 and G? with G4 ~ G4 and GY¥ ~ G?.

Let £ > 0 be so small that B(m, ¢), the e-ball for §; about m, is convex and has non-zero
curvature for §, at every point. By transversality and continuity of the map & : %", — U, we
see that for all 8 sufficiently close to y the intersection points of GY and G*? and G¥, G¥ and
G, G% and G, and G and GY¥ all lie in B(m, ¢).

We consider two cases. First assume G¢ intersects GY inside B(m, ¢) (or similarly that
G'? intersects G inside B(m,¢)). Then the geodesic triangles G4, G¥, G and G%, GY,
G'? both lie inside B(m, ¢). By preservation of angles both have interior angles that sum to ,
but since the curvature is never zero in these triangles, the Gauss—Bonnet theorem forces
them to be degenerate triangies which forces all these geodesics to pass through the
common point m, so m&Em'.

If on the other hand, both the intersections of G& with G¥ and G with G occur outside
B(m,&) we see that G, GY, G¥, G form a quadrilateral inside B(m,e¢). Again the
Gauss—Bonnet theorem forces this quadrilateral to be degenerate and all geodesics pass
through m, and again m%m'.

Again by flatness of strips, every §,-geodesic at a bounded distance from some ;-
geodesic through m passes through m. Let G% and G% be §,-geodesics with G5 ~ G3 and
m' e Gy, m ¢ G5. Let G, be the §,-geodesic through m with G, ~ G} hence G, ~ G7. Pick
m’ eG4 and let H, be the §,-geodesic through m’ and m”. We know that there is a §-
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geodesic through m such that H, ~ H, since m%m’. On the other hand, since m”" = H n G
the first part of the lemma yields m#m"”. Now Lemma 2.3 yields m = m". O

COROLLARY 3.4. Under the assumptions of this section U, is contained in the domain D, of
th relation # and U, is contained in is range D,.

Proof. This is immediate from Lemma 3.3. O

Proof of Theorem B: We now proceed as in the proof of Theorem A, using
Lemma 2.6. )

4. PROOF OF THEOREM C

Part of the arguments are already in [2] and [3]. It is easy to see, by taking an orientable
cover, that one can reduce the proof to the case where M, is orientable. We will assume that
this is the case in the sequel.

LeMMA 4.1. Suppose S(M) is the unit tangent bundle of the closed surface M of genus > 2.
If a subgroup of n,(M) has non trivial center then it is isomorphic to Z. Call ppy: S(M) > M
the canonical projection. The center of n{(S(M)) is contained in the kernel of the induced map
Pum,: T (S(M)) = w1, (M). Moreover, if M is orientable the kernel of py, is precisely the center
of my (S(M)).

Proof. This is well-known and can be proven using elementary hyperbolic
geometry. d

LemMA 4.2. Suppose M| and M, are closed surfaces of genus > 2 endowed respectively
with Riemannian metrics g, and g,. Suppose that h: S(M,) — S(M,) is a time preserving
semi-conjugacy between the geodesic flow gy of g, and the geodesic g4 of g,. If g, has no
conjugate points, then h maps the center of n,(S(M,)) in the center of n,(S(M,)), hence it
induces a map hy: ny(M)— ny(M,). The map h is injective.

Proof. Let us look at the composition 8: S(M ) - S(M,) = M,, where the first arrow is
h and the second one is py,. We want to show that 8,: n;S((M,)) - n;(M,) sends the
center of 7 S((M,)) to 0. Suppose this is not the case, then by 4.1 the image G of 8, is
a cyclic subgroup of 7, (M) which is isomorphic to Z. Let us call P: C — M, the covering of
M, such that P, (n,(C)) = G. It is easy to see that k can be written as a composition S(P)A
where /1 S(M;)— S(C) and S(P). S(C) — S(M ) is the tangent map obtained from P. If we
lift the metric g, to a metric §, on C via P, we obtain that  is a time preserving
semi-conjugacy between flows. Using a little bit of the theory described in §1 and the fact
that C is a cylinder or an open Mébius band without conjugate points, it is not difficult to
realize that / sends each g,-geodesic to a §,-geodesic that remain in the strip associated to
a non-trivial closed §,-geodesic G of minimum length in C. If H is a §,-geodesic transversal
to G, using the fact that g, has no conjugate points, all §,-geodesics that remain in the strip
of G are also transversal to H. By the connectedness of S(M ), we conclude that & sends each
oriented g,-geodesic to a §,-geodesic that always raps around C in the same sense. This is
impossible, because a closed oriented g,-geodesic and its opposite are in opposite
homotopy classes of closed curves in S(M).
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To show that hy, is injective, let us start with y in n;(M,), we can find a closed
g1-geodesic G, in the free homotopy class of y. Since h is a semi-conjugacy the image h(G,)
is a closed g,-geodesic. Since g, has no conjugate points it cannot be homotopic to 0. OJ

Suppose M, and M, are closed surfaces of genus > 2 endowed respectively with
Riemannian metrics g; and g,. We assume that g, has no conjugate points. Since by 4.2, the
map h is injective and M, and M, are closed surfaces, the subgroup h (7,(M,)) has finite
index in 7, (M) (if not then by covering theory =, (M) would be the fundamental group of
a connected non-compact surface, but such a group is free and the fundamental group of
a closed surface is never free). Hence it is easy to reduce to the case where hy is an
isomorphism. Since all automorphisms of the fundamental group of a surface can be
realized by diffeomorphisms, we can find a diffeomorphism f: M, - M such that the
induced map f, on ny is hz'. If we use the diffeomorphism fto transport the metric g, to
a metric g, on M, it is not difficult to see that §, has no conjugate points and that g, and g,
have the same marked length-spectrum. If both g, and g, are without conjugate points and
one of them is of nonpositive curvature, then we can apply Theorem A to g, and §,, so if we
compose f with an isometry homotopic to the identity, we see that the proof of Theorem C is
reduced to:

LemMma 4.3. Let g be a Riemannian metric with nonpositive curvature on a closed
orientable surface M. If h: S(M) — S(M) is a self semiconjugacy of the geodesic flow of g such
that hy: ny(M)— n (M) is the identity then h = g*° for some fixed time t,.

Proof. It is not difficult to see from the hypothesis on h, that we can lift h to a map
h: S(M)— S(M) homotopic to the identity by a bounded homotopy, where M is the
universal cover of M. It follows that for any geodesic G of the lift § of g to the universal cover
M the geodesic A(G) is bounded distance from G. By Proposition 1.3, the geodesics G and
h(G) either coincide or bound a flat strip. By [6] or [9, p. 379, Theorem 3.9.17], there exists
a geodesic dense in S(M). Suppose that G is the lift to M of such a geodesic dense in S(M);
then the second case cannot happen because G has to go through points of negative
curvature. In fact, the geodesic G and h(G) have to coincide as oriented geodesics since
i preserves time and is homotopic to the identity by a bounded homotopy. The lemma
follows easily using the denseness of the image of G in M and the fact that h
preserves time, a

Remark 4.4. Suppose M, and M, are closed surfaces of genus > 2 endowed respectively
with Riemannian metrics g, and g,. We assume that g, has nonpositive curvature. If there
exists a time preserving conjugacy (not necessarily C') between the geodesic flows of g, and
g2, then the arguments in [3, Lemma 3.2] show that g, has no conjugate points and we can
apply theorem C to obtain [3, Theorem B] without the assumption that the conjugacy
is CL.
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