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In this thesis we classify the conjugacy classes of involutions in Aut g, where g is
an affine Kac-Moody Lie Algebra. We distinguish between two kinds of
involutions, those which preserve the conjugacy class of a Borel subalgebra and
those which don’t.

We give a complete and non-redundant list of representatives of involutions of
the first kind and we compute their fixed points sets. We prove that any involution
of the first kind has a conjugate which leaves invariant the components of the
Gauss decomposition g=n_ @h®n_. We also give a complete list of represen-
tatives of the conjugacy classes of involutions of the second kind.  © 1988 Academic

Press, Inc.
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INTRODUCTION

In 1968 V. Kac and R. Moody introduced a new class of infinite-dimen-
sional Lie algebras that generalized the finite-dimensional semisimple Lie
algebras. An important subclass of infinite-dimensional Lie algebras among
Kac-Moody algebras is the so-called affine Lie algebras. In this thesis we
consider the problem of classifying the automorphisms of ‘order two of an
affine Lie algebra.

In the finite-dimensional case this problem was solved by E. Cartan, who
used it as a main tool for the classification of symmetric spaces.

* This thesis was written with the guidance of Prof. V. Kac and support of the
Massachussets Institute of Technology.
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An important fact in the finite-dimensional case is that given an
automorphism o, there exist a Borel subalgebra b and a Cartan subalgebra
h contained in b that are stable under ¢ [D, 21.18, Problem 3]. In our case
we have the concepts of Borel subalgebra and Cartan subalgebra but the
claim above is not true in general.

We say that e Aut g is of the first or the second kind depending on
whether ¢ leaves stable the conjugacy class of a Borel subalgebra.

Associating a Tits system to a Kac-Moody algebra g, we can use a result
of Bruhat and Tits on the existence of a fixed point for any bounded group
of isometries of a building to prove that when o is of the first kind and of
finite order we can find a o-invariant pair {hcb}. We can then use this
result to elaborate a list of representatives of the conjugacy classes of
involutive automorphisms of the first kind. Finally, looking at the fixed
points sets for the different classes of automorphisms, we conclude that
they are not conjugated under Aut g.

In computing the fixed points set we use a realization of the
automorphisms determined by a symmetry of the Dynkin diagram which
shows that the restriction of ¢ to n_, (b, =n_, @h) can be considered as
an automorphism over the polynomial algebra C[¢].

Thanks to a result by Peterson and Kac on the conjugacy classes of
Borel subalgebras we can find, for any involution ¢ of the second kind, a
conjugate of the Cartan subalgebra h which is invariant under ¢. A com-
plete list of involutions of the second kind is given, but because it was not
possible to give a description of the fixed points sets, we could not check
whether this list was redundant.

In Part I we give the definitions of Coxeter systems, Tits systems, and
affine Weyl groups.

Part II contains the elements of the theory of Kac—-Moody algebras, the
connection between them and Tits systems, and a realization of the affine
Lie algebras.

In Part Il we prove the theorem on the existence of an invariant pair
{hcb}, and we proceed to classify the involutions of the first kind and list
a set of representatives together with their fixed points sets in Table V. We
also classify the involutions of the second kind and list them in Table VI.

Finally, for the convenience of the reader, we added appendixes with the
necessary background on the theory of buildings.

PART 1

1. COXETER SYSTEMS AND TITS SYSTEMS

We will recall some facts about Coxeter and Tits systems. The proofs can
be found in [B, Chap. IV] (denoted in this chapter by [B]).
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1.1. DerINITION. A Coxeter system is a pair (W, S) where W is a group
and S is a part of W satisfying the following axioms [B, Sect. 1, #3]:

(i) S generates W and the elements of S have order two;

(i1} let m(s, s') be the order of the element ss’ € W and let I be the set
of pairs (s, s’} such that m(s, s') is finite, then the set of generators S and
the relations ss'™“*? =1 for every (s, s’) in I form a presentation of W.

1.2. For every subset X< S we denote by W, the subgroup of W
generated by X. We have Wy nS=X and Wy nW,=W,_, for all
X,Yc S B, Sect. 1, #8, Theorem 2].

1.3. DerFINmTION.  The Coxeter graph, Cox(W, S), of the Coxeter system
(W, S) is the pair (G, f'} obtained as follows: G is the graph whose vertices
are the elements of S, two different vertices being joined by a lace, if and
only if the corresponding elements do not commute; f is the map
{s,5'} > m(s,s') from the set of laces to the set formed by oo and the
integers >2 [B, Sect. 1, #9].

1.4. DeFINITION. A Tits system is a quadruplet (G, B, N, S) where G
is a group, B and N are subgroups of G, and § is a subset of N/(Bn N),
satisfying the following axioms [B, Sect. 2, #17:

(T1) the set BUN generates G and BN N is a normal subgroup
of N;

(T2) the set S generates the group W= N/(Bn N) and it consists of
elements of order two,

(T3) we have sBwB< BwBuU BswB, for all s in S, win W;

(T4) for every s in S we have sBs # B.

The group W is called the Weyl group of the Tits system. The pair (W, S) is
a Coxeter system [B, Sect. 2, #4, Theorem 2.

In the sequel we will denote by (G, B, N, S) a Tits system, by W its Weyl
group, and by v: N —» W the canonical homomorphism.

1.5. The map w - BwB is a bijection between W and the set B\G/B of
double classes of G modulo B [B, Sect. 2, #3, Theorem 1].

1.6. For any part X of S let By =BWyB=J,.w, BwB. The map
X - B, is a bijection between the set of subsets of S and the set of sub-
groups of G containing B, and we have

B, nB,=B,,,, forall X, Y= S [B, Sect. 2, #5, Theorem 3].
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1.7. DEFINITION. A subgroup P of G is called parabolic if it contains a
conjugate of B.

For such a P there exists a well-defined subset X =S such that P is
conjugated to B, [B, Sect. 2, #6, Proposition 4]. We call X the type of P.

1.8. DEFINITION. A homomorphism ¢: G— G (G a group) is called
B-adapted if it satisfies the following two conditions [BT, (1.2.13)]:

(i) the kernel of ¢ is contained in B;
(ii) for every geG, there exists heG such that @(hBh ')=
go(B) g .

1.9. Let ¢ denote a B-adapted homomorphism ¢: ‘G—>GA. For every
parabolic subgroup PcG and for every geG the preimage
o '(gp(P)g~"') is a parabolic subgroup of G denoted by P [BT,
(1.2.15)].

1.10. For every g in G there exists a permutation &(g) of W such that
o(BE(g)wB)=@(h™ ') go(BwB) g~ '¢(h), for all w in W, h in G satisfying
1.8(ii). In fact é(g) is an automorphism of the Coxeter system (W, S) and is
a homomorphism from G into the group of automorphisms of (W, S)
acting on the Coxeter graph of (W, S) [BT, (1.2.16)].

If P is a parabolic subgroup of type X < S, the subgroup *P is of type
{(g)X [BT, (1.2.18)].

2. AFFINE WEYL GROUPS

2.1. DerFINITIONS AND NOTATIONS. Let 4 be an affine space, together
with a distance that comes from a positive definite scalar product on the
space of translations of A.

Let W be a discrete subgroup of the group of affine transformations of 4
generated by orthogonal reflections with respect to affine hyperplanes of A.
We will assume that W acts irreducibly on 4.

If L is an affine hyperplane of 4 we denote by s, the orthogonal reflec-
tion that leaves fixed each point of L. Reciprocally, if s is an orthogonal
reflection of A we denote its fixed point set by L,.

A wall in A, with respect to W, will be a hyperplane L such that s,
belongs to W.

An affine root of A is any closed half-space of 4 bounded by a wall
which is called the root’s wall. The set of affine roots will be denoted by 2.

If a e X we write r, =s,,, where da is the wall of «.

A facet F of A is an equivalence class in A4 for the relation x ~ y if and
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only if x and y are contained in the same affine roots. A facet F is then a
convex set, open in the affine subspace that it generates, called the support
of F.

The set of facets # has the order relation F< F' if Fc F were F' is the
closure of F' in A.

The chambers of A are the connected components of the complement in
A of the union of walls, and we call faces of 4 the facets of 4 whose
support is an affine hyperplane of 4 [BT, (1.3.3)].

2.2. Fix a chamber C of 4, and C is a fundamental domain for the
action of Won A4 [B, Chap. V, Sect. 3, #3, Theorem 2]. Furthermore, W
is generated by the set S of reflections corresponding to the walls that are
the support of the faces of C.

23. The pair (W, S) is a Coxeter system [B, Chap.V, Sect. 3, #2,
Theorem 1].

24. We will assume that the Coxeter graph (G, f) of (W, S) is con-
nected.

2.5. If W is infinite we say that W is an affine Weyl group.

2.6. A, together with %, the order relation, and the canonical affine
structure on each of the sets F, is a simplicial complex.

2.7. For each facet F there is exactly one facet C transformed to F by
an element of W [BT, (1.3.5)].

2.8. For each proper subset X of S, the set
Cy={aeC:X={seS:aeL,}}isafacet of C.
Furthermore, the map X — Cy is a bijection of the set
T={XcS8S:X#S}={XcS: W, is finite}

onto the set of facets of C (& — C).
We say that a facet F has type X, for X< T, if Fis a W-translate of C,.
Then T is the set of types of facets [BT, (1.3.5)].

29. The stabilizer of Cy in W, ie, {w in W: w(Cy)=Cy}, is the
subgroup W, [B, Chap.V, Sect. 3, #3, Proposition 1].

In the sequel W will denote an affine Weyl group acting irreducibly on
the affine space A.
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PART 1II
1. Kac-MoobDyY LiE ALGEBRAS

1.1. Let 4={(a,), ., be an integral n x n matrix of rank P indexed by
the finite set 1. We will associate with it a Lie algebra g(A). The matrix 4 is
called a generalized Cartan matrix if it satisfies the following:

(Cl) a;=2fori=1,..n;
(C2) a; are non-positive integers for i # J;
(C3) a, =0 implies a, =0.

A realization of A4 is a triple (h, n, n¥), where h is a finite-dimensional
complex vector space and n={a,};,.,<h* and n"¥ ={a> },.,<h are
indexed subsets in h* and h, respectively, and satisfy

1.1.1. both sets = and =" are linearly independent;
1.1.2. <a; oY >=au L j=1, 1
1.1.3. n—rank A=dimh—n.

1.2. For any nxn matrix A there exists a unique, up to isomorphism,
realization [K, 1].

1.2.1. Given two matrices A and A’ and their realizations (h, n, 7¥)
and (W, 7', V'), we obtain a realization of the direct sum of two matrices
(h@®dh, zx {0} U {0} xn',n¥ x {0} u{0}xn"'), which is called the direct
sum of the realizations.

A matrix A is called decomposable if after reordering the indices, A
decomposes into a non-trivial direct sum. We can always decompose a
matrix A into a direct sum of indecomposable matrices and the
corresponding realization into a direct sum of the corresponding
realizations.

1.2.2. = is called the root basis, n™ the dual root basis, and elements
from = (resp. n V) are called simple roots (resp. simple co-roots). We also set

Q=®Zai’ Q+=®Z+ai’ Qv=®zaiv-

iel iel rel

The lattice Q is called the root lattice.
For a=3 k;a,€Q,, the number ht a =3 k, is called the height of «.

1.3.1. Let A=(a;) bea generalized Cartan matrix and let (h, 7, 7")
be a realization of A. Let g(4) be a Lie algebra with generators e;, f;
(i=1, .., n), and h and the following defining relations:
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Le, f;1=0, 0, ij=1,..,n
[h h']=0, h, b inh
[hoe]= <o h) e i=1,.,n hinh
(h, f1=—<anh> fi, i=1,.,nhinh
(ade))' = (e)) =0, i#j
(ad f)' (£ =0, i#].

1.4. DerFiniTION.  The Lie algebra g(A4) is called a Kac—-Moody algebra.
The subalgebra h of g(A4) is called the Cartan subalgebra. The matrix A is
called the Cartan matrix of the Lie algebra g(4). n is called the rank of
g(4).

The elements e;, f; (i=1, ..., n) are called Chevalley generators, and they
generate the subalgebra g'(4)=[g(4), g(4)]. One has g(4)=g'(4)+h,
g(A)=g'(A) iff det 4 #0.

We set h' = P,., Ca,. One has

g(A)nh="N, gd)ng, =g, if a#0.
With respect to h, we have the root space decomposition

(1.4.1) g4)=D g..
aeQ

g, is the root space attached to a. The number mult x=dim g, is the
multiplicity of a. An element « in @ is called a root if « #0 and mult o« > 0.
A root o in Q, (resp. —a in Q) is called positive (resp. negative).
Denote by 4, 4., A_ the set of all roots, positive roots, and negative
roots, respectively, and then A=4_  vAd_, 4, . nd_=J.
Let n, (resp. n_) be the subalgebra of g(A4) generated by e, ..., e, (resp.
fis - f,) and then we have the Gauss decomposition

(1.4.2) g(4)=n_@®h®n,.

The map ¢, » — f,, fi > —e, (i=1, ..,n), h— —h, h in h, can be uniquely
extended to an involution w of the Lie algebra g(A4). w is called the Cartan
involution of g(A).

1.43. Let Aut(A4) be the group of all permutations ¢ of I satisfying
Aoy =4, ;- We regard Aut(A4) as a subgroup of Aut(g’) by requiring
o(e;)= e,y 0(f;) = foy- We define the outer automorphism group Out(A4)
of g’ to be Aut(4) if dim g’ < oo and {id, @} x Aut(4) otherwise.

481:1142-16
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1.5, The Symmetric Bilinear Form

An nxn matrix A=(a,) is called symmetrizable if there exists a non-
degenerate diagonal matrix D =diag(z,, ..., €,) and a symmetric matrix
B=(b;) such that A =DB.

Let 4 be symmetrizable and let (h, 7, #¥) be a realization of 4. Fix a
complementary subspace h” to h' =@ ,_, Cx¥ in h, then

(), h)y={o;, b e, hinh,i=1,..,n

(1.5.1)
(h',h")=0, h,h"inh"

defines a non-degenerate bilinear C valued form ( , ) on h.
This gives an isomorphism v: h — h* defined by {v(h), h,> = (h, h;), h, h;
in h, as well as the induced bilinear form on h.

1.6. The Weyl Group of a Kac—Moody Algebra
For each i=1, .., n we define a fundamental reflection r, of the space h*
by
(1.6.1) r{a)=a— (a2 )« Yaeh*.
The subgroup W< GL(h*) generated by r,, i=1, .., n, is called the Weyl
group of g(A).
1.6.2. The bilinear form in 1.5.1 is W invariant [K, Proposition 3.9].

1.6.3.  We define the set of real roots as A™ = {ae 4: o= +w(f), win
W, B in n} and the set of imaginary roots as 4™ = A\A4"™.
Let (hg, n, n¥) be a realization of the matrix A over R, i.e., h is a real
vector space of dimension 2n —rank A4, so that h=C®hpy, then Q¥ chy
and therefore W actos on h¥,

1.64. The set C=1{h in hg: <o, h>=0, i=1,..,n} is called a
fundamental chamber. The sets w(C) (w in W) are called chambers and the
set X=1J,..u w(C) is called the Tits cone. We have the dual notions of C'
and XV in h¥%.

1.6.5. The group W is a Coxeter group [K, Proposition 3.13].

2. THE TITS SYSTEM ASSOCIATED WITH A KAC-MOODY ALGEBRA

Here we will construct the adjoint group G associated to a Kac-Moody
algebra g(A4), and we will associate to it a Tits system (G, B, N, S).

2.1. Let (g(A4), ad) be the adjoint representation of g(4). Because of
the defining relations of g(A4) (1.3.1) we have that the expressions
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expad(te)v=3,.0(1/n) "(ade))"v and, expad(t,)v=23,.,(l/n!)
"(ad f,)" v are well-defined automorphisms for any ¢ in C, i in , v in g(A).
This implies that exp(ad x)v=3, ., (1/n!)(ad x)" v is well defined for all v
in g(4), xin g,, a in 4™,

2.2. Let G be the subgroup of Aut(g(A)) generated by

{exp ad(te,), exp ad(tf;), ie L teC}.

2.3. DEFINITION. G is called the adjoint group associated to the
Kac-Moody Lie algebra g(A4).

2.4. The subgroup U, =exp g, = G is an additive one-parameter sub-
group of G. The U,, a € +xr, generate G, and G is its own derived subgroup
[PK, 2].

Denote by U, (resp. U_) the subgroup of G generated by U, (resp.
U_,), xed.

2.5. For each i in I we have a unique homomorphism

&, SLIC)— G

satisfying

Q"(((l) ;))ze"p(’e')' Q‘((: ?>>=ew(tf,), teC.

26. Let G, =J(SL(C)), H,= I ({diag(r, 1™ '): e C}) and let N, be
the normalizer of H; in G. Let H (resp. N) be the subgroup of G generated
by the H, (resp. N;) H is an abelian normal subgroup of N, and it is the
direct product of the H;, iel [PK,2]. There is an isomorphism (J:
W — N/H such that (J(r,)=N,H/H. We identify W and N/H by J and
put B, =HU,,B_=HU_,S={@(r)},cs

Remark. In [PK] the simple connected group associated to g(A) is
defined, and its quotient by the center gives our group. It follows that all
the results listed below are an immediate consequence of the corresponding
results from [PK].

2.7. The quadruple (G, B, , N, S) is a Tits system.

G={J) B,wB, (Bruhat decomposition)

we W

G=|J) B,wB_ (Birkhoff decomposition) [ PK, Corollary 27.

we W
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28. H=Hom(Q, C) can be viewed as a subgroup of Aut (g) in the
following way: h-v=h(a)v, hin H, v in g,, o€ A. Therefore A acts on G
and determines the group A o G.

29. Aut(g'(4)/c)=Out(g'(4)) oc (H o G) [PK, Theorem 2].

3. AFFINE LIE ALGEBRAS

3.1. We consider the case of a Kac—-Moody algebra g(A4), where 4 is a
generalized Cartan matrix with all its proper principal minors positive and
det A =0. They are called affine Lie algebras and Tables I, II, and III list
the corresponding Dynkin diagrams [K, Theorem 4.8].

3.2. We will proceed to construct a realization of them:

Let L= C[¢t, ¢t '] be the algebra of Laurent polynomials in ¢ Recall that
the residue of a Laurent polynomial P=3%,_ . .c;t/ is defined as
ResP=c_,.

Let g be a finite-dimensional simple Lie algebra, then L(g)=L® g is an
infinite-dimensional Lie algebra with the bracket

[POX,0QY]=PO®[X, Y], P QinL X Ying

Fix a non-degenerate, invariant, symmetric bilinear form in g (-,-), and we
extend this form to an L valued form on L(g), (-,-), by

(P®X,0®Y),=PO(X,Y), P, QinL X, Ying.
The derivation t/(d/dt) of L extends to L(g) by

. d dP
iz = i in #
t t(P®X) t ” ® X, PinL Xing.

Therefore Y(a, b) = (da/dt, b) a, b in L(g) defines a cocycle on L(g) [K, 7,
Corollaries 1 and 2].

Denote by L(§) the central extension of the Lie algebra L(§) associated
to the cocycle . That is, L(g)=L(8)® Cc with the bracket [a+ Ac,
b+ucl=1[a, b]+¥(a,b)c a, bin L(g), 4, p in C.

Finally, denote by L(g) the Lie algebra which is obtained by adjoining to
L(g) a derivation d which acts on L(8) as #(d/dt) and kills c.

Explicitly we have L(g)=L(3)@® Cc@® Cd with the bracket defined by
(X,Yin g, 4, u, 4, u,,in C, k, jin Z) [K, (7.2.1)]:

[(F@X+Ac+ud, V@Y +Ac+pu,d]
=t QLX, Y]+ ujt @Y — pu kt*@ X+ k 8, (X, Y)c.
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TABLE 1
Affine
Algebra Dynkin Diagram Vertices Numeration
1 1 0 n
ath
1 1 1 1 2 n—2 -1
a(]l) 0<=>0 0<=>0
2 2 o 1
1 0
htb e —O=50 o—i—o—u.—o-——w
L2 2 2 2 12 2 A-1
oty O=>0——0——0— + + + —O——0<==0 O=HO——0m— -« —O——0<==0
T2 2 2 2 2 o 1 2 n=2 1 n
1 1 0 n+1
dw, ° i o I ° o—I—o—---—o—i—-—o
Vo2 2 2 21 1203 n-2 -1 »n
i 0
2 6
el
1 2 LR 12 3 4 s
2 7
et o—o——o—i——o—o—o O—an—i—o———o—o
T2 3 a4 3 2 1 o 1 2 3 4 5 6
3 8 4
el - oo
12 3 4 5 6 4 2 o 1 2 3 4 5 & 7
ff,“ OO O == O———O O O——0==>0—0
12 3 a4 2 o 1 2 3 4
g O——0=20 0——0=>0
12 3 o 1 2

L(g) is an affine Lie algebra and every Kac-Moody algebra from Table I is
obtained in this way [K, Theorem 7.4].

3.3. Twisted Affine Lie Algebras

An affine Lie algebra from Tables II and III is realized as the fixed point
set of the automorphism g, of L(g) determined by the conditions
Po(tF R Y)=(=1)*® p(Y), Polces ca=1d, where p is in Aut(X) and X is
the Cartan matrix of § [K, Theorem 8.3]. The Lie algebra thus obtained is
denoted by L(g, p) and it is called a twisted affine Lie algebra.

The bilinear form from Section 1.5 gives a positive semidefinite sym-
metric bilinear form ( , ), on the real vector space E generated by the
roots in 4 « h*. We know that the subspace E, = {x in E: (x, y)=0 for all
y in E} is generated by an imaginary root 6. Consider the spaces in E*,

A={xin E*: {x,8)>=1} and T={xin E*: (x,6)=0},
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TABLE I
Affine
Algebra Dynkin Diagrams Numeration
a‘zf",n>1 O=>0—0— -+ - —O0——0=>0 O=>0——O0— - - - —O——0==50
1 2 2 2 2 2 0 1 2 n—2n 1 n
a? ==Y =0
1 2 0 1
de) n>1 =0 O— + + ¢ —O——O==20 OE=0—0— + + + —O——O==0
1 1 1 i 1 1 0 1 2 n—=2n-1n
D S S
ag) .n>2 o o
1 2 2 2 2 1 1 2 3 n—2 n 1 n
E,(é?.) o O=—0——O0—0 O——O=—=0——0——0
1 2 3 2 1 o 1 2 3 4

then T acts on A by translations and the induced bilinear form on E/E is
non-degenerate, hence it gives a positive definite symmetric bilinear form
on (E/E,)* ~ T and this gives A4 the structure of an affine Euclidean space.

The Weyl group W fixes  and therefore its action on E induces an
action on A by affine transformations; as W is wnfinite, it is an affine Weyl
group. This is why the Kac—-Moody algebras described above are called
affine Lie algebras.

We can generalize the construction of L(g, p) to the cases where g=
g, +8g + --- +8, +cis a direct sum of simple Lie algebras g;, and ¢, the
center of g, is at most one dimensional, c=Cc, and p=p, +p, + - +p,
is in Aut(M), where M is the Cartan matrix of g’. Indeed, L(g) and d are
defined as before and we use a bilinear form for which the g/s are pairwise
orthogonal to define v, if ¢ = {0}, then L(g) = L(g). The bracket on L(8) is
still defined as

(X PVRY]=rF""QLX, YI+y(I*® X, '® Y)c,
jkeZ X, Yeg.

We extend L(g) to L(g) by adding the derivation d. )
Finally, we denote by L(g, p) the fixed point set in L(g) of the
automorphism j defined as §(#* @ X) = (—t*)® p(X), flces ca =1d.

TABLE 111
Affine

dy o——o¢=0 O——0¢=0
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PART III
1. EXISTENCE OF A 6-INVARIANT PAIR {hcb]

We will distinguish two kinds of automorphisms, those ¢ for which [b, :
ag(b.)nb, ] <o and those for which [b,: o(b_)nb, ] < cc. From the
description of Aut(g'(A4)) in 2.9, it follows that any automorphism of g falls
into one of these classes. In the following they will be referred to as
automorphisms of the first kind and second kind, respectively.

We will use the results from the previous chapters to prove the following:

1.1. THEOREM. Let g be an affine Lie algebra. Let o € Aut g be a finite
order automorphism of the first kind, then there is a Borel subalgebra bo g
and a Cartan subalgebra hcb that are stable under o.

Proof. ¢ induces an automorphism & = Ad ¢ of Aut g leaving stable G.
Consider the Tits system (G, B,, N, S) and its building # (see Appen-
dix A).

The hypothesis [b,: a(b,)nb,]< o means o(b,)=Ad g(b,) for
some g in G. Then §€Aut, G (Appendix A.5.1) and it is of order m.
Indeed, we have

G(b)(a(b,))=0cAd bo '(a(b,))=c Adb(b,)=a(b,) YbeB,,

therefore G(b)e Stabg o(b, )=Stab; Ad g(b,)=gB, g~', proving the
claim.

So & determines an isometry ¢ of % (Appendix A.5.1) and has the same
order as o. Therefore ¢ has a fixed point (P, x)e B, Pe?, xeC,,,.
6(P, x)= (P, x) implies Ad(P)=G Ad(P) &', hence P is the normalizer of
G(P) in G, so P < &(P) and vice versa. Thus 6(P)= P.

But P=Stab;p, where p is a parabolic subalgebra in g and &(P)=
Stabg o(p), hence a(p)=p.

o leaves the radical R of p stable, therefore it induces &: p/R — p/R, a
finite order automorphism of p/R which is a finite-dimensional semisimple
Lie algebra, and we know in this case there is a Borel b < p/R stable under
&, therefore =~ '(b) is a Borel invariant under ¢ (n is the canonical
homomorphism).

Doing this with B_ instead of B, we would get another Borel b’
invariant under ¢ and conjugated to b_ . Therefore b~ b’ is a finite-dimen-
sional solvable subalgebra stable under ¢ and contains a conjugate of h.
Indeed, it follows from the fact that given any pair of elements x, y in G
there exists a z in G such that xB, x~'n yB_ y~'>zHz"'; to see this we
can reduce to the case x=1, and by I1.2.7 we can write y=b*twhb™,
b*eB,, weN, thus B, nyBy '=b*(B, nwBw )b+ 'oh*Hb* "
So to complete the proof of the theorem we only need to prove the following:
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1.2. LEMMA. Let S be a complex solvable Lie algebra of finite dimension.
Let o be an automorphism of S of order m. Then there exists a Cartan
subalgebra h< S stable under o.

Proof. By induction on dim S.

dim S=1 is obvious.

dim S> 1. If z=center of S is non-trivial then we apply the inductive
hypothesis on S/z to get h stable under : S/z — S/z, then =~ '(h)c= S is a
Cartan subalgebra o-invariant.

If z=0 then I={y=Y x,, in S: [S, x,]=Cx;} is a o-invariant ideal,
hence ¢ induces 6: S/ — S/I. I is non-trivial so we can apply the inductive
hypothesis to get h={xeS/I. [x,x°]=0} stable under o. Thus
n~'(h)={xeS: [x, x°] eI} is stable under ¢ and contains a Cartan sub-
algebra of S. If dim n~'(h)<dim § we can apply again the inductive
hypothesis and we are done.

If n—!(h)= S then we have to consider the case where S=h@® I, where h
is any CSA of S. Using the fact that all the CSA of S are conjugate [W,
Theorem 4.4.1.1], we have a(h)=exp ad x(h) and we want to find ye/l
such that o(exp(ad y)(h))=exp(ad y)(h), that is,

exp(ad(y —a(y)—x))(h)=h (I is abelian)
or
(+) y—o(y)=x.

. et _ ., .
If we write x=37""x; x;€l;, I= D7, I, I; eigenspaces of o,

m—1
y=3 ¥,
j=0

then y—o(y)=I1r%"' (1—-¢’)y,, e=exp(2ni/m). Thus Eq. (+) has a
solution if and only if x,=0. But using the relation h=¢"(h)=
expad 37-) ¢"(x)(h) we have Y7 ¢"(x)ehnI= {0}, hence, mx, =0.

Therefore o leaves exp(ad 37" x,/(1 —&’))(h) stable.

2. INVOLUTIVE AUTOMORPHISMS OF THE FIRST KIND

We are now able to compute a list of representatives of involutive
automorphisms.

To give the list we will use a list of representatives of involutions for the
finite-dimensional Lie algebras, which is shown in Tables IV and V. The
elements {p;} ch that appear on the expression of the automorphisms
correspond to a basis of h dual to 7 = {&,},., = h*; ¢ denotes a one-dimen-
sional center.
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2.1. Let g be a Kac-Moody algebra from TableI or II and 1 an
automorphism of g We denote by 1xt1:. g —g¥ i=1,23, the
automorphism defined by 1 x 7(t* ® X) = t* ® t(X) and it is the identity on
CeCd

2.2. We also define 14,: g » g by 1,(* @ X)=(—1)* *® X and it is
the identity on Cc @ Cd.

2.3. We will denote by {p,} a basis of h@® Cd dual to x.

2.4. We list in Table VI a complete and non-redundant set of represen-
tatives of involutive automorphisms of the first kind of all affine
Kac-Moody algebras g'”, i=1, 2, 3, together with their fixed points sets.

2.5. THEOREM. Any involutive automorphism of an affine Kac—Moody
Lie algebra is conjugated to an automorphism from Table V1.

Proof. We start by proving the following

2.6. LEMMA. If an automorphism a of g fixes h pointwise then it is of the
form exp ad x, for some element x in h.

TABLE IV

Inner Automorphisms of finite-dimensional Kac-Moody Algebras

Algebra Automorphism Fixed Point Set
a, 7, = exp ad(mip,), 0<j<1+n/2, t+a,+a, .,
b, 7, =exp ad(nip,), l<j<n, d +b,_,

t; =exp ad(nip,) (+b,_
Cy 7, =exp ad(nip,), 0<j<l+n/2, ¢+,
7, =exp ad(nip,,) t+a,_,
d, T, =exp ad(nip,), 1<j<l+n/2, d+d,
1, =exp ad(wip,) t+d,_,
1, =exp ad(mip,) t+a,_,
€ 7, =exp ad(nip,) t+ds
T, = exp ad(mipg) {1+ as
€y 7, =exp ad(nip,) a; +d,
T, = exp ad(mipg) t+e,
7, =exp ad(znip;) a,
g 7, = exp ad(nip,) dy
T; = exp ad(mip;) a, +e,
fa 7, =exp ad(zip,) a +e,
t, =exp ad(mip,) by

2, 7, =exp ad(zip,) a, +a,
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Proof. o leaves stable the root spaces g,, ® € 4, and it is determined by
the action on the generators a(e;) = c;e,, i in I, hence we can choose x in h
such that exp a{x)=c,, therefore ¢ =exp ad x, proving the lemma.

We consider first the case of an automorphism in A oc G, which will be
referred to as an inner automorphism.

o is of the first kind so we can assume that ¢ leaves stable h and b, =
n, @h. Therefore ¢ is in H (BmN)zFI oc H, it leaves h, pointwise
fixed, and it is of the form exp ad(#), for some A in h, and we can write 6 =
exp ad(h) expad(s-d), h in hcg, s in C. Using the fact that ¢ is an
involution we have T =exp ad(k) is an inner involution of § and seniZ,
hence we can write o = (1 x 1) -1, s€ {0, 1}. Conjugating by 1 x y for a cer-
tain automorphism y of § we can assume that t is one of the involutions
from Table IV.

The only thing that remains to prove is that when s=1 we have ¢ ~ 1,.
We will show this by actually giving the automorphism that conjugates ¢
to 7,. Recall the definition of 7, =exp ad f; exp ad —¢; exp ad f;. We have
the following:

al To=p, 0T, To P, where p, is determined by p (a,)=«,_,
B Tte=gT, T 8 J>1,where g=p -7, -7, -7y -Fq
and p is determined by p(ag) = a;

Tg=Fo-Ta-Tg-Tg "

- -1
To=pP-T1 T P

1 _ 1 P _ =F -F
eV e =g-T,, T 8k j<n—1lwhereg=F ¢ _ - -F -7y
Tg=p-T, g p p is determined by p(«,)=a, _,
dV ot te=g1,%-87h 1 < j< [n/2] where g is as for b'!
To=p, T, To-p L ie {1, n}, p, satisfies p,(a,) =,
eg! To=gT1 T & " 8=p-Fs Ty -Fy-Fo-Fo, plog) =05
.7 70 .p—! (og) =0
To=p T1To" P Plg 1
el Tog=Fg-T) ~Tg-F
7 [s] 0 1 0 0
=p T -Tog-p " (a,) =0
To=pP Te To P pla, 6—1
i P
T Tp=g'T7 70" & - g=Te¢ Vs Va T3 Ta-Ty Tg
et To=Fg Ty To Fg !
A AT e e
Tg=8F- 8 -T7-To 8T &« g=To N T -T3-Fq -Ts,F="Ve-Tg

1 —; i1
s To="Fo Ty To"To

R P e
To=8 r3:8TaTo & I3y & LT

1 _ 21
gt To=TFo Ty To Ty -
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TABLE V

Outer Automorphisms of Finite-Dimensional Kac-Moody Algebras

Algebra Automorphism Fixed Point Set
ayy plo)=axy ) by
Uy 1 play)=ay _, Cr
p=pnu d,
d, plag)=o, . pla)=x, j=nn—1 b,
pi=p-1, 0<j<[n/2] b, +b, .,
€ plag)=oe,  pla)=2,,. %6 fa
pr=p-T6 s

The verification for the algebras from Table II is based on the identity
w-exp ad(h)-w '=exp ad(w(h)) for w in W<IntG and heh.

When o in an outer automorphism of the first kind, i.e., is an element of
(Aut(A4) oc (H oc G))\(H o« G), we still can assume that ¢ leaves {hcb, }
stable, that is, we can write 6 as D -expad(k), # in h, and D in Aut(A4).
o’ =1id implies D?*=1id. Conjugating by an element of Aut(A4) we can
assume that D is one of the following:

al) | D =p,, pold;) =0y _,, iinl
D=p,, pila) =0,y iinl
D=p,, pala) =0, 4, iinl

ot D=p,
b D=p,, pilog) =2,
¢, D=p,, pla)=a,_;
dv D=p,, pola,) =0, _,, and fixes the rest

D=p,, pilo)=a,_;

D=p,=po-pi pPo-pi
el D =yp,, pola;y=ae_;, 0<i<6, and fixes the rest
el D=p,, pila,)=0g_;, 0<i<7,and fixes o,
a)_, D=p,, py(ap) = a,, and fixes the rest
de) D=p,, pi(o)=0, ;.

We can write h=h* + h~, so that D(h*)=h"* and D(h~ )= —h . Con-
jugating by exp ad(f~/2) we can assume D(h)=h. The fact that ¢ is an



TABLE VI

Involutions of the First Kind of Affine Lie Algebras

Algebra Automorphism Fixed Point Set
al) 6=1x1, L{ay,_))
0=Tg ay)
g=p,; Z(a5,1+c)
o=1xp Licy)
o=, o)
o=1x(p-7) L{d,)
og=14 (I xp) as)
al? o=p, L(e)
ad) o=1xr1, L(ay)
o=1q ay)]
o=1xp Lib,)
a=15-(1xp) ayy!
biH o=1xr1, Lbz)
6=1, b
=P dip
6=p-(1x1), 3<j<n Z(éj,,+d,,,,,l,lxp)
6=p; - (1x1,) Lia, +d,_\,1xp)
o=p, - (1x715) Lic; +d,_».1xp)
c=p; -(1x1,) Lib,_, +¢)
by o=1xt, Licy, . )
6=1, Sy
g=p, Liay »+¢,p)
C(Z}(' 0:1)(‘[, Z(Crik)
=1 o)
a=p, e k>1,a" k=1
o=p - (1x1) Liay_, +¢.p)
diy)_ o=1xz, Ly _ )
7=To dy'y
o=1xp Lby _»)
o=1xp, Z(bj+b2k,,,2)
0=p b,
o=p2 i,
k>2 6=ps-(1x13) Lia, +dy_3.1xp)
k>3 o=p, - (Ix1), j>2 Lid, +dy_,_ ,pxp)
as)., o=1x1, Z‘(d?k+2)
=1, ds)
c=1xp z‘(bzk—l)
6=1xp; i:(bj +by_ 1)
g=p, Liay._, +¢ p)
o=p;-(1x1,) L(d, +¢)
ag=p; R Ldy_ +c¢. p)
k>1 oc=p,- (1x1,) L(a, +dy_12, 1 xp)
k>2 g=p;-(Ix1), j>2 L(d, +dy_,, pxp)
k=1 o=p, (1%x1,) IL(a, +a;)

Table continued
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TABLE VI (continued)

)
€

()
€3

£)(RI)

f‘kl?

g

agl_,

d(Z)

2+ 1

2
dg,!

,
el

(3
dy

g=1xr1,
o=1
a=1xp
o=1x(p-7)
o=(1xp) 1o
o6=1x71,
=1
0=p
o=p; - {I1x13)
o=1x1,
o="Ty
o=1xr,
g="T
o=1x1,
a=1
o =exp ad(mip,)

g="Ty

o =exp ad(nip,)

o = exp ad(nip,), j>1

T="1g

o = exp ad(mip,;)
o =exp ad(nip, _ )

o = exp ad(ni( px + po))
g="Tg
o =p1
o =p,-exp ad(nip,)

o=expad(mi(py + p)),  1<j<n

o =exp ad(nip,)
o =exp ad(ni(po + p,))
o =exp ad(ni( po + p,))
g=T1

g=p
o =p, exp ad(xip,)
g=p

o =exp ad(nip,)

o =exp ad(nip;)

o =exp ad(nip,)
0=1,

o =exp ad(mip,)
0=1,

Lieg)
(’;;l )
Lify)
i
Ligy)

ggl)

Lia; +¢)
ald

@)
31

Lay, 1 +axi_, +¢p1, xpx(—1))

{10
bk

(1)
di

La, +ay_s+c. 1xpx(=1))
o=expad(nip)), 1<j<[(k+1)2] Z(az,il + - p-y H 6 pxpx(—1))
Li{a,_+a,_)+e,pxt)

(1)
Ck

a§_,

L(az(/—n T ayu -y PXP)

z(d/+dn—/—l‘lxp)
L, +b,_)
L, +¢,px1)
Lid,+¢,1x(=1))
b

GLZ]
i)
di
Lds +¢,px(-1))
L(a, +as. 1xp)

(1)
Cy

o

l(a, +4a,)
dp
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involution implies D(h)+ he2nil, where L is the lattice generated by
{P:}i_o- Therefore h is in miL and we can write h=niY a,p,. where
a,=ap;, a,€{0,1}. So h=ni¥,_,a,p,+D(X,c,a,p)+ 2, - pi,) @ b))
where Jn D(J)#0 and

JuD(J)={sel:s#D(s)} (D(e,)=ep,)

Conjugating by exp ad(ni X", , a,; p,) we have

D~expad(h)~D-€Xpad<7Ti Y a,-ﬁ,).

i=DUj)
We further have the following equivalences:

. " " ,
al) | po-expad(nip,) = p; - po -exp ad(nipy) - p; .
b''"" Using ({r,}"_,> < W we can reduce to the cases shown in the
list as if we were in the finite-dimensional case.
d\" Again we use {{F;}727> for p, and ({r;}7_,> for p,.
el Here we use (Fy, Fo. 3 as in a;.

el We use (74, F3).

3. INVOLUTIVE AUTOMORPHISMS OF THE SECOND KIND

3.1. In this case, (b, )= g(b_) for some g in G, writing g=b"wb",
h* in B,, we have o(b,)nb, =b"(b, nw(b_))>b"(h), then
o(b,)nb, is a finite-dimensional solvable Lie algebra stable under o,
which contains a conjugate of h. By Lemma III.1.2 we can assume that h is
stable under ¢.

So ¢ induces an automorphism of the root system and, using the fact
that it is an involution on h, we have g}, =w-D?.r, g=0,1; re W; D is
determined by a symmetry of the Dynkin diagram of g and w = —id; D?-r
is of order two and we have the following:

3.2. LeEMMA. Given D, r, and q as above and (D¢ -r)* =id, there exist an
element s in W and orthogonal simple roots a,,a,, .., a, fixed by (D?)*
such that s-D-r-s™'=D-r, -1, -1, .

m

Proof. We consider the case ¢ =1. When ¢ =0, the proof is similar.
We know that I(w)= #{w(d, )nd_}=#{D-w(d_ )nd_} for all w
in W. Assume that o, e is such that D .r(a;)isin 4_. Thenr,-D-r-r;,=
D-rp. -r-r;and
Wrpgy - r-ri)=10r)~-2 if r(e;)# —D(a,)

=(r) if r(a;)=—D(a;).

Now we will prove the lemma by induction on /(r):
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If /(r)=0 it is clear. Suppose re{D-s-D-r-s ' se W} has minimal
length /(r)>0, then there is a;en such that r(x;)ed_ and we have
Yo - F=r-r; because r-rfo;)=r(a;)+2((a,, o;)/(a;, a,)) Dia,),

ooy - T(2) = r(o) = 2((D{ay), r(a))/(D(e;), D(a;))) D(a,),

and (a,, a,) = —(D(«,), r(a,)), (2, a,) = (D(«;), D(%;)). Therefore D -r com-
mutes with r,, D-r-r, satisfies the inductive hypothesis, and /(r-r,)=
Kry—1.Thus D-r-ri=D-r -ry--r,.

We only need to show that r, commutes with D and r, for all j. We know
Fow Ty - Ty, =ry---r, -r, and applying both sides to «; we find
(o, a,)=0, therefore r; commutes with r; for all j and this in turn implies
that r, commutes with D.

3.3. Using the lemma we have an automorphism w-D -7, ---7, of g,
whose restriction to h coincides with . Therefore the composition
o-w-D-F, ---F, is an automorphism leaving h pointwise fixed, hence it
has to be of the form expad(—#) for some # in h, that is, o=
w-D-#, ---r, -expad(h). Writing h=h"+h with  o(h*)=h",
a{h~)= —h", and conjugating by exp ad(#/2), we can assume a{h)=Ah.

The condition 6 =id reads exp ad(2h) -7} ---F; =id and we know that
77 =exp ad(nia” ). Hence we have

2h-mZoc +271:12pr, b;e{0,1}

=1 j=1

or

h=(mi/2) ) ) +mi Y b5,

j=1 =1

The condition o(h)=h means

h=n (1+5, )P:, +mi Z (bom —bj)(pn1j; "ﬁj)/za

1 yeM

MnDM)=g, MuD(M)=mn.

“'Ms

I

If b,j =0 then a(e,-})z —e, and
dim(exp ad(— f;/2) -o -exp ad(f,/2)(b .} b ) <dim(a(b, )b, ).

Hence if we assume dim(a(b, )b, ) minimal for ¢ in its conjugacy class
we have b,»j =1, 1<j<m,thatis, h=ni 3 p (bpi;y —O;NPp — P2
The condition 2h+mi 37 o € L leaves us with the following cases;



TABLE VII

Involutions of the Second Kind of Affine Lie Algebras

Algebra Automorphism
alt) 6, =w
0y =W Py
al’ Gy
0, =w-pqg
03 =w-pg-Fo-expad(ni(p, — p,)/2)
n=2k+1 04 =0-pgFo-Fiyexpad(milp, — p, + Piiz — Bi)/2)
05 =0-p,
Og =W P2
biH g, =w
G, =w"p,
et 6, =w
Gy =W P
n=2k O3 =w-p, F-expad(mi( P — P4 1)/2)
dy 6,=w
Gy =W-pPo
O3 =W Py
04 =W- Py
n=2k G5 =04 Fy F4 - Fu_g Fo_-expad(ni(fo—p1+ Ppn— Pu_1)/2)
6o =03 F rexp ad(mi( Py _ ) — i+ 1)/2)
n=2k+1 6,=0,F Fy---F_4 F,_;-expad(ni(p, —p,_)/2)
oL 0 =w
Oy =W-Po
0y =w:pg -Fo-Fy-exp ad(mi( p, — Ps)/2)
et 6, =w
O, =W: Py
et g, =w
fv 0, =w
g =0
a@® o, =w
af) o =w
ag)_, o, =w
Oy =W Py
O3 =W Py -Fy-Fq - Forppi_s - Farnpny €XP ad(mi(po — p1)/2)
d@l, o, =w
0 =W-p,
n=2k 63 =w-p, Fy -expad(ni(p, _, — Pr+1)/2)
el g, =w
d o,=w
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besides w and w - D, the notation is the same as in the preceding section
(see Table VII):

all) =w-po -fo -exp ad(ni(p; — px)/2)
alilsy =w-po - fo-exp ad(mi(py — Pac+1)/2) .
= -po-Fo Frir -expad(mi(py — Paui1 — (P — Pr+2))/2)
c=w-pyF-expad(mi( P\ — Pr+1)/2)
dP=w-p, Fy- - Fo_gFo_o-expad(mi(po — Py + P — Pac—1)/2)
=w-p, - F-expad(mi(py . — Prs1)/2)
dS), =@ -po-Fi-Fy-Fo_3-Foy g -expad(mi( Py — Pox+1)/2)

e =w-py-Fy-Fy- =@ py— Pa)/2).

4. REALIZATIONS OF CLASSICAL INVOLUTIONS

We consider the case when g is a classical Lie algebra viewed as a sub-
algebra of M(n, C), ne N. Then we can realize the automorphisms of L(§)
in Aut(A4), in one of the following ways:

A—L s CAC ' + (A)c
or
A—Ls —CATC '+ @(A)e,

where A4 is in L(g); C is a certain element of g{(C[#, ¢ ']) and ¢(A4)=
A Res(tr(C(dC/dt) A)), for A4 in L(§), <X, Y)=Atr(XY), X, Yeg. Indeed,
@(A) is determined by the condition

p([4, B])=[p(4), p(B)],
which implies
o([4, B])=y(p(4) — o(A)c, p(B) — @(B)c) — (4, B)

dC
= Res (/1 tr (CE [4, B])).

We consider only the cases when p does not preserve 8 We will use the
notation J, =(a,)j;_;=((—1)*"'0,,,,_,); I,=Idc.. We have the
following:

SL(C) pi(ao) =ay,  py(A)=CAC™ "+ o(4)c,

481/114/2-17
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where C= (9 });
S(C) py(a)=ap iy,  pi(A)=—CATC™ '+ 0(A)e,
where C=(~4"9);
paa) =ik, pa(A)=CAC™ ' +o(d)c,
where C= (¢ 9), where A=1,, B=1I,;

8§69 1(C) pilag) = ay, Pl(A)=CAC7(+§0(A)C,

where C = (: 1 /\,.");
BAC)pia)=a,. i»  p(A)=—CATCT " +o(A)c,
where C=({ §), where A=J,, B=—tJ,;
§62(C) pla;)) =0tp_ 1, p(A4)=CAC '+ o(A)c,
where C=(§ ), where A=J,, B= —1J;;
plagy=ao;,  plag)=a,_;,  p(A)=CAC '+ (4
where C= (¢ %), whereA=<t rk,,'l), B=(1 1“/1).

5. FIxep POINTS SETS

5.1. To compute the fixed points set of an involution we need to make
the following observations:

(1} If ¢ is of the form 1xt, where t is an involution of the finite-
dimensional Lie algebra g, then L(g)° ~ L(g").

(2) If =14, then L(g, p)° =~ L(g, p?), p in Aut(4).

(3) If 6=1,-(1xp), then L(§)°~L(g p), and this in turn is
isomorphic to g for i=1 or 2, depending on whether p is an inner or an
outer automorphism of g.

The remaining cases are handled case by case. The results are shown in
Table VI.

5.2. We show in two examples how the fixed points set is computed.
The idea is the following: we consider the Kac-Moody algebra g, =
{e; +ale,); f; +a(f;), iin I, clearly g, < g°, and we are going to look for a
complement to g, in g7; using a gradation on g°, we find the first element Y
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in g°\g,, form g, = <{g,, Y, and repeat the procedure with g; instead
of g,.

ExampLE I. g of type AY) ,, a=p,, in Aut(4), satisfying
pile)=ey ;. 4, i€l
We have the Kac-Moody algebra g, generated by

(X, +oX, ), X_,, +o(X_,); h;+o(h);c}, i=0,.,k—1

From the realization it follows that ¢ commutes with multiplication by ¢
inn,.
We have that g”=n°, +h’+n°; g, =n% +h°+n° and we also have

0’ =@ i, +(tQh)+ (1®@h_))°.

iz0

We want to find a complement Q , to n% in n%; as n° is graded and o is
C[t] linear on n,, we will have Q, = @,.,1’Q,, where Q, is a com-
plement to n% N (i, +(t@h)+ (r®h_)) in (h, + @A)+ (1@ 4 _))°.
As we have #°, U (t®h)° U (txh_)cg,, we need only to consider the
subspace @, ., (8, + &ony)”- Take X, +0(X,)eg’, X, en \n’, ht(a)
minimal. Write X, = [X,, X,], for 0 <i <k smallest possible. Consider

[X,, +0(X,), X +0(Xp)]=[X,, Xs]+0([X,, Xz])
+ [ X, o(Xp) 1+ a([X,,, a(Xp)]).

By the minimality assumption on ht(«), we have that Xz + a(X,) belongs
to n’ , there fore the only cases when X, + ¢(X,) might not be in n° are
when (*) «; + f and o(a;) + f§ belong to 4.

Let p=37_, a;, the condition () implies 2k —m =n — 1,
o(,,_1)=2,,,, and o(f)=p, therefore a(X;)= —y; and X, +0(X,)=
[X., —o(X,), Xg),but Xy =X, —0(X,,), X5_,, +(X; , )]for X, , in
85, Hence

X, +o(X,)=1L[X,,  —olX,, ) [X,, —0X,), Xs_,, +0(Xs_,,1]]
=a[[X,,  +ao(X, ), X, +0(X,)], Xy_,, +0(Xy_,,)]
+b[X,, +0(X,), [X,, , +0(X,, ), X5_,, +0(Xp_,)]L
a, binC,

n—1

The right-hand side is in n%, therefore in this case we have
(8 + 8x2)” = 8o, Which implies Q, = {0} and then g, =g°.



514 FERNANDO LEVSTEIN

ExampLE II. Consider the involution p, of ay, ¢, p,(e;)=¢;, .. Take

Ji] =Z‘j)=n a, as before. In this case the condition (*) implies

i=m—1, m+k—1l=n+1.

Again ht(x) minimal implies X, +a(X;) is in g, and [X, +0(X,),
Xy +o(Xg)l=X,+0(X,)+ X, +0(X,) is in g, where o'=a,,, +8.
Taking m=2,..,k+ 1 we have a linearly dependent family of rank &k — 1.
In fact there is a linear combination Y =3y, . _, ¢,(X, + 6(X,)) such that
[Y, X, +0(X,)]=0, i=0,..,k—1, and the space H'=@,.; /® 7Y is
complementary to g, in g° witht he additional property that H=H'® Cc is
an infinite-dimensional Heisenberg Lie algebra.

5.3. In other cases we find that (X, +d(X,)¢ge:2>0 and hta is
minimal » is a one-dimensional space generated by an element Y, such
that [X , +0(X,). Y, 1=0for all / in /, and there exists «; € n, such that
[X,, +0(X,), Y, ]+#0. In this case we define g, = the subalgebra generated
by {g Y,,.Y_ , [Y,,Y_ ]}, where Y_ is a generator for the

corresponding space in n? . We then repeat the process with g; instead of
go-

APPENDIX A: Tits BUILDINGS

Introduction

In the process of defining buildings we should keep in mind the following
procedure to construct complicated geometrical objects from simpler ones
[T, 1].

Take an object C and to each element x of C attach a subgroup G, of
the group G. Then there exists a unique minimal object 4, extending C, on
which G acts in such a way that no two elements of C are equivalent under
G and G, is the stability group of x in G. This can be achieved by taking
the quotient of the product GxC by the equivalence relation
(g, x)~ (g, x)if and only if x=x" and g "'g’ € G,.

Now let (G,B,N,S) be a Tits system of affine type, that is,
W=N/(BNAN) is an affine Weyl group. We further assume that
NpennBr '=BAN.

We are going to associate to (G, B, N, S) a set # endowed with a struc-
ture of simplical complex, a set of morphisms of simplicial complexes from
the affine space A4 into 4, a distance making & a complete metric space for
which the morphisms above are isometries, and an action of G on #
preserving these structures.

In this case C is going to be a fundamental chamber for the irreducible
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action of W on an affine space. For each x in C we call W, the stabilizer of
x in W. Finally, we associate to x the group G, = BW . B.

A1, The Simplicial Complex

Let 2 be the set of parabolic subgroups of G. For Pe 2 we denote by
©(P)c T the type of P. Let # be the set of pairs (P, x) with Pe,
x€C,p. For Pe P, the set F=F(P)={(P, x): xe C,p} is called a facet
of # of type ©(F)=1(P) and codimension card(t(P)). If P’e#? and Pc P’
we say that F(P’) is a facet of F(P), and we have then (P’)>t(P).
Reciprocally, the facet F(P) has for any type Y < t(P) exactly one facet of
type Y [BT, (2.1.1)].

The map (P, x)— x is called the canonical map from # onto C. If F
(resp. F) is a facet of type X of A, the restriction of this map to F (resp. F)
is a bijection of F (resp. F) onto Cy (resp. Cy) whose inverse is called the
canonical map from Cy (resp. Cy) onto F (resp. F). Then we can give F
(resp. F) the structure of an open (resp. closed) affine simplex that comes
from the structure in C (resp. C) [BT, (2.1.2)].

All.l. G actson # by g-(P,x)=(gPg ", x), Pe?, xeC,,p [BT,
(2.1.4)].

A.2. The Structural Mappings and the Apartments of %

There exists a unique map j: 4 - & satisfying the following two con-
ditions:
(i) the restriction of j to C is the canonical bijection from C onto
F(B);
(i1) j(v(n)-x)=n-j(x) for all ne N, x€ A.

The map j is injective. If F is a facet of A then j(F) is a facet of % of the
same type, we have j(F)= j(F), and the restriction of j to F is an affine

bijection of F onto j(F) [BT, Proposition 2.2.1].

A2.1. DeriNiTION.  The map j is called the canonical map from A into
#. A map ¢ from A4 into 4 is called a structural map of # if there is an
element g € G such that ¢(x)=g- j(x) for all x in A.

We call the apartment (resp. half apartment, wall) of # any subset of #
that is the image of A4 (resp. an affine root, a wall of 4) under a structural
map.

We can transport the structure of affine euclidean space from 4 to j(A)
and to any apartment by requiring the maps to be isometries. In particular,
we will denote the distance in an apartment M by d,,. For any g in G, the
map x — g -x is an isomorphism of 4 onto the apartment g - A.
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A.3. The Metric of the Building

There is a unique function d: # x 4 — R, such that on every apartment
A, d coincides with d, [BT, Lemma 2.5.1]. The function 4 is invariant
under G.

Furthermore, d is a distance on # and for any x, y in 4, the subset D=
{zeB: d(x,z)+d(z, y)=d(x, y)} is contained in every apartment 4 con-
taining x and y, and coincides with the segment [x, y] of the affine space 4
[BT, Proposition 2.5.4].

A.3.1. The metric space # is complete [ BT, Theorem 2.5.12].

A.4. DeFINITION. The set # endowed with the structure of simplicial
complex, the family of structural maps, and the distance d defined above is
called the building of the Tits system (G, B, N, S).

A5. B-Adapted Homomorphisms

Let ¢: G— G be a B-adapted homomorphism. Let (P, x)e#, Pe 2,
xe C p); as 5P is of type {(g)(t(P)), the pair (°P, {(g) - x) is an element of
48 and this determines an action of G on #.

The action satisfies [ BT, Proposition 2.7.2]:

(1) IfgeG, yed, then o(g)-y=g-y.

(ii) For every g in G, the map y — g- y is an isometry of the sim-
plicial complex.

A.5.1. In particular, we can take G = Aut, G, that is, the group of
automorphisms of G that preserve the conjugacy class of B, and we take

Ad: G- Autgz G as the map ¢. Theny.-g-x=y(g)-y-xforeveryyin G, g
in G, and x in # [BT, 2.74].

APPENDIX B: Fixep PoINT LEMMA

B.1. LEMMA. Let x, ye %B. There is a unique point m in B such that
d(x, m)=d(y, m)=d(x, y)/2. It is called the middle of [x, y]. Let x, y,
ze R and let m be the middle of [x, y], then

(%) d(x, z)* +d(z, y)* = 2d(m, z)* + d(x, v)*/2.

This can be shown by using the fact that for any apartment A of # and any
chamber C of A, there exists a retraction p.-: B — A such that pz'(C)=C
[BT, (2.3.4] and such that

dp(u), pc®))<d(u,v)  forall u,vin,
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having equality when there is an apartment that contains u, v, and C BT,
(2.5.3)]. Taking an apartment A that contains x and y, and a chamber C in
A that contains m, we have d(p z), p(m))=d(z, m) and we are reduced to
a planar geometry inequality.

B.2. LeMMA. Let E be a complete metric space and let E' be a part of E
having the following property:

For any pair of points x, y in E', there exists a point m in E such that ()
holds for every z in E.

If M is a bounded set in E', then the stabilizer of M in Isom E, ie.,
{oelsom E: o(M)< M}, has a fixed point in the closure of E' in E.

Proof. 1If X, Y are two sets in E we call diam(X, Y)=sup d(x, y) and
diam(X) =diam(X, X).
Let keR, 0 <k < 1. For every set X < E’ define
f(X)={meE"3Ix, ye Xst. (*)is satisfled Vz€ E

and

d(x, y)>k -diam(X)}.

Then f(X) £ if X# .
For m, x, y as in the definition of f(X) we have

d(m, z)* < (d(x, 2)* + d(p, 2)*)/2 — d(x, y)*/4
< diam(X, z)? — k2 diam(X)?/4.
Taking z in X,
diam(f(X), X) <k, diam(X),  where k, =/1—k¥/4.

Therefore taking z in f(X),
diam f(X) <k, diam(X), ky=./1—k%2.

If M is a bounded set of E’, then
diam(f9(M)) < k§ diam(M), g>1;
for every g in N pick x in f4(M), then
d(x,, x,,1) <k k§diam(M)
d(x,, x,, m) <k kg diam(M)/(1 ~ k,) = cky, ¢ a constant.
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Hence {x,} is a Cauchy sequence in E and therefore there is a limit point
xe E', independent of the choice of {x,},.n. As the stabilizer of M in
Isom(E) leaves each one of the f(M) stable, x has to be fixed.

B.3. PROPOSITION. Let M be a bounded set of #. The stabilizer of M in
Isom 4 has a fixed point x, belonging to the closure of the convex hull of M.

Proof. Take E=4%, E'=convex hull of M and apply the lemma.
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