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Abstract

A y-rigid version (withy = 0) of the X(5) critical point symmetry is constructed. The model, to be called X(3) since it is proved to contain
three degrees of freedom, utilizes an infinite well potential, is based on exact separation of variables, and leads to parameter free (up to over:
scale factors) predictions for spectra ahdE?2) transition rates, which are in good agreement with existing experimental datz€s and-85pt.

An unexpected similarity of thg;-bands of the X(5) nuclei®Nd, 1925m,154Gd, and!®®Dy to the X(3) predictions is observed.
0 2005 Elsevier B.VOpen access under CC BY license.
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1. Introduction variablesg andy, interesting special cases occur by “freezing”
they variable[12] to a constant value.
- _ _ - _ _ In the present work we construct a version of the X(5) model

Critical point symmetriefl, 2], describing nuclei at points of i, which they variable is “frozen” toy = 0, instead of varying
shape phase transitions between different limiting symmetries;;ound they = 0 value within a harmonic oscillator potential,
have recently attracted considerable attention, since they lead in the X(5) case. It turns out that only three variables are
to parameter independent (up to overall scale factors) prediGnyolved in the present model, which is therefore called X(3).
tions which are found to be in good agreement with experimenyact separation of thg variable from the angles is possible.
[3-6]. The X(5) critical point symmetry2], in particular, is  Experimental realizations of X(3) appear to occutiOs and
supposed to correspond to the transition from vibratipdéb) | 186pt, while an unexpected agreement of fhebands of the
to prolate axially symmetrigSU(3)] nuclei, materialized in the X(5) nuclei 19Nd, 152Sm, 154Gd, and'%Dy to the X(3) pre-
N = 90 isotones®Nd [7], 152sSm([5], 1%4Gd [8,9], and®*Dy jictions is observed.

[9,10] o _ In Section2 the X(3) model is constructed, while numerical
On the other hand, it is known that in the framework of resyits and comparisons to experiment are given in Se@tion
the nuclear collective modgl1], which involves the collective  4nq 3 discussion of the present results and plans for further work

in Section4.
* Corresponding author. 2. The X(3) model
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nuclear surface plus rotation of the nucleus has the fafn13]  whereY. (6, ¢) are the spherical harmonics. Then the angular
part leads to the equation

ijw 582+ 5779, W AYimO.¢) = LL+DYLu®.9), (10)
whereﬁ andy are the usual collective variables,is the mass ~ WhereL is the angular momentum quantum number, while for
parameter, the radial partF'(8) one obtains

— 2 2 1d d L(L+1
= 4Bp2sir?(y — 5mk) 2 [,32 T 52dﬂ (3/32 ) 4 ?(E - U(ﬁ))]F(ﬂ) =0.
are the three principal irrotational moments of inertia, and (11)

k=1, 2, 3) are the components of the angular velocity on the o
( ) P g y dsin the case of X(5)2], the potential ing is taken to be an

body-fixedk-axes, which can be expressed in terms of the time™> "
infinite square well

derivatives of the Euler angles 6, v/ [13,14]

wy = —sind cosy¢ + sinyb, UB) = {0’ 0<A<hw, (12)
; . . . oo, B> Bw,
wy = sing siny¢ + cosy 6, ) e width of Linth I
' . wherepyy is the width of the well. In this casé(B) is a solution
w3 =000+ . 3) of the equation
Assuming the nucleus to be-rigid (i.e., y = 0), as in the )
Davydov and Chaban approaft?], and considering in par- [ LA 2d <k2 L+ D)]F(ﬂ) _0 (13)
ticular the axially symmetric prolate casepf= 0, we see that [dB? B dp 3p2

the third irrotational moment of inertigz vanishes, while the
other two become equah = 7> = 3BS2, the kinetic energy of
Eqg. (1) reaching the fornﬁ13 15]

in the interval 0< B < Bw, where reduced energies= k2 =
2BE/h? [2] have been introduced, while it vanishes outside.
SubstitutingF (8) = B~Y2f(B) one obtains the Bessel equa-

L ;
T = 33B8%(of + 0f) + 5 g2 tion

2 14
=§[3ﬂ2(5in29¢5 +6%) + A7 (4) [WJFE@Jr(k ﬁzﬂf(ﬂ) (14)

It is clear that in this case the motion is characterized by threwhere
degrees of freedom. Introducing the generalized coordinates

q1 = ¢, g2 = 0, and g3 = B, the kinetic energy becomes a v = Le+1 -, (15)
quadratic form of the time derivatives of the generalized co- 3 4
ordinateq13,16] the boundary condition being(B8w) = 0. The solution 0f13),
3 which is finite at8 = 0, is then
_E Z iididi (5) 1
27 F =R = —p V2 ks h), (16)

with the matrixg;; having a diagonal form With k., = x5 /Bw ande, , = ks . wherex, , is thesth zero

382site 0 O of the Bessel function of the first kindl, (ks., Bw) and the nor-
gij = ( 0 382 O) (6)  malization constant = /3‘24/JU2+1(xs,v)/2 is obtained from the
0 0 1 condition [V F2 (8)2dp = 1. The corresponding spectrum
(In the case of the full Bohr Hamiltonigii1] the square ma- is then
trix g;; is 5-dimensional and non-diagor{aB,16]) Following

2 2
the general procedure of quantization in curvilinear coordinateg , — h” gu - h_zxY , (17)
one obtains the Hamiltonian operaf®B,16] 2B 7 2BBy, ¢
K2 It should be noticed that in the X(5) cagd the same Eq(14)
H=——A . I .
ZB +UB) occurs, but withy =,/ 2&H 1 9 ‘while in the E(3) Euclidean
19 5,0 7 algebra in 3 dimensions, which is the semidirect sum offthe
- _ﬁ BZap" ap T ?AQ +UP), () algebra of translations in 3 dimensions and thg®Q@lgebra

of rotations in 3 dimension4.7], the eigenvalue equation of the
square of the total momentum, which is a second-order Casimir
0 1 92 operator of the algebra, also ledd¥,18]to Eq.(14), but with

——Sinf— + ———. 8
sing 96 89+sin293¢2 (8) v=L+1/2.

The Schrddinger equation can be solved by the factorization From the symmetry of _the wave function of H) with re-
spect to the plane which is orthogonal to the symmetry axis of

VU (B,0,0)=F(B)YL Lm0, ), (9) the nucleus and goes through its center, follows that the angular

whereAg, is the angular part of the Laplace operator

Ag =
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momentumL can take only even non-negative values. There- g g+
fore noy-bands appear in the model, as expected, since the ook 18 22.62 5 —1—
degree of freedom has been frozen. P 2156 21,1412
In the general case the quadrupole operator is 20 f 1037 181.2
2 265.1
j . 6"
E 2 18 16"y 18222 —¥
T\ =1B [DMTO(.Q)COS;/ 17.91 TN
1 16 £ 388.5 154.2
il s YA 2% i 3 . 242.4
+ ﬁ[DM’Z(Q) + D5 5(2)] smy], (18) s 4y ekt
E 8+ . —
‘ 13578 ——
where 2 denotes the Euler angles ands a scale factor. For 370.7 1205
y = 0 the quadrupole operator becomes 20 jyppl12y 215.5 '
3 - 2 v
(E2) Ar 10 - 3495 10298 —— 105
T" =1p\ & Y2u(6, ). (19)  arely 1894 735
- gt 3238 75,4y 765 o4
B(E2) transition rates 3 gt : =3
1 6 635 140.1 S=
B(E2sL— s'L') = s'L'||T®|sL)|? 20 294 2y
(EZ ) 2L+1|< I |IsL)| (20) Ry s -
: . § 248.9 -y
are calculated using the wave functions of E).and the vol- L 244 A 287 L4
ume elemendt = B2sind dB do d¢, the final result being o0 5+ 1899 s=2
, , ' 0" i100
B(EZ sL — S/L/) = tz(Cfo(,)ZO)zIszL;s/L” (21) 0 0.00 s=1

L/o . . .
whereCy 5, are Clebsch-Gordan coefficients and the integralgig 1 gnergy levels of the ground state= 1), g1 (s = 2), andg, (s = 3)

overg are bands of X(3), normalized to the energy of the lowest excited st?tap@ether
with intrabandB(E2) transition rates, normalized to the transition between the

Bw two lowest statesB(E2; 21' — 01‘). Interband transitions are listed Table 1
Lp.gr = / BFsr(B)Fyp (5)ﬂ2 dp. (22) See Sectio for further discussion.
0
The following remarks are now in place. [22], 1529 [23], 1%9Gd [24], and156Dy [25], which are con-

(1) In both the X(3) and X(5)2] models,y =0 is consid-  sidered as the best realizations of X(5)7—10] are shown
ered, the difference being that in the former cads treated as  for comparison. The energy levels of the-band for the same
a parameter, while in the latter as a variable. As a consequenagiodels and nuclei are shown firig. 2(b), while existing intra-
separation of variables in X(3) is exact (because of the lack obandB(E2) transition rates for the ground state band are shown
the y variable), while in X(5) it is approximate. in Fig. 2(c). The following comments are now in place.

(2) In both the X(3) and E(§)L] models a potential depend- (1) The ground state bands 8f20s and'®%pt are in very
ing only on g is considered and exact separation of variablegjood agreement with the X(3) predictions, while fhebands
is achieved, the difference being that in the E(5) modelthe are a little lower. Similarly, the ground state bands'#Nd,
variable remains active, while in the X(3) case it is frozen. As152gm 154Gd, and'®®Dy are in very good agreement with the
a consequence, in the E(5) case the equation involving the an{5) predictions, while the8; bands beyond. = 4 are much
gles results in the solutions given by H&S], while inthe X(3)  |ower. This discrepancy is known to be fixed by considering

case the usual spherical harmonics occur. [26] a potential with linear sloped walls instead of an infinite
well potential. What occurred rather unexpectedly is the fact
3. Numerical results and comparison to experiment that thepB1 bands of thav = 90 isotones [the best experimen-

tal examples of X(5)] fronl. = 4 upwards agree very well with

The energy levels of the ground state bame= 1), as well  the X(3) predictions. This could be interpreted as indication that
as of theg; (s = 2) and B2 (s = 3) bands, normalized to the the bandhead of thg; band is influenced by the presence of
energy of the lowest excited stateI,Zare shown inFig. 1,  they degree if freedom, but the excited levels of this band be-
together with intraband(E2) transition rates, normalized to yond L = 4 are not influenced by it. Detailed measurements of
the transition between the two lowest statBe:2; 21“ — Of), intrabandB(E2) transition rates within thgg1-bands of these
while interband transitions are listed Table 1 N =90 isotones could clarify this point.

The energy levels of the ground state band of X(3) are also (2) Existing intrabandB (E2) transition rates for the ground
shown inFig. 2(a), where they are compared to the experimenstate band ot’?0Os (below the region influenced by the band-
tal data for1”20s [20] (up to the point of bandcrossing) and crossing) are in good agreement with X(3), being quite higher
186pt [21]. In the same figure the ground state band of X(5),than thel®°Nd, 152Sm, and'®“Gd rates, as they should. [The
along with the experimental data for the= 90 isotone$®°Nd  B(E2) rates of'>Dy are known[9] to be in less good agree-
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Fig. 2. (a) Energy levels of the ground state bands of the X(3) and[X]3hodels, compared to experimental data¥6fOs[20], 186pt[21], 150Nd [22], 152Sm
[23], 154Gd[24], and®Dy [25]. The levels of each band are normalized to thiestate. (b) Same for thg; -bands, also normalized to thg Ztate. (c) Same for
existing intrabandB(E2) transition rates within the ground state band, normalized taBitt2; 2{ — Of) rate. The data fo?‘SGDy are taken from Refl9]. See
Section3 for further discussion.

Table 1
InterbandB(E2 L; — L y) transition rates for the X(3) model, normalized to the one between the two lowest ﬂeEészif — Oir)
0, — 21 164.0
20— 44 64.5 20— 21 124 20— 01 0.54
49— 61 422 4y 4 8.6 421 0.43
6, — 81 311 6 — 61 6.7 6 — 4 051
8 — 10; 244 8—>8 5.5 8 — 61 0.56
10, > 124 19.9 10— 10; 47 10— 8; 0.59
12, > 14 16.6 12— 12 4.0 12, — 10; 0.60
14, — 16; 142 14— 14 35 14 —>12; 0.60
16, > 18; 123 16, —> 161 31 16, —> 141 0.60
18, — 20; 10.9 18— 18; 2.8 18 — 161 0.59
20, —> 221 9.7 20, —> 20; 25 20, — 18; 0.58
03— 2 2091
23—> 4 920 23— 2o 16.2 23— 00 0.67
43— 6, 65.3 o4y 122 4525 0.47
63— 82 50.9 63— 67 101 63— 4o 0.52
83— 10, 416 &—8 8.6 8 — 6 0.57
10312 350 10— 10, 75 10— 8 0.61
123 14, 301 13> 12 6.6 12310, 0.63
143 16, 26.3 14— 14, 5.9 14512 0.65
163 — 18, 233 163 —> 16 5.4 163> 14, 0.66
183— 20, 20.8 18— 18, 49 18— 16, 0.66

20322, 1838 203 — 20, 45 20;— 18, 0.66
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Table 2

Relative B(E2) branching ratios for the X(3) model compared to existing experimenta[2a}dor 186pt

Li— Ly exp. X(@3) Li— Ly exp. X(3)
2,0y 100 100 42 100 100
2, — 01 8(1) 0.7 429 2.6(3) 0.3

24 68(7) 80 -4 <12 6

ment with X(5), as also seen ig. 2(c).] However, more in-  Acknowledgements
traband and interband transitions (and with smaller error bars)
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