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Abstract

In this paper, the effect of several axisymmetric elastic singularities (i.e., point forces, double forces, sum of two double
forces and centers of dilatation) on the elastic response of a multilayered solid is investigated. The boundary conditions in
an infinite solid at the plane passing through the singularity are derived first using Papkovich—-Neuber harmonic functions.
Then, a Green’s function solution for multilayered solids is obtained by solving a set of simultaneous linear algebraic equa-
tions using both the boundary conditions for the singularity and the layer interfaces. Finally, the elastic solutions in a sin-
gle layer on an infinite substrate due to point defects and infinitesimal prismatic dislocation loops are presented to illustrate
the application of these Green’s function solutions.

Published by Elsevier Ltd.
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1. Introduction

The elastic solutions of elastic singularities (nuclei of strain) such as double forces, centers of dilatation, and
centers of rotation, etc., in a solid of infinite extent may be obtained from Lord Kelvin’s point force solution
(1848) by methods of synthesis and superposition. The number of elastic singularities that may be obtained by
this method is virtually unlimited and leads to solutions for a number of problems of practical importance.
The solution for a point force acting in the interior of a semi-infinite solid was first solved by Mindlin
(1936). By using Galerkin vector stress functions, solutions for the complete set of 40 nuclei of strain that have
physical significance have been presented by Mindlin and Cheng (1950a) for a half-space, and by Yu and San-
day (1991a) for two joined half-spaces (bimaterials). By using a matrix representation of stresses and displace-
ments, and solving the matrix equations, Vijayakumar and Cormack (1987a,b) obtained the stresses and
displacements for different nuclei of strain in bimaterials. By superposition of the Mindlin’s solution, infinite
series solutions are found for a point force (Ling, 1992) and a center of dilatation (Yu and Sanday, 1992) in a
plate.
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A general solution for two- and three-layer elastic half-spaces (in integral form) was first given by Burmister
(1945a,b,c). Chen (1971) presented a general formulation using Fourier integrals for a three-layer system. By
using a Fourier transform, Benitez and Rosakis (1987) obtained the point force solutions for a single and mul-
tilayered media. Yu and Sanday (1993) presented a solution for the center of dilatation in three-layer materials
using the mirror image method. Since then, extensive study has been performed on the boundary value prob-
lems in multilayered elastic materials (e.g., Yue, 1996; Pan, 1997; Ai et al., 2002, additional references can be
found in these papers). In previous investigations, a number of methods including propagator matrix, forward
transfer matrix, backward transfer matrix, stiffness matrix, flexibility matrix, thin layer method, finite layer
method, and Sneddon and Muki’s method have been proposed. However, most of these investigations are
on problems for point forces or surface loading.

In this paper, a general method for solving problems involving axisymmetric elastic singularities in multi-
layered materials is presented. The solution involves using boundary conditions (derived from the prior work
cited above) to solve these problems. In Section 2, the boundary conditions at the plane passing through the
singularities in an infinite solid will be derived from known solutions. The applicable singularities discussed
here include point force, double forces, sum of two double forces and center of dilatation. In Section 3, addi-
tional boundary conditions due to layer interfaces will be used to obtain the elastic response in a multilayered
system due to these singularities. Applications of this method will be demonstrated in the following two sec-
tions for a single layer, perfectly bonded to a homogeneous, semi-infinite substrate. The problems of practical
importance reported in Sections 4 and 5 involve point defects and infinitesimal prismatic dislocation loops,
respectively. The point defect is approximated by a center of dilatation. The elastic response due to a prismatic
dislocation loop is the linear superposition of the double forces in the z-direction and the center of dilatation.

2. The fundamental equations

To establish the method, we will consider an infinite homogeneous elastic solid (Fig. 1a) with shear mod-
ulus 1 and Poisson’s ratio v with an elastic singularity at the object point (0, ¢). Since the problems are axisym-
metric, a cylindrical coordinate (r, 6, z) will be used. This allows the simplification of most expressions since the
solutions are independent of 6 (i.e., (r,z) = (r,0,z)). The Papkovich—Neuber functions ¢(r,z) and y(r,z) are
used to formulate the problems. The displacements and stresses are

2luul’ = 72!101 - q),r? 2‘Lllxlz = Kl// - Zl//,z — P
1
0, = ZVQD‘Z —ZP . — l//Jr? 0g = ZV(pAz _Eq)r - _lp.rv (21)
; ) ; s PR
0, = 2(1 - V)lﬁz - leﬁzz - (p,zz7 Op; = (1 - ZV)W,r - le«,rz - (p,rz’

where k = 3 — 4v. The suffixes following a comma denote differentiation with respect to the indicated cylindri-
cal coordinates, e.g., @ . = 0(/0rdz. The harmonic functions ¢(r,z) and y(r, z) are expressed in terms of a set
of unknown functions A4/¢), (i =1,2,3,4) as given in the following Hankel integrals

v :/OOOAleéZJo(Vf)dé; P :/OOOAﬁEZf_lJO(’”é)dév (22)

for z < ¢, and

lﬂ+ = / A3€7<ZJQ(V€)C1€, Py = /0 A4€762571J0(7’6)dé, (23)

0

for z = ¢, where J,(r¢) is the Bessel function of the first kind of order n. Substituting (2.2) and (2.3) into (2.1),
one obtains

4y = /O b @ OIS, . = /0 i (@ N,

o — /0 b (5 O (rOEE, o — /0 " b (2, O (FO)EAE,
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Fig. 1. (a) An infinite solid with an elastic singularity at the point (0,c). (b) Two perfectly bonded semi-infinite solids with an elastic
singularity at the point (0, ¢).

for z < ¢, and

Uy, = / 5 OIS, = / T (5, O (rO)E,

2.5
o= [ one e on = [ om N 2
for z > ¢, where
U = % (zE4) + 4y)e™,
G = {21 —v) — 284) — A }e*, G, = {[z& — (1 — 2v)]4; + 43}e¥, 06
i = g (A AT, = [+ 2 A

oz = —{2(1 = v) + 2843 + Aa}e ™, 6o = —{[(1 = 2v) + 25 + Aa}e ™.

To derive the boundary conditions at the plane z = ¢ for different singularities, the following existing solu-
tions will be used. The Galerkin vectors (g1, g2, 23) expressed in Cartesian coordinates (x1, X, x3) for different
singularities are (Mindlin and Cheng, 1950a; Yu and Sanday, 1991a)

g1 =8=0, g=R, (2.7)
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for the point force in the z-direction,

8= & = 07 83 = R,za (28)
for the double forces in the z-direction,
g = R,la 8 = R,27 83 = 07 (29)

for sum of the double forces in the xj-direction and x,-direction where R; = 0R/0x;, i=1, 2, and
g21=8 =0, gy=IlogR—(z—¢)], (2.10)

for a center of dilatation where
R=1\/r>+ (z—c)z.

The relationship between the displacement and Galerkin vectors (Mindlin, 1936) is

1
u; = 7 [2(1 - V)giJjj - nga‘]a (2.11)

where the repeated suffix indicates summation over the values 1, 2, 3. The stress components can be obtained
from (2.11) using Hooke’s law. Coeflicients A4; in (2.6) are obtained by substituting (2.7)—(2.10) into (2.11), and
using the integral form (Gradshteyn and Ryzhik, 1980)

1

1_ / E T (E)dE, z < e,
R Jo
(2.12)

- / e R (EndE, 2 = e
0

Substituting the coefficients A4; just obtained into (2.4)—(2.6), one has the following boundary conditions at the
plane z = c.
Case A: point force in the z-direction

- (C, é) = lft,.+(C, é)a U (Cv 6) =y (Cv 5)

. . . oo (2.13)
(= (C, é) - O-z+(c7 é) = 4(1 - V)a Urz—(ca C) = Grz+(c7 é)?
Case B: double forces in the z-direction
@0 = (00, e, )~ (00 = 2 e
(. (Cv é) = 6'2+(C, é), G (C7 é) - 6rz+(cv é) = 4Vé,
Case C: double forces in the r-direction (sum of the double forces in the x;- and x,-directions)
ilr, (C7 6) = i‘H» (C, 6)7 l/’\tzf (C, é) = ljlz«f» (C, é)a (2 15)
8-z— (C, é) = 6-z+(cv é)a 67‘2— (C, é) - 6r'z+(cv é) = _4(1 - V)éa .
Case D: center of dilatation
i-(8) = il ), ilend) il ) = & e
a-z— (07 é) = a-z+(c7 6)7 a-rz— (C> é) - 6}'24»(07 é) = _25

The relationships between the displacements due to the center of dilatation, u;(g.q), and the sum of three dou-
ble forces in the x;-, x,-, and x3-directions, u;; (gmm), are

Uij(&mm) = 2(1 = 2v)uij(geq)- (2.17)
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Some of these boundary conditions could be obtained using a different approach. For Case A, the displace-
ment components u, and u., and the shear stress a,. are continuous at the plane z = ¢. The normal stress o is
discontinuous at the point where the point force is applied, and the surface integral of the normal traction
(6.- — 0.,) should be equal to the point forcef,, i.e.,

2n /Ooo(oz_ —o.)rdr=1. (2.18)
Eq. (2.18) can be expressed as (Pekeris, 1955)

0. (r,€) = 021 (r,¢) = lim £ (&), (2.19)
where

fle,r) =4(1—-v) /0 ) e o (r)éde, (2.20)

and ¢ is the infinitesimal distance in the z-direction between points (r,z4) and (r, z.). Without loss of generality
and to simplify the expression, the magnitude of f; is assumed to be 8n(1 — v). Substituting (2.20) into (2.19),
one obtains (2.13). The same result has been obtained by Sneddon (1951) with a different approach. For Case
C, the displacement components u, and u., and the normal stress ¢. are continuous at the plane z = c. The
shear stress o,. is discontinuous, and the discontinuity can be expressed as

O (ry¢) — O (r,c) = %f(& r), (2.21)

which gives the boundary conditions (2.15). By using the relationship (2.17), the sum of (2.14) and (2.15) gives
the boundary conditions (2.16) for Case D.

It can be easily shown that the elastic response due to elastic singularities in bimaterials can be derived using
the boundary conditions (2.13)—(2.16). As shown in Fig. 1b, the two half-spaces are perfectly bonded together.
The shear modulus and Poisson’s ratios for half-space N are uy and vy (N = 1,2), respectively. The singularity
is at point (0, ¢) in half-space 1. The boundary conditions on plane z = ¢ for four axisymmetric nuclei of strain
are given in (2.13)—(2.16) where u,_, u._, 6._, 6,._, u,+, U.+, 0.+ and a,.4 are replaced by u,;_, u.1_, 6.1_, 6,-1_,
Ui+, U1+, 0.1+ and a,.1+, respectively. The boundary conditions at the interface z =0 are

url—(ra 0) = urZ(ra 0)7 uzl—(ra 0) = uzZ(ra 0)7

01-(r,0) = 02(r,0), 0.1-(r,0) = 0,2(r,0). (222
The harmonic functions in (2.1) are

T /Ow(A“efz + Ape )y (rE)dE, @, = /Ox(ABe‘fz + Aue )& o (rE)de, (2.23)
for 0 < z < ¢ in half-space 1,

Y. = /0 A (OdE gy, = /0 e E (), (2.24)
for z = ¢ in half-space 1, and

Y, = /0 ooAﬂecfalo(rg)dcf, Py = /0 wAzzeizz:‘Jo(rg)dg, (2.25)

for z < 0 in half-space 2. The functions 4;(£) are obtained by solving the simultaneous equations obtained by
substituting (2.23)—(2.25) into (2.1), (2.13)—«(2.16) and (2.22). The elastic solutions obtained by substituting
these 4;(&) into (2.23)—(2.25) are the same as those obtained using the Galerkin vectors method (Yu and San-
day, 1991a). Using the center of dilatation as an example, the coefficients 4;(¢) obtained by solving the simul-
taneous equations are
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Ay =40 =0, Ap=Ais=2(1 — 1)Boce ™,

Ay ==, A= —r1(1y — ) Boce ™, (2.26)
Are = —&e“ — 1 (y — ) Bole™,  An = —4(1 — ) fyle ™,
where
1
= — 3 — 4y,. 2.27
b= e : 227)
Substituting (2.26) into (2.23)—(2.25) and (2.2), one has
1 S o .
Ut = =5 [ + (1 — o) Bo(ier — 2z8)eJe ™ (Er)¢de,
’1‘1 0 (2.28)
Uz = o [ — (uy — o) Bo i1 + 22E)e™Je =T (Er)EdE,
1 Jo
forz = ¢,
1 < , .
Uri- = =5 - [ + (1 — 1) By (101 — 228)e*Je™*J, (¢r)éd¢,
| # Jo (2.29)
we =5 |1 (= )yl + 2280 e o) Edg,
1 Jo

for 0 <z < ¢, and

o =—=2(1—v)p, /0OO eI (Er)ede,
(2.30)

e = 2(1 = w)fy / " et (er)ede,
0

for z <0.
The Galerkin vectors for a center of dilatation in a bimaterial with perfect bonding are (Yu and Sanday,
1991a)

§=8=0, g =—¢" 4+ —m)hl(l —4)¢" +2z¢"], (2.31)
and
gl =g =0, g =—4(1-wph¢’, (2.32)
for half-space 1 and 2, respectively, where
1
' =log[R' — (z—c)], ¢" =log[R" + (z+¢)], o= 7
(2.33)

R = r2+(z—c)2, R" = r2+(z+c)2.

The relationship between the displacement and Galerkin vectors is

1
ut

P = ﬂ [2(1 - V)giL‘/j/ - gé,ki]’ L=11. (2.34)

By substituting (2.31)—(2.33) into (2.34) and using the relationship (2.12), one has the same results as given in
(2.28)—(2.30).

3. Multilayered solids

The method presented in the previous section will now be extended to multilayered solids. The problems
treated here are those of an elastic multilayered solid consisting of N homogeneous and isotropic layers sand-
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wiched between two semi-infinite solids as shown in Fig. 2. The shear modulus, Poisson’s ratio and thickness
of the jth layer are u;, v; and /;, respectively. The elastic singularity is at the point (0, c) in the nth layer where
the origin of the coordinate system is set on the top surface of this layer. Using a similar approach to the infi-
nite solids, the Papkovich—Neuber functions ¢r,z) and y/(r,z) are used. The displacement and stress compo-
nents are

2y = =2y, — @ 2w =k — 2y — @,

0 =290 =20 — Wiy 00 = 2v0;. — Z%(pj,r - %Wj,r? (3-1)
0y =20 =y =2, =@y Oy = (1 =200, =20, — 9,

where
j=1,2,...,N, and x; = 3 — 4v;. (3.2)

The harmonic functions @(r,z), Y(r,z) are expressed in terms of the unknown functions 4;(&) as

v, = /0 (Aj16% + Ape =)o (rE)de, (33)

¥ = / (4367 + Aue %) o(rE)de,
0

forj=1,2,....n—1,n+1,...,N. To satisfy the boundary condition that the displacements and their deriv-
atives (in the two semi-infinite solids 1 and N (%, = hy = o0)) vanish for z — +o0, one has

A12 = A14 :ANI :ANS =0. (34)

The functions ¢(r,z) and (r,z) for j=n are

z

Fig. 2. A multilayered solid with an elastic singularity at the point (0, ¢).
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0

0 = | (e e 0,
0

l//n+ = / (An1+eiz + An2+eiiz)‘]0(r§)d§7
0

Py = / (Aie™ + An4+eiéz)éilt]0(r£)dgv
0

for ¢ < z < h,. Substituting (3.3) into (3.1), one has for j=1,2,...,n—1,n+1,...,N,

uy= [ e O (FOAE, uy = /0 i)z, E)o(rE)E,

0
o= [ oala s o= [N

where

R 1 & &
Uyj = ﬂ [(z84p + A;3)e + (284 + Aja)e ™,

= *{[( 28)Ap — Aple” + (1 4 28) A + Ajle ¥},
o ={[2 ( —v;) —z&dj — Ape” —{[2(1 —v)) +2EAp + Ajuye ™,
G = {[2& — (1 = 2v))]Aj + A3} — {28+ (1 — 2v))|dpp + Aju}e =
For j=n, from (3.1), (3.5) and (3.6), one has

o0

s = /0 s (2, O (FEOAE,  tons = /0 s (2, Mo (FE)E,
Gort — /0 Gors (2, IO (FEEAE,  Goms = /0 G (2, OV (FE)EAE,

where

A~ 1 = z —<z
U+ = ﬂ [(ZgAnli +An3i)eé + (ZéAnZi +An4i)e . ],

n

1

i’zni = 2 {[(Kn - Zé)Anli - An3i}eéz + [(Kn +Z£)An2:t +An4i]e_§z}7
6-znj: = {[2(1 - vn) - Zé]Anli - An3i}eéz - {[2(1 - vn) +Zé]An2j: +An4i}e_iza

a-rznj: = {[Zé - (1 - zvn)]AnI:t +An3i}eéz - {[Zé + (1 - 2V71)]An2j: + An4j:}eiiz

(3.5)

(3.8)

(3.10)

In (3.9) and (3.10), the subscript “+” is for ¢ < z < /,, and the subscript “—"" is for 0 < z < c.

For layers perfectly bonded together, the boundary conditions at the interfaces z = z;, 0 <
layer j and layer j+ 1 are

uy(r,z;) = w1 (r,z), (7, z;) = uy (1, 25),
O-zj(ra Zj) = O-zj+l(razj)a O-rzj(razj) = O-rzj+1(r7zj)7

where

J
Zj = E hk.
k=1

r < oo between

(3.11)

(3.12)
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If, the layers are not perfectly bonded together, the boundary conditions can be described differently as
given for the imperfect interface models; such as the free sliding model (e.g., Ghahremani, 1980; Mura
and Furuhashi, 1984), the linear spring model (e.g., Aboudi, 1987; Hashin, 1991; Lipton and Vernescu,
1996; Shen et al., 2000) and the dislocation-like model (e.g., Yu, 1998; Yu et al., 2002; Pan, 2003; Duan
et al., 2005).

The boundary conditions in the nth layer where the elastic singularity is located are given in (2.13)—(2.16) by
replaCing Upy Uzy Oz s Opzy Upty Uzyy Oz and Orz+ with Upp—s Uzp—s Ozp—s Opzpn— 5 Uppts Uzpts Ozpt and Orzn+s
respectively. By substituting (3.7) into boundary conditions (3.11), and substituting (3.9) into any one of
the boundary conditions (2.13)—(2.16), a set of 4(N + 1) linear simultaneous algebraic equations of unknown
A;(&) are obtained, which can be solved symbolically by commercially available software such as MATHEM-
ATICA. The elastic deformation due to these nuclei of strain can then be computed by substituting 4;(£) into
(3.7)~3.10). The formulation of the problem is now complete for each of the four axisymmetric elastic singu-
larities in a multilayered solid. Examples of practically important applications of these singularities are
presented in the following sections.

4. Point defects

The interaction between a point defect and the interface in a solid has been studied extensively because
it plays an important role in material behavior related to diffusion, oxidation and corrosion. In continuum
mechanics, the point defect is approximated by a center of dilatation. In the case where a planar, uniform
elastic layer is bonded to an elastic semi-infinite solid (with different elastic properties), the problem has
been studied by Dundurs and Stippes (1966), Bacon (1972) and Yu et al. (1996) using the method of Han-
kel transforms (Sneddon, 1951). The solution for a center of dilation also plays an important role in ther-
mal stress analysis. A general method for the analysis of thermal stresses developed by Goodier (1937) for
an infinite solid is based on the integration of properly weighted centers of dilatation over the volume
occupied by the body (Boley and Weiner, 1960; Dundurs and Guell, 1965). By using Galerkin vectors,
Mindlin and Cheng (1950b) extended the theory to a semi-infinite solid and Yu and coworkers
(Yu et al., 1992; Yu and Sanday, 1992, 1993) extended the method to a bimaterial, a plate, and a layer
sandwiched between two half-spaces.

The elastic deformation caused by a point defect in a planar, elastic layer perfectly bonded to a semi-infinite
solid will be given in this section. It should be noted that this method could be easily extended to a multilayer
system as described in Section 3. As shown in Fig. 3, solid 1 is a free space where u; = v; =0, solid 2 is the
layer with thickness /1, = A, and solid 3 is the substrate where /3 = 0o . The point defect is at the point (0, ¢) in
the layer. Letting N=3,n=2 and j=2, 3 in (3.1)«(3.12), and substituting &, ,it,_,...,6..,6,, in (2.17) by
Uy ln ,...,024,04, one has the simultaneous algebraic equations, given in Appendix A for the unknown
coefficients A4, Ay, A3z> and As4 . The solution of the simultaneous Egs. (A.1)—(A.10) is

r
e
S A S

M3, Vs

z

Fig. 3. An elastic layer of thickness /4 attached to a semi-infinite substrate with a point defect or an infinitesimal prismatic dislocation loop
at the point (0, c).
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Ay =2(f— 1)[(k2 — Ksﬁ)ezci + (1 + Ksﬂ)(ezci - th)ezhi]fe%é/l‘o;
An- = =21+ 1f)[(1 = B)(1 + 2h&e™%) + (12 + B)e™<] e~/ 4,
Azs- = {(B = D22 — k3f) + (1 4 K38) (153 — 2hE)e™<]e™
+ (1 +m3B)[(1 = B)(1 + 212hE) + (152 + Be*“|e* <} e/ Ay,
Ay =A{(B = 1)[(12 — 3p) + (1 = 2i2hE) (1 + 13 )< ]e™
+ (1 4+ 13B)[(1 = B) (12 + 2hE) + 12 (102 + B)e™<]e } e / Ao,
Ao = 2(f = 1)[(12 — k3p)e™* + (1 4 K3 f) (e — 2hE)e™|ée™/ Ao,
Any =2(1+13B)[(B— 1)(1 + 2h&™7) — (12 + B)e™ ] e~ / Ay,
Ay, = {[2(ky = 2hEVRE — 13 + 2b3 By + 21hE — AR E) + 13 B2 (1 — 202k + 4R EP) ]
+ (B = D1+ 13B) (162 — 2hE)e™ ™ + (13 — 13 f) (1 + 102™)]} e/ Ay,
Ay = {205y 4 2hE)RE 4 13 — 2b3B(y — 200 — 4P ED) — 132 (1 4 212hE + dH*E) )¢
+ (14 13) [ (12 + B)e™™ + (12 + B — (B — 1) (5 + 2h)]} e/ A,
Azy = 8ar[(B — 1)(1 + 2hEe™*) — (15 + B)e™]e™ 2%/ 4,
Az = dar{(1 + 1) — 163 — 163 + 2(B — 1) (13 + 2h&)hé]e™

+ [ka(1c2 + B) + 4(bs — b3 f)hE]e™ — (B — 1) (ks + 2h&) e/ Ay, (4.1)
where
Ao = (B—1)(r2 — k3f) = 2[y; — 2b2b3 B — w3 f> + 2(1 — B)(1 + 13 B)*EJe™ — (B + w2) (1 + 13B)e™,  (4.2)
/3:227 y=5— 12v, + 82 (4.3)
3

The solution for the problem is obtained by substituting (4.1) into (3.7)—(3.10). For a thin film, one would have
Uz =v3=0, A3, = A33, =0, and the boundary conditions become (A.1)-(A.6), (A.9) and (A.10) given in
Appendix A.

5. Infinitesimal prismatic dislocation loops

Over the past few decades, studies of dislocations and their effect on materials properties have been greatly
expanded. For example, dislocation loops have been shown to have a great effect on dopant diffusion in prea-
morphized silicon and on electronics device performance (Skarlatos et al., 2006). It also affects void growth in
the ductile fracture of materials at room temperature (Ahn et al., 2006). The elastic solution for an infinites-
imal dislocation loop lying in its glide plane was first obtained by Nabarro (1951). Bacon and Groves (1969)
provided the solution for an infinitesimal dislocation loop in an isotropic, semi-infinite elastic medium. For
elastic interactions between dislocations and surface layers, the first analytical work was accomplished by
Head (1953a) for a screw dislocation near a layer coated on a half-space using the analog between electrostatic
image treatments and those of elasticity. The elastic field for a screw dislocation traversing a plate has been
given by Eshelby (1979). Chu (1982) provided a solution for a screw dislocation in a two-phase thin film of
equal thickness in each phase. And recently, Wang (1999) solved the problem of screw dislocations in a
two-phase, thin film of equal thickness in each phase. The elastic stress field due to an edge dislocation in a
bimaterial was also first investigated by Head (1953b) and re-examined by Dundurs and Sendecky;j (1965),
and Mura (1968). The elastic fields for an edge dislocation in the substrate and in the film of a film/substrate
system have been given by Weeks et al. (1968) and Lee and Dundurs (1973), respectively. By linear superpo-
sition of the solutions for the elastic singularities, Yu and Sanday (1991b, 1994) provided the solutions for a
dislocation line, and a dislocation loop of arbitrary shape, orientation and Burgers vector. By extending their
method, double forces in the z-direction and center of dilatation will be used to obtain the elastic solution for a
prismatic loop traversing the layer with Burger vector in the z-direction. The elastic field of an edge dislocation
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can be obtained by integrating the result of the prismatic loop over the surface of the cut formally used to
generate the dislocation (Nabarro, 1951).

Consider an infinitesimal prismatic loop at the point (0, ¢) in layer n with a Burgers vector b,, and the sur-
face of the cut formally used to generate the dislocation loop is dS.. The elastic displacement due to this infin-
itesimal loop is the linear superposition of the field due to the double forces in the z-direction u;; (g..) and due
to the center of dilatation #;(g.) (Yu and Sanday, 1991b)

Upj = [u"f(gz ) 2v/u’j( )]QdSza

(5.1)
U = [u:;(g..) — 2vju;(g.q)]0dS.,
where j=1,2,..., N, and
Wb
0= 47r(1 ) (5:2)

We will again illustrate this method by using the dislocation loop in a layer, which is perfectly bonded to a
semi-infinite substrate (Fig. 3). In addition to the elastic displacements u,(g.q) for a center of dilation (4.1), the
solution u,{(g..) for the double forces in the z-direction are also needed. The simultaneous equations needed for
the double forces in the z-direction are obtained by substituting (A.4) and (A.6) (in Appendix A) into (2.15),
thus

(k2 — c&)Ani— — Ar3_]e* + [(k2 + cE)An— + An_Je™=

. , 5.3
— (kg — c&) A1y — Axsi]e — [(k2 + c&)Arpy + Aoai]e™ = 4(1 — 21y)¢, 5-3)

for iy, (r,c) — i1y, (r,c) = 2(1 — 2vy)&/ u,, and
[(c& = ba)Aor— + Az3 e — [(c&+ by)An + Any e (5.4)

— [(c& — ba)An+ +A23+]ecé + [(c€+ by)Any +A224+]67§C = 4v,¢,

for 6,5 (r,c) — G, (r,c) = 4v,&. The coeflicients for the double forces in the z-direction obtained by solving
the simultaneous Egs. (5.3), (5.4), (A.1)-(A.3), (A.5) and (A.7)—(A.10) are

Ao ={(B— 1) (12 — k3B) (1 — dvy — 2¢E)e* 4 (B — 1) (1 + 13 p)[1 — 4vy + 2(h — ¢)&Je* )<
— [(12 + B) (162 — 13 B) = 2(B = 1)(1 + w3 B) (1 — vy — 2(h — ¢)&)h&le™
— (124 B)(1 + w3 p)e¥e e/ 4,
Az = {(B = 1) (k2 — 13B)&™* + [2(B — 1)(1 + 13 ) (1 — dvy + 2(h — ¢)&)hé
— ()2 + B) (2 — 13 B)]” S+ (B = 1)(1 + 13 ) (1 — dvy — 2(h — €)&)e™
— (k2 + B) (1 + 1) (1 — 4vy + 2c€)e¥ } ee ™/ Ay,
A = {(B— 1) (k2 — 13B) (73 + K20E)€™ + [162 — 29,b3 + o33 8°
(
(1

+ (1 = B)(1 + 13p) (¢ + 2y3h — 2165 (h — ¢)hE)E TV e/ Ay,
Ass— = {(1 = B) (k2 — k3B) (1 + &)™ + [5 — 27,038 — 138°
+ (1= B+ k3B (1 — 2K3hE)cE 4 2(75 + 12hE)hE) e
1y — 29,038 + 31387 + (1 = B)(1 + 13 ) (2h + 2K*E — 165 — 2ché) E]e?e
+ (k2 + B) (1 + 13B) (73 + xzcé)e“”}éfe </ 49,

Ao = (B = D{(2 = i3B)[(1 = 4vy = 2¢£)™ — 1] + (1 + 13 B)[1 — 4vy + 2(h — )l
— (14 13B)[1 4 2(1 — 4vy + 2cE)hE|e? < ée ™ ) Ay,
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Any =1+ 1) {(B—1D)[1 —dvy —2(h —c)&] — (B — D1 = 2(1 — 4v, — 2c&)hé]e**
+ (162 + B — (g + B)(1 — 4vy + 2c8)e } e/ Ay,

Axye = {(1 = B)(162 = k3 B)[1 = €& — (33 — 12¢E)e™] + [i2 — 274b3 + 73063

+ (1= B)(1 + x3p) (rac — 20+ 2(h — €)hE)EJe ™ + [y — w3+ 294038

= 2(1 = B)(1 + K3p)(2¢hé — Kae + (1 = dv))h&” — (i5¢ = 2(1 = B)(1 + 1) y3h
— Blics P+ 2bsir)c) e Y e / Ao,

Angy = —{[12 + 13,3 8> — 24b3 — (1 — B)(1 + re3) (12 — 2(1 + (h — €)E)hé)]e™
+[6 = K3 + 294038 + 2(1 = B)(1 + w3 ) (rac — (1 — dvy = 2c) )&
+ (k2 + ) (12 = k3 B)e = 293(1 = B)(1 + K3 B)h)EJe*
+ (1 + c&)[Ka +2(5 — 6v3 — 2v3k3) B + 13 f7Je3 <

— (12 + B)(1+ K3B) (73 + rac€)e T &% / Ay,

Ay = da{(B— D1 —4vy — 2(h — )] — (k2 + B)(1 — 4vy + 2c&)e
— (B = D1 = 2(1 — 4v2)h& + 4ch&e™ + (k2 + )2t Eel?95 ) 4,

Azy = dar{2(vaic3f — 233 — v3) — (1 — B)[2(bs + 2v2)h — ksc]é + 2(1 — ) (c — h)hé?
— [4ay — 2vsicy + 22128 + (1 4 13 B)cE + 2(by — b3 )h&]e* )
+ [4(B— D)8 = 2(1 = B)(rsc — (1 — 4v)WhE + (i3 — 1) e + 2(B — 1)(2varcs — b3)hé
+ 2(var3 B — dvaay + v3)]e*C + [2(2 — 3v; — (4 + B)vars + 4viKs) + K3 (K + )
+ (by = b3B) (2(1 — 4vy) + 4c)hé]e<} el ) A, (5.5)

where
v, =5—14v, + 8v§7 3 =1—8v, + 8v§, vy =3—10v, + 8v§7
s =13 = 52vy + 72v3 — 32v3, 9 = —3 + 28v, — 56v3 + 323,
Ag and f§ are given in (4.2) and (4.3), respectively. For a thin film, one would have u3 =v3; =0, 43, = 43, =0,

and the boundary conditions become (5.3), (5.4), (A.1)—(A.3), (A.5), (A.9) and (A.10).
From (4.1), the coefficients needed in (3.3)—(3.5) for the complete solution are

AZi:t - [AZi:(:(gzz> - 2V2A2ij:(gcd)]QdSza (l = 1727 374)7
Az = [A3f(gzz) - 2V2A3i(gcd)}QdS27 (i = 274)7

where A,;1(g..) and A3(g..) are for the double forces in the z-direction as given in (5.5), and A,;+ (g.q) and
As{g.q) are for the center of dilatation as given in (4.1). The elastic field in the solids due to a straight edge
dislocation, or a prismatic dislocation loop with finite area can be obtained by integrating the results given
in (5.1) for the infinitesimal dislocation loop over the surface of the cut that generates the dislocation. For
an edge dislocation at x; = x, =0, x3 = ¢ with Burgers vector b, and dislocation line vector parallel to the
x»-direction, the surface of the cut is the half plane 0 < x; < oo, —00 < X5 < 0o. The elastic displacement
due to this edge dislocation can be found by integrating (5.1) over d.S. = dx}dx), from x] = 0 to co and from
Xy = —o0 to oo, where r in the solution for the infinitesimal dislocation loop is replaced by

(5.6)

\/ (x1 — x’1)2 + (x) — x’z)z. Similarly, for a prismatic loop with area .S and Burgers vector b., the solution is ob-
tained by integrating (5.1) over the surface area S.

6. Summary
A method is proposed for solving some axisymmetric problems in multilayered solids. The boundary

conditions for the point force in the z-direction, the double forces in the z-direction, the double forces in
the r-direction, and the centers of dilatation are derived. These boundary conditions are then used to derive
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the elastic response in multilayered solids. The unknown coefficients for the solution are expressed in terms of
a set of simultaneous linear algebraic equations. As examples of this method, the elastic responses of point
defects and dislocation loops are presented for a layer perfectly bonded to a semi-infinite substrate. For more
than one layer, bonded to the semi-infinite solid, the expression for the solution is too long to be presented
here. However, by using symbolic mathematics software such as MATHEMATICA, solving the simultaneous
linear algebraic equations becomes straight forward.
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Appendix A. Boundary conditions for centers of dilatation

By substituting (3.8) and (3.10) into (2.16) and (3.11), one has

2(12(142], 7A22,) 7A23, 71424, = 0, (Al)
for 6,_(r,0) =0,
by(Aa- +Ar) — Axz— + Ay =0, (A.2)

for 6,.,_(r,0) =0,
(cédni— + Az )€™ + (cEAr + A )e

= (cédny + Az )e% + (cdny + Anyy)e ™, -
for i,,_(r,c) = o, (1, ),
(62 = €por = Ay &% (02 + €+ Ara e (A4)
— [(102 = €&) a1y — Ar3i]e™ — (k2 + c&)Amy + Angs]e™ = 2¢,
for tir._(r,c) — ity (r,¢) = &/ s,
(20> — &y — s Je* — [(2ar + e+ Jot (A.5)
= [(2a2 = Q) a1y — AnsiJe = [(2a2 + &) Ay + Ani e,
for 65, (r,c) = 62, (r, ),
(e = bo)dor— s Je* = [(cEF ba)daa + i fe™t (A.6)
— [(e& = by)Any + Apsi]e® + [(c&€ + bp)Ar + Apay]e™¢ = =2¢,
for 6,.,_(r,¢) — 624 (r,c) = —2¢,
(héday + Azs)e + (hédny + A )e ™ = Z_j (héds + Asa)e ™™, (A7)
for @t,0, (r,h) = G,3(r, h),
()3 — hE) Az, — Aray e + [(ky + hE) Ay, + Asay]e
B % (13 + hE) Az + Asgle ™, o
for itpy (r,h) = i13(r, h),
[(2a2 — h&)Aare — AnsiJe™ — [(2a2 + hE) Aoy + Anas]e™™ (A9)

= —[(2as + h&)Ax + Asle™,
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for 6,5, (r,h) = 6.5(r, h),

[(hE — by) Ay + ArsJe" — [(hE + by)Ans + AraiJe"

‘) (A.10)
= —[(bs + h&) Az + Azale™",
for 6,0, (r,h) = 6,.3(r, h), where
K[:3—4Vi, ai=1—v,v, b,v:l—Zv,-. (All)
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