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This paper is a continuation of paper [1]. The intent of this one is to
make a first step to solve the systems of isentropic gas dynamics equations
in Lagrangian coordinates by the viscosity method.

Consider the Cauchy problem for the systems of isentropic gas dynamics
equations in Lagrangian coordinates

u,+ p(v), =0, v,—u,=0, XeR, teR . (E)
(ll(.\', 0)’ U(-\‘» O)) = (ll()(.Y), U()('\‘))a Xe R9 ([)

where the pressure p = p(v) >0 is a C* function of the specific volume v >0
and u is the velocity of the flow. We assume that p'(vr) <0, p"(v)>0. The
Jacobian matrix of (E) has two real and distinct eigenvalues —A(v)=
—\/‘—p’(v) <0</ —p'(r)=ilv).

The main result of this paper is to show that if the flows contain only
bounded smooth rarefaction waves in the initial instant, then the solutions
of the systems with viscous terms and initial data (I) are uniformly
bounded with respect to the small viscosity coefficient ¢ >0 in the strip
(—o0, 0)x [0, T), where T>0 1s any given constant. These solutions
uniformly converge to a smooth solution of (E), (I) in (—oc, c0)x [0, T)
as ¢ —0.

Consider (E) with viscous terms, namely

U, — U, =ED ., u,+ plry,=eu,,, e>0. (E),

The Riemann invariants are taken as r=u+ @(v), s=u— @P(v), where
@(v) = () A(s) ds. Then they give a one to one smooth mapping from region
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CONVERGENCE OF THE VISCOSITY METHOD

Q={(u,v)|ueR veR, } onto Q,={20(0)<r—s<2®(cc)!. In view of
p.= —it, and iv = (iv ), — 4 (4v )/4, it is easy to obtain

(rl + S!) - ;'(r\‘ - S,\‘) = E(r\‘,\' + Sv\‘\‘)’

(r,—s)—ir.+s)=elr,, ~s. )—ci(r,

then

ro—Aro=er o —eAr.—5.)/2,=¢r . —cAlr.—5.)/44,

S, As =65, AEA (r,—5.)/2i =85 +eilr,—s,.) /44,

=)/

(2),

where the overdot denotes a differentiator with respect to @. Differentiating

both sides of (2), with respect to x, we have

ory . or, %, +; & [ A, ( ) EA
— A =& LT —< r.—3S8,)—
it ax axr TV o2\ a), 0 T 2a

( r.\i\' -

‘Y.x‘\ )

~2 2 H

or. A &[4 3
=z +-(r,=s)r.—=|{ =] (r.—s.)

(-1-‘_2 2 RY AN v 8 (/\')m RY RY

_5 (r\-_sr)(r\:\_s\:\‘)'
That is
Prx_; ry 0 AMri—sy)
t T dx ox?
( é ;) 2

Similarly, we can prove

- 2 2
ds, . ds, 0. Ar.—s,)
s = 3
ét ax ox* 2

[ £ (;) ( LY
X S‘.__. 5 r.\'_s.\’ ——_~ r\’r_
R VIV P A

Our main result is the following theorem.

THEOREM 1.

(3),

s.\'.\‘ ’:| ‘

Consider the Cauchy problem (E), (1), where p=p(v)>0is

a C* function, p'(v)<0, p"(v)>0. Suppose the initial data uy(x),

o(X) = v, >0 are bounded C* functions. If

ro(x}=0,  s5(x) 20,

(M)
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then the solutions of (E),, (I) are uniformly bounded with respect to small
¢>0 in the strip (— 20, o0)x [0, T), where T>0 is any given constant.
And those solutions uniformly converge to a smooth function as ¢ tends to
zero. The limit function is a smooth solution of (E), (I), and

Vo SO(X, ) S0+ LT, 0<r<T, (4)
where (u(x, 1), v(x, 1)) is the solution of (E), (I), v¥=sup, vy(x),
=inf, vy(x)>0.

()*

Proof. Since vy(x)=wv,, >0 is lower bounded away from zero, then
obviously, it is no harm to assume u,(x) and vy(x) are constants outside
a finite interval { — X, X7], where X >0 is any fixed constant (see [1]).

Since uy(x), vy(x) = vy, >0 are bounded smooth functions, by condition
(M), we have 0 < ry(x) < L, 0<sp(x)< L, and |rg(x)], |sg(x)| < H for some
constants L, H>0.

Let uol — 00 ) = uyy. Uy(+ oc) =uF. For any small constant >0, let

D;‘—‘{(ll,v‘”u()* E<usuf+& (1= Upy SU SLTH+(1+&)od }

ey

We now prove the following Lemma 2.

LEMMA 2. For any given T>0, if

ee(l—e*y<r,, s,<L+e(l—e 1), 0<gr<T, (5)

then

(u(x, 1), v(x, 1)) e D, 0<1<T, (6)

where (u(x, 1), v(x, 1)) are solutions of (E),, (I), £€>0 is sufficiently small,
¢y, A are positive constants that depend only on D., p(v), T, and L.

Proof. By (5), we have
e (l—ey<u, <L+e(l—e ') (7)

In view of v,=¢v, +u,, we have

1 o
v(x, t)=——== v(f)exp{—
2\/£7rtJ . o

(x— 5)‘} &

el

4

1 t e u, (x—i)z )
n = — =L ¢ dr.
+\/q£,f ,\/;(I_—t)exp{ 48(1_1)} cdart
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Thus, by (7),

x—£)
(x,1)= exp{ }d{
2,/57r '[ 4et
f (7o Lred=e) ex { (x—‘:)z}d‘dt
— T dg
0 - 2\/&(1-1) de(1—1)
=v(’)"+j (L+e(l—e ")) dr
O
=v¥+Li+e(t—e "+1)
Suod+LT+e(T+1) (8),
On the other hand, we have
e, 1) 2 U0, +J~ ec (1 —e?*) dr
O
1,1
= Uy, + 8¢, r——;e‘ +;
2o, —ec e/ A (8),
By (8) if e<min{od/(T+ 1), Edvg,c; e T}, we have
(1 =)o, vl NS LT+ (14 &) v %

Since coy(l —e*)<u (x,t)<L+e(l —e '), then
u(x, 1) 2 uy, +ec (1 —e*)2X + 212((1 — &) vgy))
> u,, — 2ec e (X + TA((1 - ) Coy ). (10)
Ife<&/[2c,e"(X + TA(1 — &) vy,))], then by (10), we have
u(x, t)>uy, — & (1),
Since u(x, 1) is smooth and lim __ , u(x, 1} =uy(X) < uf, then
ulx, t)y>ul - ¢ (11),

By (9) and (11), we obtain (6). Q.ED.

According to Lemma 2, it is easy to see that the major step of the proof
is to prove (5). To this end, we let

Ty=sup{rlec(1—e*)<r,, s.<L+e(l—e '), VxeR!,
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Hy=Supp;: l4l,  n, =supp: Ml.a ny=supp: {Al, Ny=supp,:. l)d/};ls N, =
supp; [(A/Z)al, Ny=suppe [(A/A)pal, by=infp [A], b =Infp |4], where
€, >N, LY16b, +2¢,/by, ¢3=(H+ny,L%4n,) exp{(n, +3n, L+2N, L+
3NyL+non L)T}, A= %Ln,. In order to prove (5), it is sufficient to prove
T,=T as 0 <e <g,, where ¢ is a constant which depends only on p(v), D,
L and T.

To do this, we need the following Lemma 3.

LemMa 3. Hee(l—e¥)<r ., s.<L+e(l—e "), 0<t<T, then

Ir\'\'la |S\-\-l<(‘2’ 0<I<T (12)

We will prove Lemma 3 later.
We now prove T, =T by contradiction. Suppose T, < T, then it implies
that there are only two cases.

Case 1. There exists (x,, T,) such that r (x,, T))=L+¢&(1—e¢ ™) (Or
sdx,, T)=L+e(l —e ")) It implies

or.

22
(xy. 7)) CX

0x

Thus by (3), we have

/i(l'\,—.v\.)lz e (i) , £ ]
K———|r.——=|7] (ri=s) == (ro—s) | (13)
(1. 1) 2 43 \4/ i

Since 4= p"/2p’ <0, then

ar,

it

j(r‘,—s\)

b, 5

1]

(xvi. 1)

Let e<iL(l +c,e*”) ', then |r,—s.|<(3/2)L. Thus

or, 9 . N 2¢, )
- <(-b)(—L—e(l—e "y+=L>—¢e+—
(—,"1 {xp. TV ( -)( l( ¢ ) 4 4b| hO €

<bo(L — (ON, LY16b, + 2¢4/by ).

LCI £ 16Lb()bl/(9N| b(,LE + 32b| l'z), (hﬁn

-

T <0. (14)

~
Ol .
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On the other hand, by the definition of T,

ﬁr\' . r\'(xl’Tl)_r (xlst)
—_— = l - X
Vo A PN Hl;,nﬁo T,—1¢
_ T . ot
> fim [L+e(l—e ")]—[L+e(l1—-£"1]
t—-T1--0 n—t
=ge >0, (15)

Equation (15) contradicts (14), thus there is no 7,<7T such that
rdx,, T))=L+e(l—e ™). Similarly, there is no T,<7T such that
sdx, T)=L+e(l—e ™).

Case 2. There exists (x,, T;) such that r (x,, T})=¢c,(1 —e*™) (or
sdx,, Ty)=¢c,(1 —e?™)). It implies

or,
ox

Thus by (3), we have

&y
ax?

=0.

(x, T1)

=0,

{x1. T1)

or, Ar, = A
Ll sHnl 2 (3) (=525 (=0 | (16)
Ot [ 1) 2 4.\ e A
Since
[;ZEA(r.r_s\) 20,
2 (x), T1)
then
ar - 9N, L? 2¢
X >h{ec, (1 —etT)y— L= g 2¢
e P 2(“’( LTI
< - 9N, L* 2c
= -bZCIEé’AT1+b28(Cl——i'6—]b'l——'b—:') (17)
Since ¢, > (9N, L,/16b,) + (2¢,/bg), then
or -
R > —b,c ee™. (18)
Ot |, 1) a
On the other hand, by the definition of T},
arr : rx(-xl’ Tl)—".\-(xn’)
= lim
5! (x1. 7)) =T -0 Tl_t
< lim ec (1 —e?")—ec,(1—e™)
(~Ti—0 T,—1¢
= —tc, Ae? T < —gc,byet T (19)

505:102:2-9
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Equation (19) contradicts (18}, thus there is no (x,, 7}), 7, < 7, such that
rdx,, T))=¢c,(1 —e*™). Similarly, there is no (x,, T;), T, < T, such that
sdx,, T =¢ee, (1 —e?7).

The contradictions imply T, =T.

Finally, we only need to prove Lemma 3.

Proof of Lemma 3. Differentiate (3) with respect to x, by straight
calculation, we have

ar., ar.. . 4 . A
=A== S o (r =S AMr s ) P+ o
it Ox ix 4 (re=s) (re=sdre 2

e [4 4 e p 2 ]
- 16 </l>(p¢, (r.\'_s,\') - ) <2)¢ (r,\'_‘s,\') (r,x,\‘_‘s.\’x)

g /A 0
-3 (E) = [(r.—s)ro—5.0)]

2
ey v 1) (20)

r.\‘(r,\:\' - S,rv)

=g
ox

where F(x, ¢} 1s defined by the equality.

Let MO = Supn7- |r.\' - le’ Ml = Supn, { |r_\'l, |s,\'| }’ M2 = Supn,{ |r.\'x(xv T)l,
[sodX 7)), where m,={(x,7)[xe R, O0<t<t}. We now prove (12) by
contradiction. Let T, =sup{t| M,(t)<c,}. Suppose T, < T, we divide the
strip (—oc, 00) x [0, T3) into small strips (—oc, 00)x (t;, t;. ], t;=lig,
i=0,1,.., Te '—1, here, it is no harm to assume T>& ' is an integer. For
any given point (xg, fy), {; <ty <t,,, we rewrite (20) into

or or.. 0%

XX - XX X\ ar“
T Alxo, to) e £ —EF-%— F(x, 1)+ (Alx, 1) = A(xg, tp)) e (21)

Define a coordinate transformation r=t, x=y— A(x,, 15)(t —1y). Let
Wi, )y=w(x(yp, 1), 1), then

ow( v, t) dw(x, 1)
at Ot

ow(x, 1) ow{y ty ow(x, 1)
ox vy ox

— Axq, 1y)

where w is any smooth function. By (21), we have

)

P PP R . . o7,
S =e ! + E(y, )+ (Ay, )= A yos 20)) o (22)

where #(y, 1)=r(x(y, 1), 1), F(y, 1)=F(x(v, t), 1), and i(yq, o) = A(Xq, o).
Hereafter, we omit the tilde for simplicity in printing.
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If we let r (¥, t,) be the initial data, then by the Eq. (22), we have
(& ¢) {(vo—é)z} .
L) = Tee ex . dé
(o fo) = J \/sn(ro—t) P de(to—1t)
woew Are—so)re { (yo— é)’}
+—= O ————>% d¢ dr
4ﬁ£, j w2 Jelly—1) Pl %(to—1)

R L“;*_Lex{ (o= 0)
ﬁ ! "“ ety —1) 4ello—1)

Aroree—s::) (yo—&)?
\/‘J f B 2\/8(,0_” e"p{_%uo—z)}dédr
£ o )/))aup s)4
16\/1_cf: f s(to—t)

(yo—
de(ry— 1)

+ }dfdt

xexp{ }déd

5¢ o= (/./i)qp(r;— ) (ree —see)
8 /n J’n J, + 2/ elty—1)

(}'0_5)2
xexp{—m}‘&‘h
L[y G L s s
2\/; PR 2\/3([0—1)

(30— &)
X“p{ 4(1(,—r)}déd

5 o — Ay /0
+_I__J', J‘ (A&, 1) — A v, 1))y 4/ 0E)

ST 2 /elto—1)
xexp{ ‘(t:(o fi)}dfd‘r.

"leM(Z)
4

Thus

iro(vo. to)l < My(1) + (to— 1)

1o i
+nlM0j Mz(z)dwnlle Ms(1) dr

1

56
o Ny M= 1)+

(0]
= , 7{N,M;,L My(t)de+1
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B nM M2 N,Mie
—Mz(’i)‘*’( 4 + 16 )(0—’.)
+(n, My+n, M, +5N'M5) f Mydi+1  (23)
where
[ (A/A)E/08) [(ry = s)(reg—520)]
2\/8(f0—1')
()'0—5)2 p
XCXP{‘4£(r()_T)}dCdT
o /(10 ’()))((}“/1 { (}"()‘S:)z} . ’
— T d& drj.
ety —1) c*p de(ty—1) c
& o px (/.//v)s(rs SNre: —see) { ()'0‘6)2} .
I< — - déd
2 Jx f, f . 2 i Pl -0

+

£ JJUJ“/— Z(i/i)(r:—&':)(F;E—S;;)()‘o“‘:)
Zﬁ 0o (2 \/5(’0_T))3

()’0—‘5)2 ¢
X €XP {~ m} dé dr
* (yo—2<)
% dE dr
= 2\/8(!0-—1' p{ 46(’0*1'} : ’
b J"OJ"X‘ 2(4 (é,f)"‘ﬂ(}o,t()))rgg(}'o—c.)
ﬁ NYow 2 Je(ty—1))

(yo—%)
xexp{ 48(10_1)}dédr
2¢ woen o My(t)lye— <l
S N 2 Jeltg—0)

X X { ;‘(",0_5:)} de de+n, L“ M(1) de

fo

1

e o (HAelre =) (ree —se) {(»o “)} !
dé dt
T H 2 Jeltam1) b Frpm G
+_%__ J"“J’ (AN —to) + AENE — yo)) ree{yo— <)
NN (2 Jeto—1)°
(,V()_CV)2 v
X eXp {—48“0_1)} dé drl. (24)

Since 4, = (4/2)(r, —s,), 2, = (A/2)[Ar, +5,) +e(r,,—s,,) — (e4/A)(r,—5,)*].
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Let
Yo—¢
My=sup [4,], e
A 2 Jelt,—1)
then
N M3g
J f°M2(r)dz

2 M,(7) |z] e :szdr+n1 j’n M,(t)dt

P
+ﬁN0M"J‘,,f xm ‘

M, wooex o My(t)ye—ZEl { (.Vo_f)z}
— ———=3déd
26\/_'[ '[x e(ty—1) exp de(ty—) Gt

+n1MoJ°J'7’ 2(‘5)(}'0_5)2 exp{ (yo— &)? }dﬁd

Jr e 2 Jet 1)) de(ty—1)
<<n,+N‘;4‘2’£)L (r)dr+j_N0M021/;ZV/t—Ojr-,Mz(r(,)
+5;;j 2\/EE??M(r)drf 2] e % d=
+”1M0 Im Mz(‘c)er-I 2 < d:

Tz

NM2 IN,M
<<n, ! )j Mo(t) de 4+ 222298 ag (1)

N

M, 4\/'
Mt
A (V10— 1, M1(to)

XM—O ﬁjm M,(1) dt
TE 2

2 INMy 2
(n Mo N‘M )f Mt dr+<N° 0 M‘) (1) (25)

: VAN

Putting (25) into (23), we have
nM M N,Mje
(to—1,)

4 16
SN M3 ni M, N,Mf,a)

4 > T3
<2N0M0+2M3

VESE

rlron fo)l < Ma(t,) + (

+<n1M0+n,M1+n,+

iy
xj My(t)dr+¢

>M2(’0)~ (26)
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Let a, = n,M, M}4 + eNyM316, a, = 32)yn,My + n, M, + n, +
SN, M2/4+ N, M2e/2, ay=(6NoM,+2M,)/3 /7, then

P o)l < Malt) + ayltg= 1)+ | Mo0) de +aseMylro). (27)
Similarly, we can prove
15,0( Yo fo)l < Ma(t) + ay (1o~ ;) + a5 f M(t) de + aseMo(ty). (28)
Since (y,, #) 1s arbitrary, then for any (x, ¢)(— oc, 0) % (t;, t;, ), we have
Mo(1) < Mo(t) + ay(t—1,) + a, f M(c) dr +aseMy(1).  (29)
That is
(1= aye) Myt —ay | Ma(x) de < Mol1) + ay(1— 1)

’l

or

‘ : M,(t; 1—1t; ‘
((’ (a2/l  aredt f Mz(r)df) < ._( 1)+al( I) e (a1 u;l:)l. (30)
f

, 1 —a,e

Integrate both sides of (30) from ¢, to ¢, |, by straight calculation, we have

1 ‘
Mt ))+—< e/t @t "'(M(t,-)+;£>. (31)
2

a, l—aze

Thus by (31) and the above proof, we have

M2(T2)+%<(1 — asE) Tye+ 1, (m:;)7'1<M2(0)+£1_>
2 a

5

Since lim, _qa, = in,L°, lim,_ ,a, = 3n,L/2+n, L +n, + 5N, L¥4 =

Sn,L/2+n, + 5N, L4,

&= C

. 6NyL +2nyn L
lm gy=———F7——

e-0 3 \/; ’

lim (1 —aye) (™11 =exp{ (6N, + 2non,) LTy/3 \/x},

&0
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then there exists &, >0 which depends only on p(v), D;, L, and T such that
if 0 <¢<egy, then

My (T,) <(H+n,L>(10n, L+4n, + 5N, L?) '
xexp{(5n, L2 +n,+ 5N, LY4) T,
+ (6N + 2non,) LTo/3 /)
<(H+n,L4nyexp{(3n,L+n, +2N L+ 3N, L +non, L) T,}
< (H+n,LY4n,)exp(3n, L+n, + 2N, L* + 3Ny L+ non, L) T)

=0Cs. (32 )

Equation (32) contradicts 7, < 7. Thus, we obtain (12). Q.ED.

The remainder of the proof is standard and we omit it. Q.E.D.
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