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1. INTRODUCTION

The aim of this note is to give sufficient conditions for a strongly Z-graded
ring to be a Marubayashi—Krull order (cf. Theorem 3.10). Concrete
examples of strongly Z-graded rings are skew group rings over Z and
generalized Rees rings. We also prove that under the same conditions the
positive part of a strongly Z-graded ring is a Marubayashi—Krull order (cf.
Theorem 4.1). Finally, we examine when these conditions may be weakened.

2. PRELIMINARIES

A ring R is said to be a strongly Z-graded ring if there exists a family of
additive subgroups R, (n€Z) of R such that R=@®,.,R, and
R,R,=R,,, for all n,m € Z. The elements of A(R)= ),z R, are called
the homogeneous elements of R. If x € R,,, then x is said to be homogeneous
of degree n. If x=3"x, (x,E€R,), then the elements x, are called the
homogeneous components of x. Let I be an ideal of R. Denote by I* the ideal
generated by the homogeneous elements contained in I. I is said to be graded
if =15 In this case I=RI,=1I,R, where I,=INR,. Details about
strongly graded rings may be found in [10].

If 7 is an ideal of R, then C(I) denotes the set of elements regular modulo
L If C(I) is a left and right Ore set in R, then R, denotes the left and right
localization of R towards this Ore set C(J).

If R is a prime Goldie ring, then Q(R), the classical ring of quotients of R,
is a simple Artinian ring. The Asano overring of R is defined as S(R) =
{x € Q(R) | Ix = R for some nonzero ideal I of R}. A prime Goldie ring R is
said to be a Marubayashi—-Krull order (or for short an M—Krull order) if:
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(1) there is a family of rings R, (i € I) such that R =(),, R,N S(R);
(2) each R; and S(R) are essential overrings of R in the sense of [8];

(3) for all i€ R, is a local Noetherian Asano order and S(R) is a
simple Noetherian ring;

(4) for every regular element ¢ in R, R,c# R, (resp. cR, # R,) for
only finitely many i (resp. k) in I.

Another kind of noncommutative Krull ring is defined by M. Chamarie,
which we will call a C—Krull ring. For the definition, we refer to [2] and [3].
In particular, if R is a C—Krull ring, then R = (N, R¢(py) N S(R), where the
first intersection runs through all prime divisorial ideals P of R, and each
R is a local Noetherian Asano order (cf. [2]). We also mention

ProposITION 2.1. Let R be a prime Goldie ring. The following are
equivalent:

(1) R is an M-Krull order;
(2) R is a C-Krull ring, S(R) is Noetherian and S(R)= S(R) =
IS(R) for every ideal I of R.

Proof. Cf. [3].

Finally, a prime Goldie ring R is said to be a maximal order if (/:,I) =
(I:,[)=R. (If A and B are subsets of Q(R), then (4:B)=
(xEQR)|xBcA} and (4:,B)={xEQR)|BxcA}.) In this case,
(R:yy)=(R:I). An ideal I is said to be divisorial if 7=1I%, where
I*=(R:(R:D). If R is a maximal order, then the set D(R) of nonzero
divisorial ideals is a commutative group under * where A*B = (AB)* if
A, B € D(R). In particular, if R satisfies the ascending chain condition on
divisorial ideals contained in R, then D(R) is a free abelian group generated
by the prime divisorial ideals of R.

3.

Let R be a strongly Z-graded ring, and suppose that R, is a prime Goldie
ring. Then it is clear that R is also a prime ring. Denote by C, = {x € R, | x
is regular in R,}. Then Cy= {x € R, | x is regular in R}. For let x € R, be
regular in R, and suppose that ax =0, a € R. Writea =) a, (a, € R,), then
a,x=0 for all n. Fix n, then R_,a,x =0 implies R_,a, =0 and therefore
a,€Rya,=R,R_,a,=0. Since R, is a prime Goldie ring, C, is an Ore set
in Ry. The next lemma proves that C, is also an Ore set in R.

LEmMMA 3.1. R satisfies the left (and right) Ore condition with respect
to C,.
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Progf. We need to prove that RaN Cyr+¢ for all a€ C, and r € R.
Suppose first that r is homogeneous. Put I = {x € R, | xr € Ra}. It suffices to
prove that I is an essential left ideal of R,. Let 0+ J be a left ideal of R,. If
Jr=0,thenJ< I If Jr#0 and r € R, then R_,Jr is a nonzero left ideal of
Ry. So R_,JrRya+#0. Let O#ar=xa€R_,JrNRya (@ ER_,J,
X € Ry). Then R,a<J and R, ar — Ra whence 0 R, a = INJ. Therefore
INCy#¢ and RaN Cyr # 6.

Suppose now that r € R is arbitrary. Write r =}, r;. For all i, there exist
b; € R and ¢, € C, such that b,a = c;r; (by the first part of the proof). Since
C, is an Ore set in R, all elements ¢; have a common multiple ¢ (c € C,) so
that bja =cr; for all i and b} € R. Then (3 _b{)a=crERaNC,r.

In particular, the left and right rings of quotients of R with respect to C,
exist and they coincide. Denote this ring by Q% = Q°(R). Every element of
Q% can be written as ¢ '} ,r) =), ¢ 'r;, c € Cy, 1, € R(R) for all i. Q*(R)
is again a strongly Z-graded ring in the obvious way and its part of degree 0
equals Q(R,), the classical rings of quotients of R,. Since Q(R,) is Artinian,
hence Noetherian, Q%(R) is also Noetherian by Lemma 5.4 of [10].
Moreover, Q¢(R) is a gr-Artinian ring, i.e., Artinian for graded left and right
ideals. Therefore, all homogeneous regular elements of R are invertible in
Q%(R). 1t follows that Q*(R) is also the quotient ring of R with respect to all
the homogeneous regular elements of R. Finally, note that ideals of R extend
to ideals of Q%(R) because Q*(R) is a Noetherian ring which is a localization
of R towards an Ore set (cf. Theorem 1.31 of [4]).

LEMMA 3.2. Let R be a strongly 7-graded ring such that for every
nonzero ideal I of R, (I # R,), we have that R IR |+ I. Then every ideal A
of R can be written as A = Ra and a € Z(R).

Proof. Let 4 be a nonzero ideal of R. Let 0#a=3"", a,€ 4. Since
R_,a,#0 there will exist an element b€ R such that 0+ ba=

—-m=m —m
{__,ba,EA (p=m—n). Let p be the minimal positive integer such that
there exists an a =) {__, a; € 4. Denote by . the set of elements a, of R,

such that there exists an @ € 4 with a=Y"}__, ;. Then .+« is an ideal of R,
such that R, & R_,=.2/. By the hypothesis on Ry, &« =R,, i.e., there
exists an element o = ?z €A and a,=1. Let BE A be arbitrary.
Write f =8, + --- + B,, 8; homogeneous. Because ¢, = 1, we can devide § by
a and we have f=ya+r, yER, r=31", r;, and m' —n’ < p. Therefore
r=0 and 4 = Ra. Finally, because o, =1, xa —ax =0 for all x€ R,, and
all m € N, whence a € Z(R).

Remark. The imposed condition on R, in Lemma 3.2 is clearly
equivalent to saying that R is a gr-simple ring, i.e., R has only trivial graded
ideals. In particular, if R, is a simple ring, this condition is fulfilled.
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COROLLARY 3.3. Under the conditions of Lemma 3.2 and assuming that
R is a prime, left and right Noetherian ring, then R is an Asano order.

CoRrROLLARY 3.4. If Q is a simple Noetherian ring, then every strongly Z-
graded ring R with R = Q is an Asano order. Moreover, every ideal is
centrally generated. In particular, this holds for the skew group ring
o[x,x ', a].

LEMMA 3.5. Let R be a strongly Z-graded ring such that R, and R are
prime, left and right Noetherian, maximal orders.

(1) If Pis a prime divisorial ideal of R such that P* =0, then R, =
Qg(R )C(Q!P) .

(2) Conversely, if P is a prime ideal of Q*(R), then Q*(R)¢p) =
RC(PﬁR)'

Proof. (1) Since R is a prime Noetherian maximal order, R is a C-Krull
ring. Let P be a prime divisorial ideal of R such that P®*=0. By
Proposition 4.1.4 of [1] Q%P is a prime ideal of Qf and P= Q*PNR.
Obviously, C(P)= C(Q*P)N R. Since R is a C—Krull ring, C(P) is an Ore
set in R (cf. [2]). C(Q®P) is also an Ore set in Q° because Q¢ is an Asano
order by Corollary 3.4 (cf. [6]). Then it is straightforward to check that
Rewy = Qf:(Qgp)'

(2) Conversely, let P be a prime ideal of Q°, then P is divisorial (Q* is
an Asano order). Then PN R is a prime ideal of R such that (PN R)*=0.
We claim that (Q%:P)= Q%R :(PMR)). One inclusion is clear. Let
aP < Q¢ whence a(PNR)c Q% Write PNR=a,R+ - +a,R. Then
caa;c R for all i and for some homogeneous regular element ¢ in R.
Hence ca(PNR)cR and a € Q*(R:(PMR)). Therefore (PNR)*c
Q)(R:(R:(PNR)))c(Q*: Q%R :(PMR)))=(Q%: (Q*: P))=P whence
PN R is a divisorial ideal. The statement now follows from (1).

LEMMA 3.6. Let R be a strongly Z-graded ring such that R is a prime
Goldie ring which is a maximal order. Then R is a maximal order.

Proof. Let I be an ideal of R and a € Q(R) such that a/ 1. Then
alQ*® < IQ?. Since IQ? is an ideal of Q% and Qf is an Asano order, we have
a € (I0%)(IQ%)~' = Q% Write a=Y7 _, a;, a; homogeneous. Denote by
C(I) the (graded) ideal of R generated by the homogeneous components of
highest degree of elements of I. Then a,C(l) < C(). Put J=Ra,R. Then
JC()c ), J,Cl)y<= C(), whence J,c R, and a,€J=RJ,cR. By
induction, a € R.

LeMMA 3.7. Under the same conditions as in Lemma 3.6, if R, satisfies
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the ACC on divisorial ideals, then R satisfies the ACC on divisorial ideals
contained in R.

Progf. Similar to the proof of Proposition V.2.5 of [9].
The proof of the following lemma is adapted from the proof of a lemma of
[11].

LeEmMMA 3.8. Let R be a strongly Z-graded ring, and R, and R semi-
prime Goldie rings. Let I be an essential left ideal of R. Then there exists an
elementa€l, a=)"7 a;, such that a, is regular.

i=—m

Proof. Put J=) R_,a, where the summation is taken over all a,
occurring as the homogeneous component of highest degree of an element
a€land R_,a,cR,. Then J is a left ideal of R,. In fact, J is the left ideal
of R, consisting of the homogeneous components @, of highest degree of
elements a of I and a, € R,. We prove that J contains a regular element,
which is equivalent to proving that J is an essential left ideal of R,. Let 4 be
a nonzero left ideal of R,, then /M RA # 0 by the hypothesis. Let 03 o =

i a,€INRA. Then 0#R_,a,<J and R_,a,cR_,R,A=A4

i=-m

whence JN A # 0.

LEMMA 3.9. LetR bea strongly Z-graded ring such that for every ideal
I of R, there exists a natural number n > QO with R, IR_,=1. If R, is a
bounded prime Goldie ring, then S(R)= S(Q%(R)) is a simple Noetherian
ring.

Proof. If a € S(R), then Ia — R for some nonzero ideal / of R. Hence
Q%la < Qf and QFI is an ideal of Q% Therefore a € S(Q®). Conversely, let
Ia = Q% and I an ideal of Q% By Lemma 3.2 and Corollary 3.4, I = Q%c for
some ¢ € Z(Q*). So ca € Q% Then J,ca = c¢J,a < R for some ideal J, of R,,.
Since c€ Q% J,c<R for some ideal J, of R,. Therefore Jea <R and
Jcc R, where J=J,J,. Denote J' =(),.,R,JR_,. This is a finite inter-
section by hypothesis. Then J'<J and R, J'R_,=J' for all n€ 7. The
reason for taking J' instead of J is that J’ extends to an ideal RJ’ of R. So
(RJ'c)a = R and RJ'c is an ideal of R whence a € S(R). Finally, since Q* is
an Asano order, S(Q?) is a simple Noetherian ring by [6].

THEOREM 3.10. Let R be a strongly 7-graded ring such that for every
ideal I of R, there exists a natural number n >0 with R IR_ =L IfRis a
bounded M—Krull order, then R is an M—Krull order.

Proof. Since R, is a bounded M-Krull order, we have
Ry = Npexiry Ro,cir)» Where X'(R,) stands for the set of height one prime
ideals of R,. If P, € X'(R,), then R,P,R_, is also a height one prime ideal
of R, for all n€ Z. By the hypothesis, P, has only finitely many
“conjugates” P,, R,P.R_,=P,, R,PR_,=P;..,R,PR_,=P,.

n
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Consider the ring ()i, Ry cp,. By Lemma3.l of {7}, (V7 R cpy=
Ry cwy = {X € Q(R,) | Bx < R for some ideal B of R, such that B & P, for all
i with 1<ign} and CA)=CP,N---NP)Y=CP)N---NCP,).
Moreover, by Lemma 3.3 of [7], R, ¢, is a bounded Dedekind prime ring
with maximal ideals R, 4, P;,..., Ry ¢4y P, Then it is easy to check that for
al mEN, R, Ry «.yR_, =Ry ce4)-

For each P=P, € X'(R,), consider all the conjugate prime ieals
RPR_, =P, (1<k<n~—1) and form the intersection (N/_; Ry c(,-
Denote this ring by L,, (=Lgp =-+=Ly,) By the foregoing,
RL,, =L, R is a strongly graded ring contained in Q*(R). We denote this
ring by L,. Moreover, R=(),L,. Note that L, is a maximal order by
Lemma 3.6 and L, is Noetherian by Lemma 5.4 of [10]. Therefore L, is a
C—Krull ring. We have L, =, L, , N S(L,), where L, , is the localization
of L, towards a prime divisorial L ,-ideal and the intersection is taken over
all prime divisorial ideals of L,. So R= (), Ly N (Np S(Lp)). Since L, ,
(resp. L) is a localization of L, (resp. R) towards an Ore set, L, , is also a
localization of R towards an Ore set, in particular L, , is an essential
overring of R. Moreover, S(R)= S(L,) = S(Q*(R)) for all P by Lemma 3.9.
If I is an ideal of R, then S(R)I = S(Qf) Q%I = S(Q¥) because Q*] is an ideal
of Q¢ and QF is an Asano order. Then Lemma 2.2 of [8] proves that S(R) is
an essential overring of R.

Finally, we still need to prove the finite character property, i.e., if ¢ is a
regular element of R, then ¢L, , =L, , and L, ,c=L, , for almost all P, k
(i.e., except finitely many). For this purpose, we will rewrite the rings L, in a
somewhat different form. First, recall that L, is a C—Krull ring. If P” is a
prime divisorial ideal of L,=RL, ,, then either P"* =0 or P"=P"%,
Suppose that P” = P"%, Then P” =L Py, where P{ =P"NL,,. Clearly
R, P{R_, =Py for all me€ Z. Since P{=L,,P,,..,P, =L, ,P, are the
maximal ideals of L, , (cf. the first part of the proof, or Lemma 3.3 of [7]),
P! =P% ... P'*» k.€N. From the fact that Pi,.., P are conjugate and
R, P{R_, =P} for all m, we derive that k, = --- =k,. Moreover, k, =1
since P” is a prime ideal of L,. Therefore P" =L ,P{--- P,=L,P,---P,,.
In particular, each L, has only one prime divisorial ideal which is graded. If
P"¢ =0, then (Lp)cpn = Qb gep by Lemma 3.5. Therefore, by Lemma 3.5
and Lemma 3.9, L, = (Lp)cp- M Q% where P” is the only graded prime
divisorial ideal of L,. So R= () (Lp)cpn M Q% Now, let a be a regular
element in R. By Lemma 3.8, there is a y=Ba €R, y=3)_ ,y; with y,
regular. Since R, is an M—Krull order, y, € C(P,) for almost all P, € X'(R,).
Clearly y, € C(P, " --- N P,) for almost all P,...., P,, where P, --- NP, is
the intersection of P, and its conjugates. We also have that
Yo ECP,N---NPYy=C(P,---P,) (note that P, ..-N P, =Pl ... P!
because L, , is an Asano order). We claim that y€ C(L, P} --- P,). Let
0=37 ,0,€L, and y0 € L,P|--- P;,. Then y,6,R_, < P] --- P, whence
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6,R_,<P;--- P, and 6,€ L, P} --- P,. By induction, 6 € L, P} --- P,. This
proves that y € C(L,P; --- P;). Therefore (Lp)cpra = (Lp)cpn for almost
all graded prime divisorial ideals. Finally, since Qf is an Asano order, the
finite character property holds.

Remark. In the above Theorem it suffices to assume that every divisorial
ideal I (instead of every ideal) has only finitely many conjugates, i.e., there
exists a natural number n with R,IR_, = 1. This is because in the proof of
Theorem 3.10 we only require that a prime divisorial ideal has finitely many
conjugates. Also the proof of Lemma 3.9 needs to be slightly adapted: when
Jea = R then also J*ca < R and J* = (R,: (R,:J)) is divisorial. The rest of
this proof remains the same.

Before giving some concrete examples we will concern ourselves with the
question whether the hypotheses of Theorem 3.10 may be weakened. First we
will show that the condition that every nonzero ideal of R, has only finitely
many conjugates cannot be removed.

ExaMpLE 3.11. Let K be a field. Consider the polynomial ring in
infinitely many variables R = K[(Y,);.]. Let L denote the field of quotients
of R. Denote by o the automorphism of R which leaves K elementwise fixed
and sends Y, to Y, for all i € 7. Clearly o is an automorphism of infinite
order. We will prove that the skew group ring 4 = R[X, X ', 0] is not an
M-Krull order.

Since R is a unique factorization domain, every height one prime ideal of
R is a principal ideal. If P=Rf(Y)€ X'(R) (Y =(Y});cz), then it is clear
that 6"(P)# P for all nE€ N.

Since R is a Krull domain, 4 is a C-Krull ring by Lemma 2.3 and
Proposition 3.3 of [2]. Therefore 4 = (A M S(A4), where the first inter-
section is taken over all prime divisorial ideals of 4. Let P be a prime
divisorial ideal of 4. Then P¢ is also a prime divisorial ideal contained in P.
Hence P¢ =0 or P = P*. Suppose first that P = P%. Then P=P'|X, X', 0],
where P’ = PN R is a divisorial ideal of R and o(P’)=P’. So P' =] [« OF
(Q; € X'(R), n; € Z) because R is a Krull domain. We have o(P') =P’ =
[T« 0(Q;)"i. By the unique decomposition in height one prime ideals, all the
finitely many Q, are conjugated under each other by ¢. Since ¢"(P') = P’ for
all n, there will exist a natural number m, (for each /) such that ¢™(Q;) = Q,.
This is a contradiction by the foregoing. Therefore, A has no prime divisorial
ideals P such that P = P%. Suppose now that P¢ =0. We will first study the
ideals of S=L[X,X ', 0]. By Corollary 3.4 (or by results of [1]), every
ideal of § is a principal ideal, generated by a central element. A
straightforward computation shows that the center of .S is L, the fixed field
of L under o. It follows that S is a simple Noetherian ring. Now, A/P is a
prime Goldie ring by Lemmal.l of [2]. An easy adaption of
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Proposition 4.1.4 of [1| shows that SP is an ideal of § such that
P=SPNA. Hence P = A. Therefore A has no prime divisorial ideals. Since
A=pAcpMNS(4), we derive that 4 =S(4). But 4=S5(4) is not
Noetherian, since R is not Noetherian. This proves that 4 is not an M-Krull
order.

Problem 1. Can the boundedness condition be omitted in Theorem 3.10?
The next proposition proves that this is related to

Problem 2. If R is a strongly Z-graded ring and R, a C—Krull ring, is R
a C—Krull ring?

ProPOSITION 3.12. Let R be a strongly Z-graded ring such that for
every ideal I of R, there exists a natural number n >0 such that
R,IR_, =1 Suppose that R, is an M—Krull order. If R is a C—~Krull ring,

then R is an M-Krull ring.

Proof. Define §,={J (R : I), where the union is taken over all nonzero
ideals of R, such that R, IR _,=1I for all n € Z. Clearly S, S,, where
S, = S(R,). Conversely, let a € S,. Then Ja — R, for some nonzero ideal I
of R,. Pt J=(),.sR,IR_,. Then R, JR_,=J for all n€ Z and Ja < R,
ie, a €S,, hence S,=S,. In particular, R,S,=S,R, for all n>0 and
RS,=S,R is a strongly Z-graded ring. By Corollary 3.4, RS, is an Asano
order since S, is a simple Noetherian ring. It is also easy to check that
RS, =S%(R) = 5%={a € Q*(R)|Ia — R for some ideal I of R with I=I*}.

We will now prove that S(R) = S(S¥(R)). First, let P be a prime divisorial
ideal of R. If P=P* then P=RP,=PyR whence S!P=RS,P,R=
RS,= 8% If P*=0, then P'= Q%P =PQ* is a prime ideal of Q¢ and
P=P' MNR. This is proved as in Example 3.11. Put P” =P’ M .S% Then
P"MR =P and P" = S¢P = PS*® since S* is an essential overring of R. Let
a € S(R), so that JacR for some divisorial ideal / of R. Write

=1« P/)* (I]s« P;j™), where P,=Pf{ and P;*=0. Then
SSTTPHYITP;™)e = S8 whence ([]S*P;™)acS* and a€ S(S*(R)).
Conversely, let a € S(S?%), so that ( N R)a = S* for some nonzero ideal I of
S%. Since R satisfies the ACC on left divisorial ideals, we may write J* =
(Ra, + --- + Ra,)*, where J=INR. So aq,a € S¢ for all i. As before
Ca;a < R for some ideal C of R, with R,CR _, = C for all n € N. Therefore
(RCYINR)a<R and RC is an ideal of R. This proves that S(R)=
S(S%(R)), which is a simple Noetherian ring because S*(R) is an Asano
order. Moreover, S(R) is an essential overring of R: S(R) = Q(R), where
(k) is the filter of left ideals of R generated by the ideals C(4 M R), where
C is a graded ideal of R and A is an ideal of S Then £(x) is the set of left
ideals of R such that S(R)I = S(R) (and IS(R) = S(R)). By Proposition 2.1
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of [8] ideals of R extend to ideals of S(R). Finally, Proposition 2.1 yields
that R is an M—Krull order.

CoroLLARY 3.13. Let R be an M-Krull order and o an automorphism
of R such that some power of the extension of o to Q(R) is an inner
automorphism of Q(R). Then R|X, X ', o] is an M—Krull order.

Progf. We already know that R[X,X ' 0] is a C—Krull ring by
Lemma 2.3 and Proposition 3.3 of [2]. By the foregoing proposition and the
remark after Theorem 3.10, it remains to prove that if I is a divisiorial R-
ideal, then ¢"(I)=1 for some n > 0. Clearly, ¢ can be extended to Q(R).
Denote this extension again by g. By hypothesis, there exists for some n > 0
an element u € U(Q(R)) such that for all x&€ Q(R)o"(x)=uxu""'. In
particular, R = ¢"(R) = uRu "', which implies that Ru = uR is an invertible
R-ideal. If I is a divisorial R-ideal, then I*(Ru)=Iu= (uR)*I=ul.
Therefore o"(I) =ulu~"' = I.

Remarks. (1) Note that we did not need to assume that R is bounded in
Corollary 3.13.

(2) In general, Example 3.11 shows that some finiteness condition on
o is needed in order to show that a skew group ring R|X,X ', g} is an
M-Krull order. This does not imply that ¢ cannot be of infinite order if
R[X,X ',0] is an M—Krull order. For instance, if K is a field and ¢ an
automorphism of K of infinite order, then as shown in Example 3.11,
K|X,X !, 0] is a simple Noetherian ring, in particular an M-Krull ring.

ExaMPLE 3.14. Let R be a bounded M—Krull order and let 7 be an
invertible ideal of R. If J is a divisorial ideal of R, then IJ =JI, hence
IJI"'=J. Therefore the generalized Rees ring R(I) =@, I"X"
Q(R)|X, X '] is an M—Krull order.

4.

Finally, we will prove that under certain conditions the positive part of a
strongly graded M—Krull order is again an M~Krull order. We start with a
few observations.

(1) If R is a strongly Z-graded ring such that R, is Artinian, then R is a
crossed product R,*Z by Corollary 3.4 of [10]. Since 7 is a free group, it
follows that R is a skew group ring R[X, X', o]

(2) Let R be a strongly Z-graded ring such that R, is a prime Goldie ring.
By Lemma3.l1 R is embedded in Q*(R)={c 'r|rER, c€ C,}, where
Co={xER,|x regular}. Moreover, by (1), Q%(R)=RQR,)=
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Q(R)|X, X', 0] for some automorphism ¢ of Q(R;). So Q%(R) contains a
regular element X" for every degree n € 7. By multiplying each X" with an
appropriate homogeneous regular element of degree 0, we obtain that for all
n€ Z R, contains a regular element.

THEOREM 4.1. Let R be a strongly Z-graded ring such that for every
ideal I of R, there exists a natural number n > O with R, IR _, =1 IfR,is a
bounded M—Krull order, then R | =®,.,, R, is an M-Krull order.

Proof. We already know that Q%(R)= Q(R,)[X,X ', 0]. Denote by
Q*(R), = 0% = @,50 O(R)R = Q(R)[ X, 0]. Then R, = Q% NR. Clearly
Q% equals the localization of R, towards the Ore set C, (C, is an Ore set in
R, and hence also in R, ). Moreover, Q0% = Q(R,)[X, 6] is an Asano order
by [1]. Therefore Q% is equal to an intersection of local Noetherian Asano
orders (which are localizations of Q% and hence also of R, ) and S(Q% ).

By Theorem 3.10 R is an M—Krull order. Write R = (), R, M S(R),
where the first intersection is taken over all prime divisorial ideals P of R.
We prove that each R, is an essential overring of R .. Clearly R, =
QL(R), where (o) = {I|I a left ideal of R such that (I :r)" C(P)+ ¢ for
all € R}. Define ¥(0,)=1{I|1I is a left ideal of R, such that Q_(R)] =
Q.(R)}. We claim that o, is an idempotent kernel functor (in the sense of
Goldman, cf. [5]; the notation Q_(R) is also meant as in [5]). Let
I€#(0,) so that Q (R) = Q. (R). Write 1=)"a;a;, a;€ Q,(R), a;E L
Then a;,=¢~'f;, B;ER, g€ C(P), whence g =} f;a;. For some n>0,
R,B;c R for all j so that R (R,q) is a left ideal of R, contained in I. It
follows from Q (R)R,R,q=Q,(R) that R _(R,q) € ¥ (5 ). This proves
that #(o,) is generated by the left ideals R, (R,q), where g € C(P) and
R,gcR,. It is now easy to deduce that if /€ ¥(o,) and I cJ then
JeL(o, ) if ,JeX(o,) then INJEL(0,); if I€ ¥X(0,) and rER,
then (I:r)={xE€R_ |xrEI}€ ¥(o,). Finally, we have to check that if
Ic K are left ideals of R, , K€ ¥(0,) and K/I is o -torsion, i.e., for all
k € K there is a J, € ¥(0, ) such that J, - k < I, then I € ¥(0,). It is clear
that RK € (o) and RK/RI is o-torsion. Therefore RI € ¥(o) because o is
an idempotent kernel functor. So Q_(R)RI=Q,(R) =Q,(R) whence
1€ ¥(0, ). Moreover, it is also clear that Q (R) =0, (R).

From the equation R, = Q% MR and the foregoing, we know that R _ is
an intersection of local Noetherian Asano orders (which are essential
overrings of R ) intersected with S(Q% ) and S(R). Therefore it remains to
prove that S(R,) = S(Q%)= S(R).

(1) S(R) = S(Q%(R)): this is already proved in Theorem 3.10.

2) S(@*)=S(Q%): let ac SQ%), ie, Iac@%, I an ideal of
0% =0Ry)|X,0]. By [1], I=0%X"f(X), f(X)E€Z(Q%) Therefore



MARUBAYASHI-KRULL ORDERS 521

Q% = Q% (X) is an ideal of Q% and Q%la < Q%. So a € S(Q*). Conversely,
let a € §(Q®), i.e, Ia — Q¢ for some ideal I of Q% Hence (IN Q% )a < Q%
By [1], IN Q% = Q% X™g(X), g(X) € Z(Q%). So X"g(X)a c Q*. For some
n>0, Q5X"X™"g(X))a < Q% whence a € S(Q%).

(3) S(R.)=S(Q%): if a€ S(R.), then Jac R for some ideal ] of R , .
Since Q¥ is the localization of R, towards an Ore set and Q% is Noetherian,
Q% I is an ideal of Q% whence Q%Ia < Q% and a € S(Q% ). Conversely, let
a € S(Q% )= S(Q*), then I = Q* for some ideal I of @%. Since every ideal
of Qf is centrally generated (Corollary 3.4), ac € Q¢ for some a € Z(Q*).
Then caa € R and ca € R for some ¢ € C,. Because R is bounded, Jaa < R
and Ja < R for some ideal J of R,. As before, by hypothesis, we may assume
that R,J=JR, foralln € Z. Then R R,Jaac R, and R (R, Ja)c R, for
some n > 0. Since R,/ =JR,, for all n and a is central, R (R, Ja) is an ideal
of R, . This proves that S(R_,) = S(Q%).

Finally, let I be an ideal of R , . Because Q% I is an ideal of Q% and Q% is
an Asano order, we have that S(R ) =S(Q%)0%1=S(Q%)=SR,).
Then Lemma 2.2 of [8] proves that S(R,) is an essential overring of R, and
S(R ) is a simple Noetherian ring.

ExaMPLE 4.2. Let R be a bounded M-Krull order and I an invertible
ideal of R. Then the ring @, I"X" (cR[X]) is an M—Krull order.
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