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Suppose X is a compact symplectic manifold acted on by a compact Lie group K (which may be nonabelian) in
a Hamiltonian fashion, with moment map u: X — Lie(K)* and Marsden-Weinstein reduction .#x = u~'(0)/K.
There is then a natural surjective map k, from the equivariant cohomology H¥X) of X to the cohomology
H*(.#). In this paper we prove a formula (Theorem 8.1, the residue formula) for the evaluation on the
fundamental class of .#y of any n,€ H*(.# x) whose degree is the dimension of .#x, provided that 0 is a regular
value of the moment map g on X. This formula is given in terms of any class € H $(X) for which xq(n) = 7o, and
involves the restriction of 5 to K-orbits KF of components F < X of the fixed point set of a chosen maximal torus
T < K. Since K, is surjective, in principle the residue formula enables one to determine generators and relations for
the cohomology ring H*(.#x), in terms of generators and relations for H%(X). There are two main ingredients in
the proof of our formula: one is the localization theorem [3, 7] for equivariant cohomology of manifolds acted on
by compact abelian groups, while the other is the equivariant normal form for the symplectic form near the zero
locus of the moment map.

We also make use of the techniques appearing in our proof of the residue formula to give a new proof of the
nonabelian localization formula of Witten ([35, Section 2]) for Hamiltonian actions of compact groups K on
symplectic manifolds X this theorem expresses #o[.# ] in terms of certain integrals over X.

1. INTRODUCTION

SupPosE X is a compact oriented manifold acted on by a compact connected Lie group K of
dimension s; one may then define the equivariant cohomology H¥(X). Throughout this
paper we shall consider only cohomology with complex coefficients. If X is a symplectic
manifold with symplectic form @ and the action of K is Hamiltonian (in other words, there
is a moment map p:X — k*), then we may form the symplectic quotient .#x = u~'(0)/K.
The inclusion map io:u~ }(0) - X gives a ring homomorphism i¥: H¥X) - H¥u™'(0)).
Using Morse theory and the gradient flow of the function |u|?: X — R, it is proved in [29]
that the map i§ is surjective.

Suppose, in addition, that 0 is a regular value of the moment map u. This assumption is
equivalent to the assumption that the stabilizer K, of x under the action of K on X is finite
for every xepu~'(0), and it implies that .#x is an orbifold, or V-manifold, which inherits
a symplectic form w, from the symplectic form w on X. In this situation there is a canonical
isomorphism = :H*(u™ '(0)/K)— H%(x '(0)).* Hence, we have a surjective ring
homomorphism

Ko = (%)™ o iX  HE(X) = H*M ). (1.1)

Henceforth, if ne H§(X) we shall denote k() by n,. Previous work [11, 30] on
determining the ring structure of H ¥(X) has presented methods which in some situations

t Present Address: Mathematics Department, Princeton University, Princeton, NJ 08544, U.S.A.
* This isomorphism is induced by the map no:pu~ '(0)x xEK — 41~ Y(0)/K. Recall that we are only considering
cohomology with complex coefficients.
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permit the direct determination of the kernel of the map «,, and hence of generators and
relations in H*(.#x) in terms of generators and relations in H¥(X). (Note that the
generators of H$(X) give generators of H*(.#y) via the surjective map k,, and also that
generators of H*(BK) together with extensions to H¥(X) of generators of H*(X) give
generators of H ¥(X) because the spectral sequence of the fibration X x (EK — BK degener-
ates [29].) Here we present an alternative approach to determining the ring structure of
H*(.# x) when 0 is a regular value of i, which complements the results obtained by directly
studying the kernel of xq. Our approach is based on the observation that since H*(.# x)
satisfies Poincaré duality, a class ne H¥(X) is in the kernel of x, if and only if for all
{e H¥(X) we have

NoSol-# x] = (ml)ol# x] = 0. (1.2)

Hence, to determine the kernel of k, (in other words, the relations in the ring H*(.# x)) given

the ring structure of H(X), it suffices to know the intersection pairings; equivalenily, the

evaluations on the fundamental class [.#x] of all possible classes &, = xo(£). In principle,

the intersection pairings thus determine generators and relations for the cohomology ring
H*(# y), given generators and relations for H§(X).

There is a natural pushforward map I, : H¥(X) - H¥ = H}(pt) = S(k*)X, where we
have identified H¥ with the space of K-invariant polynomials on the Lie algebra k. This
map can be thought of as integration over X and will sometimes be denoted by fx. If Tis
a compact abelian group (i.e. a torus) and {e H%(X), there is a formula' (the abelian
localization theorem) for I1,{ in terms of the restriction of { to the components of the fixed
point set for the action of T. In particular, for a general compact Lie group K with maximal
torus 7 there is a canonical map 1yx: H¥(X) - H¥(X), and we may apply the abelian
localization theorem to t4({) where { e H ¥(X).

In terms of the components F of the fixed point set of T on X, we obtain a formula (the
residue formula, Theorem 8.1) for the evaluation of a class o € H*(.# ) on the fundamental
class [.# x], when 5, comes from a class e H¥(X). There are two main ingredients in the
proof of Theorem 8.1. One is the abelian localization theorem [3, 7], while the other is an
equivariant normal form for w in a neighbourhood of u~*(0), given in [22] as a consequence
of the coisotropic embedding theorem. The result is the following Theorem.

THEOREM 8.1. Let € H¥(X) induce o€ H*(.# x), and assume K acts effectively on u™*(0).
Then we have

iwol — (— 1)n+ 2 iuT(F)(./,)J> ('7(1//)6'“’ )
e [-4x] m)y~! leol(T)ReS<m W) Fezf © F ep(Y) o) V]

In this formula, n .. is the number of positive roots of K, and w(iy) = Iy>oy(y) is the product of
the positive roots, while F is the set of components of the fixed point set of the maximal torus
Ton X. If Fe# then ip is the inclusion of F in X and eg is the equivariant Euler class of the
normal bundle to F in X. Finally s and | are the dimensions of K and T.

Here, via the Cartan model, the class tx()e H$(X) has been identified with a family of
differential forms n(y) on X parametrized by ¢ et. The definition of the residue map Res
(whose domain is a suitable class of meromorphic differential forms on t® C) will be given in
Section 8 (Definition 8.5). It is a linear map, but in order to apply it to the individual terms

t Atiyah and Bott [3] give a cohomological proof of this formula, which was first proved by Berline and Vergne
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LOCALIZATION FOR NONABELIAN GROUP ACTIONS 293

in the statement of Theorem 8.1 some choices must be made. The choices do not affect the
residue of the whole sum. When K = SU(2) the formula becomes

noe' [ Mx] = —2Reso<lﬁ2 > e“‘"”‘“”j ___i?(r](lﬂ)eiw)>,
F

Fe 7, er(¥)

where Res, denotes the coefficient of 1/, and &, is the subset of the set of components of
the fixed point set of T = U(1) consisting of those components F of the T fixed point set for
which up(F) > 0.

We note that if dim 5, = dim .# x then the left-hand side of the equation in Theorem 8.1
is just no[.# x]. More generally, one may obtain a formula for no[.#x] by replacing the
symplectic form o by dw (where § > 0 is a small parameter), and taking the limit as 6 — 0.
This has the effect of replacing the moment map u by du. In the limit § — 0, the Residue
Formula (Theorem 8.1) becomes a sum of terms corresponding to the components F of the
fixed point set, where the term corresponding to F is (up to a constant) the residue (in the
sense of Section 8) of @*(¥) [ i¥(n(y))/ex(¥), and the only role played by the symplectic form
and the moment map is in determining which F give a nonzero contribution to the residue
of the sum and the signs with which individual terms enter.

Results for the case when K = S!, which are related to our Theorem 8.1, may be found in
the papers of Kalkman [27] and Wu [36].

Witten in Section 2 of [35] gives a related result, the nonabelian localization theorem,
which also interprets evaluations o[ .# x] of classes on the fundamental class [.# x] in terms
of appropriate data on X. For ¢ > 0 and (€ H}(X), he defines'

1

71O = @2ni)vol K

j [dple 211, L(¢) (1.3)
¢ek

(where <-,-> is a fixed invariant inner product on k, which we shall use throughout to
identify k* with k) and expresses it as a sum of local contributions.

Witten’s theorem tells us that just as I1,{ would have contributions from the compo-
nents of the fixed point set of K if K were abelian, the quantity #°({) (if K is not necessarily
abelian) reduces to a sum of integrals localized around the critical set of the function
p = |u|% ie. the set of points x where (d|u|?), = 0. (Of course d|u|* = 2{y, du), so the fixed
point set of the K action, where du = 0, is a subset of the critical set of d|u|>.) More precisely,
the critical set of p = |u|? can be expressed as a disjoint union of closed subsets Cy of
X indexed by a finite subset % of the Lie algebra t of the maximal torus T of K which is
explicitly known in terms of the moment map ur for the action of Ton X [29]. If § € 4 then
the critical subset C; is of the form Cy = K(Zz n ™ '(f)), where Zj; is a union of connected
components of the fixed point set of the subtorus of T generated by . The subset x~(0) on
which p = |u|* takes its minimum value is C,. There is a natural map?
pr*: H% — H*(u™(0)) so that the distinguished class f (¢) = — (¢, /2 in Hg gives rise to
a distinguished class @ € H*(u~ '(0)/K) = Hg (1~ *(0)). Witten’s result can then be expressed
in the following form.

*The normalisation of the measure in £%) will be described at the beginning of Section 3. As above,
T, : HYX)— H¥ = S(k*)* is the natural pushforward map, where S(k*)* is the space of K-invariant polynomials
on k.

*This map is induced by the projection pr: u~'(0) — pt.
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THEOREM 1.1,

SO =L+ T | U
Best — 10} JUp

Here, the Uy are open neighbourhoods in X of the nonminimal critical subsets Cg of the
function p. The (' are certain differential forms on Uy obtained from (. .

In the special case { = 5 exp i (where G(4) = w + p(¢) is the standard extension of the
symplectic form  to an element of H(X), and n has polynomial dependence' on the
generators of H), Witten’s results give us the following estimate on the growth of the terms

jUﬁc‘,ﬁ as ¢~ 0.

THEOREM 1.2. Suppose (=1 expid for some ne HY(X). If Bed — {0} then
§u L = €77 hyle), where py = |B|? is the value of |u|* on the critical set Cy and |hy(e)| is

bounded by a polynomial in ¢,

Thus, one should think of ¢ > 0 as a small parameter, and one may use the asymptotics
of the integral .#° over X to calculate the intersection pairings noe*e'“°[.# ], since the
terms in Theorem 1.2 corresponding to the other critical subsets of p vanish exponentially
fast as ¢ — 0. Notice that when { = exp i@, the vanishing of 4 on 1~ }(0) means that {;, = exp
iwg, where @y is the symplectic form induced by @ on .#, = u~}{0)/K.

In this paper we shall give a proof of a variant of Theorems 1.1 and 1.2, forthecase { = »
exp i@ where n € H{(X). Before outlining our proof, it will be useful to briefly recall Witten’s
argument. Witten introduces a K-invariant l-form A on X, and shows that #%({) =
F5  exp sDJ), where D is the differential in equivariant cohomology and se R*. He then
does the integral over ¢ ¢k and shows that in the limit as s — oo, this integral vanishes over
any region of X where A(V7) # 0 for at least one of the vector fields V7, j = 1, ..., s given by
the infinitesimal action of a basis of k on X indexed by j. Thus, after integrating over ¢ ek,
the limit as s » o¢ of #%({) reduces to a sum of contributions from sets where A(}7) = 0 for
all the V7.

In our case, when X is a symplectic manifold and the action of K is Hamiltonian, Witten
chooses A(Y) = d|u|HJY), where J is a K-invariant almost complex structure on X. Thus,
A(V¥)(x) = 0 for all j if and only if (d|u|?), = 0, so F*({) reduces to a sum of contributions
from the critical sets of p = |¢|?. Further, he obtains the contribution from x~*(0) as
e®lo[# x]. If { = ne'® he also obtains the estimates in Theorem 1.2 on the contributions
from the neighbourhoods Uj.

In general, the contributions to the localization theorem depend on the choice of 4. In
the symplectic case, with 1 = Jd|u/|?, the contribution from p~*(0) is canonical but the
contributions from the other critical sets C; depend in principle on the choice of J, Further,
the properties of these other terms are difficult to study. Ideally, they should reduce to
integrals over the critical sets Cj, and indeed when proving Theorem 1.2, Witten makes the
assumption (before {2.52)) that the C; are nondegenerate critical manifolds in the sense of
Bott [9]. In general, the C; are not manifolds; and even when they are manifolds, they are

¥The equivariant cohomology H#X) is defined to consist of classes which have polynomial dependence on the
generators of H §, but we shall also make use of formal classes such as exp i@ which are formal power series in these
generators.
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not necessarily nondegenerate. They satisfy only a weaker condition called minimal degener-
acy [29].' We shall treat the integrals over neighbourhoods of the C; in a future paper.

In the case when X is a symplectic manifold and { = 5 exp i® for any 1 e H¥(X), we
have been able to use methods to prove a variant of Theorems 1.1 and 1.2 (see Theorems 4.1,
4.7 and 7.1 below) which bypasses these analytical difficulties and reduces the result to fairly
well-known results on Hamiltonian group actions on symplectic manifolds. We assume that
0 is a regular value of y, or equivalently, that K acts on u~!(0) with finite stabilizers.? By
treating the pushforward I1.{ as a function on k, we may use the abelian localization
formula 3, 7] for the pushforward in equivariant cohomology of torus actions to find an
explicit expression for IT,{ as a function on k. Thus, analytical problems relating to
integrals over neighbourhoods of C; are circumvented, and localization reduces to studying
the image of the moment map and the pushforward of the symplectic or Liouville measure
under the moment map.} Seen in this light, the nonabelian localization theorem is a conse-
quence of the same results that underlie the residue formula: the abelian localization
formula for torus actions [3, 7] and the normal form for w in a neighbourhood of x™1(0).

We now summarize the key steps in our proof. Having replaced integrals over X by
integrals over k, we observe that in turn these may be replaced by integrals over the Lie
algebra t of the maximal torus. Then, applying properties of the Fourier transform, we
rewrite .#° as the integral over t* of a Gaussian 7,7 (y) ~ ¢ ~ """ multiplied by a function
Q = DR where R is piecewise polynomial and D, is a differential operator on t*:

g J G ()Q0) [dy] (14)

where s is the dimension of K. The function Q is obtained by combining the abelian
localization theorem (Theorem 2.1) with a result (Proposition 3.6) on Fourier transforms of
a certain class of functions which arise in the formula for the pushforward.

The function Q is smooth in a neighbourhood of the origin when 0 is a regular value of ;
thus, there is a polynomial Q, = D R, which is equal to Q near 0. It turns out that the
cohomological expression e*® e’°[.# ] is obtained as the integral over t* of a Gaussian
multiplied not by Q but by the polynomial Q:

eCe ] =i"" j 3.7 (NQo(y) [dy]- (1.5)

yet¥

This result follows from a normal form for w near = (0).!
To obtain our analogue of Witten’s estimate (Theorem 1.2) for the asymptotics of
I — e e[ 4] as £ » 0, we then write

It — e[ My ] =i j X 9= (DR — Ro) (y) [dy]- (1.6)

Here, R — R, is piecewise polynomial and supported away from 0. By studying the
minimum distances from 0 in the support of R — R, we obtain an estimate (Theorem 4.1)

* However, minimal degeneracy may be sufficient for Witten’s argument.

* Witten assumes that K acts freely on u~ }(0).

*If K is abelian, this pushforward measure is equal (at ¢ e k) to Lebesgue measure multiplied by a function which
gives the symplectic volume of the reduced space p~'(¢)/K; this function is sometimes called the Duister-
maat-Heckman polynomial [15].

* This normal form is a key tool in the original proof {15] of the Duistermaat-Heckman theorem; this theorem
motivated the proof by Atiyah and Bott [3] of the abelian localization theorem.
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similar to Witten’s estimate (Theorem 1.2). In our estimate, the terms in the sum are indexed
by the set # — {0}; however, our estimate is weaker than Witten’s estimate since some of the
subsets C, indexed by fe # — {0} (which a priori contribute to our sum') may be empty in
which case p; = | 8|* may not be a critical value of |u|>.

To summarize, the following related quantities appear in this paper:

1. The cohomological quantity nee“o[#].

2. The integral .#° (1.3) coming from the pushforward of an equivariant cohomology
class ne H¥(X) to H%.

3. Sums of terms of the form

iFn
F €F
where F is a connected component of the fixed point set of the maximal torus T acting on X.
Such sums appear after mapping ne H¥(X) into H¥X) and then applying the abelian
localization theorem.

Witten’s work relates (1) and (2), while our Theorem 8.1 relates (1) and (3).

This paper is organized as follows. Section 2 contains background material on
equivariant cohomology and the abelian localization formula. In Section 3 we collect
a number of preliminary results which we use in Section 4 to reduce our integral .#* to an
integral over t* of a piecewise polynomial function multiplied by a Gaussian. Section 4 also
contains the statement of two of our main results, Theorems 4.1 and 4.7; Theorem 4.7 is
proved in Section 5, and Theorem 4.1 in Section 6. In Section 7, Theorems 4.1 and 4.7
(which are for the case { = exp i@) are extended to the case { = n exp i@ for ne H¥(X): the
result is Theorem 7.1. Finally, in Section 8 we prove the residue formula (Theorem 8.1) for
the evaluation of cohomology classes from H ¥(X) on the fundamental class of .#y, and in
Section 9 we apply it when K = SU(2) to specific examples. This formula may be related to
an unpublished formula due to Donaldson.

In future papers we shall treat the case when .y is singular using intersection
homology; we shall also apply the nonabelian localization formula to moduli spaces of
bundles over Riemann surfaces regarded as finite-dimensional symplectic quotients, in
singular as well as nonsingular cases.

Acknowledgement—We are most grateful to H. Duistermaat and M. Vergne for helpful suggestions and careful
readings of the paper.

In addition, one of us (LCJ) wishes to thank E. Lerman and E. Prato for explaining their work, and also to thank
E. Witten for discussions about the nonabelian localization formula while the paper [35] was being written.

2. EQUIVARIANT COHOMOLOGY AND PUSHFORWARDS

In this section we recall the localization formula for torus actions (Theorem 2.1) and
express it in a form convenient for our later use (Lemma 2.2).

Let X be a compact manifold equipped with the action of a compact Lie group K of
dimension s with maximal torus 7" of dimension I. We denote the Lie algebras of K and T by
k and t, respectively, and the Weyl group by W. We assume an invariant inner product
{-,*> on k has been chosen (for example, the Killing form): we shall use this to identify
k with its dual. The orthocomplement of t in k will be denoted t*.

'In a future paper we hope to prove that the nonzero contributions to our estimate (Theorem 4.1) come only from
those | #|> which are nonzero critical values of |u)2. ’
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Throughout this paper all cohomology groups are assumed to have coeflicients in the
field C. The K-equivariant cohomology of a point is H} = H*(BK), and similarly the
T-equivariant cohomology is H% = H*(BT). We identify H} with S(k*)%, the K-invariant
polynomial functions on k, and H % with S(t*). Hence, we have a bijective map (obtained
from the restriction from k* to t*) which identifies H% with the subset of H % fixed by the
action of the Weyl group W:

H} =~ Sk** = S(t*)" < S(t*) =~ H}. (2.1

This natural map H¥% — H% will be denoted 7 or 1. We shall use the symbol ¢ to denote
a point in k, and y to denote a point in t. For fe H ¥ we shall write f = f(¢) as a function of
¢.

The K-equivariant cohomology of X is the cohomology of a certain chain complex (see,
for instance, [6, Chapter 7 or 32, Section 5]; the construction is due to Cartan [12]) which
can be expressed as

QHX) = (SK*RQ*(X)* (2.2)

(where Q*(X) denotes differential forms on X). An element in Q¥(X) may be thought of as
a K-equivariant polynomial function from k to Q*(X). For « e Q*(X) and fe S(k*), we write
(2®f)(¢) = f(¢)a. In this notation, the differential D on the complex Q¥(X) is then defined by’

Dl ® /)(6) = f§)da — 152) = [()do — 3. 6,(8) 23

Here, ¢ is the vector field on X given by the action of ¢ ek, and  is the interior product
with the vector field fi; We have introduced an orthonormal basis { dij=1,.., s} for k, and
the ¢;ek* are simply the coordinate functions ¢; = (&, ¢), while the V7 are the vector
fields on X generated by the action of &/. The ¢; are assigned degree 2, so that the differential
D increases degrees by 1.

One may define the pushforward IT1X: H¥(X) — H%, which corresponds to integration
over the fibre of the map X xxEK — BK (see [3, Section 2]). The pushforward satisfies
11 = 7~ I1%. Because of this identification, we shall usually simply write IT,, for ITX or ITI.
A localization formula for IT, was given by Berline and Vergne [7]; a more topological
proof of this formula is given in [3, Section 3].

THEOREM 2.1 (Berline and Vergne [7]). If ce H¥(X) and Y €t then

ito(y)
(o) (y) = f .
* r;i F er(y)
Here we sum over the set F of components F of the fixed point set of T, and ey is the
T-equivariant Euler class of the normal bundle of F; this Euler class is an element of
H¥(F)~ H¥(F)Y®H%,asisifo. The map ip: F — X is the inclusion map. The right-hand side
of the above expression is to be interpreted as a rational function of .

We shall now prove a lemma about the image of the pushforward, which will be applied
in Section 4.

t This definition and the definition (2.8) of the extension @(¢) = w + u(¢) of the symplectic form w to an
equivariant cohomology class are different from the conventions used by Witten [35]: a factor ¢ appears in the our
definitions where i¢ appears in Witten’s definition. In other words Witten's definition is
D(a®f X$) = f(¢) (do — i1;2) and P) = w + iu(¢). Witten makes this substitution so that the oscillatory integral
j' x €xp (w + iu(¢)) will appear as the integral of an equivariant cohomology class.
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LemmMmA 2.2, If o€ H}(X) then (I1,0)(y) is a sum of terms

Myo) )=} . (2.4)

Fe# xeAp

such that each term 1p_, is of the form

— j‘FCF, a(lp)
TF,a = e () I, B ; ()= (2.5)

Jfor some component F of the fixed point set of the T action. Here, the By ; are the weights of the

T action on the normal bundle vg, and e (Y) = I1,Br, j() is the product of all the weights,
while ng_;(x) are some nonnegative integers. The class Cr , is in H¥(F)® H%, and is equal to
ifoe HYF)Y®H% times some characteristic classes of subbundles of vg.

Proof. The normal bundle v, to F decomposes as a direct sum of weight spaces
ve = @j=v¥, on each of which T acts with weight ;. All these weights must be nonzero.
By passing to a split manifold if necessary (see [ 10, Section 21]), we may assume, without
loss of generality, that the subbundle on which T acts with a given weight decomposes into
a direct sum of T-invariant real subbundles of rank 2. In other words, we may assume that
the v{ are rank 2 real bundles, and the T action enables one to identify them in a standard
way with complex line bundles.

Then the equivariant Euler class ep(i) is given for Y et by

er) = 1 (€OY) + e ) 25)
Thus, we have
1 1 cl(v“")>'
1
o)) e“w “( "B,
_ m(Vﬁ,j)))” 27
ewwz) 12 (= <ﬂp,,-(|//) ‘ @7

Here, ¢,(v{/))e H*(F), so that cl(v(F“)/ Br.;(Y) is nilpotent and the inverse makes sense in
H¥F)QCWy, ..., ¥;), where C(y,, ... ,¥,) denotes the complex valued-rational functions
ont. U

Let us now assume that X is a symplectic manifold and the action of K is Hamiltonian
with moment map u: X — k*. Denote by ur the moment map for the action of T given by
the composition of x with the restriction map k* — t*. We shall be interested in one
particular (formal) equivariant cohomology class ¢, defined by

o(¢) = exp id(9), @(P) = w + u(¢). (2.8)
For this class the localization formula gives
P,
(Mo () = Z re(y = L o (2.9)
(This formula does not require the fixed point set of 7 to consist of isolated fixed points.)
Remark: For any ne H¥(X) the function I,neH% is a polynomial on k, and in

particular is smooth. However, ¢ = ¢'® does not have polynomial dependence on ¢.
Although it is not immediately obvious from the formula (2.9), the function IT,(re'?) is still
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a smooth function on k (for any ne H¥(X) represented by an element #eQ¥(X)): this
follows from its description as

I, (1e®) (¢) = f SR (B,

xeX

3. PRELIMINARIES

This section contains results which will be applied in the next section to reduce the
integral #° to an integral over t* of a Gaussian multiplied by a piecewise polynomial
function. The first, Lemma 3.1, reduces integrals over k to integrals over t. Lemma 3.2
enables us to replace the L2 inner product of two functions by the L? inner product of their
Fourier transforms. Lemma 3.4 relates Fourier transforms on k to Fourier transforms on t.
Finally, Proposition 3.6 describes certain functions whose Fourier transforms are the terms
appearing in the localization formula (2.7).

We would like to study a certain integral that arises out of equivariant cohomology:

1

L —e($.d>/2
St = iy vol K Lek [dp] e~ o/ L o(). (3.1)

Here, 0 € Q§(X) (see (2.2)); we are mainly interested in the class ¢ defined by (2.8). Also, & > 0
and we shall consider the behaviour of .#* as ¢ - 0*. The measure [d¢] is a measure on
k which corresponds to a choice of invariant metric on k (for instance, the metric given by
the Killing form): such a metric induces a volume form on K, and vol K is the integral of this
volume form over K. Thus, [d¢]/vol K is independent of the choice of metric on k. The
metric also gives a measure [di/] on t and a volume form on T it is implicit in our notation
that the measures on T and t come from the same invariant metric as those on K and k.

It will be convenient to recast integrals over k in terms of integrals over t. For this we use
a function w: t - R, satisfying m(wy) = (det w)m(y) for all elements w of the Weyl group W,
and defined by

s = 1 v(¥), (3.2)

>0

where y runs over the positive roots. Using the inner product to identify t with t*, © also
defines a function t* — R. We have the following lemma.

Lemma 3.1 (Weyl integration formula) If f:k - R is K-invariant, then
J f(@)[dd] = Ck! J fW)w() [dy]
¢Pek yet
where s and | are the dimensions of K and T, and Cx = |W|vol T /vol K.

Proof. There is an orthonormal basis {X,, Y,|y a positive root} for t* such that

Xp¥l=7W)Y,  [Yp¥]l= —y¥)X,

for all y e t. The Riemannian volume form of the coadjoint orbit through ¥ € t = t* (with the
metric on the orbit pulled back from the metric on k* induced by the inner product {-,*>)
evaluated on the tangent vectors [X,, ¥] and [Y,, ¢] is thus [],» o y(¥)?, while the volume
form of the homogeneous space K/T (induced by the chosen metric on k) evaluated on the
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tangent vectors corresponding to X, Y, ek is 1. Hence, the Riemannian volume of the orbit
through ¥ et is w(y)? times the volume of the homogeneous space K/T.
O

It will be convenient also to work with the Fourier transform. Given f:k — R we define
Fyf:k* >R, Fzf:t* > R by

(Fxf)(2) = J f($)e™ @ [d¢] (3.3)

2 )s/2

1 .
Fr)y = T Laf W)e™ ¥ [dy]. (3.4)

More invariantly, the Fourier transform is defined on a vector space ¥ of dimension n with
dual space F* as a map F:Q™(V)- Q™*(V*) where Q™ (V)= A"* (V)@ 2'(V),
A™**(V*) is the top exterior power V* and 2'(V) are the tempered distributions on V (see
[25]). Indeed for ze V*,'fe 2’ (V) and ue A™*(V*) we define

(Fu® )= f f()e™ P (3.5)

(zn)nll
where the element veA™*(V) satisfies u(r)=1 under the natural pairing
A™(P*) = (A™**(V))*. (The normalization has been chosen so that f(¢) = F(Ff)(— ¢)for
any fe Q™*(1).) For notational convenience we shall often ignore this subtlety and identify
k, t with k*, t* under the invariant inner product {:,->: we shall also suppress the exterior
powers of k and t and write Fg: 2'(k) - 2'(k*), Fr:2'(t) - 2'(t*). Further, although we
shall work with functions whose definition depends on the choice of the element
[d¢] e A™**(k*) (associated to the inner product), some of our end results do not depend on
this choice' and the use of such functions is just a notational convenience.

A fundamental property of the Fourier transform is that it preserves the L? inner
product.

LemMa 3.2. (Parseval’s theorem [25, Section 7.1]). If f:k — C is a tempered distribution
and g:k — C is a Schwartz function then Fg f:k — C is also a tempered distribution and
Fxg:k — C a Schwartz function, and we have

L k 9(9)f ($)[d] = f (Fx9) (@) (Fx)(2) [dz]

xek

L ﬁ(%f(!//)[dl//] = f (Frg) ) (Fr)() [dy]

We note also that if g.:k — R is the Gaussian defined by g.(¢) = e 5¢#>/2, then

U e 1 1 .1
(Frg(d) = ¢ 22 =701 (Frg)0) = g5¢ iz =7 9100 3.6)

We also have the following lemma.

LemMma 3.3. The symplectic volume form dQ3 at a point ¢ in the orbit K -y through yr ek is
related to the Riemannian volume form dQY (induced by the metric on k) by

dOX = w(y)dQS.

* The statement of Theorem 8.1, for instance, does not depend on the invariant inner product ¢-,- ).
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Proof. The symplectic form is K-invariant and is given at the point  et, in the orbit
K-y (for & nett giving rise to tangent vectors [&, Y], [, ] to the orbit) by

o([S, ¥, [n.¥]) = <[& Y1 ) = b, [, E1). (3.7

In the notation of Lemma 3.1, the symplectic volume form evaluated on the tangent vectors

(X, ¥], [Y,y] is given by [l,>ow([X, ¥], [Y,¥]). But o([X, ¥] L[Y, ¥])
=<{[X,,¥], Y,> = y(y), from which (comparing with the proof of Lemma 3.1) the Lemma
follows. O

We shall use this Lemma to prove the following Lemma relating Fourier transforms on
k to those on t.

LemMa 3.4. Let f € 9'(k) be K-invariant, and let & be defined by (3.2). Then
Frwf)}=wFf)

as distributions on t.

Proof.

1 .
(F)(2) = o )s/z J e f(¢)[d¢]

(2713 s/2 f J[dl//] f(lp) J;ex v i dQR (38)

(where t.. denotes the fundamental Weyl chamber).
We have from Lemma 3.3 that ng = oY) deS,. Thus, we have

(Fef)(2) = 2m)™* L [d1f(Wym(y) e dQj. (3.9)

¢k -y

Now the integral over the coadjoint orbit may be computed by the Duister-
maat-Heckman theorem [15] applied to the action of T on the orbit K - (or equivalently
as a consequence of the abelian localization theorem, Theorem 2.1): we have (see e.g.
[6 Theorem 7.24])

-iz(é) 1OS (2m)e— ~iz(wi)
j e ¥z dQ¢ =— Z e (det w). (3.10)
PeK¥ w(z) weW

This is a well-known formula due originally to Harish-Chandra ([23, Lemma 15]). (Notice
that the z in (3.10) plays the role of the y in Theorem 2.1, while the i in (3.10) specifies the
orbit.) Now since m(wy) = (det wym (i), we may replace the integral over t, by an integral
over t; in other words, we have

®(2) (Fxf)(2) = (2n)™"? [d'//] fWyme™ "V = Fr(wf)(2) 0 @1y
Applying this to the Gaussian g,(/) = e““”""”2 we have the following corollary.

COROLLARY 3.5.

1 - 3
Frig.m)()) = szo()e” 7/ = s,zw(y)ge 1().



302 Lisa C. Jeffrey and Frances C. Kirwan

We shall also need the following result which occurs in the work of Guillemin, Lerman,
Prato and Sternberg concerning Fourier transforms of a class of functions on t*. This result
will be applied to functions appearing in the abelian localization formula (2.7).

PRrOPOSITION 3.6. (a) (See [18], [19, Section 3.2], and [20]) Define h(y) = Hz (y + 1) for
some tet, where Hg(y)=vol{(sy, ...,sn):8; =0, y=2ZX;s;8;} for some N-tuple
B = {B1, ..., Bx}, B; €t*, such that B; all lie in the interior of some half-space of t*. Thus, Hg is
a piecewise polynomial function supported on the cone Cz = {Z;5;;:s; > 0}. Then the Fourier
transform of h is given for Y in the complement of the hyperplanes {y t: f;(y) = 0} by the
formula

eith)
BT
(b) (See [18, Section 2] and [20, (2.15)]) The function Hz(y) is also given as
Hy(y)=Hp,xHg,* -+ x Hg,

Frh(y) (3.12)

where for Be Hom(R!, R) we have Hy = (i), dt, i.e. Hy is the pushforward of the Euclidean
measure dt on R* under the map iz: R* — R’ given by ig(t) = pt. Here,  denotes convolution.
(c) (See [18, Section 2]) The function Hj satisfies the differential equation

N
[1 Bi(0/oy)H (y) = do(y)
ji=1
where O, is the Dirac delta distribution.
(d) (See [18, Proposition 2.6]) The function Hg is smooth at any y € Ug, where Ug are the
points in t* which are not in any cone spanned by a subset of {B,, ..., Bn} containing fewer than
[ elements.

4. REDUCTION TO A PIECEWISE POLYNOMIAL FUNCTION

In this section we apply the results stated in Section 3 to reduce #° to the form given in
Proposition 4.4, as the integral over yet* of a Gaussian g7 (y)=
g ()/ (2’| W|vol (T)e¥'?) times a function Q(y) which is D R(y), where D, is a differential
operator and R is a piecewise polynomial function. As a by-product we obtain also
a generalization of Theorem 2.16 of [20]: we may relax the hypothesis of [20] that the
action of the maximal torus 7" have isolated fixed points.

Two of our main results related to Witten’s work [35] are Theorems 4.1 and 4.7: these
are stated in this section. The proof of Theorem 4.7 will be given in Section 5. It tells us that
the cohomological contribution e*®¢i“°[.# 4] given in Witten’s theorem 1.2 for the zero
locus of the moment map is given by the integral over yet* of g, (y) times a polynomial
Qo(y) which is equal to Q near y = 0. Theorem 4.1 is our version of the asymptotic estimates
given in Witten’s theorem 1.1, and will be proved in Section 6 below. Theorem 7.1 in Section
7 extends Theorems 4.1 and 4.7 to more general equivariant cohomology classes.

We assume throughout the rest of the paper that K acts on X in a Hamiltonian fashion,
and that 0 is a regular value of the moment map u for the K action. This is equivalent to the
assumption that K acts on u~!(0) with finite stabilizers, and it implies that u~'(0) is
a smooth manifold. Under these hypotheses, the space .#y = u~ *(0)/K is a V-manifold or
orbifold (see [28]) and P = u~'(0) = u~*(0)/K is a V-bundle: we have a class @ € H*(.# y)
which represents the class — (@, ¢>/2e€ Hg(u™'(0)) = H*u '(0)/K), and which is a four-
dimensional characteristic class of the bundle P — .#y.
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In [29] it is proved that the set of critical points of the function p = |u|>: X - R is
a disjoint union of closed subsets C; in X indexed by a finite subset 4 of t. In fact, if t,. is
a fixed positive Weyl chamber for K in t then fe % if and only if fet, and B is the closest
point to 0 of the convex hull in t of some nonempty subset of the finite set {u(F): Fe #}, i.e.
the image under u; of the set of fixed points of T in X. Moreover, if fe % then

Cs=K(Zynpu ()

where Z; is the union of those connected components of the set of critical points of the
function u, defined by pu4(x) = pu(x)(f) on which u,; takes the value |B]%. Note that
Co = 1~ '(0) and in general the value taken by the function p = |u|? on the critical set Cy is
just |BI%,

We shall prove the following version of Witten’s nonabelian localization theorem, for
the integral #¢ defined in (3.1) with the class o = ¢® defined by (2.8).

THEOREM 4.1. For each Pe @B, let py = |B|* (this is the critical value of the function
= |u|*>: X > R on the critical set Cy when this set is nonempty). Then there exist functions
hg:R* — R such that for some Ny > 0, e"shy(e) remains bounded as ¢ - 0™, and for which

|#¢ —eCe [yl < Y e P8 hyle).
feA— 10}

Remark. The estimate given in Theorem 4.1 is weaker than Witten’s estimate (Theorem
1.2) since | B|? is not in fact a critical value of |u|*> when C 5 1s empty. Nevertheless, in many
interesting cases all the C; are nonempty, and our estimate then coincides with Witten’s.

To prove this result, we shall rewrite #* using Lemma 3.1:

1

s E:WLE. [dy] (g.($)o(y)) (o(y) (T1,0) (¥)). @.1)

Now we apply Lemma 3.2 to get

1

St = R TWIvOI(T) )t [d}’] (Fr(g:®) (y)(Fr(wll,0) (). 4.2)

Applying Corollary 3.5 we have

1

5 = STl L L [100) e OV (Frioll,o) ). (43)

Following Guillemin et al. [ 18], we may use the abelian localization formula (Theorem
2.1) to give a formula for F{(Il,0), where ¢ = ¢'® and from it obtain a formula for
Fr(wll,0). In terms of the notation of Lemma 2.2, we choose a component A of the set
N, j{Y et: Br () # 0}, where B ; are the weights of the action of 7 on the normal bundle
to a component F of the fixed point set. Thus, A is a cone in t. If we denote by Cr = Cp 4 the
component of N;{y et:Pr (¥} # 0} containing A, then A = ~pCy . Also, By ; € t* lies in
the dual cone (‘?p! s of Cg, indeed, this dual cone is simply the cone
C‘FA = {Y;s;jBr jis;=0}. We then define op ;=sign By (&) for any €A, and
Br j=0r ;jBr ;. Then we set kp(@) =Y ,, - -1 np j(®).

We define a function H:t* - C by

Hpy)= Y ¥ (= D*9H_ (- + ur(F)) j (€Cra) (4.4)

Fe# aest,
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Here as before & is the set of components F of the fixed point set of T and the &/ are the
indexing sets which appeared in Lemma 2.2. If a €.o/ then Jg(«) consists of the elements
B4 ; where each B} ; appears with multiplicity g ;(@). Then H,pq, is as defined in Proposi-
tion 3.6. The ¢r € H*(F) are related to the cg , in (2.5), in that

crdy) = eler OWeg (4.5)

We then have the following theorem, which in the case when the action of T has isolated
fixed points is the main theorem of Section 3 of [18]. For the most part, our proof is a direct
extension of the proof given in that paper; the major difference is in the use of the abelian
localization theorem rather than stationary phase.

THEOREM 4.2. The (piecewise polynomial) function H given in (4.4) is identical to the
distribution G = F{I1,e"®).

Proof. We first apply the abelian localization formula (2.9) to I1,0. Then the formula
obtained from Lemma 2.2 for 1,0 is

Heo= Y re, re= Y Tra (4.6)
Fe# ae,
eiuT(F)(d/) j’F(eing‘a)

Tpa = (= 1}

4.7)

I8 ())F -

where i, the moment map for the T action, is simply the projection of u onto t and the
Br.; are the weights of the T action. Recall that the quantity Bt jis B if Br () > 0 and
— Br.; if Pr. &) <0. The class &, € H*(F) is equal to some characteristic classes of
subbundles of the normal bundle v; it is independent of .

Notice that each B} ;e t* lies in the half-space {y e t*: y(¢) > 0}, for any e A. Equation
(4.7) is hence of the form appearing on thé right-hand side of (3.12), up to multiplication by
a factor independent of y. The conclusion of the proof goes, as in Section 3 of [18], by
applying a lemma about distributions (see [20, Appendix A]):

LEMMA 4.3. Suppose G and H are two tempered distributions on R' such that

1. F+G — FpH is supported on a finite union of hyperplanes.

2. There is a half-space {y:<{y.(> > ko} containing the support of H — G.
Then G = H.

Here we apply the lemma to H as given in (4.4) and G = F1(I1,e"®). The first hypothesis
is satisfied because we know from Proposition 3.6 that FH is given by the formula (4.6) on
the complement of the hyperplanes {¥|f% ;) = 0}; but this is just the formula for
FrG =I1,e®. Further, H is supported in a half-space since all the weights 2 ; satisfy
B#.;(&) > 0 for any & € A, while the support of G is contained in the compact set ur(X) (see
Section 5 below). Therefore, the support of H — G is contained in a half-space of the form
{y:{y, & > ko} for some kq. This completes the proof of Theorem 4.2. O

Define
R(y) = Fr(I1,0)(») (4.8)

where ¢ = exp iw. Then (4.3) and (4.4) give us the following proposition.
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ProrosITION 4.4. The function R is a piecewise polynomial function supported on cones
each of which has apex at u{F) for some component F of the fixed point set of T. Let Q be the
distribution defined by

Q) = w(y)Ds7(y)

where the differential operator D, is given by
D, = [] (i(9/dy))

y>0

and vy runs over the positive roots (cf. (3.2)). Then

£

1
: d —<yy>/2e ! 4
iy | W|vol(T)e? fyet.[ yle o) 4.9)
Proof. It only remains to note that Fy(wIl,o) = D,Fr(Il,0), where D, is defined
above. -

Remark. The formulas for Q(y) obtained from (4.6) will in general be different for
different choices of A.

In addition, certain formulas simplify if we impose the additional assumption that at any
point x in a component F of the fixed point set of the T action, the orthocomplement t* of
tin k injects into the tangent space 7,.X under the infinitesimal action of K; in other words,
that the stabilizer Stab(x) of x is such that Stab(x)/ T is a finite group. Under this additional
hypothesis, we may indeed prove a somewhat stronger result. Notice that by Lemma 2.2,
each term (corresponding to a component F in the fixed point set of T) in the localization
formula for I1,0 has a factor e{” () in the denominator. Now for x € F, the fibre (vg), over
x of the normal bundle to F will contain t* - x, the image of t* under the infinitesimal action
of K. Under the additional assumption that t* injects into T, X, the set of weights for v
contains for each root y > 0 either the root y or the root — 7; in other words, e{¥ () is
divisible by (). Thus, from Lemma 2.2 we obtain the formula for w(y)I1,a:

oo = Y Tra (4.10)
Fef,aedF
| EMPW® J‘ .
Fra= (=@ —— | (). 4.11
SR 177 Yl A @1

Here, the notation is as in (4.6) and (4.7) except that #i j(@) = ng ;(@) if BF,; is not a root,
while 7ip, @) = np (@) — 1 if Bf ;is a root.

We may then use the abelian localization formula to give a formula for F y(wIl, o) where
6 = €' As in (4.4), we define a function H®(y) for yet* by

HG)= ¥ ¥ (— D Hip@(— y + pr(F) L €Cr.e (4.12)
Fe# acsly

The notation is as in (4.4) except that each B} ; appears in 75 () with multiplicity ng_j(a) if it

is not a root and ng (@) — 1 if it is a root. The function Hfg(«) is then as defined in

Proposition 3.6.

In the case when the action of T has isolated fixed points, Theorem 4.5 below is the main
result (Theorem 2.16) of Part I of Guillemin and Prato [20]. For the most part, our proof
translates directly from the proof given in that paper, except that we use the abelian
localization theorem in place of stationary phase.
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THEOREM 4.5. Suppose that t* injects into T.X for all fixed points x of the action of T.
Then the distribution H® given in (4.12) is identical to the distribution G = Fr(wll,e'®).

Proof. This theorem is proved in exactly the same way as Theorem 4.2. The conclusion
of the proof goes, as in the proof of Theorem 2.16 of [20], by applying Lemma 4.3 directly to
H® as given in (4.12) and G = F(oll,e"®). O

In particular we have the following proposition.

ProPOSITION 4.6. Suppose that t* injects into T, X for all fixed points x of the action of T.
Define

so that
£ = ! -(y.¥>/2¢
7= Ry Wivol(Te™ L‘* [dy]e =20 (). (4.14)

Then Q is a piecewise polynomial function supported on cones each of which has apex at ur(F)
for some component F of the fixed point set of T.

We now drop the hypothesis that t* injects into 7, X at the fixed points x of the action of
T, and return to the general situation described in Proposition 4.4. It will follow from (5.6)
that Q is smooth near y = 0; thus, in particular there is a polynomial Q, which is equal to
Q near y = 0. Of course, Qo = DR, where R, is the polynomial which is equal to Fr(I1,.0)
near y = 0. In the next section we shall provide an alternative description of Q, and prove
the following theorem.

THEOREM 4.7. Assume K acts effectively on ™ '(0). Then we have

1 .
(27tl)s| Wl VOI(T) Es/z Jv " [dy] e—(y,y)/Zer(y) = eeaemo[ﬂx]-

(=%
e,

Fo

This tells us that the contribution to .#¢ from u~*(0)/K is obtained by integrating Q,
rather than Q (weighted by the Gaussian g, defined in the first paragraph of this section)
over yet*.

5. THE PROOF OF THEOREM 4.7

This section gives the proof of Theorem 4.7, which identifies e*®ei“°[.#y] with the
integral of a Gaussian g, times a polynomial Q,. The key step in the proof is the
well-known result Proposition 5.2 below, which gives a normal form for the symplectic
form, the K action and the moment map in a neighbourhood ¢ of u~!(0). We first recast the
distribution Q in terms of an integral over X (Proposition 5.1), so that Q(y) is given by the
integral over X of a distribution supported where u takes the value y. (This step occurs also
in the proof [ 15] of the Duistermaat-Heckman theorem.) Hence, for sufficiently small y, this
distribution is supported in ¢ and we may do the integral over X to obtain the value of the
polynomial @, which is equal to Q near 0. This turns out to be given by an integral over .#
involving the symplectic form and the curvature of a bundle over .# y (see (5.6)). Finally, we
multiply Q, by the Gaussian g7 and integrate over t to see that the result is *® e[y ].
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ProposITION 5.1. Q(y) = ©*(y) (2n)*? [,x€'(y — p(x)), where 6 denotes the (Dirac)
delta distribution.
Proof. We have by Lemma 3.4 that
0 = oF (vll,0) = @*Fx(1,0)

so that

_ () iy i gin(x) ()
o) =" LEk [dp] e @ Lxe e

= w’(y)2n)"? J eS(u — ). 0O G

X

We would like to study this for |y| < h for sufficiently small A > 0. Now there is
a neighbourhood of u~*(0) on which the symplectic form is given in a standard way related
to the symplectic form w, on .# y; this follows from the coisotropic embedding theorem (see
[22, Sections 39-41]).

ProrositioN 5.2 (Gotay [16], Guillemin and Sternberg [22] and Marle [31]). Assume
0 is a regular value of u (so that u~'(0) is a smooth manifold and K acts on p™'(0) with finite
stabilizers). Then there is a neighbourhood O = p~'(0)x {zek* |z| < h} < u”'(0)xk* of

1~ 1(0) on which the symplectic form is given as follows. Let pZ u 1(0) — # x be the orbifold
prmczpal K-bundle given by the projection map q: u~(0) » u~'(0)/K, and let 6 Q' (P)®Kk be
a connection for it. Let wq denote the induced symplectic form on My; in other words,
q*wo = i%w. Then if we define a 1-formton O < Pxk* by t, , = z(6) (for pe P and zek*), the
symplectic form on O is given by

o = q*wy + dt. (5.2)

Further, the moment map on @ is given by u(p, z) = z.

Proof of Theorem 4.7. We assume, for simplicity of notation, that K acts freely on u~*(0),
but all of the following may be transferred to the case when K acts with finite stabilizers by
introducing V-manifolds or orbifolds (see [28]). In other words, we work locally on finite
covers of subsets of x~1(0) and x~1(0)/K, where the covering group is the stabilizer of the
K action at a point xe u~1(0).

When | y| < h and h is sufficiently small, the distribution d(u(x) — ) is supported in @, so
we may compute Qq(y) from (5.1) by restricting to ¢. We have

Qo(y) = 2m)Y 21132()’)‘[ ' e“d(y — 2) (5.3)
{pzye P x k*
= (2n)"*w2(y) ﬁ S expi(qg*w, + z'(d0))exp idz' (B)d(y — 2).
e (5.4)

Now the term in exp idz'(6) which contributes to the integral (5.4) is i*Q[dz'] where [dz'] is
the volume form on k (since all factors dz' ... dz; must appear in order to get a contribution
to the integral). Here, Q = IT5_, ¢ (for j indexing an orthonormal basis of k and ¢’ the
corresponding components of the connection 6) is a form integrating to vol(K) over each
fibre of P — .# .
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Doing the integral over z' e k*, we get

Qoly) = i*w*(y) 2n)"? L exp i(g*wo + Y(db + [6, 61/2))Q (5.5
= i'w’(y) 2n)"? J exp i(g*wo + y(Fo))Q2. (5-6)
u=1(0)

Here, Fy = df + 3[6, 8] is the curvature associated with the connection 8; we may introduce
the term [, 6] into the exponential in (5.5) since the additional factors 8 will give zero under
the wedge product with Q. Formula (5.6) shows that Q, is a polynomial in y.

Now we were interested in

1
f% = (znl)sl Wl VOl(T) 8s/2 fyet‘ [dy]e—<y.y>/25Qo(y)
. 1 [dy]oi) e~ | explg¥oo +y(F)R  (5)
(Zn)s/zl W) VO](T)SS/Z et y Yy , q Yy .
1
= G vol(K) f . [dz] e <==/%¢ L exp (q*wo + z(Fy))Q (5.8)

where the last step-uses Lemma 3.1 and the fact that j p exp(g*wg + z(F))Q is an invariant
function of z.

We now regard F, as a formal parameter and complete the square to do the integral
over z; we have (identifying z(Fg) with (Fg, z) using the invariant inner product -, »)

J [dz] e~ <=2/2¢ exp{Fyq, z) = (2me)"? exped Fg, Fo)/2. (5.9
zek™

But (F,, Fo>/2 is just the class 7*® on P, for ©® € H*(# ). Hence, we obtain (integrating
over the fibre of P — .# y and using the fact that the integral of Q over the fibre is vol (K))

5= J exp iwg exp €0, (5.10)
Ay

completing the proof of Theorem 4.7. O

6. THE PROOF OF THEOREM 4.1

In this section we complete the proof of Theorem 4.1. This is done by observing
that St —efei o[ 4] is of  the form it 97 (Q Qo) =
fi 97 Dg(R — Ro) = [(D¥3.)(R — Ry), where R — R, is piecewise polynomial and sup-
ported away from 0. (Here, D¥ = ( — 1)*~"2D,) The results of [29] establish that the
distance of any point of Supp(Q — Qo) from O is at least || for some nonzero § in the
indexing set # defined in Section 4. Hence, we obtain the estimates in Theorem 4.1.

In fact, the function R — R, is known explicitly in terms of the values of u{F) (where
F are the components of the fixed point set), the integrals over F of characteristic classes of
subbundles of the normal bundle vg, and the weights of the action of T on v (see (2.7) and
Proposition 3.6). The function R — Ry is polynomial on polyhedral regions of ¢, so that the
quantity #° — e*® e°[.# ] can, in principle, be computed from the integral of a polynomial
times a Gaussian over these polyhedral regions. We shall study these integrals in another
paper and relate them to the cohomology of the higher strata in the stratification of
X according to the gradient flow of |u|? given in [29].
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We now examine #° — £ and prove Theorem 4.1. Recall from Section 4 that the
indexing set & of the critical sets C, for the function p = |u|* is # = t. N W# where
WH = {wh.BeB, we W} is the set of closest points to 0 of convex hulls of nonempty
subsets of the set {u(F): Fe % } of images under ur of the connected components of the
fixed point set of 7in X. We shall refer to {ur(F): F e F} as the set of weights' associated to
X equipped with the action of T.

Let _# denote the locus

F = {yet*:Q is not smooth at y}.

Then we have the following proposition.
PROPOSITION 6.1. ¢ < #%, where #* = {yet*:Fy(I1,e'®) is not smooth at y}.

Proof. Q = wF(oll,e'®) = wD, F(I1,¢"®). Hence, if F{(I1,¢e'®)is smooth at y then so is
0. O

Now it follows from [18, Section 5] that #% = U ,r,.(V,) where V, is a component of the
fixed point set of a one parameter subgroup T, of T and I' indexes all such one parameter
subgroups and components of their fixed point sets. Let

D= n{Ds:pec W# — {0}}
where Dy denotes the open half-space

Dy = {yet*:y(B) <|BI?}.
Note that if fe % — {0} then D; contains 0 and its boundary is the hyperplane
Hp={yet*:y(B) = |BI*}.

LemMMa 6.2. The support of Q — Q, is contained in the complement of D (or equivalently

Q = Qo on D).

Proof. Suppose V, is a component of the fixed point set of a one parameter subgroup 7,
By the Atiyah-Guillemin-Sternberg convexity theorem [1, 217, u{(¥,) is the convex hull of
some subset of the weights. Hence, the closest point to 0 in uy(¥,)is in W4%. Now either this
closest point is 0, or else the closest point is a point fe W# — {0} (in which case
pur(V,)ct —Dgct— D).

Now if x is a point in Supp (Q — Qo) then the ray from 0 to x must pass through at least
one point in #; hence, it suffices to prove ¢ c t — D since D is the intersection of a number
of open half-spaces all of which contain 0.

But # < U ,ur(V,)and every point in ur(V,)is in t — D unless O is in ur(V,). Moreover,
if xe ur(V,)n # and Oe ur(V,), we may consider the function Q — @, restricted to a small
neighbourhood of the ray from 0 through x. This ray lies in the hyperplane ﬁy which is the
orthocomplement in t to the Lie algebra t, of T,,. (Since the component of pr in the direction
of t, is constant along V, and since O e uz(V,), it follows that (V) is contained in H ;) Since
Q — Q. is identically zero near O but not near x, the ray from 0 to x must contain a point x’
in # which is contained in some pur(V,) with ¢, # t,.. If O¢ pur (V) then p(V,) = t — D and
soxet — D.If O ur(V,) then we simply repeat the argument, considering the restriction of

* The motivation for this is that if X is a nonsingular subvariety of complex projective space P, and T acts on X via
a linear action on C"*!, then each u.(F) is a weight of this action when appropriate identifications are made.
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Q — Q, to a neighbourhood of H, ~ H,. Since 0¢ ¢, after finitely many repetitions of this

argument we get the required result. Hence, the lemma is proved. 0O
To complete the proof of Theorem 4.7, we then use Lemma 6.2 to express #° — .#§ as
1 2
E—Fh=— ; d - ~lvlrze 6.1
S = T L_D{ y1Q - Qoe (6.1)

Denote by C the set {yet* — D:{Q(y) — Qo(¥)] < 1}. Then

Q@ny|Wivol(T)e¥?|#° — Fh| < J [dy] e~ P12 4 J [dy]1Q — Qof e~ 172
c t —D

If b is the minimum value of | B over all fe # — {0}, then

[Laeas [ ayevine<e g

where g(e) is a polynomial in &'/?
Further, denote the p the function |Q — Qg|> Then

_[. [dylp(y)e "< ¥ f [dy] e ™72 p(y). (6.2)
t -D {0} JyeDg

PeW# -

For each fe W# — {0} one can now decompose yet* into y = wofl + w, we f*, woeR
(where B = B/|B!). Hence, each of the integrals (6.2) is of the form

—w2/2e - |wl?/2e
e Yal%*e (wo, W
Lozml Leﬂi plwo, w)

and this is clearly bounded by e~ '#1*/2* times a polynomial in &. This completes the proof of
Theorem 4.1.

7. EXTENSION OF THEOREMS 4.1 AND 4.7 TO OTHER CLASSES

In this section we extend Theorems 4.1 and 4.7 to equivariant cohomology classes of the
form { = ne'® where ne H¥(X). More precisely, we shall show the following theorem.

THeOREM 7.1. Suppose ne H¥(X) and suppose that itne H%(u~1(0)) is represented by
o€ H*(u™ *(0)/K) (where io: u~*(0) > X is the inclusion map). Then we have the following.
(a) We have that

noe*® e[ My] =

d ~[31%/2e
@Ry | W] vol(T) KR j LdyJe 280)
where Q"(y) = w(y)F r(@ Il (n exp i)} and Q§(y) is a polynomial which is equal to Q"(y) near
y=0.

(b) Let pg = |B|* be the value of the function |u|* : X — R on the critical set Cy. Then there
exist functions hg:R* — R such that for some Ny > 0, e"8hy(e) remains bounded as ¢ — 07,
and for which

1 . .
e [dp] e "2 [T, nel® — yoe™® e[ 4]l < e~ P52 hy(e).
2ni)*vol(K) Jpex * ° x ,,eg;m} 4
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(c) Suppose nis represented by i = ;n,¢" € Q¥ X) for n; € Q*(X). Then Q" is of the form
Q"(y) = Y.;D;R,(y), where D are differential operators on t* and R, are piecewise polynomial
functions on t*.

Proof. (a) We examine the function @"(y) near y = 0. We have from Lemma 3.4 and the
paragraph before Theorem 2.1 that

wF r(oll,(ne'®) (y) = (@*FxI1,(n €%)(y)

2
- Gy L [4¢] j L& ()

Now since n(¢) = Z,c/)’n 1 for n; € Q*(X) (where the I are multi-indices), we may define for
any xe X a distribution S, with values in A*T¥X as follows: for any yet* we have

Sx(.V) = J [dd)] e‘iy(‘b) eiw eiu(X) (¢) Z ’71¢I
Pek 1

=Y (i9/oy) j [dp] ei®~» @ gioy,
I

dek
= (2n)* Y. (i10/0y) o(u(x) — y) €*ny. (7.1)
1

Thus, the distribution S,(y), viewed as a distribution S(x, y) on X x t*, is supported on
{(x, y)e X x t*: u(x) = y}. Hence, for sufficiently small y, S(x, y) (viewed now as a function of
x) is supported on @ (in the notation of Section 5) and we find that

. @*(y)
Q'(y) = an? ,Lx S(x, y) (7.2)

2
- gn;:;)z J ek 491 J pxk' T ()

Now consider the restriction of n to HE(P xk*) =~ H¥P) (where P = u~(0) as in
Section 5). Recall that there exists #o€Q*(P/K) such that n — n*q*n, = Dy for some 7,
where D is the equivariant cohomology differential on P x k* and n: P xk* — P x {0} and
q: P — — P/K are the projection maps." We then have that

@’(y) ‘ .
Typy) — ——— i(pe(x) =) (P) piok %
o"(y) 0 Jya [d¢] xePXk*e en*q*n,
mz(y) i(u(x)— iw ¢! mz(}’)
:(27!)“[ [dd)]J ) k‘e(u() @) gio ot P A (1.3)
pek xeP x

But also
ei(u(x)—y)(¢) eiwDy — D(ei(u(x)—y)(¢) ei“’y)
(since D¢p; =0 and D& = 0). Hence A = [y, [d@] [pxy* d(€¥0 V@ eioy) (since for any

differential form ¥, the term 15 ¥ in DY cannot contain differential forms of top degree in x).
Using Stokes’ theorem and replacing P x k* by P x B(k*) where B(k*) is a large ball in k*

t This is because the map ien: P x k* - P x k* is homotopic to the identity by a homotopy through equivariant
maps, where i: P x {0} — P xk* is the inclusion map. Hence, i induces an isomorphism

i*: HEP xk*) > H¥P x {0}).
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with boundary S(k*), we have that

A= j [d¢]J el =1 @) piv 2 Vld)l
bek PxSk*) 1

for y; € Q*(P x k*). Thus, we have A = Z,(ia /8y)'SH{y) where
Sl(y) = j [dd)]f . ei(l‘(x)_Y) @) eiw,yI.
ek xeP xSk )

Now we do the integral over ¢ to obtain

S1) = (M‘J , Oulx) — y)e'y
xeP xSk )

This is zero since the delta distribution is supported off S(k*) (recall that u(p, z) = z for
(p, z)e P x k*). Hence, we have that A =0, and so

L] ez~ YHP) piev %k
Q ( (ZE)S/ZJ [ d)] J;p zjerk ¢ (74)

and the rest of the proof is exactly the same as the proof of Theorem 4.7 which was for the
case 7o = 1. In particular, the analogue of (5.6) is

QB(y) = i'w’(y) (2my’? Mo €Xp(g*@o + y(Fe))C; (7.5)
W]

this equation shows that Qf is a polynomial (and in particular smooth) in y.
(b) This is a direct extension of the proof of Theorem 4.1, with Q and Q, replaced by Q"

and Q%.
(c) Since n =Y ;n;¢’, the abelian localization formula for IT,(re®) yields
i n(¢)e®®

o)L (ne™) (@) = 5(9) Y. rE@), rW):L er(d)

Fes

=Y ¢’ el f iFn,e”
J r er(d)

=w(@) ) ¢ Yt} P (7.6)
7 FeF , aest,

where

citr(F)(¢)
IL(BE. (d)F-i®

(and the Cr , are as in (4.5)). Here, as in Section 4, we may form a distribution

e s(@) = (= D* ‘“’J i¥n,6"8 (7.7
F

H(p)=D.H, H=Y3G0/0yy ¥ (- 1)"’“’[ 1¥1,6'°Cr,0) Hy @ (ur(F) — y) (7.8)
J F

Fe# ,aesd,

where the piecewise polynomial function Hj is as in Proposition 3.6. Thus, H is of the form
Hy) = Y';D;R,(y) where the R,(y) are piecewise polynomial and the D, are differential
operators.

We also define the distribution

G(y) = Fr(oll,ne'®). (7.9)
Thus, w(»)G(y) = @"(»).
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Then we may show that the distributions G and H are identical. For we apply Lemma
4.3 as before. We find by Proposition 3.6(a) that (F;G) () and (FH) () are identical off the
hyperplanes () = 0, so the first hypothesis of Lemma 4.3 is satisfied. Moreover, H is
supported in a half-space and

G(y) = B(Y)F (1Y n,47e®) ()
J

= (2n)w(y) . (i0/8yy’ j n,0(u(x) — y)e'® (7.10)
J xeX

so G is supported in the compact set u(X)nt* and hence H — G is supported in a half-

space. Thus, the second hypothesis of Lemma 4.3 is also satisfied and we may conclude that

G = H, which completes the proof. O

8. RELATIONS IN THE COHOMOLOGY RING OF SYMPLECTIC QUOTIENTS

In this section we shall prove a formula for the evaluation of cohomology classes from
%(X) on the fundamental class of .#y, and apply it to study the cohomology ring H*(.# )
in two examples.

Henceforth we assume K acts effectively on u~*(0). More generally the right hand side of
(8.1) should be multiplied by ny where n, is the order of the subgroup of K that acts trivially
on u~ 1(0).

We shall prove the following theorem.

THEOREM 8.1. Let ne H¥(X) induce o€ H¥(# y) and assume K acts effectively on u~ 1(0).
Then we have

(=

1o LM ) = vty RS W) X, T YD @®.1)
where
— et (F)W) i?(ﬂ(lﬁ)ei‘")
= eeinn | EEES

Here s and [ are the dimensions of K and its maximal torus 7, and w(y) = I1,. ¢y()
where y runs over the positive roots of K; the number of positive roots (s — I)/2 is denoted by
n..If Fe # (where # denotes the set of components of the T fixed point set) thenip: F - X
is the inclusion of F in X and ey is the equivariant Euler class of the normal bundle to F in
X. The quantity Res(Q2) will be defined below (Definition 8.5). The definition of Res(Q2) will
depend on the choice of a cone A, a test function y, and a ray in t* specified by a parameter
pet*—but in fact if the form Q is sufficiently well behaved (as is the case in (8.1)) then the
quantity Res(Q2) will turn out to be independent of these choices (see Propositions 8.6, 8.7
and 8.9).

In the case of K = SU(2) the result of Theorem 8.1 is as follows.

CoROLLARY 8.2. Let K = SU(2), let ne H¥(X) induce noe H¥( A x) and assume K acts
effectively on ™ 1(0}. Then the cohomology class nee'® evaluated on the fundamental class of
# x is given by the following formula:

iFn)e'”

noe'o[#x] = — 2Reso(Y?> Y rHy)), where ri(y) = e O® L o)

Fe# ¢



314 Lisa C. Jeffrey and Frances C. Kirwan

Here, Res, denotes the coefficient of 1)\, and & . is the subset of the fixed point set of
T = U(1) consisting of those components F of the T fixed point set for which u{(F) > 0. We
have identified € R with diag(2riy, — 2miy) € SU(2)

An important special case (cf. Witten [35, Section 2.4]) is as follows.

CoroLLARY 8.3. Let ne H¥(X) induce noe H*(# x), and let © € H*(.# x) be induced by
the polynomial function (¢, ¢ /2 of ¢, regarded as an element of Hy. Then if ¢ > 0 we have

€0 im, _ (_ 1)"+ i _ 2 fmvm_2
noe*®e' ™ [Mx] = GnF TWivol(T) mgom! Res(( ely 2y s* () gf r}(«/x)[dx/d) (8.2)
where
n _ @iy (F)(W) if(n(y) )
= f @)

We now give a general definition (Definition 8.5) of Res h[dy] when h is a meromorphic
function on an open subset of t®@C satisfying certain growth conditions at infinity.' For the
restricted class of meromorphic forms of the form ¢*%[dy]/I1,;8,(), Definition 8.5 implies
the existence of an explicit procedure for computing these residues by successive contour
integrations, which is outlined in Proposition 8.11.

Our definition of the residue will be based on the following well-known result ([25],
Theorem 7.4.2 and Remark following Theorem 7.4.3):

ProrosiTION 8.4 (i) Suppose u is a distribution on t*. Then the set T, = {et:e"u is
a tempered distribution} is convex. (Here, (-,*) denotes the pairing between t and t*.)

(i) Ifthe interior T'2 of T, is nonempty, then there is an analytic function i in t + iT'2 such
that the Fourier transform of " *u is 4(- + i&) for all EeT2.

(iti) For every compact subset M of T there is an estimate

14O < 1+ L)Y, Im()eM. (8.3)

(iv) Conversely if I is an open convex set in t and h is a holomorphic function on t + iI’
with bounds of the form (8.3) for every compact M < T, then is a distribution u on ¢* such that
e is a tempered distribution and has Fourier transform h(- + i¢) for all (€T

(v) Finally, if u itself is tempered then the Fourier transform 4 is the limit (in the space S’ of
tempered distributions) of the distribution  — 4 + itf) as t —» 0%, for any 0eT0.

Definition 8.5. Let A be a (proper) cone in t. Let h be a holomorphic function on
t — ilnt(A) = t®C such that for any compact subset M of t — ilnt (A) there is an integer
N =0 and a constant C such that |h(0)| < C(1 + |¢))N for all {eM. Let y:k* >R be
a smooth invariant function with compact support and strictly positive in some neighbour-
hood of 0, and let ¥y = Fxy:k — C be its Fourier transform. Let 7.(¢) = 7(e¢) so that
(Fxxo)(2) = x2) = ¢ *y(z/e). Assume ¥(0) = 1. Then we define

Res™ (h[dy]) = lim

1
" 2y La_ié 2 () h(y)[dy] (84)

where £ is any element of A.

" Our definition is somewhat related to the definition of the residue of a meromosphic I-form at a point in C’ given
for example in [17, Chapter 5.1] and [24, Chapter 9], though it is not the same.
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By the Paley—Wiener theorem ([25, Theorem 7.3.1]), for any fixed ¢ € k the function
¥y — i&) = Fx(e™ <> () is rapidly decreasing since Fgj = y is smooth and compactly
supported. Hence, the integral (8.4) converges. Now the function ¥ extends to a holomorphic
function on k®C and in particular on t®C (Proposition 8.4), and by assumption h extends
to a holomorphic function on t — ilnt(A); hence, by Cauchy’s theorem, the integral (8.4) is
independent of £ € Int (A).

The independence of Res™*(§2) of the choices of A and y when Q is sufficiently well
behaved is established by the next results.

ProposITION 8.6. Let h:k — C be a K-invariant function. Assume that Fyh is compactly
supported; it then follows that h:k —C is smooth [25, Lemma 7.1.3] and extends to
a holomorphic function on k @ (Proposition 8.4). Then Res™*h[dy]) is independent of the
cone A.

Proof. As above, define y(z) = ¢ *x(z/¢), so that 7,(¢) = (). The function h extends in
particular to a holomorphic function on t®C, and by the remarks after Definition 8.5, the
function %, also extends to a holomorphic function on t®C. Hence, Cauchy’s theorem
shows that for any choice of the cone A,

1
Res (h(y)[dy]) = lim o La Aey)h(y)Ldy]. 0 @9

e=0t

Remark. If h is as in the statement of Proposition 8.6, then w?h also satisfies the
hypotheses of the proposition, so Res**(w?h[dy/]) is also independent of the cone A.

The following is a consequence of Proposition 8.4.

ProposiTION 8.7. Let u:t* > C be a distribution, and assume the set T, defined in
Proposition 8.4 contains -Int(A). Thus, h = Fru is a holomorphic function on t —ilnt A,
satisfying the hypotheses in Definition 8.5. Suppose in addition that u is smooth at 0. Then
Res™(h[dys]) is independent of the test function y, and equals i~ 'u(0)/(2n)">.

We shall be dealing with functions h:k — C whose Fourier transforms are smooth at
0 but which are sums of other functions not all of whose Fourier transforms need be smooth
at 0. For this reason we must introduce a small generic parameter pet* where all the
functions in this sum are smooth. More precisely, we define the following result.

Definition 8.8. Let A,y and h be as in Definition 8.5. Let pet* be such that the
distribution Frh is smooth on the ray tp for t €(0,6) for some & > 0, and suppose (Frh)tp)
tends to a well defined limit as t > 0*. Then we define

Res*M(h[dy]) = lim Res™ (h(y)e*™® [dy]). (8.6)
-0+
Under these hypotheses, Res***(h[dy]) is independent of y (by Proposition 8.7), but it
may depend on the ray {tp:teR*}. However, we have by Proposition 8.7 the following
result.

ProposITION 8.9. Suppose Frh is smooth at 0. Then the quantity Res*™*(h[dy]) satisfies
Res”M* (h[dyr]) = Res™* (h[dy]).



316 Lisa C. Jeffrey and Frances C. Kirwan

Remark. In the light of Propositions 8.6, 8.7 and 8.9, it makes sense to write Res(2) for
Res”*1(Q) when Q = w?h[dy] for a K-invariant function h:k — C for which Fgh is
compactly supported and Fr(w?h) is smooth at 0. In the proof of Theorem 8.1 which we are
about to give, we shall check the validity of these hypotheses for the form Q which appears
in the statement of the theorem.

We now give the proof of Theorem 8.1. We shall first show the following proposition.

ProposiTiON 8.10. (a)The distribution F(I1,7e'®)(2') defined for z’ €k is represented by
a smooth function for z' in a sufficiently small neighbourhood of 0.
(b) We have

noe' [ Mx] = (ITne'®) (0), 8.7)

(2n)y3*vol (K) Fr

= (2n)l/2 i@
= @miwiiny 1@ e O 3

Proof. (a) To evaluate Fg(I1,7e'®)(0), we introduce a test function y:k* - R* which is
smooth and of compact support, and for which (Fgy)(0) = 1/2n)/%2. We define
1:2) = £ %x(z/e); as & — 0, the functions ¥, tend to the Dirac delta distribution on k* (in the
space 2’ of distributions on k*). Then we have

(Fxx) (@) = (Fgx) (e9). (8.9)

Now to evaluate Fg(I1,ne'®)(z'), we integrate it against the sequence of test functions y,:

Fi(Ine®)(z) = lim i* #°(2') (8.10)

g»07t
where

FgH2) = J . [d2] Fx(IL,ne’®) @)xe(z — 2)

zek

=J [d¢]f n(@) ee! @@ 7 () (8.11)
Pek xeX

(by Parseval’s theorem). Now because y, is smooth and of compact support, the
Paley-Wiener theorem ([25, theorem 7.3.1]) implies that ¥, is rapidly decreasing. So we may
use Fubini’s theorem to interchange the order of integration and get

P #4() = J

xeX

¢ | [dpln(P)(g) e’ =@ (8.12)
Pek

= (271:)5/2 J‘ X eim"( - 16/62) Xs(z)|z=u(x)—z’~ (813)

As g — 0, x, is supported on an arbitrarily small neighbourhood of 1~ }(0). Thus, because of
Proposition 5.2, the integral may be replaced by an integral over P x k*:

i £5(2) = 2n)? j eiwq< — ii>xe(z — 2. (8.14)
(p.2)eP xk* 0z

Now by the same argument as given in the proof of Theorem 7.1(a), there is noe Q*(P/K)
such that

n — n*ne = Dy for some vy (8.15)
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where D is the equivariant cohomology differential on P xk* and n: P xk* - P — P/K is
the projection map. By the argument given after (7.3), we have

242) — 2n)"? j e (m*no)x.(z — 2') (8.16)

(p.2)eP xX*

= [ el f [dp1Dy ()i (¢) e~
J ¢ek

J(’p,z)ePXi‘

=J[wmwj €9 Dy() e I@ L A
ek (p,2)eP xk

e ez @Dy = P(ei@ i@~ Py(g)). 8.17)

R ]

A, = f [(do]i.(¢) f , d(e el C7H @y(g)) (8.18)

dek Jp.2)eP xk°

(since for any differential form ¥, the term 13 ¥ in D¥ cannot contain differential forms of
top degree in x). Replacing P x k* by P x Bg(k*) where Bg(k*) is a large ball in k* with
boundary Sg(k*), we have that

A, = lim | [d$]j.(¢) d(e' '~ @y(g)). (8.19)

R—w J ek (p.2)eP X By (k")
We then interchange the order of integration to get

r

A, = lim de| [dolidd) e’ " Py(¢))

.
Rooo J(B-2)EP X Balk’) pek

r» . a
= lim . d(elw.))(_)xe(z _ Z’)).
Row J(P2eP X Be(k™) 0z

= lim (e“"y(—a—)xa(z - z’)) by Stokes’ theorem. (8.20)

R0 J (Pr2)EP X Sp(K") 0z

This limit equals 0 for sufficiently small z’ since x, is compactly supported on k*. Hence,
A, =0.
Finally, we obtain, using the expression for w given in Proposition 5.2,

i*25(2') = 2ny'? J , €9(m*no) x.(z — ') (8.21)
(p,2)eP xk
=aﬁ“! L€ (o) €04 ) y (2 — 7). (822)
(p.z)eP x k
Thus, we have, as in Section 5,
£-0

lim #%(z') = (2n)"? ﬁ S X0 (n¥yo) Q[dz]eF D5 (z — 7))
p,2)eP x

= 2n)? J €@ (mryo) el (8.23)
P
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where Q is the differential form introduced after (5.4). This shows in particular that (Fr")(z’)
(where r(¢p) = I1,(ne'®)(¢)) is a polynomial in z’ for small z’, and hence is smooth in z’ for z’
sufficiently close to 0. This completes the proof of (a).

When 2’ = 0, eq. (8.23) becomes

lim #°(0) = i *Fx(I1,7e'®)(0) = (2n)" vol(K) oe™*° [# x]

e—~0

which proves (8.7). Using Lemma 3.1 again, we have for any K-invariant function fon k that

(@my" (2m)2

voi(k) FxNO = Wvol(T)

F(fa*)(0). (8.24)

Combining this with (8.7) we obtain

= (zn)l/z id
= ariwiol(ne ! 7@ The®) )

which is (8.8). O

noe' [ A x]

Theorem 8.1 follows from Propositions 8.10 and 8.7 by applying Theorem 2.1 to
decompose r" = I1,(ne'®) as a sum of meromorphic functions r} on t ®C corresponding to
the components F of the fixed point set of 7. We now complete the proof of this theorem.

Proof of Theorem 8.1: As in (7.6), the abelian localization formula yields

r'"(Y) = Y g5 T HY), where

o iFn()e
r;(l/,)‘_e (F)(¥) jF eF(ll,) .

Now the distribution (Fg r")(¢) is represented by a smooth function near 0 (Proposition
8.10(a)); also, the distribution FH{w?r") = D,F1(wr" is represented by a smooth function
near 0, since Fp(wr") = wFxr" (Lemma 3.4) and Fgr" is smooth near 0 (Proposition
8.10(a)). We choose p e t* so that the distribution Frr} is smooth along the ray ¢, 1€(0, 8),
for all F and sufficiently small § > 0, and that this distribution tends to a well-defined limit
as t—>0%: this is possible because the ri(y) are sums of terms of the form
e 1 TL B (Y)™ so their Fourier transforms F;r are piecewise polynomial functions of
the form Hg(y) (see Proposition 3.6). These functions are smooth on the set Uj consisting of
all points y where y is not in the cone spanned by any subset of the f#; containing less than
! elements. Thus,

lim (2n)~ 7217 Fyri(tp) = Res” M 4ri[dy])

-0+t

by Definition 8.5 and Proposition 8.7. It follows that

(2m)" 2§ F f(w?r")(0) = Res” w?r[dy]) (8.25)
= Y Res”*Xw?r}). (8.26)
Fe#

The residue in (8.25) is independent of y, A and p by Propositions 8.6, 8.7 and 8.9, The
residues in (8.26) are independent of x by Proposition 8.7, but they may depend on p and A.
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To conclude the proof of Theorem 8.1 we note that (8.8) gives

(2m)2

2 i@
o iWrolnyp | Tt @ ene™)0)

noe™[Mx] =

)
= G V;fl VoI ReS " WIT G)Y]) (by Proposition 87)

__ (1
= Gar TWivol(D) (Zf rse(me(w)[dw]) 827)

as claimed. -

Proof of Corollary 8.2. In a normalization where vol(T) = 1, the factor w(y) becomes
4my. This gives

1

ﬁRCS<m2(¢) Y r?(l//)[dl//]> = dRes™*(y* 3 rE(Y)[dy]).
(2m) FeF FeF

Each term r}(y) is a sum of terms of the form 1,(y) = ¢,y ~"e*P¥ for some constants c, and

integers n,. By (8.4), the residue is given by

Res"*(h[dy]) = lim 2L 1Eh(p)dy] (8.28)
e»0t < Jyer~je
where we choose ¢ to be in the cone A = R*. Proposition 8.4 (i) and (ii) show that the
function j:R — C extends to an entire function on C.
We may now decompose the integral in (8.28) into terms corresponding to the 1,. If
n, >0, we complete each such integral over R —i¢ to a contour integral by adding
a semicircular curve at infinity, which is in the upper half plane if (F) > 0 and in the lower
half plane if u(F) < 0. This choice of contour is made so that the function 7,(i) is bounded
on the added contours, so the added semicircular curves do not contribute to the integral.
Since only the contours corresponding to values of F for which u(F) > 0 enclose the pole at
0, application of Cauchy’s residue formula now gives the result. A similar argument
establishes that the terms 7, for which n, < 0 contribute 0 to the sum.t O

Remarks. (a) The quantity Res”**(w?r}[dy]) depends on the cone A for each F:
however, it follows from Proposition 8.6 that the sum ) . ;Res”"Xw?r}[dy]) is indepen-
dent of A.

(b) Let %, be the set of those Fe# for which ur(F) lies in the cone
Cr.a = {Ys;B} j:s; = 0} (defined in Section 4) spanned by the 4 ;. Then by Proposition
8.11 (iii), Res”*¥(w?r}) = 0 if F¢ % ,, so in fact

Resp‘A'X(‘wzr"[d'//]) = Res?™ 1 ZFE’;’\(er}[dlﬁ] )

(c) Finally, it follows from Proposition 8.11 that if we replace the symplectic form w and
the moment map u by dw and Sy (where § > 0) and then let é tend to 0, we obtain an
expression where u and o appear only in determining the set # a indexing terms which yield
a nonzero contribution.

We now restrict ourselves to the special case when Q is of the form

N
Q) = LY/ TT B,

! The formula obtained by choosing A = R~ is in fact equivalent to the formula we have obtained using the choice
A = R". This can be seen directly from the Weyl invariance of the function r", where the action of the Weyl group
takes ¥ to — ¢ and so converts terms with y{F) > 0 to terms with. u(F) < 0.



320 Lisa C. Jeffrey and Frances C. Kirwan

If B;€A then the distribution Res”**(Q,) is just (up to multiplication by a constant) the
piecewise polynomial function H;(4) from Proposition 3.6. We shall now give a proposition
which gives a list of properties satisfied by the residues Res™%(Q,): these properties in fact
characterize the residues uniquely and enable one to compute them.

ProrositionN 8.11. Let &€t and suppose f1, ..., iyet* are all in the dual cone of a cone
A€t. Denote by P:t — R the function P(y) = [[;f{y¥). Suppose Ae Uj = t* (see Proposition
3.6), and define Q;(y) = e*¥ [dy ]/ P().

Then we have

(i) Res™*(h'Q;) = ( — 10/04,)Res™ *('Q,).

(i) (2ni)'Res™*(Q;) = i"Hy4), where Hj is the distribution given in Proposition 3.6.
(Recall we have assumed that B; is in the dual cone of A for all j.)

(iii) Res™*(Q,) = O unless A is in the cone Cg spanned by the B i

(iv)

lim Res**(Q,,y’) =0
s—»o0*t
unless N — |J| =1
v)

lim Res™*(Q,, ') =0

s—o¥
if the monomials B; do not span t*.
(vi) If By, ... By span t* and A = Y ;A3B; with all A7 > O, then

< cisl(w)[dw] >—_ 1
Bi(¥) - i)

“ detp
where det B is the determinant of the | by | matrix whose columns are the coordinates of
B, ..., By written in terms of any orthonormal basis of t.

(vii)
(N ey
Res (P(w) [d‘“)‘m‘éo lim Res ( m!P@) [d‘“)'

lim Res™*
s—0 +

Remark. The limits in Proposition 8.11 are not part of the definition of the residue map:
rather these limits are described in order to specify a procedure for computing the piecewise
polynomial function Hg(4) = (2mi)'i~ N Res™ *(€2;) (see the example below). Proposition 8.11
(i) identifies Hz(4) with an integral over t, which may be completed to an appropriate
contour integral: the choice of contour is determined by the value of 4, and requires A to be
a nonzero point in Uz Proposition 8.11(vii) says that one may compute H; by expanding
the numerator ¢*™ in a power series, but only provided one keeps a factor €**¥ in the
integrand (for small s > 0) in order to specify the contour. The limits in Proposition 8.11
(iv}(vii) exist because according to Proposition 8.11(1) and (ii), they specify limits of
derivatives of polynomials on subdomains of Ug, as one approaches the point 0 in the
boundary of Uz along the fixed direction si as —0in R™.

Proof. (i) This follows directly from Definition 8.5.

(ii) This follows because (2mi) i~ “Res™*(Q;) is the fundamental solution E(A) of the
differential equation P(0/04)E(%) = 6, with support in a half-space containing the §,. (see [4,
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Theorem 4.1] or [26, Theorem 12.5.1.]) But this fundamental solution is given by Hj (see
Proposition 3.6(c)).
(iii) This is an immediate consequence of (i) and (i), in view of Proposition 3.6(a)".

(iv) By (i),

lim Res™*(Q; ") = lim ( — i0/0AY Hz())| =52,
+

s»ot s—0

but Hj is a homogeneous piccewise polynomial function of degree N — , so the conclusion
holds for |J| > N — L If |J| < N — I, we find that (8/04)’Hz(4) is homogeneous of order
N -1 —|J| (on any open subset of t* where Hj is smooth). Hence, it is of order sV ~'~!/! at
A =15y as s> 07", and the conclusion also holds in this case.

(v) By (ii), we know that Res**(Q;) = 0 for A in a neighbourhood of sA, (since si, is not
in the support of Hp). Applying (i), Res**(Q,4’) must also be zero.

(vi) If B ={B1, ..., B} span t*, and A =Y ;/B; with all i/ > 0, we have
L[ [dyge™ T
Qri) Jyer [Tmy (e — &)

where the {, = B(¢) > 0. But [dy] = dy, ... dy,/(det B), where /; = B;(¥). Since the inte-
grals over ¥y, ... ,i; may be completed to integrals over semicircular contours C . (R) in the
upper half plane, for each of which the contour integral may be evaluated by the Residue
Theorem to give the contribution 2ri, we obtain the result.

Res*4(Q;) =

(vii) We have

eld¥) .
\L;+i55 IP("//) [dlp] = (2751)1.-—N RCSA'X(Q;_) = Hﬁ(i)

Also, by (i),

SN
GV i Res (87 - (41 @, 20)
my,. . .mz0 m1! m,! s=o¥
)N (AL (AYm
=z BT lim (8/04")™ ... (8/04')™ Res™* ()] =510
My w20 me!.omy! ot
(AymL L (Ahym

= Y 1im+(('}/6/11)"“ o (G/OATY™ HE M 4= sao

!
m1....m120 m1!...m’. s=0

! Alternatively, there is the following direct argument, which was pointed out to us by J. J. Duistermaat. We recall
that

ResMH(Q) = —— | <o gy
@) Jye P — i) ]

which is defined and independent of & for £ e(Cg)* (see the discussion after Definition 8.5). Hence, we may replace
¢ by ¢ for any teR*:

1 eiA’(dl*il,‘)
Res*1(Q;) = —— ay]. 8.29

S = iy LE. Trsrind (829
Taking the limit as ¢ — oo, we see that Res™*(Q,) = 0 if 1(£) < 0, because of the factor ¢ that appears in the
numerator of (8.29). Since this holds for all £ e(Cp)*, Res™*(Q,) is only nonzero when (&) > 0 for all & e(Cp*;in
other words, when 1€ Cz
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which is equal to Hz(4) since Hg is a polynomial on certain conical subregions of t*, and
there is such a subregion containing the ray A = si,. 0

Example. In the following simple example, the explicit formula for H; follows immedi-
ately from the definition of Hz in Proposition 3.6(a). The example is included to show how
this result may alternatively be derived by successive contour integrations.

Suppose [ =2 and N = 3, and () = Y1, B2(¥) = ¥2, Bs(¥) = ¥, + 2. We compute

R = ResM* <L) (8.30)
- Yy +¥2) '

where A(Y) = A1y, + A%y, We assume A, 22 >0 and &;, &, > 0. The quantity (8.30) is
given by

1 eiﬁ.zdu eillwl
R=—5 dy, — _— 8.31
(2mi)? Lzﬂgzen & /28 L,H:len(l//l + Yoy ®.31)
(This integral in fact gives the Duistermaat-Heckman polynomial F;(I1,e'®)(4) near u{(F)
where F is a fixed point of the action of T on X, when X is a coadjoint orbit of SU(3) and
T =~ (S!)? is the maximal torus; see [18].) We compute this by first integrating over y/,: since
A' > 0, the integral may be completed to a contour integral over a semicircular contour in
the upper half plane. We obtain contributions from the two residues y; =0 and
¥, = — y,. Hence, we have
1 eit’v2 1 eld2=1w:
=— Ay, —5 — — dy, ——. 8.32
(2m1) Jys +itser V2 Y3 (2mi) Jua+icer & ¥3 (832
Since 4% > 0, the first of these integrals may be completed to a contour integral over
a semicircular contour in the upper half plane, and the residue at 0 yields the value i42. If
2% — 2! > 0, the second integral likewise yields — i(A? — A!). However, if A> — A! < 0 the
second integral is instead equal to a contour integral over a semicircular contour in the
lower half plane, which does not enclose the pole at 0, and hence the second integral gives 0.
Thus, we have

. iA%, At> 12
(an)zResA'x(Qi) = {lll 12 > j'l_ (833)
According to (iv) and (vii), the quantity &£ is also given by
2 = lim J OV AN (30, + 142)[dy]
50+ JUTikeR? Yoy + ¥2)
is[A (W1 +y2) + (27— a2
— lim (izl)f ¢ [dy]
s=0+ ¥ +igeR? Wy + Y22
. eisl =A% + 22w +v2)] [dy]
+ 1 i12 8.34
200 e @+ 99 (839

This clearly gives the result (8.33).

9. EXAMPLES

In this section we shall show in the case K = SU(2) how Corollary 8.2 may be used to
prove relations in the cohomology ring H*(.# ) for two specific X. These X are the
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examples treated at the end of Section 6 of [30]. There, all the relations in the cohomology
ring are determined, which is equivalent to exhibiting all the vanishing intersection pairings.
We shall show how the results of the present paper may be used to show these are indeed
vanishing intersection pairings, although we shall not be able to rederive the result that
there are no others.

Example 1. X = (P,)*, N odd. Consider the action of K = SU(2) on the space
X = (P,)¥ of ordered N-tuples of points on the complex projective line P, defined by the
Nth tensor power of the standard representation of K on C?. Equivalently, when P, is
identified with the unit sphere §2 in R then K acts on X = (S*)V by rotations of the sphere.
When the dual of the Lie algebra of K is identified suitably with R* then the moment map
u is given (up to a constant scalar factor depending on the conventions used) by

WX, ooy Xy) =X + 0 + Xy

for xi, ..., xy€S% We assume that 0 is a regular value for y; this happens if and only if there
is no N-tuple in ™ (0) containing a pair of antipodal points in S? each with multiplicity
N/2, and so 0 is a regular value if and only if N is odd.

In order to apply Corollary 8.2, we note that the fixed points of the action of the

standard maximal torus T of K are the N-tuples (x;, ..., xy) of points in P, such that each x;
is either 0 or oo . We shall index these by sequences n = (ny, ..., ny) wheren; = + 1ifx; =0
and n; = — 1if x; = c0. Denote by ¢, the fixed point indexed by n. Then

N
urle,) = Z n;
ji=1

and the weights of the action of T at e, are just {n,, ...,ny}. Hence, the sign of the product of
weights at e, is ITjn; and its absolute value is 1.

The cohomology ring H*(X) has N generators &, ..., &y say, of degree two, satisfying
&2 =0 for 1 <j < N. The equivariant cohomology ring H$X) with respect to the torus
T has generators &, ..., &y and a of degree two subject to the relations

(fj)z = o?

for 1 <j < N. The Weyl group action sends a to — a so H ¥(X) has generators &4, ..., ¢, «?
subject to the same relations.

According to the last example of [30, Section 6], the kernel of the map H ¥(X) - H*(.# x)
is spanned by elements of the form

(1/2) (q(il, o En ) [T+ @) — g En — D [T (G~ a)) 9.1)
ieQ ieQ
for some Q <= {1, ..., N} containing at least (N + 1)/2 elements and some polynomial g in

N + 1 variables with complex coefficients. We can use Corollary 8.2 to give an alternative
proof that the evaluation against the fundamental class [.# 4] of the image in H*(.# x) of
any element of this form of degree N — 3 is zero. This amounts to showing that

1
Reso =7 2 ([In){qWny, ... yny ) TT¥(m + 1)
J

lﬂN_l
n=+1 ieQ
Iin>0

—qWny, ... yny, — ) [1 ¥(m — 1)} 9.2)

ieQ
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is zero when g is homogeneous of degree N — 2 — [@]. In other words, it amounts to
showing that A = 0 for any A of the form

A=Y ([In){gy, ....ny DTT0n+ D= gy, ooomy, — D T (1 — 1)} (9.3)
n=%1 j ieg ieQ
Im>0
where g is homogeneous of degree N — 2 — |Q|. Let us assume, without loss of generality,
that g(&y, ..., Ey,0) = [ fiaPwherep + Zir; + |@Q| = N — 2. Thus,p — 1 = |Q| + Z;r; (mod
2) since N is odd. Hence, we have that

A=Y @Y+ )+ (= DATI(= D™ [] (n — 1)} 04
n=t1j ieQ k ieQ
>0
= Y N Nm+)— Y [y [+ 1) ©.5)
n= 1 j keQ m=x1l j keQ
Yn>0 2m <0
where we have introduced m; = — n;.

Now the second sum vanishes, for if m; = 1 for all je Q then we must have £;m; > 0 since
|@| > N/2. Hence, we are reduced to proving the vanishing of

3 [y

nel" j

where

I'={n) n>0n;=1forjeQ}
J
Hence, we have to prove the vanishing of

A=Y [In
nj=1t1, j¢Q jeS
where S is the set {j¢Q|r; = 0 (mod 2)}. The sum thus vanishes by cancellation in pairs
provided S is nonempty. However, if S were empty then r; = 1 (mod 2)forall j¢Q,sor; > 1
for all j¢ Q, which is impossible since Z;r; + |@| < N — 2. This proves the desired result.

Example 2. X =Py, N odd: A closely related example is given by the action of
K = SU(2) on the complex projective space X = PV defined by the Nth symmetric power of
the standard representation of K on C2. Equivalently, we can identify X with the space of
unordered N-tuples of points in the complex projective line P, or the sphere §2, and then
K acts by rotations as in Example 1. We take the symplectic form @ on X to be the
Fubini-Study form on Py. The moment map is given by the composition of the restriction
map w(N + 1)* - k* with the map u: Py — u(N + 1)* defined for xeu(N + 1) by

{u(x)ad = (2mi|x*|?) " Lx¥ax*

where x* = (x§,...,x}) is any point in C¥*! lying over the point x € Py. The restriction of
this moment map to t* is uz(x) = (2mi|x*|?)~ ")) ¥_o(N — 2j)|x¥|* Again we assume that
N is odd in order to ensure that 0 is a regular value of the moment map pu.

Again the fixed points of the action of T are the N-tuples of points in P, consisting
entirely of copies of 0 and oo. Equivalently, they are the points eq = [1,0, ...,0],
e; =[01,...,0], ..,ex=][0,...,0,1] of Py The image of e, under u; is
urle) = N — 2k = py, say. Since diag (t,t ') € T acts on Py by sending [xo, ..., X}, ..., xy] to
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[t Mxo, ..., t¥7Nx;, ..., t"xy] the weights at e, are
Q20 —k):0<j<N,j+k.

The number of negative weights at ¢, is equal to k (modulo 2), and the absolute value of the
product of weights at e, is v, = [[;«4lj — k| = 2Yk!(N — k)!

The cohomology ring H*(Py) is generated by & of degree two subject to the relation
EN*1 = 0. The equivariant cohomology ring H¥(Py) is generated by ¢ and « of degree two
subject to the relation [Jo<;<n(¢ — (2 — N)a) = 0, and the equivariant cohomology ring

¥(Py) is generated by ¢ and «? subject to the same relation.

According to Section 6 of [30] the kernel of the natural map H¥(X) — H*(# ) is
generated as an ideal in H¥(X) by P.(&, o) and P_(¢&, a)/a where

P a)y= T (&+ m)

k>Nj2
and

Pﬂf,a):P(é,u)iP(é,—cx).

(Note that P (£, o) and P_(¢, )/« are actually polynomials in ¢ and «?.) We would like to
check that the evaluation against the fundamental class [.#y] of the image of
R, (&, a®)P (&, a)and R_(&, a?)P _(&, o)/o in H*(# y) is zero for any R, (¢, «®)e H¥(X) of the
appropriate degree.

Now we have from the abelian fixed point formula that for any S(¢, a?),

2
M:SEa)= 3 (- 1)*”—"‘5#&//-”.

k<N/2
(Here, if { € H¥(X), the notation IT*({) means the portion of the abelian formula (2.1) for
I,({) corresponding to fixed points F for which ur(F) > 0.) To evaluate this on the
fundamental class of .# yx we must then find the term of degree — 1in w?(Y)I1;} (S(&, a2))(¥),
or in other words the term of degree N — 3 in T, <2 ( — 1* S(u ¥, ¥%)/(v,). Having found
the term of degree N — 3 in i, we evaluate it at iy = 1 to get the residue. In the case when

S, ¥%) = R (i, Y2P o+ e, ) or S, ¥2) = R_ (i, )P (i, Y)/ is homo-

geneous of degree N — 3 in ¥, we need to show that

(N-1)2 1

Y (—1DF= <Ri(.uk, D I me+u) 2 Ralu, — 1) [T (e — ﬂj)) =0.

k=0 Uk i=Nj2 izN2
Since y, = — py—4 we have IT;, ypo(p + p;) = 0 for all k < N/2, so we just have to prove
the vanishing of

1
(=D =R@w) I1 (u—p)
k<N/2 Uk jzNj2

for every polynomial R of degree at most (N — 1)/2 — 2 or, without loss of generality, the
vanishing of

(-1
) =——— ),
o W = JL, e
where s < (N — 1)/2 — 2. Since [];zi}l — k| = kYN — k)! and g — u; = 2(j — k), we have
that

(N — k)!
Iy — gyl =20+v2 T TR
jzl:v[/z e (N = 1)/2 = k)!
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Define r = (N — 1)/2. We need to show the vanishing of

. iy (= DN — k)
,f_.‘:o (N = 2k) KN — k)(r — k)!

for s < r — 2. It then suffices to show the vanishing of

i K-, s<r—-2
k=0

This follows since one may expand (1 — e*Y as a power series in e* using the binomial
theorem: we have

r r

(I—ey=3 (—V(Qexpji=} ¥/st ¥ (= YF()

j=0 520 i=0

but the terms in this expansion corresponding to s < r must vanish since 1 — e* = 1h(4) for
some function h of A which is analytic at A = 0.
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