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Abstract

Although the Razumikhin-type theorems have been well developed for the stability of func-
tional differential equations and they are very useful in applications, so far there is almost no
result of Razumikhin type on the stability of stochastic functional differential equations. The
main aim of this paper is to close this gap by establishing several Razumikhin-type theorems
on the exponential stability for stochastic functional differential equations. By applying these
new results to stochastic differential delay equations and stochastically perturbed equations we
improve or generalize several known results, and this shows the powerfulness of our new results
clearly.

Keywords: Lyapunov exponent; Razumikhin theorem; Brownian motion; Burkholder-Davis—
Gundy’s inequality; Borel-Cantelli lemma

1. Introduction

Stochastic modelling has come to play an important role in many branches of science
and industry. An area of particular interest has been the automatic control of stochastic
systems, with consequent emphasis on the analysis of stability in stochastic models
(cf. Arnold, 1972; Friedman, 1976; Has minskii, 1981; Mao, 1991). One of the most
useful stochastic models which appear frequently in applications are the stochastic
functional differential equations of the form

dx(t) = f(t,x)dt + g(t,x)dw(t), =0, (1.1)

with initial data xy = &, where x; = {x(¢+6): —t1 <0 <0} is regarded as a C([~1,0}; R")-
valued stochastic process. The stability of Eq. (1.1) has been studied by many authors
and we here mention Kolmanovskii and Myshkis (1992), Ladde and Lakshmikantham
(1980), Mao (1994) and Mohammed (1986) among others. Especially, Kolmanovskii
and Nosov (1986) established the following theorem.
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Theorem 1.1 (Kolmanovskii and Nosov, 1986, p. 169). Let the standing hypothesis
(H1) imposed in Section 2 below hold. Let p>2 and c;—c3 be positive constants.
Let x(t; &) denote the solution of Eq. (1.1) and x(&) = {x(t + 6;¢): —1<0<0}.
Assume that there is a continuous functional VR, x C([—7,0]; R") — R such that

aleOP <V p)<alol’, (&) € Ry x C([-7,0]; R") (1.2)

and

EV(t2,50(8)) — EV(t1,5,(E)) < — &3 / ER(s; 0|7 ds, 1> h 0. (13)

f

Then the trivial solution of Eq. (1.1) is asymptotically pth moment stable.

This theorem is of course a natural generalization of the Lyapunov direct method but
is somewhat not very convenient in applications. This is not only because condition
(1.3) is not related to the coefficients f and g of Eq. (1.1) explicitly but also because
it appears to be more difficult to construct the Lyapunov functionals than the Lyapunov
functions. It is in this spirit that we would like to explore the possibility of using the
rate of change of a function on R" to determine sufficient conditions for stability.

To explain the idea, let V(z,x) € C>'(R; x R";R,). Then the expectation of the
derivative of ¥ along the solution of Eq. (1.1) is given by

ELV(tx) = E(V(t,x(t)) + Va(t,x(1)) f (8,x,)

+ 1 trace[g" (£, %)V (£, x(£))g (£, x:)]). (1.4)

In order for EZLV(t,x;) to be negative for all initial data and ¢>0, one would be
forced to impose very severe restrictions on the functions f(z,¢) and g(¢, ¢). In fact,
the point ¢(0) must play a dominant role and, therefore, the results will apply only
to equations that are very similar to stochastic differential equations. This seems to
indicate that it is not good enough to use the Lyapunov functions. Fortunately, a few
moments of reflection in the proper direction indicate that it is unnecessary to require
that (1.4) be negative for all initial data in order to have asymptotic stability, and this
is the basic idea exploited in this paper. This idea originated with Razumikhin for the
(1956, 1960) ordinary differential delay equation and was developed by several people
to more general functional differential equations (cf. Hale and Lunel (1993) and the
references therein). The results in this direction are generally referred to as theorems
of Razumikhin type. However, so far there is almost no result of Razumikhin type for
stochastic functional differential equations. The aim of this paper is to establish some
Razumikhin-type theorems on exponential stability of stochastic functional differential
equations.

In this paper we shall first establish the Razumikhin-type theorems on pth moment
and almost sure exponential stability for stochastic functional differential equations
in Section 2. These general results will then be applied to stochastic differential delay
equations and stochastically perturbed equations in Sections 3 and 4 in order to improve
or generalize several known results, and this shows the powerfulness of our new results.
Furthermore, several interesting examples will be given in Section 5 to illustrate the
theory.
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2. Main results

Throughout this paper, unless otherwise specified, we let t>0 and C([—7,0];R")
denote the family of continuous functions ¢ from [—z,0] to R* with the norm |¢| =
SUp, <g<o |@(0)|, where |- | is the Euclidean norm in R". If 4 is a vector or matrix,
its transpose is denoted by AT. If 4 is a matrix, its norm ||4|| is defined by |j4|| =
sup{|4x|: |x| = 1} (without any confusion with |¢@||). Moreover, let w(¢) = (wy(¢),...,
Wn(t))T be an m-dimensional Brownian motion defined on a complete probability space
(2,%,P) with a natural filtration {#},50 (ie. & = o{w(s): 0<s<t}). Denote by
C}O([—r, 0]; R") the family of all bounded, %-measurable, C([—1,0]; R")-valued ran-
dom variables. For p > 0 and >0, denote by L%([—‘t, 0]; R") the family of all %-
measurable C([—1,0]; R")-valued random variables ¢ = {¢(6): —t<6<0} such that
SUp_ <g<o E|$(B)]7 < oo.

Consider an n-dimensional stochastic functional differential equation

dx(¢) = f(t,x)dt + g(t,x;)dw(t), =0,
2.1

xo = ¢

Here éeC}o([—r,O];R") and x, = {x(¢ + 0): —t<0<0} which is regarded as a
C([—r,0]; R")-valued stochastic process. Moreover,

f:Ry xC([-1,0,R") = R", ¢g:R, x C([—1,0};R") — R™"™,

For the existence and uniqueness of the solution we impose a standing hypothesis:
(H1) Both f and g satisfy the local Lipschitz condition and the linear growth con-
dition. That is, for each i = 1,2,..., there is an A; > 0 such that

|f(to1) — f(t @) + |lg(t, ¢1) — 9(t, p2)|| <hi|lo1 — @2

for all >0 and those ¢,9; € C([—7,0];R") with [j¢| V [|@2] <i, and, moreover,
there is an A > 0 such that

|f(2,0) + llglt. I <A + o)

for all 120 and all ¢ € C([—1,0]; R").

It is known (cf. Mao (1994) or Mohammed (1986)) that, under (H1), Eq. (2.1)
has a unique global solution, which is denoted by x(¢; £) in this paper, and, moreover,
E(supy< <, 1x(s; &)") < oo for all £>0 and r > 0. For the purpose of stability in this
paper we also assume that f(1,0) = 0 and g(¢,0) = 0. So Eq. (2.1) admits a zero
solution or trivial solution x(#;0) = 0.

Let C>'([—1,00) x R";R,) denote the family of all nonnegative functions V(¢,x)
on [—1,00) x R" which are continuously twice differentiable in x and once differentiable
in t. If ¥ €C?!([—1,00) X R"; R,,), define an operator £V from R, x C([~1,0];R") to
R by

LV(t, @) = Vi(t,(0)) + Ve, p(0)) £ (£, ) + § trace[g" (£, 0)Vix (2. 0(0))g(2, 9)],
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where
V(s ov(t, ov(t,
) = 28, ) = ( o, 2L ")>,
*V(t,x)
Vxx(t’x) - ( axi ax] )nxn‘

Let us now first establish a Razumikhin-type theorem on the pth moment exponential
stability for the stochastic functional differential equation.

Theorem 2.1. Let (H1) hold. Let A, p,c1,¢; all be positive numbers and q > 1. As-
sume that there exists a function V(t,x) € C>!([~1,00) x R";R,) such that

c|x|P<V(t,x)<erlx|?  for all (t,x) € [-1,00) X R”, 2.2)
and also for all t=0

ELV(t,$)< — AEV (L, $(0)) (2.3)
provided ¢ = {Pp(0): —1<0<0} € L5 ([—7,0);R") satisfying

EV(t+0,$(8)) < gEV(t, $(0)) for all — 1<0<0.

Then for all ¢ € C} ([-7,0]; R")
Elx(t; )P < ZE|E[Pe ™ on 120, 24)
1
where y = min{4,log(q)/t}.

Proof. Fix the initial data ¢ € C}o([—r, 0]; R") arbitrarily and write x(¢;¢&) = x(¢)
simply. Let ¢ € (0,7) be arbitrary and set y =y — &. Define
U(r)=_max [e WDEY (¢ + 0,x(¢ + 0))]  for ¢>0.
Since E(supg,<, [x(s)[") < oo for all » >0 and both x(z) and ¥(x,t) are continuous,
EV(¢,x(¢)) is continuous. Hence U(¢) is well defined and is continuous. We claim that
U(t+h)—-U(?)
t

D, U(t) := limsup
h—0+

<0 for all 1>0. (2.5)

To show this, for each #>0 (fixed for the moment), define
6 = max{6 € [-1,0): ™ DEV (s + 0,x(¢ + 0)) = U(1)}.
Obviously,  is well defined, 6 € [—t,0] and
U(t) = *DEV (s + 8,x(1 + B)).
If § <0, then

FHOEY (£ 4+ 0,x(¢ + 0)) < e DEV (£ + 8,x(t + §)) for all § < 8<0.
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It is therefore easy to observe that for all A > 0 sufficiently small
FEWEV (¢ + hyx(t + h)) <e " DEV (e + 8,x(¢t + 0)),
hence
U(t+h)<U() and D, U()<O0.
If § = 0, then
HOEV (1 + 6,x(t + 0))<e"EV(1,x(t)) for all —t<0<0.
So
EV(t+ 0,x(t + 0)) < & PEV(1,x(1))
< e"EV(t,x(t)) for all —1<0<0. (2.6)

Note that either EV(#,x(¢)) = 0 or EV(¢,x(¢)) > 0. In the case EV(t,x(¢)) = 0, (2.6)
and (2.2) yield that x(¢+0) = 0 a.s. for all —7 <8<0. Recalling the fact that f(¢,0) =0
and ¢(¢,0) = 0, one sees that x(t + h) = 0 a.s. for all A > 0, hence U(t + h) = 0 and
D, U(t) = 0. On the other hand, in the case EV(¢,x(¢)) > 0, (2.6) implies

EV(t+0,x(t + 0)) <qEV(t,x(¢t)) for all —1<60<0
since ¢* < q. Thus, by condition (2.3),

ELV(t,x)< — AEV(t,x(2)).
However, by Itd’s formula, one can derive that for all 2 >0

FDEY (¢ + hyx(t + b)) — e"EV (8, x(t))

= / " e’ [FEV(5,x(s)) + ELV (5,%5)] ds.
t

Note that

YEV(t,x(t) + ELV(t,x)< — (A= PEV(t,x(1)) <O0.
One sees from the continuity of ¥V etc. that for all A > 0 sufficiently small

YEV(s,x(s)) + ELV(s,x5)<0 if t<s<h,
and consequently

DEV (¢ + h,x(t + h)) <e"EV(t,x(1)).

So it must hold that U(¢t + k) = U(¢) for all A > 0 sufficiently small, and hence
D, U(t) = 0. Inequality (2.5) has been proved. It now follow from (2.5) immediately
that

U()<U(0) for all £0.
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By the definition of U(¢) and condition (2.2) one sees
c _y € (y—
ER(n)|F < ZEf¢|Pe ™ = ZE|¢]|Pe 0",
1 Ci
Since ¢ is arbitrary, the required (2.4) must hold. The proof is complete. [J

In the sequel of this section we shall deal with the almost sure exponential stability
for the stochastic functional differential equation.

Theorem 2.2. Suppose all of the conditions of Theorem 2.1 are satisfied and in addi-
tion p>2. If there is a constant K > 0 such that for all t>0 and ¢ € L5 ([—7,0]; R")

E|f(t,@)|7 + E(trace[g"(t, $)g(t, $)1)?* <K sup E|p(9)|”, 2.7)

—1<0<0

then for all ¢ € C} ([—7,0];R")

a.

w

1
lim sup — log [x(£; )] < — (2.8)

¥
1—00 P
where y is the same as defined in Theorem 2.1, i.e. y = min{4,log(q)/t}.

Proof. Fix any ¢ € C§ ([—7,0];R") and write again x(t; &) = x(¢) simply. For #>1,

E|x:+:|” = E( sup |x(t+h)|1’)

0<hgt

4T P
<30 (E|x<t)1P+E [ / ' If(s,xs)lds}

P
+E { sup }) 2.9)
0<h<t

But by Holder’s inequality, condition (2.7) and Theorem 2.1, one derives that

t+h
/ 9(s,x,) dw(s)

147 P t+71
E [ / ' |f(s,xs)|d5] <o / " Elf (5,017 ds

t+1
< Kr”_l/ sup Elx(s+ )P ds
!

—1<0<0

141
BlEl” [ e ds
t

P
< K™ gy gpere), (2.10)
c

Also by the Burkholder-Davis~Gundy inequality (cf. Karatzas and Shreve (1991) or
Mao (1994))

t+h 7 t+1 p/2
/ 9(s,x5) dw(s) }stE ( / trace[ 9" (5,%,)g(s, X;)] dS) ,

E | sup
0<h<sT
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where C, is a positive constant dependent on p only. One can then show in the same
way as (2.10) that

t+h 2
[ dtsmyans E|jg|}pe =), @.11)

12
C,Kc, P!
0<hst 1

Substituting (2.10), (2.11) and (2.4) into (2.9) yields

Ex . ||? <K forall t27, (2.12)
wherq
-1
K= —2BJP L1 + KeP'(sP + GrP)),
1

We shall now show that (2.12) implies the required (2.8). Let ¢ € (0,7) be arbitrary
and let £ = 1,2,... It follows from (2.12) that

P(w: gyl > €™ 0™RPY <P E |lx ) ||P <Kye ™
In view of the well-known Borel-Cantelli lemma, one sees that for almost all w € Q
(e 1)ell e OeWlr (2.13)

holds for all but finitely many k. Hence there exists a ko(w), for all w € Q excluding
a P-null set, for which (2.13) holds whenever k>k;. Consequently, for almost all
w € Q,

1 y—¢&
-1 < ———
[ log )l <=

if kt<t<(k+ 1)1, k=k. Therefore
y—¢&

lim sup ! log Ix(¢)| < —

t-—=o0 t

a.s.

and the required (2.8) follows by letting ¢ — 0. The proof is complete. O

3. Exponential stability of stochastic differential delay equations

In this section we shall apply the general Razumikhin-type theorems established in
the previous section to deal with the exponential stability of stochasitc differential delay
equations.

Consider a delay equation of the form

dx(t) = F(t,x(t),x(t — 0,(8)),...,x(t — 0 (2))) dt
+ Gt x(8),x(t — 81(8)),...,x(t — Ox(2)))dw(r) 3.1

on ¢>0 with initial data xo = ¢ € C3, ([—7,0);R"), where §; : Ry — [0,7], 1<i<k,
are all continuous, and

F:Ry xR"xR™* 5 R" and G:R; x R" x "™k — R™*m,
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We also impose a standing hypothesis:
(H2) Both F and G satisfy the local Lipschitz condition and the linear growth
condition. That is, for each j = 1,2,..., there is an A; > 0 such that

Lf(6x 1,0) = S5 T I+ 1906 % y15- 5 96) = 96 %, 1 )
<hillx = 2|+ [y — Al + -+ e = 5D
for all £>0 and those x, y;, X, y; € R" with [x|V|y;|V|X|V|}| </, and there is moreover
an 2 > 0 such that
f@xy1 vl + 1982 1, vl A+ x4 ]+ -+ el

for all £>0 and x, y; € R".
Under (H2), Eq.(3.1) has a unique global solution which is again denoted by x(¢; &).
Besides, we also assume that F(¢,0,...,0) =0, G(¢,0,...,0)=0.

Theorem 3.1. Let A, Ay,..., , p,c1,¢2 be all positive numbers. Assume that there
exists a function V(t,x) € C>([—1,00) x R"; R} such that

alx|P<V(t,x)<e|x|? for all (¢,x) € [-1,00) X R", (3.2)

and

Ve, x) + V6, x)F (8, x, 1., Vi)

+ L trace[GT(6,x, y1, ..., Y)WV 6,X)G (6,3, Y1, ..., V)]

k
S=AV(6x)+ ) AV~ 6i(0). 3) (3.3)

i=1

for all (t,%,y1,...,yx) ERy x R* x RV If > Ele Ai, then the zero solution of
Eq. (3.1) is pth moment exponentially stable and its pth moment Lyapunov exponent
should not be griater than —(A — qZL] A), where q € (1,4/ ZL A;) is the unique
root of A —q> ;A = log(g)/t. In addition, if p>2 and there is a K > 0 such
that

IF(taxa yl,--',J’k)|2 +trace[GT(Lx,J’l,---,)’k)G(t,x: yl,---,J’k)]
k
<K(hﬁ+§jw#) (3.4)
i=1

for all (t,x,y1,...,yx) € Ry X R* x R"**, then the zero solution of Eq. (3.1) is also
almost surely exponentially stable and its sample Lyapunov exponent should not be
greater than —(J; — quzl A/

Proof. Define, for >0 and ¢ € C([—1,0]; R"),

S(&,0) = F(t, (0), o(=01(1)), ..., @(—0(?)))
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and
g(t, @) = G(t, 9(0), p(—01(2)), ..., p(—k(¢)))-

Then Eq. (3.1) becomes Eq. (2.1). Moreover, the operator £V becomes
LV(t, ) = Vi(t, p(0)) + Vel(t, p(0)F (2, 9(0), o(—61(1)), ..., p(— k(1))
+ Ltrace[G (£, 0(0), (—81(2)), ..., 9(— k(1))
X Ve, @(0))G (8, 9(0), @(=61(2)), .., p(— (1))}
If £>0 and ¢ € L5 ([—7,0]; R") satisfying
EV(t +0,$(0)) < qEV(1,$(0)) for all — 1<0<0,
then by condition (3.3)

k
ELV(t,$) < —AEV(5,(0)) + I LEV(t — 5i(2), $(—3:(1)))

i=1

k
<- (z - qza,-) EV (1, $(0)). (3:5)

i=1

So, by Theorem 2.1, the zero solution of Eq. (3.1) is pth moment exponentially sta-
ble and, moreover, its pth moment Lyapunov exponent should not be greater than
—(4 — g%, A). If furthermore p>2 and (3.4) holds, then for all >0 and ¢ €
L5 (-7, 0%, R,

E|f(t,$)|? + E(trace[ g™ (1, p)g(t, $)])"*

x b2
<2E (K [|¢(0)12 +3° |¢(—6i(t))|2D

i=1

k
<2KPP(1 + k)P~DRE [I¢(O)I” +3 1¢(—6,~(t))|”}

i=1

<2[K(1 +k)}P* sup E|Pp(9)|P. (3.6)

—1<6<0

Therefore, by Theorem 2.2, the zero solution of Eq. (3.1) is almost surely exponentially
stable and its sample Lyapunov exponent should not be greater than —(1—gq Zf;l A/ p.
The proof of the theorem is complete. [

We now use Theorem 3.1 to establish a useful corollary.

Corollary 3.2. Assume that there is a A > 0 such that

xTF(t,x,0,...,0)< —Alx|> for all (t,x) € R, x R". 3.7
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Assume also that there are nonnegative numbers o;, i, 0<i<k such that

k

|F(4,x,0,...,0) — F(t, %, y1,..., )| Saolx — X| + E oy
i=1
and

k
trace[G¥ (,x, Y1, ..., YO )G X, Y1, ..., vl < Bolx)® + z Bilyil*
i=1

for all t20, x,X,y1,...,yx €R". If p=2 and

k o1
/7~>Zdi+ TZﬁi,
=1 i=0

(3.8)

39

(3.10)

then the zero solution of Eq. (3.1) is pth moment exponentially stable and is also

almost surely exponentially stable.

Proof. Note first that (3.4) follows from (3.8), (3.9) and f(£,0,...,0) = 0. To check

(33), let V(t,x) = |x|?. Then for all (t,x, y1,..., yx) € Ry X R" x R™K,
Vt(t’x) + I/x(t’x)F(t,x, J’I,---,yk)

+ %trace[GT(t,x, Yis--es yk)VXx(t:x)G(tsxa Yiseons ,Vk)]

= p]x|P‘2xTF(t,x, 0,...,0)+ p]xlp‘2xT[F(t,x, Viseoos Vi) — F(6x,0,. ..

+ B2 tracel G (6.1, 1, s )G Y1, )]

-2 _
4 22 DTG, P

k
(A PP )ﬁ0>1x|”+pzailxl"“1|yi|
i=1

pp-D v
e Zﬂt’xfp_Zlyilz-

i=1
Note the elementary inequality
W' <o+ (1 —o)v  for u,v20, 0<a < 1.

Thus

7 ] = ()PPl ) <

-1 i
P e+ — i,
p
and similarly

P2 P < p le”+—|sz"

,0)]

(3.11)

(3.12)
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Substituting these into (3.11) gives

k k
@Iy <~ (pz— Be=Dp (p-1)3 o~ (—”——llz(ﬁlz—)Zﬂ,) #l?
i=1

i=1

k
+Y (@ +(p— DByl
i=1
Now the conclusions follow from Theorem 3.1 immediately and the proof is complete.
O

The above corollary is in fact a generalization of Theorem 3.1 of Mao (1992),
where the time lags J;(¢),1 <i<k were required to be nonincreasing and continu-
ously differentiable but we here only assume they are nonnegative bounded continuous
functions. We would also like to mention that Caraballo (1990) studied the expo-
nential stability of stochastic differential delay equations in Hilbert space where the
time lag was also assumed to be nonincreasing and continuously differentiable, and we
believe his result can be improved as above by Razumikhin’s arguments. One more
point we need point out is that conditions of Corollary 3.2 are delay-independent and
so the conclusions. However, (3.7) may not hold sometimes and, instead, one may
have x"F(t,x,x,...,x)< — A|x|*. For example, F(t,x, y1,..., yx) = ax — ZL, b;y; with
0<a < Zf;l b;. In this case, the delay effect plays the main role in stabilizing the
system. The following corollary deals with this case.

Corollary 3.3. Assume that there is a 2> 0 such that
XTF(t,x,x,...,x)< —Ax|* for all(t,x) € R, x R". (3.13)

Let p=2 and assume furthermore that there are nonnegative numbers o;, f;, 0<i<k
such that

k
|F(tax’x’- -'sx) _F(t,i’yl,---,J’k)lpgadx - i‘P + Zailx - )’i|p (314)
i=1
and
k
(trace[GT (4,5, Y1, .., Y )G(6:% Y1, -, YD < Bolxl? + D Bilyil? (3.15)

i=1
for all t20, x, %, y1,...,yx R If
A>(Ka)'P + L(p— 1P, (3.16)

where
p/2

~ _ =12 p Y
G, = 2L (2 :
2 p—1
K = 2P [tP(og+8) + Cpr?2B), 4= Zle o and f = Y, B, then the zero solution

of Eq. (3.1) is pth moment exponentially stable and is also almost surely exponentially
stable.
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Proof. Regard Eq. (3.1) as a delay equation on ¢>=7 with initial data on [—1,7], i.e.
consider the delay interval of length 21 instead of 1. By the well-known martingale
moment inequality (cf. Karatzas and Shreve, 1991), Holder’s inequality and the as-
sumptions, one can derive that

Ejx(t) — x(t — 8:(1))|P <K sup E|x(t+60))? 3.17)

~21<6<0

for t>1, 1<i<k, where K is defined above. One can also show that for ¢>1,

k
1
EZLx|? < — pAEIx(0)]” + &1(p — DEIXOI? + —=p D wilx(8) — x(t = 8:(1)|”
1 i=1

(p-Dp

+he(p — D(p =~ DEXOP + Loy sup ER(+0), (3.18)
&y —7<0<0

where the elementary inequality (3.12) has been used, and ¢, &; are two positive param-
eters to be chosen. Substituting (3.17) into (3.18) and choosing &, = (K&)'/?, & = p%P
one then obtains

EZx|? < —paEOI” + (pK'P + L p(p— DF?)

x sup Elx(t+ 60)|”. (3.19)

—21<0<0

By (3.16), one can choose g > 1 such that
1> q (k&) +3p - D).

Therefore, if Ejx(t + 6)|? < gE|x(¢)|? for —21<0<0, (3.19) implies
EZp|? <~ p (4= aKd)"? — Yg(p — DY) Elx(r))”

So the conclusions follow from Theorems 2.1 and 2.2. The proof is complete. [
4. Exponential stability of stochastically perturbed equations

In this section we shall use the general theorems established in Section 2 to deal
with the exponential stability of stochastically perturbed equations. Consider a stochastic
equation of the form

dx(¢) = [y(t,x(¢)) + F(t,x,)]dt + g(t,x;)dw(z) on =0 “4.1)

with initial data xo = &£ € C}O([—t, 0]; R"), where g is the same as defined in Section 2,
while ¥ : R, xR" — R" and F:R, xC([—1,0]; R") — R". As before, assume that i, F,g
satisfy the local Lipschitz condition and the linear growth condition (similar to (H1)
and (H2)), and moreover ¥(¢,0) = F(£,0) = 0, g(¢,0) = 0. Under these conditions
Eq. (4.1) has a unique global solution. Eq. (4.1) can be regarded as the stochastically
perturbed equation of the ordinary differential equation

X(1) = Y8, x(¢))- (4.2)
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To a certain degree it is known that if Eq. (4.2) is exponentially stable and the stochas-
tic perturbation is sufficiently small, then the perturbed Eq. (4.1) will remain exponen-
tially stable (cf. Mao, 1994, Theorem 6.5.1). The critical research in this direction is to
give better bound for the stochastic perturbation. We shall now apply the Razumikhin-
type theorems to establish some new results.

Theorem 4.1. Let A,cy,¢2,B1,...,Pa all be positive numbers and p=2, q > 1. Assume
that there exists a function V(t,x) € C>'([~1,00) X R*;R.) such that

alx|P<V(,x)y<clx|?  for all (t,x) € [—1,00) X R”,
and

Vit x) + Vet xW(6, ) < — AV (1,%),

(6, 0| < BV ()PP, Vs, 0)|| < BolV (1, )] P72
for all (t,x) € Ry x R". Assume also that

E|F(1,$)|? <BsEV(t,$(0)) and E(trace[g" (1, $)g(t, $)1)"* < BsEV (1, $(0))
for all t=0 and those ¢€L§,{ ([—r,0]; R™) satisfying

EV(t+0,0(0)) <qEV(t,¢(0)) for all —1<0<0. (4.3)
I

> BBy + 1B, (4.4)

then the zero solution of Eq. (4.1) is pth moment exponentially stable. In addition,
if there is a constant K > 0 such that for all t =20 and ¢GL;[([—1,0];R")

E|y(t, $(0))|” + E|F(t, $)|? + E(trace[g"(t, )g(t, $)D”* <K sup E|$(6)|”,

—-1<0<0

then the zero solution of Eq. (4.1) is also almost surely exponentially stable.

Proof. Define f(z,¢) = Y(t,(0)) + F(¢,¢) and Eq. (4.1) becomes Eq. (2.1). More-
over,

LV (t,0) = Vi(t,9(0)) + Vi(t, o OD[Y(2, 9(0)) + F(2, 0)]
+ Strace[ g7 (¢, @ Wiul(t, (0))g(t, )].

Hence for ¢t >0 and those qSEL;‘ ([—1,0]; R") satisfying (4.3) one can derive from the
assumptions that

EZLV(t,¢) < —AEV (L, $(0)) + BLE([V (1, pONIP VP |F (1, ¢)))

+ BB, 41D rtsacel g1 41900, 9. (@5)
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But for any ¢ >0

ep—1

1/
E([V(t, ¢0ON1P~P|F(t,¢)|) = E [(sV(t, B(0))) PP (M) ,,}

1
per™!

<“4”§3EV(t,¢(0))+ E\F(t, )/

gp-1) B
< ( S pgj_,)EV(t,cp(O)),

where the elementary inequality (3.12) has been used once again. In particular, if we
choose ¢ = 31/ ? then

E([V (&, g~ P|F (1, ) < By PEV (1, $(0)).
Similarly, one can show

E([V (t, §(0)1P~2/7 trace[ 4" (1, §)g(t, $)]) < BT PEV (1, $(0)).
Substituting these into (4.5) yields

ELV(t,$)<— (A= BiBy" — 15837 IEV (1,$(0)).

Now the conclusions follow from Theorems 2.1 and 2.2 immediately. The proof is
complete. []

Corollary 4.2. Assume that there is a A > 0 such that
xTY(t,x)< —Alx|?> for all (t,x)ER, x R".

Assume also that there are two functions o(-),(-) € C([—71,0]; R4) such that
0

IF(t, 0)] < / «(8)(¢(6)] d6,

-1

0
tracel g (, ©)g(t, 0)] < / 22(8)|0(8)* b

—T

for all t20 and o€ C([—7,0; R"). If p=2 and

> (za)r 4+ £ ; L ), (4.6)
where
0 Pl
xy = ( |a1(0)|p/(~”—1)d6) ,
_zrizgioaz(e) if p=2,
oy =

0 (P-2Vp
( loa (8)]7/P=2) d0> if p>2,
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then the zero solution of Eq. (4.1) is pth moment exponentially stable. In addition,
if there is a K > 0 such that |Y(t,x)|<Kl|x| for all (t,x) € R, x R", then the zero
solution of Eq. (4.1) is also almost surely exponentially stable.

Proof. Let V(¢,x) = |x|?. Then
Ve, x) + Vit oWt x) < — palxl?,
Kool <plxl?™, [Falt)lI < p(p — Dx|?™2
for all (¢,x)€R, x R*. By (4.6) one can choose g > 1 such that

2> (gray)P + 2

> Ly, (4.7)
Now for >0 and ¢ = {¢(0): —1<0<0} €LE([~7,0]; R*) satisfying
E|¢p(6)|? < qE|d(0))? for all —1<6<0,
one can easily show that
E|F(1,$)|P <qri,E|$(0)|7
and
E(trace[ 4 (1, )9(t, YD) <q1@E|$(0)|”.

So the conclusions follow from Theorem 4.1 and the proof is compiete. O

5. Examples

In this section we shall discuss two examples to illustrate our theory due to the page
limit. In the following examples we shall omit mentioning the initial data which are
always assumed to be in C}o([—r, 0}]; R") anyway.

Example 5.1. Consider a linear stochastic differential delay equation
dx(¢) = —[Ax(t) + Bx(t — 6(t)))dz + Cx(t — 5(2)) dw(2), .1

where 4,B,C are all n X n constant matrices, w(¢) is a one-dimensional Brownian
motion and & : R, — [—1,0] is continuous.

Case (i). Assume that A+AT is positive definite and its smallest eigenvalue is denoted
by Amin(4 + AT). In this case, one can easily conclude by Corollary 3.2 that if p>2
and

-1
Fmin(4+ 4T > Bl + Eo—Jc|, (52)

then the zero solution of Eq. (5.1) is both pth moment and almost surely exponentially
stable.
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Case (ii). Assume that 4+A4T+B+BT is positive definite and its smallest eigenvalue
is denoted by Apin(4 + AT + B+ BT). To apply Corollary 3.2, write Eq. (5.1) as

dx(¢) = —[(4 + B)x(t) + Bx(t — 8(t)) — Bx(t — 82(¢))]dt + Cx(t — 8(2)) dw(?)

(5.3)
with d,(¢) = 0. One then easily sees that if p>2 and

-1
Limin(4 + A" + B+ BT) > 2||B|| + %— IclI?, (5.4)

then the zero solution of Eq. (5.3), i.e. (5.1), is pth moment as well as almost surely
exponentially stable. Of course, in this case one may also apply Corollary 3.3 to obtain
a delay-dependent result. For simplicity, choose p = 2. Note that for any p >0

|4x + By — 4% — B <(1+ p~Dl4|*|x — £ + (1 + p)|1B|*|y — 7.
One can then apply Corollary 3.3 (with p = 2) to conclude that if
3min(A+ A" + B +B") > 3[CIP + inf {|BI12(1 + p)(((1 + p~DlIAII
+(1+p)IBI1+ < CIP1), (5.5)

then the zero solution of Eq. (5.1) is second moment as well as almost surely ex-
ponentially stable. As a special case, let us look at a one-dimensional linear delay
equation

dx(t) = —bx(t — 8(t))dt + ex(t — 5(¢)) dw(t) (5.6)

with b > ¢?/2. In this case, criteria (5.2) and (5.4) do not work but (5.5) reduces to

2
b> % + by/2(220 + <),

Hence, if

1 / 1
— 4420022 2
T<2b2( c+2(2b c?) c)

then the zero solution of Eq. (5.6) is both second moment and almost surely exponen-
tially stable.

Example 5.2. Consider a stochastic oscillator described by a semi-linear stochastic
functional differential equation

Z(t) + 32(¢) + 22(1) = 01(21,2,) + 02(z1, 2 )W(2), (5.7)

where w/(¢) is a one-dimensional white noise, i.e. w(¢) a Brownian motion, both a1, 05 :
C([—1,0]; R*) — R are locally Lipschitz continuous and, moreover,

0

|61(<P)IV|02(<P)I</ lp(6)d8, @€ C([-7,0]; ).
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We claim that if
VB - Vi
ST

then the zero solution of Eq. (5.7) is second moment as well as almost exponentially
stable. To show this, introduce a new variable x = (z,Z)" and write Eq. (5.7) as a
two-dimensional stochastic functional differential equation

(5.8)

dx(t) = [Ax(t) + F(x)] dt + G(x,) dw(?), (5.9)

where

0 1 0 0
A‘(—z —3>’ F("’)‘(m«p))’ G("’)‘(oz«p))'

It is easy to find

1 1 _1 2 1
H_(“1 _2), and hence H —(_1 _1).

such that
-1 0
_1 _
H AH—< 0 _2).
53
=Ty —1 _
OQ=HYH _<3 2)

and define V' (x) = xTQx for x€R?. 1t is easy to verify

Set

P <V ) <7)x
We further compute
LV (9) =20"(0)Q[40(0) + F(9)] + G (9)QG(9)
<=2V(9(0)) + 2|@"(O)H~)T| 1H'F(9)| +2|az(9) )

< —2V(0(0)) + VTEV(0(0)) + \/%rlol(go)ﬁ 1 2ox(@)P

0
<=2 = V14TV (0(0)) + (V14 + 141) [ V(p(8))d6. (5.10)

-1

By condition (5.8) one can find ¢ > 1 such that
2 —V14(1 + q)t — 14g7* > 0.

Therefore, for any ¢ ELgy’([—r, 0]; R") satisfying EV(¢(8)) < gEV(¢(0)) on —1<0<0,
(5.10) yields

ELV($)< —(2 ~ V14(1 + q)t — 14g7)EV($(0)).

Thus the conclusions follows from Theorems 2.1 and 2.2.
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