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The third order nonlinear differential equation
X" +a(t)x +b(t)f(x) =0 (%)

is considered. We present oscillation and nonoscillation criteria which extend and
improve previous results existing in the literature, in particular some results
recently stated by M. Gregus and M. Gregus, Jr., (J. Math. Anal. Appl. 181, 1994,
575-585). In addition, contributions to the classification of solutions are given. The
techniques used are based on a transformation which reduces () to a suitable
disconjugate form. To this aim auxiliary results on the asymptotic behavior of
solutions of a second order linear differential equation associated to () are stated.
They are presented in an independent form because they may be applied also to
simplify and improve other qualitative problems concerning differential equations
with quasiderivatives.  © 1997 Academic Press

INTRODUCTION

The aim of this paper is to study the oscillatory and nonoscillatory
behavior of the nonlinear differential equation

X" +a(t)x' +b(t)f(x) =0, (1)
where
a,be C(J),J=[0,%),b(t) > 0except at isolated points,
feCR),u-f(u) >0foru+0.
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In some cases, concerning the nonlinearity, the following hypotheses will
be also assumed (not necessarily all together):

f nondecreasing for |u| large enough; (H,)
u

lim K )=0, 0< <>, (Hy)
u—0 U

We recall that a nontrivial continuable solution of Eq. (1) is said to be
oscillatory if it has infinitely large zeros, nonoscillatory otherwise. Equation
(1) is said to be nonoscillatory if all its solutions are nonoscillatory,
oscillatory otherwise. A prototype of Eq. (1) is the Emden—Fowler equation

X" +a(t)x +b(t)x|*sgnx =0 (&> 0). (2)

Oscillation and nonoscillation of Eg. (1) or (2) has been considered by
many authors with some additional assumptions on the function f [2-4,
10, 11, 14-17, 21, 23-25]. By a suitable transformation preserving zeros of
solutions (see, e.g., [27]), the complete equation

" +a(t)z2" +a,(t)z +a4(t)f(z) =0 (3)

may be written in the form of Eq. (1). Hence Eg. (1) is not much less
general than Eq. (3) as regards the oscillation and nonoscillation.

A classical approach in the study of the qualitative behavior of solutions
of (1) is based on a suitable transformation, associated to a disconjugate
differential operator, which reduces (1) to an equation of the type

!

+b(0)f(x) =0, (4)

[ e
p() \r()”
where p € C'(J), r € C*(J), p(t) > 0, r(¢) > 0. If

[ﬂgm=[%gm=w (5)

then (4) is said to be in the canonical form [28]. The divergence of the
integrals of the functions p and r plays an important role in the study of
nonoscillation of Eq. (4). Indeed if (5) is satisfied, then Eq. (4) has very
interesting properties. For example it is possible to classify the nonoscilla-
tory solutions of (1) in a very simple way. In the linear case we can also
give necessary and sufficient criteria for the nonoscillation which are
useful in the study of the nonlinear oscillation via a linearization device. A
discussion on these topics is given at the beginning of Section 3.
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Equation (1) may be written in the disconjugate form (4) if the second
order comparison equation

y' +a(t)y=0 (6)

is nonoscillatory. Nevertheless, the question whether (1) may be written in
the canonical form is still open. A partial answer is given in [3] by
assuming, in addition to other assumptions, that lim, . a(¢) = ¢ < 0. In
this paper we give other sufficient conditions in order for (1) to be written
in the canonical form, which extend those quoted in [3]. Such a result is
employed to improve and generalize some recent oscillatory and nonoscil-
latory results in [17]. Indeed in [17] GreguS and Gregus, using a technique
already employed in [4], have given some oscillation and nonoscillation
results for Egs. (1) and (2). For example, the following results are proved:

THEOREM A [17, THEOREM 5].  Assume (H,) and

() a € CY0,%), alt) >0, d() <0; be C(0,%), b(r)>0,
[7th(¢) dt = oo

(ii)  the linear differential Eq. (6) is disconjugate on (0, »), that is, every
nontrivial solution of Eq. (6) has at most one zero on (0, ).

Then every bounded continuable solution of Eq. (1) with a zero at some point
t, > 0 is oscillatory.

THEOREM B [17, THEOREM 3]. Assume

(i) aeCH0,»), a(t) =0, d() <0; b e C(0,»), b)) >0,
fmtz[b(t) —d@®)]dt < o»;

(i)  the linear differential Eq. (6) is disconjugate on (0, ).

Then each bounded continuable solution of Eq. (2) with a > 1 is nonoscilla-
tory.

In this paper we consider Egs. (1) and (2) without sign or monotonicity
or regularity conditions on the function a as assumed in [17]. We obtain
oscillatory and nonoscillatory criteria that extend and improve previous
ones stated in [17], in particular Theorems A and B quoted above. In
addition, contributions to the classification of solutions are given, which
are related with some results contained in the book [20], as well as in the
papers [2, 24, 26]. For a wide bibliography on this last argument we refer
the reader in particular to the quoted paper [2]. Finally the obtained
results are extended to the nonlinear general equation (4). We also note
that our results do not require that the perturbation f satisfies hypotheses
on superlinearity and/or sublinearity in the whole domain R. Relation-
ships and comparisons with other known results (in particular [2-4, 23])
will be pointed out throughout the paper.



OSCILLATION FOR DIFFERENTIAL EQUATIONS 409

The approach used is based on a suitable transformation and a lin-
earization device. In particular Eqg. (1) is transformed into the equation

!

+h(2)b(1)f(x) =0, (1)

1
(hz(”(m”

where £ is a positive nonoscillatory solution of Eq. (6) satisfying

. 1 .
fomdtmc, [Oh(z) di =, lim, k(1) >0.  (7)

To prove the existence of such a solution of (6), we need to state some
auxiliary results on the asymptotic behavior of solutions of Eq. (6) when
the function a does not exhibit fixed sign. Such results are given in Section
1. They are related to certain asymptotic properties of the principal
solutions of Eq. (6), and are presented as independent results because, in
our opinion, they may be applied also to problems different from those
considered in this paper, in particular to ones concerning differential
equations with quasiderivatives.

1. NOTATION AND AUXILIARY RESULTS

In this section we present some preliminary results on second order
linear differential equations that we will use in the proof of the main
results. Consider the equation

!

+q(1)y =0, (8)

1 !/
r(1)
where r € CX(J), g € C(J), r(t) > 0. In the study of the nonoscillation of

Eqg. (8), an important role (see, e.g., [18, 27]) is played by principal
solutions (at infinity), that is, by solutions y, of Eq. (8) such that

= r(1)
/ Vi T ®)

If Eg. (8) is nonoscillatory, then Eg. (8) has a solution y, satisfying (9)
which is uniquely determined up to a constant factor (see, e.g., [18]). In
addition an arbitrary solution y, of Eq. (8), linearly independent of y,,
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satisfies

and it is called nonprincipal (at infinity). Henceforward, for sake of
simplicity, we will denote by a principal [nonprincipal] solution a principal
[nonprincipal] solution at infinity.

We recall also that if Eq. (8) is nonoscillatory, then Eq. (8) is said to be
disconjugate on J if each nontrivial solution of Eq. (8) has at most one zero
on J. Moreover Eq. (8) is disconjugate on J if and only if Eq. (8) has a
positive solution on (0, «) (see, e.g., again [18]).

Consider now the linear binomial differential equation (6) where a €
C(J), and let a*(¢) = max, {a(#),0}, a=(¢) = min,_{a(2),0}. Clearly
a(t) = a*(t) + a~(¢). The following holds:

PrROPOSITION 1.  Assume the following conditions
() [gta (Ddt= —K> —oc;
(ii)  the equation

y' +e *at(t)y=0 (10)

is disconjugate on J.

Then Eq. (6) is disconjugate on J and there exists a ( principal) solution h of
Eq. (8), h(¢) > 0 on (0, ), such that

. 1 ,
/omdt:m’ [ k(1) de =, lim,_ k(1) > 0. (D)

If, in addition, the following
(i)  [yta* () dt < oo,
holds, then the principal solution h satisfying (7) is bounded on J.

Roughly speaking Proposition 1 guarantees the nonoscillatoriness of Eq.
(6) when the negative part of a is small in some sense and the correspond-
ing equation associated to the positive part of a is nonoscillatory. The
crucial point of this proposition is the fact that Eqg. (6) has principal
solutions which verify conditions (7), and are bounded if (iii) is verified.

It is easy to give an example which illustrates the necessity of assump-
tion (i). To this aim it is sufficient to consider the equation y" —y = 0.
Clearly (i) is not satisfied, and there is no solution satisfying (7) since
h(t) =e".
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Remark 1. Assumption (iii) of Proposition 1 implies that Eq. (10) is
eventually disconjugate. Indeed, from Theorem 1 in [5], Eg. (10) is
nonoscillatory. Then, from a result in [8], Eq. (10) is eventually disconju-
gate. We remark that assumption (ii) requires, in addition, that Eq. (10) be
disconjugate on the whole half real line.

The proof of Proposition 1 depends on the following lemmas concerning
Eq. (8) with “g(¢z) < 0on J” and “g(¢) > 0 on J,” respectively. As it is well
known, “g(¢) < 0 on J" is sufficient for Eq. (8) to be disconjugate on J.
The following hold:

LEMMA 1. Consider Eq. (8) with q(¢) < 0. If the following conditions
@ [or(D)dt = oo,
() [5lgDl fr(s) dsdt < e,

are satisfied, then any positive principal solution u, of Eq. (8) is nonincreasing
and such that

() = lim, uo(1) > 0 (11,)

< exp(Lxlq(t)ILtr(s) dsdt). (11,)

ug(®)

Proof. A classical result of Kneser [18, Exercise 6.7, p. 352] states the
existence of positive nonincreasing principal solutions u, of Eqg. (8) ap-
proaching a nonzero limit as ¢ — oo,

For these solutions, it is easy to prove that lim, _, (1 /r(:)u((¢) = 0 (see,
e.g., [22]). Hence integrating Eq. (8) in (¢, ) we obtain

1 o0 J
’ t) = :
iy o0 = [ a()uo(s) ds

because u, is a positive nonincreasing function, we get
(1) = r(D)ue(t) [ a(s) ds.

Dividing by u, and integrating again in J we obtain

L:;((og)) > Oxr(t)/;wq(s) dsdt = j(;ooq(t)folr(s) dsdt > —

which implies (11,). 1

log
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LEMMA 2. Consider Eq. (8) with q(¢) > 0. If the following conditions
@) for(®)dt = =,
(i) limsup,_ .r(t) < o,
(iii)  Eq. (8) is disconjugate on J,
are satisfied, then Eq. (8) has principal solutions v, satisfying
vo(t) >0,  vy(t) =00n(0,), (12,)

%]

fo % dt = o, (12,)
If, in addition, the following

(V) [5q()[or(s)dsdt < e,
holds, then v, is bounded on J.

Proof. With Eq. (8) being disconjugate on J, Eq. (8) has positive
solutions on (0, «). Then the existence of a principal solution v, satisfying
(12,) follows from two results of Hartman and Potter (see, e.g., [18, Chap.
XI, Corollary 6.3; 27, Theorem 2.39]). Hence

f rz(—t) dt = =,
0 (1)
and, taking into account (ii), also (12,) is satisfied.

In order to complete the proof it remains to show that if (i)—(iv) holds,
then v, is bounded on J. Two cases are possible: (a) g is eventually
positive; (b) there exists a sequence {z,}, 7, — o, such that ¢(¢,) = 0.

Case (a). The assertion follows from Proposition 2 in [5].

Case (b). In this case the assertion follows by using the Sturm Compar-
ison Theorem. Consider the linear perturbed equation

1
(my + (q(t) +q.(t))y =0, (13)

where g, € C(J), g,(t) > 0for t € J and [;5q,(t)[{r(s) dsdt < o. Thus Eq.
(13) is nonoscillatory and has bounded solutions v, (see, e.g., again [5,
Proposition 2]). In addition from the quoted result in [8], Eq. (13) is also
eventually disconjugate. With Eq. (13) being a Sturm majorant of Eq. (8),
from a result of Hartman and Wintner (see, e.g., [18, Chap. XI, Corollary
6.5]) we have for ¢ large enough

oo _ 1 o)
r(0) o) = r(0) (1)

!

!
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or

vo(to)
o(t) < —=u,(1).
1) < ()
This implies that v, is bounded. The proof is now complete. |

We remark that as already noted in Remark 1, assumption (iv) of
Lemma 2 implies that Eq. (8) is eventually disconjugate.

Proof of Proposition 1. Consider the differential equation
y' +a (t)y=0. (14)

From Lemma 1, Eq. (14) has a positive principal nonincreasing solution 7,
satisfying

w 1 ,(0
HO(OO) > 0, j(; mdl‘ = 00, a,o((oo)) < eiK! (15)

where K = — [5ta (1) dt. Let m = u%(«), M = u5(0), and consider the
linear differential equation

(my') + Ma*(t)y =0 (16,)

or
M
y'+ —a*(t)y =0. (16,)
m

With M/m < e %X, the Sturm Comparison Theorem implies that Eq.
(16,) is disconjugate on J. Consider now the linear differential equation

(@(1)y') +@(1)a*(1)y = 0. (17)

With M > %%(t) > m, again from the Sturm Comparison Theorem we get
that Eqg. (17) is disconjugate on J. Hence assumptions (i), (i), (iii) of
Lemma 2 are satisfied and so Eq. (17) has a principal solution 7, verifying
on (0, )

1
(1)

In order to complete the proof it is sufficient to consider the function A
given by

To(1) >0, Tp(1)20, [ dt = . (18)
0

h(t) = o(1)To(1).
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It is easy to show, by standard calculations, that /4 is a solution of Eq. (6).
With A being positive on (0, ) Eq. (6) is then disconjugate on J. Taking
into account (15) and (18), we obtain that % satisfies also conditions (7).
Finally if also condition (iii) holds, then we have

f o(f)a+(f)f ~2( dsdt<—fta+(t)dt<oo

which implies that condition (iv) of Lemma 2 is satisfied. Then, from
Lemma 2, 7, is bounded on J. With %, being positive nonincreasing, also
h is bounded on J. This completes the proof of Proposition 1. i

2. MAIN RESULTS

Consider the nonlinear differential Eq. (1). If the second order linear
Eq. (6) is nonoscillatory, that is, Eq. (6) does not have oscillatory solutions,
then, by standard computations, Eq. (1) may be transformed, for ¢ > ¢, > 0,
in the disconjugate form

(hz( )(hu)

where £ is a solution of Eqg. (6). This equation is a prototype of the more
general equation (4). The divergence of the integrals of the functions p
and r plays an_important role in the study of nonoscillation of Eq. (4).
Indeed in [26] Svec, generalizing a Lemma of Kiguradze and Elias (see,
e.g., [8; 9; 20, Lemma 1.1, p. 2, Lemma 2.1, p. 43]) states that if the
conditions (5) are satisfied, then every nonoscillatory solution x of Eq. (4)
satisfies, for ¢ large enough, either

1\’

+h(2)b(1)f(x) =0, (1)

lx(£)] >0, x(¢) -x(¢) <0, x(¢) -xP(¢) >0 (19)
or
lx(£)] >0, x(¢) -x™(¢) > 0, x(¢) -x3(z) > 0, (20)

where x!!, x? are the quasiderivatives of x, that is, x!*(¢) = x'(¢)/r(t),
x?(¢) = (x™(2)y /p(¢). Solutions satisfying (19) [(20)] are said to be solu-
tions of degree zero [two] (see, e.g., [12]). Solutions satisfying (19) are known
also as Kneser solutions (see, e.g., [20]).

If we denote by.# the set of all nonoscillatory solutions of Eqg. (4) and by
A37,] the set of solutions of degree zero [two], then (5) implies that
N =AMy U, A simple consequence of Proposition 1 gives us sufficient
conditions in order for the same classification of nonoscillatory solutions
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to occur for Eq. (1'). The following holds:
PROPOSITION 2. Assume
() [gta~()dt = —K> —oo;
(i)  Equation (10) is disconjugate on J.

Then Eq. (1) can be written for t > 0 in the disconjugate form (1) and every
nonoscillatory solution of Eq. (1) is either in the class 4y or in the class #,.

Proof. The assertion follows immediately from Proposition 1 choosing
as function 4 a principal solution of Eq. (6). 1

We can state now our theorems which improve the quoted results in
[17].

THEOREM 1. Assume

() [gta~(®)dt = —K> —o0;
(i)  Equation (10) is disconjugate on J.

Then every bounded continuable solution of Eq. (1) with a zero at some point
t, > 0 is oscillatory.

Proof. Let x be a continuable solution of Eq. (1) such that x(¢z;) = 0,
t, > 0. Without loss of generality we may suppose x(¢) > 0 for ¢ large
enough. From Proposition 2, Eg. (1) may be transformed, for ¢ > 0 into
(1) where h satisfies (7). Assume x nonoscillatory. Then, from Proposition
2, x is either in the class .#; or in the class .%5.

Assume that x €.#;. Without loss of generality suppose x(¢) > 0, x™(¢)
<0, x8(¢t) > 0 for + > T. We assert first that x does not have positive
maxima. Let ¢, ¢, <t¢, < T, be the last point of maximum for x. Then
x(t) > 0 for ¢ > ¢t,, which implies that the quasiderivative x°! is decreasing
on [¢,, ). Hence we have

1
h(1)

*
(1)

x'(1)

x"(t,) <0,

””)m =)

xt2l(1) =h2(f)( ,<h2(f1)(

which is a contradiction. Then x does not have positive maxima, and so x
does not have zeros on its existence interval. This is again a contradiction
since x(¢;) = 0. Hence x &.7;.

Assume now that x €.#, and x(¢) > 0, x(z) > 0, x?W(¢1) > 0for t > T
> t,. With x™ being an increasing function, we have for ¢ > T, x'(¢) >
h()(x'(T)/h(T)) or x(¢) > x(T) + (x'(T)/h(T))[+h(s) ds. Since [“h(t) dt
= oo we get that x is unbounded, which is a contradiction. The proof is
now complete. |
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Remark 2. In the first part of the above proof we have shown that
solutions of Eg. (1) in the class .#, cannot have zeros on its existence
interval. An alternative proof of this assertion is given in [2].

Remark 3. Theorem 1, as well as Theorems 2-4 below, requires the
continuability of solutions of Eq. (1) with a zero. On this topic we refer the
reader to the books [1, 20] and to the papers [2, 7, 19].

Theorem 1 improves the quoted Theorem A. Observe that Theorem 1
does not require monotonicity and regularity assumptions on the function
a nor does it require hypotheses on the function f of superlinearity
and /or sublinearity at zero or at infinity.

With an additional assumption on the nonlinearity in a neighborhood of
infinity, we may state the following result which guarantees the oscillatory
behavior of all continuable solutions, possibly unbounded, vanishing at
some point ¢, > 0.

THEOREM 2. Assume condition (H,) and

() [gta~()dt = —K> —o;
(i)  Equation (10) is disconjugate on J;
(i) [5fk)b(t) dt = — [5f(—kt)b(¢) ds = o for every k € (0, 1).

Then every continuable solution of Eq. (1) with a zero at some point t; > 0 is
oscillatory.

Proof. Let x be a continuable solution of Eq. (1) such that x(¢;) = 0,
t; > 0. Without loss of generality we may suppose x(¢) > 0 for ¢ large
enough. From Proposition 2, Eq. (1) may be transformed, for ¢ > 0, into
(1) where h satisfies (7). Assume x is nonoscillatory. From Proposition 2,
we have that x €4 U.#,. Reasoning again as in the proof of Theorem 1,
we get that x is not in the class .7;.

Suppose that x €.#, and x(¢) > 0, x*(¢) > 0, x®(¢) > 0for ¢t > T > ¢,.
Denote m,, = inf, ;. ., a(¢). With T > 0, from Proposition 1 we get that
m,, > 0. Integrating Eq. (1) in (T, 1), t > T, we obtain

x2(1) = xB(T) + [(5)b(s)f(x(s)) ds = 0,
T
which implies

X2(T) > f;h(s)b(s)f(x(s)) ds. (21)
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With x™ being a positive increasing function, we have for ¢t > T
t t
x(6) > x(T) +x8(T) ['h(s) ds > xP(T) [h(s) ds
T T

> xU(T) -m, - (t = T). (22)

Let k be a constant such that 0 < k < min[1, x™(T) - m,]. Then from (22)
we have for all ¢ sufficiently large, x(z) > k -t. With f eventually increas-
ing, there exists T; such that for ¢t > T, f(x(¢)) > f(k-t), and, from (21),
we obtain

X2(T) > fTTlh(s)b(s)f(x(s)) ds + f;h(s)b(s)f(k-s) ds

> fTTlh(s)b(s)f(x(s)) ds + mhfrtb(s)f(k-s) . (23)

Taking into account (iii), the right side of (23) tends to infinity as ¢ — oo,
which is a contradiction. Then x is oscillatory and the proof is complete. ||

Theorem 1 and 2 are related to a result in [3, Corollary 1] in which the
case a*(¢) =0, [ya(t) dt = —oo, is considered.

Remark 4. When the perturbation f is superlinear at infinity, that is,
liminf, _.(f(u)/u) > 0, condition (iii) of Theorem 2 is satisfied if
[5tb(¢) dt = . Moreover in this case it is easy to prove that monotonicity
assumption (H,) is unnecessary.

For the Emden—Fowler equation (N,), assumption (iii) becomes
[5s*b(s) ds = . The following examples show that assumptions (i) and
(iii) cannot be dropped without violating the validity of Theorem 2.

ExampLE 1. Consider the sublinear differential equation
X" — (1= 1)°" + 2(t — 1)°|x["?sgn x = 0. (E,)

The function x given by x(z) = (+ — 1) is a solution of Eq. (E;) with a
zero at t;, = 1. For this equation the assumption (i) does not hold, since
a (1) =a(t) = —2(t — 1), while condition (iii) is verified. As regards
assumption (ii), equation y” + e~ 2%a*(¢)y = 0 is not defined since K = <,
but (ii) is satisfied for the “limit equation,” that is, for the equation y” = 0.

ExampLE 2. Consider the sublinear differential equation

1
X"+ —3|x|asgn x=0 0<a<l. (Ez)

(t+1)
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Since a~= a™ = 0, the assumptions (i) and (ii) are satisfied, but (iii) does
not hold since [3s*b(s)ds < . Moreover every solution of Eq. (E,) is
nonoscillatory as it follows from a result in [21, Corollary 5].

Assuming that the function f is superlinear in a neighborhood of zero,
we can give nonoscillatory results which generalize some criteria obtained
in [4, 17].

THEOREM 3.  Assume (H,) and

) [gta (Ddt = —K > —o0;
(i) [rta™(¢) dt < oo

Let i be a positive function defined on J such that [jt*b(t)(t) dt < . If x
is a continuable solution of Eq. (1) such that, for t large enough,

[F(x()) < Ix (D)l (1), (24)
then x is nonoscillatory.
Proof.  Assume there exists an oscillatory solution x of Eq. (1), defined

on [t,,), t, > 0, satisfying (24) for t > T > ¢,. Consider the linearized
equation

w" +a(t)w +b()F(t)w=0 (t=T), (25)
where
f(x(1) :
F(t)= W Ifx(l‘)?&o
0 if x(¢) =0.

From Remark 1 we have that Eq. (10) is eventually disconjugate, that is,
there exists ¢, > 0 such that Eq. (10) is disconjugate on (¢#,, ). Hence,
from Proposition 2, we have that Eg. (25) may be transformed, for
t>T>t,, into

1
hZ t ’
( ( )(h(r) v

where # satisfies (7). Define
m, = inf h(t), M, = sup h(t).

t€[T, =) te[T,»)

!

+ h(t)b(t)F(t)w =0,

!

As already denoted in the proof of Theorem 2, because T > 0, we have
m, > 0. With & bounded, we get also M, < . Thus

- . s o1
[T h(t)b(t)F(z)(fTh(s)([Tm d/\) ds) dt

< C, [ b()F(1)(c - T) dr,
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where C, = (1/2X(M, /m,)?. Taking into account (24), we obtain

- . o1
/T h(t)b(t)F(t)([Th(s)(/Tm dA) ds) dt
< [ b()w(t)(t — TY di < =,
T

By a slight modification of a result in [6, Theorem 5] we obtain that Eqg.
(25) is nonoscillatory, which is a contradiction because x is an oscillatory
solution. |l

Remark 5. It is easy to show that Theorem 3 improves Theorem B
given in [17], for Eq. (2) with « > 1. To this end choose a(¢) > 0 and
¢ = 1: it is sufficient to prove that the assumptions of Theorem B imply
[otat (@) dt = [Jta(t) dt < .

Assume lim,_ . [}tsa(s) ds = ». With [fsa(s) ds = (t*/2)a(t) —
(T?/2)a(T) — [fs?d(s)ds, we obtain lim,_ (t?/2)a(t) = «. Hence a
classical result of Kneser (see, e.g., [27, p. 45)) implies that Eg. (6) is
oscillatory, which is a contradiction.

A suitable choice of ¢ gives the following:

COROLLARY 1. Assume condition (H,) and suppose that conditions (i),
(ii) of Theorem 3 hold. If [;t°b(t)dt < o, then Eq. (1) does not have
bounded oscillatory solutions.

Proof. The assertion follows from Theorem 3 choosing #(¢) = ¢, ¢
constant. I

When Eq. (1) is sublinear in a neighborhood of infinity, we have the
following (see also [4, Corollary 3; 13, Theorem 2]).

COROLLARY 2. Assume condition (H,) and suppose that conditions
(), (ii) of Theorem 3 hold. If [5t*b(t) dt <  and

(i) limsup,, .. (f(u)/u) < o=,
then Eq. (1) does not have oscillatory solutions.

Proof. Taking into account (H,) and (iii), there exists a constant k such
that 0 < f(u)/u < k. Then the assertion follows by reasoning as in the
proof of Corollary 1. |

We conclude this section with some applications of the previous results
to the nonlinear equation

X" +a(t)x' +b(t)lx|*sgnx =0  (a>0). (2)
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The following holds:

THEOREM 4. (A) Assume
) [gta ()dt = —K> —o;
(i)  Equation (10) is disconjugate on J;
(i) [grb(t) dt = oo,

Then every continuable solution of Eq. (2) with a zero at some point t; > 0 is
oscillatory.

B) Let a=1 and assume (i), [3ta™(t)dt < o and
[et™ =D 2p(¢) dt < . Then Eq. (2) does not have continuable oscillatory
solutions x such that |x(t)] < t". In particular (n = 2) if [Ft**b(1) dt < o,
then Eq. (2) does not have continuable oscillatory solutions x such that
lx(0)] < 1.

Proof. Claim (A) follows from Theorem 2. Claim (B) follows from
Theorem 3 with ¢(¢) = ¢"«~ Y, |

Theorem 4 extends to Eq. (2) an analogous result stated in [4] for the
binomial equation
x" + b(t)lx|“sgn x = 0 (a>0). (26)
Part (A) of Theorem 4 is also related with some results in [23], in which
the oscillation of solutions with a zero is considered. Part (B) of Theorem 4
is related with a problem settled in [11]. Indeed in [11] the authors
conjecture that if [5t2b(t) dt < =, then the binomial Eq. (26) with o > 1
does not have oscillatory solutions. Other conditions assuring that Eq. (26)
does not have oscillatory solutions have been given recently in [7].

3. SOME EXTENSIONS

Consider now Eq. (4). It is easy to extend to Eq. (4) all results stated in
the previous section by assuming the condition (5). For example the
following holds:

THEOREM 5. Assume condition (5). Then every bounded continuable
solution of Eq. (4) with a zero is oscillatory.

Proof.  (Sketch). The argument is similar to that given in the proof of
Theorem 1. Let x be a continuable solution of Eq. (4) defined on [z, %),
t, > 0, such that x(¢z,) =0, ¢, > ¢,. Assume x €./, that is, x nonoscilla-
tory. From the quoted result [26], x is either in the class .#; or in the class
#,. The assertion follows by showing that: (a) solutions in .#; cannot have
zeros in their existence interval; (b) [7(¢) dt = « implies that solutions in
¥, are unbounded. |
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THEOREM 6. Assume conditions (H,), (5), and

/:b(t)f(k-fotr(s) ds)dtz —f:b(t)f(—k-fotr(s) ds) dt = o0
forevery k € (0,1). (27)

Then every continuable solution of Eq. (4) with a zero is oscillatory.

THEOREM 7. Assume conditions (H,) and (5). Let ¢ be a positive
function defined on J such that

[ () w(0) [7(s) [ p(N) drdsde < .
0 0 0
If x is a continuable solution of Eq. (4) such that, for t large enough,

If(x () < 1x ()l (1), (24)

then x is nonoscillatory.

The proofs of Theorem 6 and 7 are similar to those of Theorems 2 and
3, respectively, and are omitted.

As already noted in Remark 4, when the perturbation f is superlinear at
infinity, that is, liminf , _, .(f(w)/u) > 0, if

j;wb(t)f()tr(s) dsdt = =,

then (27) is satisfied. Also in this case the monotonicity assumption (H,) is
unnecessary. Finally, extensions of the above results to the equation

r\/

+b(t)lxl*sgnx =0 (a>0).

() \r()”

are left to the reader.
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