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Abstract

Motivated by some binomial coefficients identities encountered in our approach to the enumeration of convex
polyominoes, we prove some more general identities of the same type, one of which turns out to be related to a
strange evaluation gff’, of Gessel and Stanton.
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1. Introduction

In our elementary approach to the enumeration of convex polyominoes withh anl) x (n + 1)
minimal bounding rectangl], we encountered the following two interesting identities:

ii(m—i—n—a—l—b—l)(m—i—n—i—a—b—l)_ mn (m—l—n)z )
m—a n—>b ~ 2(m +n) ’

m
a=1 b=1
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~—~/m+n+a-b—-1\(m+n—a+b-1
z_: _( m+a+1 )( n+b+1 )
m+n\? m—+n m-+n mn m+n\? 2m + 2n
:< m >+(m—1><n—l)+2(m+n)< m >_( 2n ) @
Although the single-sum case of binomial coefficients identities is well-studied, the symbolic manip-
ulation of binomial multiple-sum identities depends on the performance of computers (see, for ex-
ample, [2]). Therefore, formulas of binomial double-sums are still a challenge both for human and
computer.

In this paper, we will give some generalizations of the above two formulas, our main results are the
following two theorems.

N

Theorem 1. For m, n € N and any humbe# # 0, we have

iz (1+oc)m—a+b—1) ((l+o¢_1)n+a—b—l)
m—a n—>b

a=1 b=1

B mn ((1—|—o¢)m) ((1—|—oc_1)n) 3)
T A+ ) (m+ o 1n) m n ’

Theorem 2. For m, n, r € N and any numbe# # 0, we have

m—r—2 n—r—2

A4+am—a+b—-1 A+oHn+a—-b-1
HXE) Z( m—r—2—a )( n—r—2-—5> )

+"§'§ A+aym—a+b—1 A+oYHn+a—-b-1
m4r—a n+r—>b

a=0 b=0
B 2mn A+ a)ym 1+obHn
L4+t )( m >( n )
-1
s (r—|k|+1)((1+a;<m> (“:fk)"). (4)
k=—r

We use essentially the generating function techniques, that is, to greveB we show that their
generating functions are equal. Two proofs of Theorem 1 will be given in Section 2, and Theorem 2 will
be proved in Section 3. In Section 4, we derive some interesting special cases of Theorems 1 and 2.
2. Proofs of Theorem 1

2.1. First proof of Theorem 1

Multiplying the left-hand side of (3) by y" and summing overn > 0 and: > 0 we obtain the generating
function F (x, y), which can be written after exchanging the order of summation as:

Flr.y) = Z u b Z ((1+oc)m-|—ao<+b l) <(l+oc1)n+a+bo<1—1)xmy”'

a,b=1 m,n=0 n
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Summing the two inner sums by the following classical formula [8ep. 146) and[4, (9)]):

o0 o+1 -1
Z(a—i_ﬁn)wnzz—, Wherew = >
n Q-=Pz+p ZP

n=0
and then summing the two resulted geometric series@aadb we obtain
uv(u —1)(v — 1)

F(x,y)= ;
() A4+ oa—ou)L+ o1 — o Lv)(uv — u — v)?
where
u—1 v—1
Y= Y=o ©)

Now, using the fact tha}_, . o kx* = x/(1— x)2 we have

o0

n uv . k . k
Foey)= A+o—oa)(l+ ot —olv) k2=(:) =D -1

& A+ a)ym 1+obHn mon
=; Z: k( m—k )( n—k )x v

Comparing with (3), it remains to check the following identity:

miniem,n} A+ a)ym 1+oabHn mn A+ a)ym 1+abHn 5
(I a5 @
Writing
k((l—i—oc)m) ((1+oc1)n) _(m 40 k) (n + ak) ((l+oc)m> ((1+oc1)n>
m—k n—k T A+ )m+ain) m—k n—=k
(m+otk+ 1) +atk+1) ( (14 0)m
B (14 o) (m + o—1n) (m —k— 1)
1+ o bHn
X(n—k—l)’

Eq. (6) follows by summing ovekfrom O to min{m, n}. O

Remark. Notice that
(A4 )m m u . (A+oabn " v
2 =T 2 S PR B
o m 14 o—ou = n i A A
Multiplying the two sides of (3) byl + «)(m + «~1n), we see that (3) is equivalent to
0 0 d u d v
1 — 4+ A+ Hy—|Fr,y)=xy—[—— )| —(————— ). (7
[( o 6x+( oy 6y} () R (1+oc—ocu) dy (1+oc1—oc1v) 0
It is then possible to give another proof of (3) by checking (7), which is left to the interested reader.
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2.2. Second proof of Theorem 1

Replacingb by & + 1 and writing thek-sum in standard hypergeometric notation we can write the
left-hand side as

Z A+aom—a+k (1+oc_l)n—|—a—2—k>
m—a o n+a—1

1k>0

(1+oc)m—a (1+oc_1)n+a—2>
( )

1-n, 1 A4+o0)m+1—a
X3F2|:ocm—|-1, —(1—|—o<_1)n—a+2’1:|

Applying the transformatiofi, p. 142}

—N, a, b | (e—by ~N, b,d—a
3F2|: d, e ’1i|_ (€)y sF2 d, 1+b—e—N’1

to the abovg F, we get

Z’": ((1+ ym — a) ((1+ «Hn+a— 2) (—A+o)m+otn)+1), 4
= n—1 —A+oYHn—-a+2),1

o 1—-n, A+oym+1—a, om
3 am+1, A+oym+on4+1

Expanding the F, as ak-sum and exchanging the order warsum yields

[ — ((l + oc)m) ((l +o Hn — 2) (—L+a)m+otn)+1), 1
- m n—1 QRC—-—A4+abHn), 4
8 Z (L —n)p(om) (L4 oym + 1), m 2F1|: 1—-m, 1 ) l]

X 9
5o (m + Di((L+ aym +oln+1)k! A4+ 0)m +k —L+om—k
(8)
(A4 om\ (A4 =2\ (—A+o0)m +o ) +1),_4
B m n—1 2—-A+aYHn),
m 1—-n, om, A+o0)ym+1
x am+13F2|:acm+2, A4+0m+otn+1° i| ©)

The theorem then follows by applying Gessel and Stanton’s forfBuld..9)]:

p[—sb+s+1 b=1 —N ]_ Q+s+sNyb(N+1)
32l b+ 1 s(—-N—-b)— C (L4+s(b+N)y(b+N)

WithN=n—-1,b=um+lands=—-1—0o1 O
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Remark. If « =1, we can also evaluate thé, in (9) by applying Dixon’s formuldl, p. 143}

a, b, c )
3F2[1+a—b, 1+a—c’li|

Il+a-bIrl+a—-ol(1+5rl+5-b—oc
I+ ard+4$-nra+45-ord+a—b-c’

and ifm = n, we can apply Whipple’s formuld, p. 149]

a, 1—a, c
3F2[d, 1+2c—d’1:|
B 212 (d)(1 — 2¢ + d)
TG+4+c—DIG+PIA-5+c—DIG-45+9%

3. Proof of Theorem 2
Consider the generating function
(At om—a+b-1\ (A+aYn+a—-b-1\ , ,
Gr(x’y)::m;_r;)bz%< m+r—a )( n+r—>b )x v

Using (5), as the first proof of Theorem 1, we have

uv(u —1)""(v-1)""

Gr(x,y) = .
() A+a—oa)(14+o0 1 —av)(uv —u — v)2

Replacing by — — 2 in (10), we obtain

m—r—2 n—r—2
G_y_a(x,y) = Z D ((1+a)_mr—_a2tl;_ 1)

m,n=r+2 a=0 b=0

A+oHn+a—-b-1 -
X
n—r—2-—> Y

uv(u — 1)r+2(v _ l)r+2

- A+oa—a)L+ ot — o lv)(uv —u — v)?

417

(10)
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On the other hand, forr <k <r, we have

o0

A+ a)ym 1+ o Dn mon uv(u — Df (v — ¥
Z ( m—k )( n—k )x y S At oa—a)(A+ ot — g ly)’

m,n=—r

It is routine to verify the following identity:

2uv(u — 1)(v — 1)
A+oa—ou)L+ o1 — o lv)(uv —u — v)?

r uv(u — D*( — DF
+ k;v i Rap v i pp— T

Gr(x,y) +G_r_2(x,y) =

The result then follows from Theorem 1. O

4. Some consequences
4.1. Consequences of Theorem 1

Replacingx, m, andn by ¢/ p, pm andqn, respectively, in Theorem 1, we obtain

Corollary 3. For positive integers mm, p, and g there holds

% f;(pm—i—qm—aikb—l) (pn+qn+a—b—l)
a=1 b=1 pm —a qn—>b
B pgmn <pm+qm) (pn+qn)
(p+q)(m—+n) pm pn '
Exchangingo andm, andq andn, respectively, Corollary 3 may be written as follows:
% i(pm%—qm—aikb—l) (pn+qn+a—b—1)
== b—1 a—1
B pgmn (pm+pn> (qm+qn)
(p+q)m—+n)\  pm gm )’
By the Chu—Vandermonde formula, we have
% %(pm+qm—a+b—1) (pn+qn+a—b—l>
a=1-pn b=1 pm—a qn = b

. pqn (pm+qm+pn+qn)
p+q pm + pn '
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Therefore, by Corollary 3, we have

20: QX: pm+gm—a+b—-1\ (pn+gn+a—>b—-1
et gn —>b

o—1p pm —a
_ pqn <pm+qm+pn+qn)_ pgmn <pm+qm) <pn+qn>
p+q pm + pn (p+q)m~+n)\  pm pn )’
Replacinga by 1 — a, we obtain
i %(pm+qm+a+b—2) (pn—i—qn—a—b)
i pm+a—1 gqn —b
_ pqn (pm—i—qm—l—pn—i—qn)_ pgmn <pm+qm) (pn-l—qn)
p+q pm + pn (P+@)m+n)\  pm pn )
. . . - +
Dividing both sides b)("mpmqm), we get
Z 2": (pm +qm +1D)gip2 (pn +qn—a-— b)
=i (pm 4 Dg_1(gm + 1)y qn—>b
_pqn(pm4gm+Dpign  pgmn (pn + qn)
P+(pm+1),,(gm+1),, (p+g)m+n)\ pn )

Replacingp, g, m, n, by m, n, x, 1, respectively, we have
Corollary 4. Form,n € N, there holds

ii (mx +nx+1),4p 2 <m+n—a—b)
= (mx+1),_1(nx +1),_1 m-—a

_ mnmx+nx+1),,, mnx (m + n)
 (m+n)(mx+1),(mx +1), (m+n)l+x) '

m

Lettingx — oo, we obtain

Corollary 5. Form,n € N, there holds

a ma—lpb=1 " yym—lpn-1 m-+n m

i é <m+n—a— ><m+n)“+”—2_(m+n>’"+"—1 mn (m+n>

a=1 b=1

419
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4.2. Consequences of Theorem 2

Replacingz, m, andn by ¢/ p, pm andgn, respectively, in (4), we obtain

pmilqnil pm+gm—a+b—1\ (pn+qn+a—b—1
pm—r—l—(l qn—]"—l—b

a=1 b=1
+”§rq'§ (pm+qm—a+b—1>(pn+qn+a—b_1)
a=0 bh=0 pm+r—a qgntr=>b
_ﬂ<pm+qm> <pn+qn)
(p+q)(m +n) pm pn
r pm+qm}\ (pn+gn
ket . 11
+k;r(r k| + )<pm—k)<qn_k) 4
Namely,
pmi_lqni_l pm+gm—a+b—1\(pn+qn+a—b—1
b=1 pm—r—1—a qgn—r—1-b

+ 20: XO: (pm+qm+“‘b—1>(pn+qn—a+b—1>
a=—pm—r b=—gn—r pm+r+a gn+r+b
_ﬂ<pm+qm><pn+qn)
(p+q)im+n) pm pn
pm +qm pn+qn
— k] +1 . >
+k_Zr(r ||+)( —k)(qn—k) w2

By the Chu—Vandermonde formula, we have

Z szr1<pH1+qm+a—b—l>(pn+qn_a+b_1>
a=—pm—r pm+r+a gn+r+b
+ ZO: ZO: (pm+qm+“_b—1)(pn+qn—a+b—1>
a=—pm—r b=—qn—r pm+r+ta qn+r+b

_ (pm+r+1)q ((p+q)(m +n))

13
Pt+q pm + pn (13)
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and

Z qmil pm+gm+a—b—1\ (pn+gn—a+b—-1
pm—+r+a gn+r+>b

a=—pm—r

y pni_lqmi_l(pm+qm+a—b—l) (pn+qn—a+b—1)
— - pm+r+a gn+r+>b

_@m—-r=-Dp ((p+q)(m+n)). (14)

pP+q pm + pn
Summarizing (12)—(14) and replacing+ 1 by r, we get
Corollary 6. For positive integers rm, p, g, and r, there holds

pirqnz_r pm+gm—a+b—-1\ (pn+gn+a—->b—-1
= O pm—r—a gn—r—>b

+pn2:rqm2:r pn+gn—a+b—1\ (pm+gm+a—b—1
= pn—r—a qgm —r —b

____2pgmn (pm+qm> <pn+qn)_r((p+q)(m+n)>
S (pH+qg)m+n) pm pn pm + pn

+ i (r—|k|)(”m+qm) (”””") (15)
pm —k gn—k )’

k=1—r
And for the case r is negatiya similar formula can be deduced frofhl).
Forthep = ¢ = 1 andm = n = 1 cases, we obtain the following two corollaries:

Corollary 7. For positive integers rm, and r, we have
—a+b—-1 2n+a—b—-1
—r—a n—r—>b
mn 2m + 2n n r (2m 2n
Z(m + n) n m-+n 2 n

— 2m 2n
+I;(r—k)<m_k) (n_k).

)

||M\



422 V.J.W. Guo, J. Zeng / Journal of Computational and Applied Mathematics 180 (2005) 413-423

Corollary 8. For positive integers rm, and r, we have
"i’i(m—kn—a#—b 1><m+n+a—b—l>
=i m-—r—a n—r—>ob
_mn m+n\° r [(2m+2n +r m+n\?
"~ 2(m +n) m 2 2m 2\ m
r—1
m-+n m-+n
+Z(r—k)(m_k)<n_k).
k=1
Furthermore, when = 1 andr = 2 we obtain the following:
X_:X_: 2n—a+b—-1\ (2Zn+a—-b—1
=i m—a—?2 n—b—2
2m 2m 2n n mn 2m 2n 2m + 2n
m—1)\n-1 2m+n) \ m n m+n )’
z_:i: 2n—a+b—-1\ (2n+a—-b -1
] :1 m—a—1 n—b—1
_1 mn 2m 2n 1/2m+ 2n
2 2(m+n) n 2\ m+n )’
mii m+n—a+b—-1\ (m+n+a—->b—-1
= m—a—1 n—b—1
1(m+n + mn m+n\> 1/2m+2n
2\ m 2im+n)\ m 2 2m ’

and Eq. (2).
We end this paper with one more identity of the same type

Theorem 9. There holds

ijzn: x+m—a+b-1 x+a—-b-1 _mn 2x +m
n+b—1 n—>b C 2x4+m 2n '

a=1 b=1

Proof. Replacingxby —x — m + n, one sees that the theorem is equivalent to

2 (L) ()= (). @s

a=1 b=1
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Now, changingatom + 1 — a andbto 1 — b, respectively, we obtain
Zm: Z":(x—i—a—l) (x—l—m—a) Z Z (x—l—m—a) (x-l—a—l)
e AU n—b a=1 b=1-n nt+b-1

So we can rewrite the left-hand side of (16) as follows:

S () e (0 ()

a=1 b=1 a=1 b=1-n
Z Z <X+a_ )(.x+m )
i, \ntb-1 n—b
B 2x+m—1
=m on s

where the last step follows from Chu-Vandermonde’s formula.
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