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Abstract 

We present a cyclically 6-edge-connected snark of order 118, thereby illustrating a new 
method of constructing snarks. 

1. Introduction 

It is well known that the edges of any cubic graph can be coloured with 3 or 
4 colours in such a way that incident edges receive distinct colours (see e.g. [6]). Cubic 
graphs whose edges cannot be coloured with 3 colours are called snarks. Two 
well-known snarks are shown in Fig. 1. The Petersen graph P and the flower snark I5 
of Isaacs [2]. They will be used in our construction. 

The history, motivation and various constructions of sharks are surveyed by 
Watkins and Wilson [7]. So far, only one infinite family of cyclically 6-edge-connected 
snarks is known. It contains the flower snarks of Isaacs [2] having 20 + 8k k(>/1) 
vertices. 

In this note we illustrate a new method of constructing snarks by producing 
a cyclically 6-edge-connected snark of order 118. The idea can be easily generalized to 
obtain similar snarks of any even order /> 118 (see [3]). A detailed discussion about 
this method and its ties with some known constructions can be found in [3-53 and 
other papers which are in the stage of preparation. 
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Fig. 1. 

2. Construction 

Following the notation of Fiol [1] we consider graphs with semiedges. They are 
called multipoles. 

More formally, a multipole M = (V, E, S) consists of a set of vertices V = V(M) ,  

a set of edges E = E ( M )  and a set of semiedges S = S(M).  Each semiedge is incident 
either with one vertex or with another semiedge making up the so-called isolated edge. 
In Fig. 2 is shown a multipole with seven semiedges and two isolated edges. All 
multipoles considered here are cubic, i.e. any vertex is incident with just three edges or 
semiedges. 

Let O,a,b,c denote the elements (0,0), (0,1), (1,0), (1,1) of the group 7/2×7/2 
respectively. Then by a 3-edoe-colourin9 of a multipole M we mean a mapping 
q ~ : E ( M ) w S ( M )  ~ {a, b, c} such that: 
• ~o(el) ~ ~o(e2) for any two (semi)edges e~, e2 with a vertex in common; 
• ~o(s~) = ~0(s2) for any two incident semiedges sl, s2 making up an isolated edge. 
The following Parity lemma is well known (see e.g. [1,2, 7]). 

Lemma 1. Let  M be a multipole with m semiedoes and let it be 3-edge-coloured by the 

elements a, b, c. I f  m i denotes the number o f  semiedges with colour i (i -~ a, b, c), then 

ma - m b  -- mc -- m (mod 2). 

From Lemma 1 it follows that any 3-edge-colouring ~0 of a multipole M satisfies 

y,  ,p(e) = O, (1) 
eeS(M) 

where the addition is carried out in 7/2 x 7/2. 
Let A be the multiple depicted in Fig. 3. It has 6 semiedges which are partitioned 

into two 3-element sets St and $2. The multipole A was created by deleting two 
vertices vl and v2 from the Isaacs' flower snark Is (see Fig. 1) and retaining the 
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Fig. 2. Fig. 3. 
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resulting semiedges. These are grouped into two sets Sa and $2 which arise by the 
deletion of v l and v2 respectively. Let ~o be a 3-edge-colouring of A. Using the addition 
in 772 x Z2 we can define 

(o(Si) = ~ qo(e) (i = 1,2}. (2) 
eESi 

Lemma 2. For any 3-edge-colouring q9 of A we have 0($1) = ( ~ ( 5 2 )  • 0. 

Proof. By (1) and (2), 0(S0 = 0($2). If 0($1)= (p(S2)= 0, then tp gives rise to 
a 3-edge-colouring of the snark I5. Since no such 3-edge-colouring exists, the result 
follows. [] 

Let B be the multipole depicted in Fig. 2 whose 7 semiedges are partitioned into 
three sets S> $2 and $3. Using formula (2) again, for any 3-edge-colouring tp of B we 
define 0(Si), i = 1, 2, 3. Our last lemma is an immediate consequence of (1). 

Lemma 3. Let rp be a 3-edge-colouring orB such that O(Si) # O for any i = 1, 2, 3. Then 
O(SO, q3($2) and ~($3) are pairwise distinct. 

Let P be the Petersen graph, shown in Fig. 1, and C be a cycle of P with length 6. 
We construct a new cubic graph Gila by the following process: replace every 
vertex from C by a copy of B and every edge from C by a copy of A, leaving the 
rest of P unchanged. Join the corresponding semiedges of the copies of A and B 
as indicated in Fig. 4 to obtain Gl18. The latter graph is cubic, has 118 vertices 
and we can easily check that it is cyclically 6-edge-connected. We claim that 
G~ 18 is a snark. Indeed, it follows from Lemmas 2 and 3 that any 3-edge-colouring 
of G1~8 would provide a 3-edge-colouring of P, which is impossible since P is a 
snark. 
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$1 { ~ } $2 - a symbolic representation of A 

Fig. 4. 
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