
DISCRETE 
MATHEMATICS 

ELSEVIER Discrete Mathematics 199 (1999) 161-l 71 

How to draw a hexagon 

Andreas E. Schroth” 
hwtitut fi7r Analysis, TU Braunschweiy, Pockelsstr. 14, D-38106 Braunschweiy, Germun~ 

Received 13 October 1997; revised 16 March 1998; accepted 18 May 1998 

Abstract 

Pictures of the Gz(2) hexagon and its dual are presented. A way to obtain these pictures is 
discussed. @ 1999 Elsevier Science B.V. All rights reserved 
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1. Introduction 

This paper presents pictures of the two classical generalised hexagons over the field 
with two elements. Information on these generalised hexagons is employed so that the 
pictures make some properties of these hexagons obvious. Familiarity with the theory of 
generalised polygons is not assumed. Perhaps this paper will convince the uninitiated 
reader that even new and seemingly abstract geometrical structures sometimes have 
nice visual presentations. 

Generalised polygons were introduced by Tits in [7]. They serve, among other things, 
as a geometric realisation of certain groups. Generalised triangles are essentially projec- 
tive planes, generalised quadrangles are also known as polar spaces of rank 2. Classical 
(thick) generalised n-gons, n >2, exist only for n E {3,4,6, S}. By [3] also thick finite 
generalised n-gons, n > 2, exist only for n E { 3,4,6,8}. If the pictures and discussions 
presented here whets your appetite for generalised polygons, I recommend [6,9] for 
further reading. 

There is a well-known picture of the smallest projective plane, also known as the 
Fano plane (Fig. 1). A picture of the smallest generaiised quadrangle appeared first on 
the cover of a book on generalised triangles [4] and reminds of an ordinary pentagon 
(Fig. 2). The picture is due to S. Payne, who calls it doily for obvious reasons. More 
stunning pictures of geometries may be found in Polster’s Geometrical Picture Book [5]. 
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Fig. 1. Fig. 2 

The classical generalised hexagons over GF(2) are the Gz(2) hexagon and its dual. 
Both are hexagons of order 2. There are 63 points and 63 lines. Moreover, there are 
explicit descriptions of these generalised hexagons. So, in principle, it is possible to 
produce some pictures of these hexagons. However, just placing and labelling 63 dots 
on a sheet of paper and connecting collinear ones by a curve will most likely produce 
a mess. To obtain a nice picture one has to know and employ structural properties 
of the hexagons. The main property used here is the fact that the cyclic group of 
order 7 acts on the Gz(2) hexagon and hence also on its dual. Thus, the 63 points split 
into nine orbits with seven points each. Likewise for lines. Also, three orbits of lines 
form different types of ordinary 7-gons. This takes care of 6 orbits of points. There 
are lines connecting vertices of one kind of 7-gons with midpoints of another type of 
7-gons. This gives three more orbits of lines. In the G*(2) hexagon this also gives an 
additional orbit of points. In the G*(2) hexagon the remaining two orbits of points and 
three orbits of lines form the incidence graph of the Fano plane. The midpoints of the 
edges of this graph are glued to midpoints of the three types of ordinary 7-gons. In the 
dual hexagon the orbits not involved in the three ordinary 7-gons do not form easily 
recognisable figures. 

To find a cyclic action of order seven and to work out the incidences two different 
coordinatisations of the Gz(2) hexagon are used. The first coordinatisation, due to 
Tits [7], is good for calculations but less practical to detect incidences. The second 
coordinatisation, introduced by De Smet and Van Maldeghem in [2], is fine to detect 
incidences. 

2. Preliminaries 

A point-line geometry 9 = (9, P,I) consists of a point set 8, a line set 9 and 
an incidence relation I between points and lines. Often lines are considered as sets of 
points. Then incidence is given by inclusion and will not be mentioned explicitly. The 
elements of the union Y = 9 u 9 are also called vertices. 

A chain (UO,UI , . . . , v,), vi E “Ir, is an ordered set of vertices such that Vi- *Iv; for 
1 d i < n. The number of vertices in a chain diminished by 1 is called the length of the 
chain. A chain (~0,. . . , v,) connects two vertices p and q if p = ua and q = v,. Two 
vertices p and q are at distance k, if there is a chain of length k connecting p to q 



A. E. Schroth I Discrete Mathematics 199 (1999) 161-I 71 163 

and if the length of every chain connecting p to q is at least k. Two vertices that 
cannot be connected by a chain are at infinite distance. 

A generalised hexagon is a point-line geometry X = (9, 2) satisfying the following 
axioms: 
( 1) The distance between two vertices is at most six. 
(2) For any two vertices at distance k <6 there exists a unique connecting chain of 

length k. 
(3) Every vertex is incident with at least three vertices. 

The dual of an incidence geometry is obtained by interchanging the roles of points 
and lines. Since the definition of a generalised hexagon is given entirely in terms of 
vertices, the dual of a generalised hexagon is again a generalised hexagon. 

An ordinary hexagon satisfies the first two axioms but not the third. Instead every 
vertex is incident with precisely two vertices. 

Two points p,q are said to be collinear, if they can be joined by a line. The line 
connecting two collinear points p and q is denoted p V q. The set of lines incident 
with a point p is denoted P$. 

A ,finite generalised hexagon is a generalised hexagon with only finitely many ver- 
tices. One readily verifies that for a finite generalised hexagon there are parameters 
s and t such that every line contains s + 1 points and every point lies on t + 1 lines. 
These parameters are also called the order of the generalised hexagon. 

Suppose p is a point of a finite generalised hexagon of order (s, t). One sees that 
the set of points at distance 6, 4 or 2 from p consists of s3t2, (t + l)ts2 or (t + 1 )s 
points, respectively. Thus, all in all, there are s3t2 + s2t2 + s2t + st + s + 1 points. 
A generalised hexagon with a minimal number of points has parameters s = t = 2. 
Thus there are 63 points. By duality there are also 63 lines. 

3. The classical Hexagon 

According to [l] there are only two generalised hexagons with parameters 2. They 
are dual to each other and are related to the Chevalley group G2(2). We will call one 
of these hexagons the G2(2) hexagon. 

The Gz(2) hexagon can be described explicitly in terms of coordinates in several 
ways. In this paper we will use two different coordinatisations. The first coordinatisa- 
tion, introduced by Tits in [7], views the points of the Gz(2) hexagon as the points of 
the quadric Q(6,2) represented in the projective space PG(6.2). Thus, 

~={(x0,XI,X2,X3,X4,X5,X6)) (X0X4 +X1X5 +X2Xg=x;}. 

Lines of the G*(2) hexagon are lines on this quadric whose Grassmanian coordinates 
satisfy 

PI2 = p34, p20 = p35, po, = p36, PO3 = PS6, p,3 =p64, P23 = p45 
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Table 1 
Translation between the two coordinatisations 

DS-VM Tits 

(00) 
(a) 
(kb) 
(a. L a’ ) 
(kb,k’,b’) 
(a, I, a’, I’, a”) 

(1,0,0,0,0,0,0) 
(a, o,o,o, o,o, 1) 
(b,O,O,O,O, Lk) 
(I + aa’, 1, 0, a. 0, a, a’) 
(k’ + bb’, k, 1, b, 0, b’, b + b’k) 
(al’ + a’ + a”1 + aa’a”, a”, a, a’ + aa”, 1,l + aa”, I’ + a’a”) 

The advantage of this coordinatisation is that automorphisms can be described in terms 
of matrices. The disadvantage is that collinearity is not easily detected. 

The second coordinatisation is due to De Smet and Van Maldeghem and was intro- 
duced in [2]. We will restrict to the case where the field is GF(2). There is one special 
point denoted (co). All other points are of the form (aa,. . . , ak ), where 0 dk < 5 and 
ai E GF(2). Lines are denoted in the same way with the difference that square brackets 
are used instead of brackets. Incidence is given by 

[k, b, k’, b’, k”] I (k, b, k’, b’) I [k, b, k’] I (k, b) I [k] I (co) I [co] I (a) I [a, I] I (a, 1, a’) 

I [a, I, a’, I’] I (a, I, a’, I’, a”) 

and 

a” = ak + b, a” = ak + b, 

(a,Z,a’,Z’,a”)I[k,b,k’,b’,k”] w (a,Z,a’,Z’,a”)I[k,b,k’,b’,k”] w 
a’ = ak -I- b’, a’ = ak -I- b’, 

1 1 = ak + k” + au” f au’, = ak + k” + au” + au’, 

I’ = ak + k’ + kk” + akb + bb’ + ab, L 1’ = ak + k’ + kk” + akb + bb’ + ab, 

I 
b =ak + a”, 

b’ = ak + a’, 
H 

k” = ak + I + ab + ab’, 

k’ = ak + 1’ + kl + aa”k + a’a” + au”, 

where all calculations are carried out in GF(2). In this coordinatisation it is not too 
difficult to determine whether two points are collinear. There is however no handy way 
to describe automorphisms. 

Luckily there is a translation between the two coordinatisations. Table 1 states the 
translation for points if the field is GF(2). We will mainly work with points, so we 
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do not need a translation table for lines. For more details on these coordinatisations 
see [2]. 

4. An automorphism of order seven 

From now on we work entirely in the G*(2) hexagon. All indices of points and 
lines are taken in Z7. Our first aim is to find an automorphism of order seven in the 
hexagon. Then the 63 points split into nine orbits of seven points each. Analogously 
for the lines. In the Tits coordinatisation every automorphism can be represented by a 
matrix [7]. 

An ordinary ordered 7-gon is an ordered set of points (as.. . , Q) such that aA- is 
collinear with but different from ak+l (see Fig. 3). By [8] we know that the group of 
automorphisms acts transitively on ordinary ordered 7-gons. In particular, if (as,. . . , ah) 
forms an ordinary ordered 7-gon, then there is an automorphism A such that ui3 = u,_ 1. 
As remarked in [8], the order of the group of automorphisms of the G2(2) hexagon 
equals the number of ordered 7-gons. Thus the group of automorphisms acts sharply 
transitive on the set of ordered 7-gons. This implies, that any such A has order seven. 
Our aim is to first present such a 7-gon and then to determine A. 

Here is an ordinary 7-gon. It is obtained by gradually moving away from the 
point (‘30) and then coming back via a different path. 

ao := (33) - (1,0,0~0,0,0,0>, 

al := (0) - (0, 0, 0, 0, 0, 0, I), 

a? := (0, 0,O) - (0,1,0,0,0,0,0>, 

u3 := (0. o,o, 0,O) - (O,O, o,o, l,O, 0). 

a4:=(1.1,1,1,1) N (O,l, l,O,l,O,O), 

a5 := (0. 1, 1, 1) ~(0,0,1,1,0,1,1), 

Q):=(O,l) - (1,0,0,0,0,1,0). 

Fig. 3. Fig. 3. Fig. 5 
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The connecting lines are: 

A4 := a0 v a1 = [co], 

A5 := al V a2 = [O,O], 

A6 := a2 v a3 = [O,O, 0, 01, 

A0 := a3 v a4 = [ 1, 0, 0, 0, 01, 

A, := a4 v a5 = [0, 1, 1, 1, 11, 

A2 := Us v ‘26 = [o, 1,1], 

A3 := a6 v a0 = [O]. 

In the Tits coordinatisation the third point on every line is the sum of the other two 
points. Thus, the third point on Ak besides a,++3 and Uk-3 is bk := ak-3 + Uk+j. Table 3 
lists the points bi. 

The points Uk, Odk<6, form a basis of the GF(2)7. Thus there is a unique linear 
map A of GF(2)7 with akA = ok+,, or equivalently, a0 ‘” = ak. By linearity we also have 
bg’” = bk and A0 Ak =Ak. By elemen ta linear algebra, one obtains ry 

A= 

0000010 

0010101 

0000100 

0011000 

0100100 

0010000 

1010000 

5. Working out the incidence 

We now have to find the other seven orbits of points and eight orbits of lines. 
Indices of points and lines are such that uk = aoAk. 

To obtain the other orbits we gradually move away from the point (co). The lines 
through ao=(cm) are A3=[0], A4=[00] and B~:=[1]={(co),(1,0),(1,1)}. Let 

go :=(LO) - (0,0,0,0,0,1, I), 
fo:=(l,l) - (1,0,0,0,0,1,1). 

The orbits of go and fo under A are listed in Table 3. By construction we have 
Bk = {Uk,fk,gk). 
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Fig. 6. tig. 7 

The lines intersecting the line Ba besides Ad and A5 are: 

Da:=[l,O,O] - {(1,0),(1,0,0,0),(1~0,0~1))~ 

Fo := [l,O, 11 ,X2 {(l,O),(l,O~ l,O),(1,O,l, 1)). 

z, :=[l.l,O] N {(1,1),(1,1,0~0)~(l,l,0~1)}. 

Eo :== [l, 1, l] N {(l,l).(l, l, l,O),(l, l, 1, l)}. 

Incident with one of these lines but not with BO are the points: 

(l,O,O,O) - (0,1,1,0,0,0,0) = bo, 

(l,O,O. 1) N (0,1,1,0,0,1,1)‘:c~, 

(l,O,l,O) - (1,1,1,0,0,0,O)=:eo, 

(l,0.1,1)-(1,1,1,0,0,1,1)=:d~, 

(l,l,O.O)-(0,1,1,1,0,0,1)=:x0, 

(1.1,0.1)-(1,1,1,1,0,1,0)=:J’0, 

~1,1,1,0)-(0,1,1,1,0,1,0)=:u~. 

(l.l,1.1)-(1,1,1,1,0,0,1)=:z~0.6 

Table 3 lists the orbits of CO, do and eg under A. We find uo = es and ZIO = q. Hence 
Dk = {bk.Ck,gk}, Fk = {dx.,ek,gk} and EL = {ek +~,ek-2,fk}. The orbit of eo forms an 
ordinary 7-gon where ek is collinear with ek+3. The connecting line is Ek--2. Fig. 4 
depicts such a 7-gon. We say such a 7-gon is of type 3. 

We now look at the lines through do. These are 

Fo = [l,O. 11, 

~0:=~l,0~1,l,0]-{(1,0,1,1),(1,0,0,0,1),(0,0,1,1,0)}. 

~0:=~l,0~l,l,11-{(1,0,1,1),(1,1,0,1,1),(0,1,1,0.0)}. 
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Table 2 
Lines and line pencils in the G2(2) hexagon 

AP ={ah+3>ak~3>hk) 

Bk = {ok,fk>gk} 
ck ={Ck+l>ck-I.&) 

Dk = {bh.Ck,CYk) 

Ek ={eh+2>ekLz>fk) 

Fk={dr>er,gh) 

Gk =(bk,hk&2>&+2) 

Hk = {dk,hk.ik} 

Ih ={ti>hk--3>ik,~3) 

Table 3 
Orbits of points under A 

90~ = {Ah+d-3.Bk) 
yhhl = {Ak,&,,Gk) 

%A = {Ck+l,Ck--I,Dk} 

%& = {ck>Fk>ffh-) 

%i = {Ek+d--2,Fh6) 

i”r, ={Bk,Eh,b) 

y<,h = {BI > DA- > f-h ) 

phiir = {Gh+z,Hk&3) 

-%A = {&-2>Hh,1h~3} 

a0 = (1 ,O,O,O,O,O,O) 
a I = (0,0,0,0,0,0,1) 
a2 = (0,1,0,0,0.0,0) 
a3 = (WW,O,l,O,O) 
a4 = (0,1,1,0,1.0,0) 
a5 = (0,0,1,1,0.1,1) 
a6 = (~~0~0~0~0~1~0) 

do = (l,l,l,O,O,Ll) 
dl = (LW,Ll,Ll) 
dz = (l,O,l,l,l.O,O) 
d3 = (0,0,1,0,1.1,0) 
& = (1,0,1,1,1,1,0) 
ds = (1,0,1,0,1.1,1) 
d6 = (1,1,1,1,1,1,1) 

go = (wum0,1~1) 
YI = (1,1,0,0,0,0,1) 
g2 = (0,1,0,0,1,0,1) 
$73 = (0,0,1,0,0,0,0) 
$74 = (O,LO,LO,Ll) 

$75 = (l,l,W,LW) 

96 = (0,0,1,1,0,0>1) 

bo = (O,1,1,O,‘W,O) 
h = (OJ,W,LLl) 
b2 = (LO,l,l,Wl) 
b3 = ~‘AW,O,W,O) 
h = (1,W,O,W,l) 
bj = (O,l,O,O,O,O,l) 
b6 = (0,1,0,0,1,0,0) 

eo = (1,1,1,0,0,0,0) 
el = (O,LO,LLLO) 
ez = (l,l,l,l,O,O,l) 
ej = (0,0,0,0,1,1,0) 
e4 = (1,1,1,0,1,0,1) 
es = (O,l,l,l,O,l,O) 
e6 = (1,1,0,0~131~o) 

ho = v-u1,1,1,1,0) 
hl = (LO,l,O,O,LO) 
h: = (1,1,0,1,0,1,1) 
h3 = (l,l,O,l,l,O,O) 
h4 = (O,l,l,l,O,O,l) 
hs = (O,O,O,O,l,l,l) 
hh = (l,O,l,O,l,O,l) 

co = (0,1,1,0,0,1,1) 
Cl = (W,O,1,1,1,0) 

c2 = (1,1,1,1,1,0,0) 
c3 = (0,0,1,0,0,1,0) 
c4 = (1,1,0,1,0,1,0) 

c5 = (1,0,0,1,1,0,0) 

c6 = (0,1,1,1,1,0,1) 

.fil = (1,0,0,0,0,1,1) 
fl = (1,1,0,0,0,0,0) 
f2 = (0,0,0,0,1,0,1) 

f3 = @,o,1,w,o,o) 

f4 = cmLLLL1) 

fs = (1,1,1,0,1,1,0) 
f6 = (1,0,1,1,0,1,1) 

io = (1,0,0,1,1,0,1) 
il = (0,0,1,1,1,0,1) 
i2 = (0,1,1,0,1,1,1) 
i3 = (1,1,1,1,0,1,0) 
i4 = (l,l,O,O,l,l,l) 
is = (1,0,1,0,0,0,0) 
i6 = (0,1,0,1,0,1,0) 

For the points on HO or CO different from go we have 

(1,0,0,0,1)~(0,1,1,1,1,1.O)=:hO, 

(l,O,l, 1,O) N (l,O,O, l,l,O, l)=:io, 

(1, 1~0, 1, 1) - (0, 1, 1, 1, l,o, 1) = c6, 

(O,l, l,O,O) N (l,O,O,l,l, 1,O) = Cl. 

Table 3 lists the orbits of ho and io. We find x0 = hd and ~0 = ij. Thus Hk = {dk, hk, ik}, 
I, = { fj, hk-3, ik+3} and Ck = {ck+ I, ck- 1, dk}. The last equation shows that the orbit 
of CO forms an ordinary 7-gon where ck is collinear with ck+2. The connecting line 
is Ck+,. Fig. 5 depicts such a 7-gon. We say such a 7-gon is of type 2. 
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By now we have all points but one orbit of lines is still missing. One of the missing 
lines is incident with bo. The lines through bo are Do = [ 1. 0, 01, A” = [l, 0, 0, 0, 0] and 
Go := [l. 0, 0, 0, 11. The points on Go different from bo are 

Thus Gk = {bk, hk-1, ik+l}. 
The equations for Hk, I, and Gk show that the orbits of ho and io may be represented 

as a 14-gon, where ik- is connected to hk by the line Hk, to hk+, via the line Ix-3 and 
to lzk-3 via the line GA-~. This is the incidence graph of the Fano plane (Fig. 6). The 
dual of this configuration is depicted in Fig. 7. 

Table 2 summarises all incidences between points and lines. 

Fig. 8. The G?(2) hexagon 
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Fig. 9. The dual of the Gz(2) hexagon 

6. Drawing the hexagons 

All information needed to draw the Gl(2) hexagon and its dual is encoded in Table 2. 
We know already that both hexagons contain disjoint ordinary 7-gons of type 1, 2 
and 3. Now, in the G*(2) hexagon every vertex of a 7-gon of type i is collinear with 
the opposite midpoint of the 7-gon of type i+ 1. (The types are enumerated modulo 3.) 
The connecting lines are Bk, Dk and Fk. In the dual hexagon every vertex of a 7-gon of 
type i is collinear with the opposite midpoint of the 7-gon of type i- 1. The connecting 
lines are T&., 9dk and L+. This indicates that the Gz(2) hexagon is not self-dual. 

But also these lines connecting vertices to midpoints behave differently in the Gz(2) 
hexagon and its dual. In the Gz(2) hexagon the lines Bk,& and Fk intersect. The 
common point is gk. In the dual the corresponding lines J?hk, -@, and d;prk do not 
intersect. However, the midpoints Bk, Dk and Fk are collinear. 

The automorphism A together with the reflection d where a( Uk ) = 0-k if k E {a, b, c, 
d, e, f, g} and a(&) = i-k, Cr(ik) = h-k generate a subgroup of the automorphism group 
isomorphic to the dihedral group of order 14. 

However, if one draws the points and lines considered so far in such a fashion that 
the dihedral group acts on the picture, then different lines intersect in intervals and can 
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no longer be distinguished. More precisely, for any 06 k 66 the lines Bk, Dk and Fk 
overlap. Thus, in the picture some of the ‘midpoints’ are slightly off the middle. 

To complete the picture of the Gz(2) hexagon the incidence graph of the Fano plane 
is added in such a fashion that the midpoints of the edges are glued to midpoints of 
the 7-gons. To avoid overlapping lines the edges are bent. The picture of the dual 
hexagon is completed analogously. 

Fig. 8 depicts the G2(2) hexagon while Fig. 9 depicts the dual hexagon. If we use 
one more dimension, that is, if we construct spatial models of the hexagons, we can 
avoid overlapping lines by placing the different 7-gons in different but parallel planes. 
This produces models upon which the dihedral group acts. Stereograms of such models 
are presented on my homepage. 
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