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Abstract

‘We study the structures of two types of generalizations of intersection-bodies and the problem of whether
they are in fact equivalent. Intersection-bodies were introduced by Lutwak and played a key role in the so-
lution of the Busemann—Petty problem. A natural geometric generalization of this problem considered by
Zhang, led him to introduce one type of generalized intersection-bodies. A second type was introduced
by Koldobsky, who studied a different analytic generalization of this problem. Koldobsky also studied the
connection between these two types of bodies, and noted that an equivalence between these two notions
would completely settle the unresolved cases in the generalized Busemann—Petty problem. We show that
these classes share many identical structural properties, proving the same results using integral geometry
techniques for Zhang’s class and Fourier transform techniques for Koldobsky’s class. Using a functional
analytic approach, we give several surprising equivalent formulations for the equivalence problem, which
reveal a deep connection to several fundamental problems in the integral geometry of the Grassmann man-
ifold.
© 2006 Elsevier Inc. All rights reserved.

Keywords: Generalized intersection bodies; Equivalence problem; Generalized Busemann—Petty problem; Radon
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1. Introduction

Let Vol(L) denote the Lebesgue measure of a set L C R" in its affine hull, and let G(n, k)
denote the Grassmann manifold of k-dimensional subspaces of R”. Let D,, denote the Euclid-
ean unit ball, and §"~! the Euclidean sphere. All of the bodies considered in this note will be
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assumed to be centrally-symmetric star-bodies, defined by a continuous radial function pg (0) =
max{r >0 |rf € K} for # € S"! and a star-body K. We shall deal with two generalizations
of the notion of an intersection body, first introduced by Lutwak in [24] (see also [25]). A star-
body K is said to be an intersection body of a star-body L, if pg (6) = Vol(L N 6~+) for every
6 € S"~!, where 0 is the hyperplane perpendicular to 6. K is said to be an intersection body,
if it is the limit in the radial metric d, of intersection bodies {K;} of star-bodies {L;}, where
dr (K1, K2) = supycgn-1 |pk, (0) — pk,(0)]. This is equivalent (e.g. [6,25]) to px = R*(dw),
where w is a non-negative Borel measure on §"=1, R* is the dual transform (as in (1.3)) to the
spherical Radon transform R : C (8"~ ') — C(8"~!), which is defined for f € C(5""!) as

R(f)(©O) = / f(&)dag(§), (1.1)

sn—1ngL

where oy the Haar probability measure on §"~! N6+,

The notion of an intersection body has been shown to be fundamentally connected to the
Busemann—Petty problem (first posed in [5]), which asks whether two centrally-symmetric con-
vex bodies K and L in R" satisfying:

Vol(K N H) < Vol(LN H) YH e G(n,n—1) (1.2)

necessarily satisfy Vol(K) < Vol(L). It was shown in [6,25] that the answer is equivalent to
whether all convex bodies in R” are intersection bodies, and in a series of results [1,3,6-8,11,18,
23,27,37] that this is true for n < 4, but false for n > 5.

In [36], Zhang considered a generalization of the Busemann—Petty problem, in which
G(n,n — 1) in (1.2) is replaced by G (n,n — k), where k is some integer between 1 and n — 1.
Zhang showed that the generalized k-codimensional Busemann—Petty problem is also naturally
associated to another class of bodies, which will be referred to as k-Busemann—Petty bodies
(note that these bodies are referred to as (n — k)-intersection bodies in [36] and generalized k-
intersection bodies in [21]), and that the generalized k-codimensional problem is equivalent to
whether all convex bodies in R” are k-Busemann—Petty bodies. It was shown in [4] (see also
a correction in [29]), and later in [21], that the answer is negative for k < n — 3, but the cases
k=n —3 and k = n — 2 still remain open (the case k =n — 1 is obviously true). Several par-
tial answers to these cases are known. It was shown in [36] (see also [29]) that when K is a
centrally-symmetric convex body of revolution then the answer is positive for the pair K, L with
k=n—2,n— 3 and any star-body L. When k = n — 2, it was shown in [4] that the answer
is positive if L is a Euclidean ball and K is convex and sufficiently close to L. Several other
generalizations of the Busemann—Petty problem were treated in [29,34,35,38].

Before defining the class of k-Busemann—Petty bodies we shall need to introduce the m-
dimensional spherical Radon transform, acting on spaces of continuous functions as follows:

Ry : C(S" 1) — C(G(n, m))
Ry ()(E) = / f(0)dog(0),
sn—1ng
where o is the Haar probability measure on s"~1'n E. It is well known (e.g. [17]) that as an

operator on even continuous functions, Ry, is injective. The dual transform is defined on spaces
of signed Borel measures M by
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Ry, : M(G(n,m)) = M(S"™H)

/fRZ(dM)= f Ru(f)dpn VfeCs", 1.3)

sn—1 G(n,m)

and for a measure p with continuous density g, the transform may be explicitly written in terms
of g (see [36]):

R:g(0) = / ¢(E) dvms (E),
0cEeG(n,m)

where vy, ¢ is the Haar probability measure on the homogeneous space {E € G(n,m) | 6 € E}.

We shall say that a body K is a k-Busemann—Petty body if ,0]1‘( = R;_,(du) as measures in
M(S" 1), where p is a non-negative Borel measure on G (n, n — k). We shall denote the class of
such bodies by BP}. Choosing k = 1, for which G (n, n — 1) is isometric to §"=1/Z> by mapping
Hto " 1nHL, and noticing that R is equivalent to R,_1 under this map, we see that BP’I’ is
exactly the class of intersection bodies.

Another generalization of the notion of an intersection body, which was considered by
Koldobsky in [21], is that of a k-intersection body. A star-body K 1is said to be a k-intersection
body of a star-body L, if Vol(K N HY) = Vol(L N H) for every H € G(n,n — k). K is said to
be a k-intersection body, if it is the limit in the radial metric of k-intersection bodies {K;} of
star-bodies {L;}. We shall denote the class of such bodies by Z;'. Again, choosing k = 1, we see
that Z7 is exactly the class of intersection bodies.

In [21], Koldobsky considered the relationship between these two types of generalizations,
BP} and Z}!, and proved that BP} C Z}! (hence our reluctance to use the term “generalized
(n — k)-intersection bodies” for BP}). Koldobsky also asked whether the opposite inclusion is
equally true for all k between 2 and n — 2 (for 1 and n — 1 this is true). If this were true, as
remarked by Koldobsky, a positive answer to the generalized k-codimensional Busemann—Petty
problem for £ > n — 3 would follow, since for those values of k any centrally-symmetric convex
body in R” is known to be a k-intersection body [19-21].

Our first remark in this note is that the two classes BP} and Z;/ share many identical structural
properties, suggesting that it is indeed reasonable to believe that BP} = Z;'. Some previously
known characterizations of these classes and associated tools are outlined in Section 2, providing
some intuitive motivation and common ground to start from. Some of these previously known
results are also given simplified proofs in this section. It turns out that the natural language
for handling the class Z} is the language of Fourier transforms of homogeneous distributions,
developed extensively by Koldobsky, while the natural language for the class BPj, is the language
of integral geometry and Radon transforms. In Section 3 we show that both classes share a
common structure, by proving the same results for BP} (using Grassmann geometry techniques)
and for Z}! (using Fourier transform techniques). We define the k-radial sum of two star-bodies
Ly, Ly as the star-body L satisfying pf = ,ofl + pfz. For each of these classes C}!, where C =T
orC=BPandk,l=1,...,n—1, we show the following.
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Structure Theorem.

(1) C} is closed under full-rank linear transformations, k-radial sums and taking limit in the
radial metric.

(2) Cy is the class of intersection-bodies in R", and C}) | is the class of all symmetric star-bodies
in R™.

(3) Let K| € C,’(’I, K; € C,’gz and | = k| + ky < n — 1. Then the star-body L defined by ,oi =
,0];(11 pll?z satisfies L € C|'. As corollaries:
(a) C/';l ﬂC/';z CC]':lJrkz ifki+ky<n-—1
(b) C} CC' ifk divides 1.
(¢) If K € C} then the star-body L defined by py = ,OI;{/I satisfies L € C}' for | > k.

(4) If K € C} then any m-dimensional central section L of K (for m > k) satisfies L € C}".

(1) and (2) above are well known and basically follow from the definitions (or from the char-
acterizations in Section 2), but we mention them here for completeness. It should also be clear
that (3) implies the three corollaries following it: (3a) by using K1 = K3, (3b) by successively
applying (3a), and (3c) by using K» = D,. (3) for Z} was also noticed independently by Koldob-
sky, but never published. For BPY, (4) and (3b) for k = 1 were proved by Grinberg and Zhang in
[16]. In the same paper, a very useful characterization of the class BP], was given (see Section 2).
Combining it with (3) and (3c), we get as a corollary the following non-trivial result, which is of
independent interest.

Ellipsoid Corollary. For any 1 <k <n — 1 and k ellipsoids {&; }f.‘zl in R", define the body L by

PL= Py PE

and let k <1 < n — 1. Then there exists a sequence of star-bodies {L;} which tends to L in the
radial metric and satisfies:

PL = Pgy + o Py

where {E€ j.} are ellipsoids.

Naturally, the case &1 = - - - = & is of particular interest. In the same spirit, we give a strength-
ened version of Grinberg and Zhang’s characterization of BP} in Section 3. We remark that (3)
from the Structure Theorem may in fact be a characterization of the classes Z} or BP}, for k > 1.
In other words, it may be that for C=BPorC =7, L € C,’; iff there exist {K,-}f.‘:1 c C", such
that pI’i =pK, - Pk, - Since in either case CY is the class of intersection bodies in R", a proof
of such a characterization for C = 7 and a fixed k would imply that BP] =T} for that k.

In order to prove (3) for C = BP, we derive (what seems to be) a new formula for inte-
gration on products of Grassmann manifolds. The complete formulation and proof are given in
Appendix A. A very similar formulation of the case ki, ..., k, = 1 was given by Blaschke and
Petkantschin (see [26,30] for an easy derivation), and used by Grinberg and Zhang in [16] to
deduce that BP} C BP} forall 1 <I<n—1.For FeGm,n—1)and 1 <k <l<n—1,
we denote by Gg(n,n — k) the manifold {E € G(n,n — k) | F C E}. The volume of the paral-
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lelepiped mentioned in the statement below is defined in Appendix A. A simplified formulation
then reads as follows:

Integration on products of Grassmann manifolds. Let n > 1. For i = 1,...,r, let kj > 1
denote integers whose sum [ satisfies | <n— 1. Fora=1,...,n denote by G* = G(n,n — a),
and by u® the Haar probability measure on G*. For F € G anda =1, ...,1 — 1, denote by ne
the Haar probability measure on G%. Denote by E=(Ei,..., E,) an ordered set with E; € Gki.
Then for any continuous function f(E) = f(Eq, ..., E,) on GF x ... x Gkr:

f f FE)dpri(EY) ... duk (E,)

E[Ele ErEGkr

=/ / / FEYAE) i} (E) ... dpli (Er)dp! (F),

FeG' piegl!  EceGly

where A(E) = Cn!{kl.}JQ(E_)"_l, Ch,(k;),1 is a constant depending only on n, {k;}, 1, and Q(E)
denotes the l-dimensional volume of the parallelepiped spanned by unit volume elements of
Ef, ... Ef

e B

In Section 4 we attempt to bridge the gap between the languages of integral geometry and
Fourier transforms, by establishing several new identities. As a by-product, we show, for in-
stance, that Ker Ry _, = Ker(/ o Ri)*, where I : C(G(n,k)) — C(G(n,n — k)) denotes the
operator defined as I (f)(E) = f(E . Essentially using the latter result, we show the following
equivalence:

1.1. Equivalence between k and n — k
BP, =1} iff BP,_,=1]_,.

In Section 5 we try to attack the BP}; = 7} question using the results of the previous sections
together with a functional analytic approach. Our results indicate that this question is deeply
connected to several fundamental questions in integral geometry concerning the structure of the
Grassmann manifold. Let C (S"~!) denote the set of non-negative continuous functions on the
sphere, and let R,,_ (C (S"_l))Jr denote the set of non-negative functions in the image of R, _y.
Let A denote the closure of a set A in the corresponding normed space. If 1 € M(G (n, n — k)),
let ,LLJ‘ € M(G(n, k)) denote the measure defined by ,ul (A) = u(AJ-) for any Borel set A C
G(n, k), where AL = (EL|E € A}.

Fixing n and 1 < k < n — 1, the main result of Section 5 is the following:

Equivalence Theorem. The following statements are equivalent:
(1) Equivalence of generalizations of intersection-bodies.

BP! =1
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(2) Characterization of non-negative range of Ry_k.

Ru—i(C(S" 1), = Rui(C4(5")) + I o Re(C (5" D)). (1.4)

(3) A Negation statement.
There does not exist a non-negative measure jr € M(G(n,n — k)) such that Ry _, (dp) > 1
and R} (dut) =1 (where “v > 17 means that v — 1 is a non-negative measure), and such
that:

inf{{w, f) | f € Ruk(C(S"™H), and (1, f)=1}=0.

The approach developed in Section 4 easily shows (once again) that BP} C Z;'. Analogously,
it will be evident that the right-hand side of (1.4) is a subset of the left-hand side.
We will say that a set Z C G(n, n — k) satisfies the covering property if

|JEns"'=5" and [JE'‘ns" =51 (1.5)
EeZ EeZ

The following natural conjecture is given in Section 5 (see Lemma 5.10 and Remark 5.12).

Covering Property Conjecture. Foranyn >0, 1 <k<n—1,if ZC G(n,n — k) is a closed
set satisfying | g, E N "=V = §"=1  then there exists a non-negative measure . € M(G (n,
n — k)) supported in Z, such that R;f_k dp) > 1.

Using this conjecture, we extend formulations (1)—(3) from the Equivalence Theorem in the
following.

Weak Equivalence Theorem. The following statements are equivalent to each other:

4) “Injectivity” of the restricted Radon transform.
Forany g € R,_;(C(S"~1)) 1, if Z = g~ 1(0) satisfies the covering property then g = 0.
(5) Existence of barely balanced measures.

For any closed Z C G(n,n — k) with the covering property, there exists a measure | €
M(G(n,n —k)) such that | zc > 1 and R;_,(dpu) =0.

Assuming the Covering Property Conjecture, formulations (1)—(3) imply (4), (5).

For us, the formulation in (5) seems to have the most potential for understanding this problem,
although we have not been able to advance in this direction. Without a doubt, (2) is the most
elegant formulation, and perhaps the most natural for integral geometrists.

We conclude by proposing another natural problem in integral geometry. Consider the opera-
tor Vi : C(G(n, k)) = C(G(n, k)) defined as Vx =1 o R, o R}. It is easy to see from general
principles of functional analysis that Ker Vj is orthogonal to Im Vj, and therefore as an operator
from Im V to itself, Vj is injective and onto a dense set. We show in Section 4 that in addition,
Vi is self-adjoint. In the case k = 1, C(G(n, 1)) may be identified with the class of even con-
tinuous functions on the sphere C,(S"~!), in which case Vi : C.(S"1) = C.(S"!) becomes
the classical spherical Radon transform R given by (1.1). Elegant inversion formulas for V; have
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been developed by many authors (see [17] and also [14,15,28,31,33]). Is it possible to do the
same for the general V;?

2. Additional notations and previous results

In this section we present some previously known results which will be useful for us later on.
For completeness, we try to at least sketch the proofs of the main results, and on some occasions,
provide alternative proofs. We also add several useful notations along the way.

2.1. Additional notations

Let G denote any locally compact topological space. The spaces of continuous and non-
negative continuous real-valued functions on G will be denoted by C(G) and C(G), respec-
tively. When G has a natural involution operator “—”, we will denote by C.(G) the space of
continuous even functions on G. Whenever it makes sense, we will denote by C°°(G) the space
of infinitely smooth real-valued functions on G, and define C°(G) and C{,(G) accordingly.
Similarly, the spaces of signed and non-negative finite Borel measures on G will be denoted
M(G) and M, (G), respectively. When a natural involution operator “—" exists, the spaces
M, (G) and M .(G) will denote the corresponding spaces of even measures. A measure ( is
called even if n(A) = u(—A) for every Borel set A C G. For u € M(G) and f € C(G), we
denote by (i, f)¢ the action of the measure i on f as a linear functional. Whenever it is clear
from the context what the underlying space G is, we will write (i, f) instead of (i, f)g.

We will always assume that a fixed Euclidean structure is given on R”, and denote by |x| the
Euclidean norm of x € R”. We will denote by O (n) the group of orthogonal rotations in R”. The
group of volume-preserving linear transformations in R” will denoted by SL(n). For T € SL(n),
we denote T~ = (T ~1)*.

We will always use o to denote the Haar probability measure on S*~'. G(n,0) and G (n, n)
will denote the trivial atomic manifolds, and these are equipped of course with the trivial Haar
probability measure.

For a star-body K (not necessarily convex), we define its Minkowski functional as ||x||x =
min{t > 0| x € tK}. When K is a centrally-symmetric convex body, this, of course, coincides
with the natural norm associated with it. Obviously pg () = ||6 ||E1 for e S*1.

2.2. Closure under basic operations

It is not hard to check from the definitions that the classes BP], and Z;! are closed under k-
radial sums, full-rank linear transformations and limit in the radial metric. Indeed, the closure
under limit in the radial metric follows from the definition of Z;' and from the w*-compactness
of the unit ball of M(G(n,n — k)) for BP}. The closure under k-radial sums is also immediate
for BP}, but for Z;' this requires a little more thought. Indeed, by polar integration, if K; is a
k-intersection body of a star-body L;, for i =1, 2, then the body K which is the k-radial sum of
K1 and K3 is a k-intersection body of the n — k-radial sum of L and L,, and the general case
follows by passing to a limit. The closure under full-rank linear-transformations requires a little
more ingenuity. It is not so hard to check that if K is a k-intersection body of a star-body L then
T (K) is a k-intersection body of 7~*(L) for T € SL(n), which settles the case of Z}'. For BP},
this requires additional work, and is actually a good exercise to show directly. Instead, we prefer
to trivially deduce this from Theorem 2.1.
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2.3. The class BP},

The following characterization of BPY, first proved by Goodey and Weil in [12] for
intersection-bodies (the case k = 1), and extended to general k by Grinberg and Zhang in [16],
is extremely useful.

Theorem 2.1. (Grinberg and Zhang [16]) A star-body K is a k-Busemann—Petty body iff it is the
limit of {K} in the radial metric, where each K; is a finite k-radial sums of ellipsoids {5}}:

P, =Plgg -+ Py -

Before commenting on the proof of this theorem, we introduce the following useful notion
used by Grinberg and Zhang. For any G, a homogeneous space of O(n), and measures u €
M(G) and n € M(O(n)), we define their convolution i % i € M(G) as the measure satisfying
n*u(A) = fo(n) w(u~(A))dn(u) for every Borel subset A C G. The definition is essentially
the same when n € M(H), where H is another homogeneous space of O(n), by identifying
between n and its lifting n € M (O (n)) defined as 7(A) = n(w(A)) for any Borel subset A C
O(n), where 7 : O(n) — H is the canonical projection.

Let o denote the Haar probability measure on S§"~1'N F, so that as a linear functional, for
any f € C(S" Y, op(f) = Ruik (f)(F). The key idea underlying Theorem 2.1 is an impor-
tant observation: for any F € G(n,n — k), one may explicitly construct a family of ellipsoids
{&; (F, €)}, such that ,og(F,E) tends to o in the w*-topology (as € — 0). The ellipsoid &; (F, €)
is defined by

i = [ProipCOP | | Projp. (x)rf?
GO T a(e)? be?

where Proj; denotes the orthogonal projection onto E, and a(€), b(€) are chosen appropriately.
As observed by Grinberg and Zhang, one may write R _, (du) as u * o, where Fo =7 (e), e is
the identity element in O (n) and 7 is the canonical projection as above. Since in the w*-topology,
0'F, may be approximated by ,oé_ (Fo.€)® and u by a discrete measure, the theorem follows after
several technicalities are treated.

We mention a different way to conclude the theorem. It is easy to verify that

Rt (0§ (p.0)) (E) = Ru—i (0. 0)) (F)  VE,F € G(n,n — k).
Denoting G = G (n, n — k) for short, if pll‘( =R’_,(du) we have:

Raipk) P = [ k@ dor@ =lim [ oy, @)k ©)do @)
sn—1 sn—1

. k . k
= lim / P .0/ O)R; 4 (d)(®) do (9) = lim / Rok (0 .0)) (E) dpe(E)
sn—1 G

€—>

= Iim | R (0% g o)) (F) di(E) = Ry (31% / PEE 0 du(E))(F),
G
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where we have used the uniform convergence of all the limits involved and that R, is a con-
tinuous operator with respect to the maximum-norm. The result then follows from the injectivity
of Ry_ on C,(S"~1).

Grinberg and Zhang’s characterization of the class B} implies that it is actually generated
from D,,, the Euclidean unit ball, by taking full-rank linear transformations, k-radial sums, and
limit in the radial metric. By starting from any other star-body L and performing these operations,
it is obvious that D, may be constructed, and therefore we see that BPZ is the minimal non-
empty class which is closed under these three operations. Since Z}/ trivially contains D,, and is
also closed under these operations, it immediately implies the following corollary.

Corollary 2.2. BP} C I}

This was first observed by Koldobsky in [21] using a different approach. We will give another
proof of this in Corollary 4.4, which is in a sense more concrete.

We conclude this preliminary discussion of the class BP} by elaborating a little more on the
operation of convolution between measures on homogeneous spaces of O (n). Let G, H denote
homogeneous spaces of O(n). We identify between a function f € C(G) and the measure on
C(G) whose density with respect to the Haar probability measure on G is given by f, and
consider expressions of the form f * u and w * f for u € M(H). With the same notations, if
f € C*°(G) then a standard argument shows that f x u € C*°(H) and that u * f € C*(G). If
n € M(O(n)), itis immediate to check that (i, n* f)g = (n~ ' %, )G, where p~! € M(O(n))
is the measure defined by n_l(A) = n(A_l) and A~! = {u_1 | u € A} for a Borel set A C O(n).
If u; € M(G;) fori =1, 2,3, one may verify that this operation is associative:

(1 % (o) * 3 = g * (o * (3).
We conclude with the following lemma from [16] which will be useful later on.

Lemma 2.3. There exists a sequence of functions {u;} C C3°(O (n)) called an approximate iden-
tity, such that for any homogeneous space G of O (n):

(1) Forany u € M(G), u; * u € C°°(G) tends to | in the w*-topology.
(2) Forany g € C(G), u; x g € C°(G) tends to g uniformly.

2.4. The class I}

In order to handle the class 7}, we shall need to adopt a technique extensively used by Koldob-
sky: Fourier transforms of homogeneous distributions. We will only outline the main ideas here,
usually omitting the technical details—we refer the reader to [22] for those. We denote by S(R")
the space of rapidly decreasing infinitely differentiable test functions in R”, and by S’(R") the
space of distributions over S(R"). The Fourier transform f of a distribution f € S’(R") is de-
fined by ( f ,0)={f, 43) for every test function ¢, where

¢3(y)=/¢(x)eXp(—i(x,y>)dx.

A distribution f is called homogeneous of degree p € R if (f, ¢(-/1)) = |t|"TP{f, ¢) for every
t > 0, and it is called even if the same is true for t = —1. An even distribution f always satisfies
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( f )™ = (27)" f. The Fourier transform of an even homogeneous distribution of degree p is an
even homogeneous distribution of degree —n — p. A distribution f is called positive if ( f, ¢) > 0
for every ¢ > 0, implying that f is necessarily a non-negative Borel measure on R". We use
Schwartz’s generalization of Bochner’s theorem [9] as a definition, and call a homogeneous
distribution positive-definite if its Fourier transform is a positive distribution.

Before proceeding, let us give some intuition about how the Fourier transform of a homo-
geneous continuous function looks like. Because of the homogeneity, it is enough to consider a
continuous function on the sphere f € C(5"~!), and take its homogeneous extension of degree
p € R, denoted E,(f), to the entire R” (formally excluding {0} if p < 0). When p > —n, the
function E,(f) is locally integrable, and its action as a distribution on a test function ¢ is simply
by integration. Passing to polar coordinates, we have

(Ep(f),0)= / f(e)/rf’+"—1¢>(r9)drd9.
0

sn—1

When p < —n, we can no longer interpret the action of E,( f) as an integral. Fortunately, we will
mainly be concerned with Fourier transforms of continuous functions which are homogeneous
of degree p € (—n, 0). This ensures that the Fourier transform is a homogeneous distribution of
degree —p — n, which is in the same range (—n, 0). Note that the resulting distribution need not
necessarily be a continuous function on R” \ {0}, nor even a measure on R” (although this will
not occur in our context). We will denote by E 9( f) the Fourier transform of E,(f). In order to
ensure that F ]ﬁ( f) is a continuous function, we need to add some smoothness assumptions on
f [22]. We remark that for a continuous function f € C(§"!), E [Q( f) is always continuous for

p € (—n,n + 1], and that for an infinitely smooth f € co(snh, EI/)\(f) is infinitely smooth
for any p € (—n, 0). Whenever E Ié( f) is continuous on R” \ {0}, it is uniquely determined by

its value on S"~! (by homogeneity). In that case, by abuse of notation, we identify between
E 1/’\( f) and its restriction to $”~!, and in particular, consider E 2 as an operator from C*® (5"~ 1)
to Co°(s"1h).

When f =1, it is easy to verify that E ;(1) is rotational invariant, so by the homogeneity, it
must be a multiple of E_,,_,(1). For a rigorous proof we refer to [9, p. 192], and state this for
future reference as:

Lemma 2.4. Fix n and let p € (0,n). Then

n/2n—p I'((n—p)/2)

E",(1)=c(n, p)E_nip(1) wherec(n, p)=n T(p/2)

Since (Eﬁp(l))A = Qm)"E_,(1), it is clear that
c(n, p)e(n,n — p) = Q2m)".
The following characterization was given by Koldobsky.

Theorem 2.5. (Koldobsky [21]) The following are equivalent for a centrally-symmetric star-body
K inR":
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(1) K is a k-intersection body.

@) x|l }k is a positive definite distribution on R", meaning that its Fourier-transform (|| - || ;k)A
is a non-negative Borel measure on R".

(3) The space (R", | - ||x) embeds in L_.

For completeness, we briefly give the definition of embedding in L_j, although we will not
use this later on. Let us denote the class of centrally-symmetric star bodies K in R" for which
(R™, || - lx) embeds in L, by SL’;,. For p > 0, it is well known (e.g. [21]) that K € SL’;, iff:

Il = / |(x,0)|" dux ©), 2.1

sn—1

for some px € M, (S" 1. Unfortunately, this characterization breaks down at p = —1 since
the above integral no longer converges. However, Koldobsky showed that it is possible to regu-
larize this integral by using Fourier-transforms of distributions, and gave the following definition:
(R"™, || - llx) embeds in L_, for 0 < p < n iff there exists a measure ug € M4 (5”1 such that
for any even test-function ¢

[irowax= [ [ 500 dianso). 22)
Rn

sn—1 0

Let us review the statements of Theorem 2.5. (2) is an extremely useful characterization of
k-intersection bodies, and immediately implies the closure of Z} under the standard three opera-
tions. Characterization (3) provides additional motivation for why it is reasonable to believe that
BP}y =1} . For p #0, the p-norm sum of two bodies L1, L; is defined as the body L satisfying
17 =1l ||€] +1 - ||€2. We will denote by D, the class of bodies created from D, by ap-
plying full-rank linear-transformations, p-norm sums, and taking the limit in the radial metric.
Using the characterization in (2.1), it is easy to show (e.g. [16, Theorem 6.13]) that for p > 0, the
class SL’; coincides with D’ Although this characterization breaks down at p = —1, it is still
reasonable to expect that the property SL’I’7 = D;’, should pass over to negative values of p when
SLZ is (in some sense) extended to this range and becomes SL", = T}. But by Grinberg and
Zhang’s characterization (Theorem 2.1), this is exactly satisfied by k-Busemann—Petty bodies:
BPy = D" . This suggests that indeed BP], =TI}.

In addition to the characterization (3) of Z}! as the class of unit-balls of subspaces of scalar
L_ spaces, a functional analytic characterization of BP} as the class of unit-balls of subspaces
of vector-valued L_j spaces (in a manner similar to (2.2)), was given in [21]. This provides
additional motivation for believing that BP]. = 7}/, as this would be an extension to negative
values of p of the fact that every separable vector valued L space is isometric to a subspace of
a scalar L, space and vice-versa.

We proceed to explain why (1) and (2) in Theorem 2.5 are equivalent. To this end, we will
need the following spherical Parseval identity, due to Koldobsky.
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Spherical Parseval. (Koldobsky [22]) Let f, g € CSO(S”_l), and p € (0,n). Then

/ p(NOEL,, ,(8)O)da(9) = (2m)" / f(0)g(0)do(0).

Nt sn—1

We prefer to present a self-contained proof of this identity, which seems simpler than the
previous approaches in [22].

Proof. Let f =) ;2 fk and g = ) o gk be the canonical decompositions into spherical har-
monics, where fi, gk € Hy and Hj is the space of spherical harmonics of degree k. Since f and g
are even, it follows that f>r4+1 = g2k4+1 = 0. It is well known [32] that for g € (—n, 0), the linear
operator E qA 1 C(5" 1) = €%°(5" 1) decomposes into a direct sum of scalar operators acting
on Hy. Indeed, one only needs to check that the Hy’s are eigenspaces of E/', and by Schur’s
representation lemma and the fact that the Fourier transform commutes with the action of the
orthogonal group, it follows that E/ / must act as a scalar on these spaces. Denote by c(q) the

(q)

eigenvalue satisfying E qA (hy) = c(q)hk for any hy € Hy. The exact value of ¢ is well known

[32, Theorem 4.1], but is irrelevant to our proof. It remains to notice that since:

EN (BN, (D) = (E—p (DY)

sn—1 = (2n)nfv

for any f € C°(S"~ 1), we must have c( ntp) ( p) = (2m)" for all even k’s. Using the fact

that spherlcal harmonics of different degrees are orthogonal to each other in L(S”~!), and that
f,g, E (f) and E—n+p(g) are all in L(S" 1), we conclude:

| £ @ @0 do0)

sn—1

f Zc( ”)fk<9>2c< " g1(8) do (6)

g1 k=0

= / e e fu®)gk(0) do () = 27)" f 3 fi0)g®) do (6)

sn—1 k=0 sn—1 k=0

= (2n)" / ka(e)Zgzw)da(e)—(zn)" / f0)g6)do(6). O

" k=0 1=0

Note that the above argument actually shows that the spherical Parseval identity is also valid
when f, g, EX (), EX,, ,(8) € La(S" ™).
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Remark 2.6. Applying the theorem to g = E” (g') for g’ € C2°(S"!) and using that
E’, . »(8) = (27)"g’, we note that the spherical Parseval identity has the following equivalent
form, which we will sometimes use:

| Eh@srico)= [ 1o, @606,

sn—1 sn—1

Another useful result due to Koldobsky, which looks very similar to the spherical Parseval
identity, is the following.

Theorem 2.7. (Koldobsky) Letr f € CSO(S"_I), and let k =1,...,n — 1. Then for any H €
G(n,k)

/ EN(f)(6) dog (6) = c(n, k) / FO)don©),

sn—1ngL sn—lnHg

where c(n, k) is the constant from Lemma 2.4.

Informally, the latter theorem may be considered as a special case of the spherical Parse-
val identity, by setting ¢ = doy and verifying that in the appropriate sense E”, don) =
c(n,k)dog 1. The constant in front of the right-hand integral is verified by choosing f =1 and
using Lemma 2.4. One way to make th1s argument work is to use Gnnberg and Zhang’s approx-
imation of doy by the functions ,05 kwhich when written as I - || k- are seen to be already
homogeneous of degree —n + k. Computlng the Fourier transform is particularly easy, since
& =T;(Dy,), and therefore

(- 1755 @ = (|17 O ”*") () = det(T) (Il - I o/ ) (77 (x))
l( H)

= det(T;)d(n, k)| T}* (x)HD = det(T;)d (n, k)||x||__*(D)

Using Grinberg and Zhang’s approximation again, it turns out that det(7;)d(n, k) p’;‘_* D) tends

in the w*-topology to c(n, k)doy1.

We can now sketch a proof of Koldobsky’s Fourier transform characterization of k-
intersection bodies. By abuse of notation, when (]| - ||}k)/\ is continuous, we will often use
II - ||;k, - ||}k)A to indicate both locally integrable functions on R" and continuous functions
on §"~!. By definition, an infinitely smooth star-body K which is a k-intersection body of a
star-body L, satisfies

Vol(K N HY) =Vol(LN H) forall H e G(n,n —k).
Passing to polar coordinates, this is equivalent to

VOI(Dn—k)

Re(ll- 1) (HY) = Vol(Dy)

Roik(I-1I."**)(H)  ¥YH € G(n,n — k).
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But using Theorem 2.7, we see that
Re(Il- 1) HY = e, )™ Rk (I - 15) ) (H)  YH € G(n,n — k).

From the injectivity of R, _j on C‘,Z(S”’l ), it follows that

(155" =c(n,k>wn S P
ol(Dy)

on §”~!, and hence on all R” by homogeneity. We conclude that (| - ||}k)’\ is a non-negative
continuous function on R” \ {0}, and hence positive as a distribution. For an arbitrary star-body
K which is a k-intersection body of a star-body L, the same conclusion holds by approximation
-l }k )" is still continuous by the continuity of || - ||Z"+k). One may also invert the argument,
proving that for a star-body K, if (|| - ||}k )™ is a continuous function which is non-negative, then
K is a k-intersection body of a star-body L (defined as above). Taking the limit in the radial
metric, (|| - ||}k)A need not necessarily be a continuous function for a general k-intersection
body K which is the limit of the bodies {K;} (which are k-intersection bodies of star-bodies).
Nevertheless, the non-negative continuous functions (|| - ||}f_‘ )™ must satisfy:

f|(||-||;,’F)A<9)|do<9>=c<n,k) / 1611 do (©).
n—1

sn—1 sn—

by the spherical Parseval identity with ¢ = 1 and Lemma 2.4, and therefore the integral on
the left-hand side is bounded. Using the compactness of the unit-ball of M(S"~!) in the w*-
topology, there must be an accumulation point of {(]| - ||Z,‘ )"}, which is a non-negative Borel

measure on $”~!. This argument is the main idea in the proof that for a star-body K, K € 17 iff
A - ||}k )" is a non-negative Borel measure on R”.

When K is infinitely smooth, we summarize this in the following alternative definition for 77,
and use it instead of the original one.

Alternative Definition of Z}!. For an infinitely smooth star-body K, K € Z}} iff (|| - ||gk)A >0
as a C* function on §" L.

For a general star-body K, we will use Koldobsky’s characterization in the following spherical
version, which is an immediate consequence of the above reasoning (a rigorous proof is given in
[22, Corollary 3.23]).

Proposition 2.8. For a star-body K, K € I} iff there exists a non-negative Borel measure . on
S"=1 such that for any f € cr (s" 1

/ F©)6%(©)do @) = / EN i (D©0) dua(6).

sn—1 sn—1
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3. The identical structures of B’Pz and I,'c’

In this section we will prove the Structure Theorem, which was formulated in Section 1.

We will skip over item (1) which basically follows from the definitions, and was already
explained in detail in Section 2.

Item (2) also follows immediately: by definition, Z{ = BP? is exactly the class of intersection
bodies in R”; any star-body K in R” is an (n — 1)-intersection body of a star-body L, defined
by pr(0) = 1/2Vol(K N 61); and by definition, Ri‘ acts as the identity on C.(8"1), hence
pl"{l = RT(,O'I’{I) for any star-body K, implying that K € BP!_,.

We therefore commence the proof from item (3). We will prove the theorem for BP} and 7}
separately, because of the different techniques involved in the proof.

Before we start, we will need the following useful lemma, which appears implicitly in
[16]. We denote by BPZ’OO the class of star-bodies K such that ,o'l‘< = R:fk(g), where g €

C(G(n,n —k)). Obviously BPZ’OO C BP}.

n

Lemma 3.1. [16] BP, '™ is dense in BP}. In particular, the class of infinitely smooth bodies in
BP}, is dense in BP;,.

Proof. Let K € BP}, and assume that ,0],‘( = R"_,(dn) where du € M (G(n,n — k)). Let
{u;} € C*°(0(n)) be an approximate identity as in Lemma 2.3. Let K; be the star-body for
which p’,‘(i =u; * p’;{. Then by Lemma 2.3, {K;} is a sequence of infinitely smooth star-bodies
which tend to K in the radial metric. As in the proof of Theorem 2.1, we write ,o’l‘< =/ * OH,,
and therefore

P, =i % (o) = (i % ) * oy = Ry (ui o).
Since u; * u € C?ro(G(n, n — k)), this concludes the proof of the lemma. O

Remark 3.2. By the lemma and the closure of BP} (forany k =1, ...,n — 1) under limit in the
radial metric, it is enough to prove all the remaining items for the classes BPZ’(’O.

We will also require the following notations. Given F' € G(n, m) and k > m, we denote by
G r(n, k) the manifold {E € G(n,k)|F C E}. For 0 € §=1 we identify between 6 and the one-
dimensional subspace spanned by it. G (n, k) is a homogeneous space of O (n), therefore there
exists a unique Haar probability measure on G r(n, k), which is invariant to orthogonal rotations
in O(n) which preserve F. Thus, if we denote by v, the Haar probability measure on G, (1, m)
for o € §*~!, then for any g € C(G(n, m)) we may write:

R, (8)(0) = / 8(E)dv, (E).

Go(n,m)

We will need the following fact, which is an immediate corollary of Proposition A.1. We
postpone the formulation and proof of Proposition A.1 for Appendix A, as the technique involved
is different in spirit to the rest of this note.
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Corollary 3.3. Let n > 1 and let k1, ky > 1 denote integers such that | = ki +ky <n — 1. Let
0 € "1 Fora =k, ky, 1, denote by G* = G (n, n — a) and by wug the Haar probability measure
on Gg. For F e G! and a =k, ky, denote by W the Haar probability measure on G%. Then for
any continuous function f(E1, E2) on Gk x Gk

/ / f(E1, Ea)dup (Ey) dus (Ea)

EleGl(;1 Ezeng
k k
= / / / f(El,Ez)A(El,Ez)dﬂﬁ(El)dMﬁ(Ez)dMé(F),
FEGi) EleG’;;1 EQEGI;-Z
where A(E1, E») is some (known) non-negative continuous function on Gk x Gk,

We will show the following basic property of k-Busemann—Petty bodies, and immediately
deduce (3a), (3b) and (3c) from the Structure Theorem in Section 1.

Proposition 3.4. Let K| € BP and K2 € B'P" for ki, ky > 1 such that | = k; +ky <n — 1.
Then the star-body L defined by ,OL = ,OKl ,OKZ satisfies L € BP].

Proof. First, assume that K; € BPkoo for i = 1,2, so that ,0 _i; (&) with g; €
C°(G(n,n — k;)). Using the notations and result of Corollary 3.3, we have

PL(O) = P ()P (0) = / g1(En)duy' (Ey) / 22(E2) d g (E2)

E €G! EreGy?
f / / g(E1)g(E2)A(E1,Ez)d,up(El)dM (E2)duly(F).
FeGy E eGh EreGi?
Denoting
k k
h(F)= / / 8(ENg(E)A(EL, Ex)dy (Er)duyg (Ep),
Elerrl EzeGkF2
we see that i (F') is a non-negative continuous function on G (n, n — I). Therefore
p.(0) = f h(F)dpy(F),
FeG),

implying that L € BP}. The general case, when K; € BPZI_ without any smoothness assump-

tions, follows from Remark 3.2. Indeed, by approximating each K; in the radial metric by smooth

bodies {K["} C BPy , the bodies {L™} defined by ple = ,o];(‘m ,0’;(2,,1 satisfy that L™ € BP} and
¢ 1 2

obviously L™ approximate L in the radial metric, implying that L € BP}. O
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Applying Proposition 3.4 with K1 = K>, we have:
Corollary 3.5. BPZI N B’PZ2 C BPZ1+k2 for ki, ko > 1 suchthatk; +ky <n— 1.

By successively applying Corollary 3.5, we see that BP} C BP] if k divides /. The question
whether BPZ C BP;’ for general 1 < k <! < n — 1 remains open. Nevertheless, we are able
to show the following “non-linear” embedding of BPj} into BP}, which is again an immediate
corollary of Proposition 3.4 (using K» = D, € BP}_)).

Proposition 3.6. If K € BP}, then the star-body L defined by p; = ,01;(/1 satisfies L € BP} for
1<k<l<n—1.

We prefer to give another proof of this statement, one which does not rely on Proposition A.1.

Proof. Assume that K € BPZ’OO, so that ,o’,‘( =R’ ,(gk) and gx € C3°(G(n,n —k)), and de-

fine the star-body L by pr = ,o];(/l. For 6 € §"~! and a = k, I denote by ug the Haar probability
measure on Gy(n,n —a). For F € G(n,n — ), denote by ,u'; the Haar probability measure on
Gr(n,n —k). Then:

ol (6) = pk(0) = / gk (E)dub(E)
Gy(n,n—k)

_ / / gk (E)duk (E) dyl (F).
Go(n,n—1) Gg(n,n—k)

The last transition is justified by the fact that the probability measure du’}(E) d,u,le(F ) on
Gy(n,n — k) is invariant under orthogonal rotations in O(n) which preserve 6, and there-
fore coincides with d,u’(j(E), the Haar probability measure on Gg(n,n — k). Defining g; €
Ci(Gn,n—=1)by grL(F)= fGF(n,n—k) g(E) d,u];(E) for F € G(n,n —1), we see that

PLO) = Ry_(8L)(O).
Together with Remark 3.2, this concludes the proof. 0O
The Ellipsoid Corollary from Section 1 should now be clear. We repeat it here for convenience.
Corollary 3.7. For any 1 <k <n — 1 and k ellipsoids {S,-}{.‘:1 in R", define the body L by
PL=pg -+ P&

and let k <1 < n — 1. Then there exists a sequence of star-bodies {L;} which tends to L in the
radial metric and satisfies

PLy =P+ gy

where {5}} are ellipsoids.
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Proof. The body L defined by ,ofz = p is in BP} by Proposition 3.4 (applied successively
to the ellipsoids {£;}, which are in BP?Y). For [ > k, Proposition 3.6 implies that the body L3
defined by piz = ,022 = pr is in BP}, otherwise this is trivial. Using Grinberg and Zhang’s
characterization of BP} (Theorem 2.1), the claim is established. O

Incidentally, Proposition 3.4 also enables us to give the following strengthened version of
Theorem 2.1.

Corollary 3.8. A star-body K is a k-Busemann—Petty body iff it is the limit of {K;} in the radial
metric, where each K; is of the following form:

10];(,'2105" ..... pgik++pg:nl ..... ’Ogrlnk’
where {S’I'.J} are ellipsoids.

Proof. Obviously this representation generalizes the one given by Grinberg and Zhang in The-
orem 2.1, so it is enough to show the “if”” part. But this follows from the closure of BP} under
limit in the radial metric, k-radial sums, and Proposition 3.4 (which as above shows that the body
L defined by p¥ = pg, ----- pg, isin BPY). O

For completeness, we conclude our investigation of the structure of B3P} with the following
result of Grinberg and Zhang from [16]. Their argument is the same one used by Goodey and
Weil for intersection bodies (37P), and is an immediate corollary of Theorem 2.1.

Corollary 3.9. (Grinberg and Zhang [16]) If K € BPj then any m-dimensional central section
L of K (for m > k) satisfies L € BP},'.

Proof. Since and central section of an ellipsoid is again an ellipsoid, the claim follows immedi-
ately from Theorem 2.1. O

We now turn to prove the Structure Theorem from Section 1 for I,?. As will be evident, the
techniques involved are totally different from those which were used for BP}. The only point
of similarity is Lemma 3.11. We denote by I,’:*Oo the class of infinitely smooth k-intersection

bodies in R”. As mentioned in Section 2, this implies for K € Z;"* that || - II}k, ar- |I}k)A €
C>®(R"™\ {0}). We begin with the following useful lemma.

Lemma 3.10. For any p € (—n, 0), g € C*®°(S"~1) and p € M(O(n)), EQ(M *g)= [ * Eﬁ(g)
as functions on R" \ {0}.

Proof. First, let us extend the definition of u * f to any function f € C(R"), as follows:

(u* f)(x) = / f(u(x))dpu(u) forevery x € R".
O(n)

Next, notice that for a test function ¢, (1 * )N = * qg Indeed, when w is a delta function at
ue0m), (pw(-))"(x) = ¢(u(x)) because the Fourier transform commutes with the action of
O (n). And for a general u € M (O (n)), by Fubini’s theorem:
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(x ) () = f / (1)) dut) exp(—i(y, x)) dy

R" O(n)

_ / f (u()) exp(—iy. x)) dy dpuu)
O((n) R»

=/(¢(u(-)))A(x)du(u)= / @(M(X))d,u(u)zu*gﬁ.

o(n) O

Since g, i % g € C®(S"1), it follows that EQ(M % g), U * Elﬁ(g) € C°(R" \ {0}), and for any
test function ¢:

(Ep(uxg), ¢)=(Ep(nsg), d)=(uxEpe),¢)=(Ep(@), n " %)
=(Ep(g), (W %)) =(Ep (@), u~" %) =(u* E)(g). p).

Therefore E; (L*g)=pu* Eﬁ(g) as functions. O
Lemma 3.11. IZ’OO is dense in I},

Proof. Let K € 7}/, and let u € M (5"1) be the measure from Proposition 2.8 satisfying for
every f € C®(s" 1)

/f(Q)pﬁ(G)d0(9)= / EZ, L ()(©)du(®).

sn—1 sn—1

Let {u;} C C °°(O(n)) be an approximate identity as in Lemma 2.3, and let K; be the star-body
for which p% K, = Wi* ok k- Then by Lemma 2.3, {K;} is a sequence of infinitely smooth star-bodies
which tend to K in the radial metric. It remains to check that each K; is a k-intersection body.
Indeed, using the notations of Section 2 and Lemma 3.10, for any f € C*°(S"~ 1).

(foui o) =" % £ ) = (EL, i i 5 ), 1)

(7 5 ED () i) = (D () i ).

(f"o];(i>

Since u; x € Cf(S”_l), again by Proposition 2.8 this implies that K; € 7). O

Remark 3.12. By the lemma and the closure of 7} (for any k =1,...,n — 1) under limit in the
radial metric, it is enough to prove all the remaining items for the classes I,'j’oo,

For the next fundamental proposition, we will need the following observation. It is classical
that for two test functions ¢1, ¢, (P1¢2)" = q§1 * q§1 where x denotes the standard convolution
on R". In general, the convolution of two distributions does not exist. Nevertheless, when the
two distributions fi, f> are locally integrable homogeneous functions with the right degrees, their
convolution may be defined as usual. Assume that f; is even homogeneous of degree —n + p; for
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pi > 0 and that p; + p» < n. Since f; are locally integrable and at infinity their product decays
faster than |x| ™", the following integral converges for x € R" \ {0}:

Si *fz(X)=/f1(x - hHG»)dy. 3.1

It is easy to check that with this definition, fi * f> is homogeneous of degree —n + p; + p»,
hence again locally integrable. Now assume in addition that f; are infinitely smooth functions on
R"™ \ {0}, and therefore so are f, We claim that as distributions (f] * f2)" = fl fz. To see this,
we define the product and convolution of an even distribution f with an even test-function ¢, as
the distributions denoted ¢f and ¢ % f, respectively, satisfying for any test function ¢ that:

(@f. @) =(f.dp) and (¢ » f.¢) = (f. ¢ * ¢).

When f is a locally integrable function, it is clear that ¢ f and ¢ x f as distributions coincide with
the usual product and convolution as functions. The same reasoning shows that when fi, f> are
locally integrable even functions such that f; f> is integrable at infinity (as before the definition
in (3.1)), we have:

(fix f2,0) =({f1.* f2), (3.2)

where the action (-,-) is interpreted here and henceforth as integration in R”. Similarly, when
f1f2 is locally integrable, we have:

(fif2. d) = (1, 6/2). (3.3)

With the above definitions, we see that (¢ » f)" = ¢3 f because for any test function ¢:
($x [.9)=(f.¢*0)=(f.do) = (D] ). (3.4)

Now when f, g are two locally integrable infinitely smooth functions on R" \ {0}, such that f g
is locally integrable, it is easy to see that we may replace ¢ in (3.4) with g. The reason is that we
may weakly approximate g with test functions g; such that [ hg; — [ hg and [ hg; — [ hg, for
any locally integrable continuous function A on R” \ {0} such that [ hg exists. For instance, we
may use g; = (g *8;)8;, where 8; are Gaussians tending to a delta-function at 0; by (3.4) it is clear
that g; = (§<§,-) * 8;, which weakly tends to g (by testing against a test-function). We summarize
this by writing:

pxf.8)=(df,8) (3.5)

Combining (3.2), (3.3) and (3.5) and using the fact that f;, f‘,-, fl fz are infinitely smooth and
locally integrable, we see that for any even test function ¢:

(Aix o) = (fix fr.d) = (fi,dx ) = {fr. 0 o) = (fi fo. 8).

This proves that under the above conditions:

(fix )" = fifo. (3.6)
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Remark 3.13. Note that the homogeneity of fi, f> was not used, we only needed the appropriate
asymptotic behavior at O and infinity. Using the homogeneity, a different approach to derive
(3.6) was suggested to us by A. Koldobsky, by applying [13, Lemma 1]. With this approach, the
smoothness assumptions on f1, f> may be omitted, and (3.6) is understood as equality between
distributions.

Using this notion of convolution, we can now show the following basic property of k-
intersection bodies, and immediately deduce (3a), (3b) and (3c) from the Structure Theorem
in Section 1. The following was also recently noticed independently by Koldobsky (but not pub-
lished).

Proposition 3.14. Let K EI” and Kz eI for ki, ko >1suchthatl =k +ky <n—1. Then
the star-body L defined by ,OL = pK ,oK sansﬁes L el

Proof. First, assume that K; € Z"‘Oo fori =1,2,sothat (|- I|}k")A € CP(R™\ {0}) and is homo-

geneous of degree —n + k;. Slnce | < n the convolution (]| - || Kkl W (|-l Kkz)/\ as distributions
is well defined (as explained above). Therefore:

(-1 = - 112 = U 1) =+ (- 12) =0,

as a function on R" \ {0}, which implies that L € 7;'. The general case, when K; € II?,» without
any smoothness assumptions, follows from Remark 3.12 in the same manner as in the proof of
Proposition 3.4. O

Applying Proposition 3.14 with K; = K5, we have:

Corollary 3.15. I,’:] ﬂI,’gz for ki, ky > 1 suchthatky + ko <n—1.

k1 +ka

By successively applying Corollary 3.15, we see that Z;' C Z; if k divides . As for the class
BP, the question whether I,Z’ C Il” for general 1 < k <[ <n — 1 remains open. Nevertheless,
we are able to show again the following “non-linear” embedding of Z! into Z;', which is again
an immediate corollary of Proposition 3.14 (using K» = D, € Z}' ):

Corollary 3.16. If K € I} then the star-body L defined by pp = ,of(/ ! satisfies L € I} for 1 <
k<li<n-—-1.

We conclude this section with our last observation.

Proposition 3.17. If K € Z}! then any m-dimensional central section L of K (for m > k) satisfies
LeT].
k

Proof. Let K be a star-body in R”, fix k € {1,...,n — 2}, and let H € G(n, m) for m > k. In
view of Theorem 2.5, we have to show that as distributions

(115" >0 implies (I 1" ;)" = (I - Iigh)” = 0.
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This becomes intuitively clear, after noticing that for a test function ¢:

@1)" () = / $()dy.

u+HL

Nevertheless, for a more general function f = || - || Ek such that f > 0 as a distribution, we will
need a somewhat different proof. Note that since m > k, f is locally integrable on any affine
translate z + H, and that for any test function ¢ on H, f y f (O +2)¢(y)dy is continuous with
respect to z € H+. Now let ¢ be any non-negative test function on H. For € > 0, denote by
¢pL . the (positive) Gaussian function on H + such that (o, )" is the density function of a
standard Gaussian variable on H~ with covariance matrix €/, . For y € H and z € H™, define
¢e(y +2) = o (¥)@yL ((z). Clearly ¢ is a test function on R”, ¢ >0, and (¢e)" (y +2) =
(0r)" () (@yL )" (z). We therefore have:

((F1) dr) = (flns @m)") = / FM@m) () dy 3.7
H
= lim f (Prr.) @) f Fo+@m" () dydz (3.8)
HL H
= lim / FE(@) (x)dx (3.9)
Rn
= Iim(f, ()") = lim (£, ¢c) > 0. (3.10)

Since ¢ > 0 was arbitrary, it follows that (f|g)" >0. O
4. The connection between Radon and Fourier transforms

We have seen that although the classes BP} and Z}! share the exact same structure and easily
verify that BP] C I}, they are defined and handled using very different notions: Radon and
Fourier transforms, respectively. The aim of this section is to establish a common ground that will
enable to attack the question of whether BP] = 7! from a unified point of view. Since BP}, C Z}/,
it seems natural that this common ground will involve the language of Radon transforms, so we
will have to translate the action of the Fourier transform to this language.

We will use the following notation. If & € M(G(n, n —m)), we denote by u* € M(G(n, m))
the measure defined by ut(A) = u(AL) for any Borel set A C G(n, m), where AL ={E1|
E € A}. Note that the operation u — u,L is dual to the operator I : C(G(n,m)) — C(G(n,
n —m)) defined in Section 1, in the sense that (u, I (f))Gu.n—m) = (ut, F)Gm,m)- We recall
that I (f)(E) = fi(E) = f(Ei) for any E € G(n,n —m). We therefore extend / to an operator
I : M(G(n,m)) — M(G(n,n —m)), defined as I (u) = -, and by abuse of notation we say
that / is self-dual.

Theorem 2.7 in Section 2 was the first example relating the Radon and Fourier transforms.
Using operator notations, this may be stated as:

Ry—io EXy =c(n, k) o Ry, 4.1)
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as operators from CSO(S"_I) to CX(G(n,n —k)). In view of the remark immediately after
Theorem 2.7, a generalization of (4.1) is given by the spherical Parseval identity, which in the
formulation of Remark 2.6, shows that E”, is a self-adjoint operator on CZ°(S n=ly;

(ELe)" = EL. “2)
Passing to the dual in (4.1) and using (4.2), we immediately have:
EMNoR: ,=c(nk)R;ol, 4.3)

as operators on certain spaces. We formulate this more carefully in the next proposition.

Proposition 4.1. Let f € CSO(S”_I), and assume that f = R*_ _(d ) as measures in M(S"~1),

n—m
for some measure u € M(G(n,n —m)). Then EZ, (f) = c(n,m)R;kn(duJ‘) as measures in
M(S"1Y, where c(n, m) is the constant from Lemma 2.4.

Proof. Letg e CSO(S"”) be arbitrary. Then by the spherical Parseval identity and Theorem 2.7:

/ EZ, (f)(0)g(0)da (9)

sn—1
= / FO)EL, (8)(0)do(9) = / Ry, (d)(O)E”, (8)(6)do (9)
sn—1

sn—1

= f Ru-m(E2,(®)(F)du(F)=c(n,m) / Ru(g)(FH)du(F)
G(n,n—m) G(n,n—m)

=c(n,m) / Rm(g)(F)dul(F)=C(n,m)/R;(duL)(G)g(G)dG(é’)-
G(n,m) sn—1

Since CZ° (8"~ 1) is dense in C,(S"!) in the maximum norm, the proposition follows. [
In the context of star-bodies, the following is an immediate corollary of Proposition 4.1.

Corollary 4.2. Let K be an infinitely smooth star-body in R". Then for a measure | €
M(G(n,n—k)):

- =R @dw) it (115" = e, HRE(dut),

where c(n, k) is the constant from Lemma 2.4, and the equalities are understood as equalities
between measures in M(S"~1).

Proof. The “only if” part follows immediately from Proposition 4.1 withm =k and f = || - ||}k.
The “if” part follows by applying Proposition 4.1 withm =n —k and f = (|| - ||}k)A, and using
the fact that Efn+k(f) = Q)" - ||}k and that the constants c(n, k) from Lemma 2.4 satisfy
cn,kycn,n—k)y=_Q2m)". 0O
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Proposition 4.1 has several interesting consequences. The first one is:
Theorem 4.3. Letn > 1 and fix | <k <n — 1. Then
BPL =1} iff BPi_, =T,

Proof. Assume that BP, _, =7 ,, and let K € IZ;O:. In view of Lemma 3.11, the fact that
BPj, is closed under limit in the radial metric, and Corollary 2.2, it is enough to show that

K e BPy. Since (]| - ||Ek)A > 0 by Theorem 2.5, we may define the infinitely smooth star-body
L as the body for which | - |7"** = (|| - | T5)". Therefore (|| - ") = @)™ - IzF >0,
hence L € Z!_, . It follows from our assumption that L € BP),_,, so there exists a non-negative
measure i € M1(G(n, k) so that (|| - [z = || - | "™ = R}(du). By Corollary 4.2, this
implies that || - ||,_(k =c(n,k)R;_,(d ub). Therefore K € BP?, which concludes the proof. O

Another immediate consequence of Proposition 4.1 is another elementary proof of the follow-
ing corollary.

Corollary 4.4.
BP; CI}.

Proof. Let K € BPZ’OO, so || - II;‘ = R} _,(dn) for some non-negative Borel measure u €
M (G(n,n —k)). By Corollary 4.2 it follows that (|| - ||I_(k)A =c(n, k)RZ‘(dle), implying that
(K ||}k)A > 0, and hence K € 7). By Lemma 3.1, and the fact that Z}! is closed under limit in
the radial metric, this concludes the proof. O

Applying Proposition 4.1 to the function f =0, once for m = k and once for m =n — k, we
also immediately deduce the following useful proposition.

Proposition 4.5.
KerR; , =KerRj ol.

This is equivalent by a standard duality argument to the following proposition, which may be
deduced directly from Theorem 2.7.

Proposition 4.6.

ImR,_r=ImI o Ry.

We conclude this section by introducing a family of very natural operators acting on
C(G(n,k)) to itself, and showing a few nice properties which they share. Denote by Vj :
C(G(n,k)) — C(G(n,k)) the operator defined as Vy =1 o R, o R}.

Proposition 4.7. Vj, is self-adjoint.
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Proof. It is actually not hard to show this directly, just by using double-integration as in Sec-
tion 3. Nevertheless, we prefer to use Proposition 4.1. Let f, g € C*°(G(n,n — k)). Then by
Proposition 4.1, the spherical Parseval identity and Proposition 4.1 again, we have:

(Vak(5)- &) 0n1y = (R (). (I o RO* ()
=c(n, k)_l(R;“ik(f), (Eﬁk °© R;kak)(g»
= (. ) (E2y 0 Ry_ ) () Ry (8))
={ o R (). Ry (®) = (. Vat(®) g (nn—r)-

Since C*°(G(n,n — k)) is dense in C(G(n,n — k)) in the maximum norm, and the operators
R;f_ « and Ry, and hence V;,_, are continuous with respect to this norm, it follows that the same
holds for any f,g € C(G(n,n —k)). O

Proposition 4.8.
Viock=10oViol.

Proof. This time we give the proof in operator style notations. The formal details are filled in
exactly the same manner as above. Using the definition of Vi, and the identities (4.3) and (4.1),
we have:

ToViol =Ry yoRfol=c(n k) 'Ry_yoE  oR ;

=IoRkoR, ;= Vy. m|

It is known (e.g. [10]) that for 1 < k <n — 1, even if we restrict the operators R, to in-
finitely smooth functions, Ker R} # {0} and Im R, 4 # C*°(G(n,n — k)), and therefore Vj is
neither injective nor surjective onto a dense set for those values of k. Since Im—R;{k =C, (5" 1
and Ker R, = {0}, it follows that Ker V; = KerR; and ImV;, =Im/ o R,y = Im Ry (by
Proposition 4.6). A standard duality argument shows that Im R is orthogonal to Ker R} (as
measures acting on continuous functions, and therefore as functions when RZ‘ is restricted to
C(G(n,k))), and therefore we may consider Vi as an operator from Im Ry to Im Ry, which is
injective and surjective onto a dense set. A natural question for integral geometrists would be
to find a nice inversion formula for Vj. Note that by a standard double-integral argument, the
operator R ol o R, : §m=1 — §7=1 is exactly the usual spherical Radon transform R (for
every k), and under the standard identification between G(n,n — 1), G(n, 1) and §"=1 soare V;
and V,_1.

5. Equivalent formulations of BP} = I}

In this section we use the results and techniques of the previous sections together with basic
tools from functional analysis to derive equivalent formulations of the natural conjecture that
BP; =1I;. As mentioned in Section 1, the relevance of this conjecture to convex geometry
stems from the generalized k-codimensional Busemann—Petty problem. It was shown in [36]
that the answer to this problem is positive iff every convex body in R” is in 5P, and this was
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shown to be false [4,21] for k < n — 3, but the cases of k =n — 3 and k = n — 2 remain open.
The analogous question for Z}! turned out to be easier using the analytic tools provided by the
Fourier transform, and it was shown by Koldobsky in [20] that Z}! contains all n-dimensional
convex bodies iff k > n — 3. Hence, a positive answer to whether BP}; = I}/ would imply a
positive answer to the generalized k-codimensional Busemann—Petty problem, for k > n — 3. The
equivalent formulations derived in this section indicate that the BP} = Z}! question is connected
and equivalent to very natural questions in integral geometry.

Before we start, we would like to give an intuitive equivalent formulation to BP} =I}. By
Grinberg and Zhang’s characterization (Theorem 2.1), BP} is exactly the class of star-bodies
generated from the Euclidean ball D, by means of full-rank linear transformations, k-radial
sums, and limit in the radial metric. Loosely speaking, we say that “modulo these operations,”
D,, is the only member of BP}. Since 7} is closed under these operations as well, we can ask

whether “modulo these operations” D, is the only star-body such (|| - ||Bf )™ > 0. In terms of
functions on the sphere, this is equivalent to asking whether “modulo these operations,” the only
function f € C° (§"1) such that f >0 and E 2(f) = 0 is the constant function f =1 (note
that we may restrict our attention to infinitely smooth functions because of Lemma 3.11). This
formulation transforms the problem to the language of Fourier transforms. As opposed to this,
our other formulations in this section will use the language of the Radon transforms and integral
geometry.

We will use the following notations. R,,(C (S"~!)), will denote the non-negative functions in
the image of R,, and R,,(C4(S"~1)) will denote the image of R,, acting on the cone C. (5"~ 1)
(which is the same as its image acting on C+,E(S”_1)). We denote G = G (n, n — k) for short.

It is well known (e.g. [10,17,33]) that Ry_i:C.(S" 1 > C(Gn,n — k)) is an injective
operator, but it is not onto for k <n — 1, and ImR,,_x # C(G(n,n —k)) for l <k <n —1. We
will restrict our discussion to this range of k. It follows by an elementary duality argument, that
the image of the dual operator R* _, : M(G(n,n — k)) — M, (5" is dense in M, (S" 1) in
the w*-topology, but R}, is not injective and has a non-trivial kernel. It is known that the dense

image in M, (S"~!) contains CSO(S”_l), and in fact an explicit inversion formula was obtained
by Koldobsky in [21, Proposition 3] (which is not unique because of the kernel). It follows from
Koldobsky’s argument (or from the general results of [10]) the following lemma.

Lemma5.1.If f € C° (S"~1Y) then there exists a g € C*°(G(n,n — k)) such that f = Ry . (2).
It will also be useful to note that
KerR}_; ={neM(Gm,n—k)|{u, f)=0VYf eImR,_i}, (5.1

and to recall Propositions 4.5 and 4.6, which show that

KerR: ,=KerRjol and ImR,_y=1ImIo Ry.

The latter immediately implies:

Ryt (C4(S"™D), T o R(C(5"1) C Ry (C(5" D)), (5.2)
It will be useful to consider the quotient space:

Mn,n—k)= M(G(n, n— k))/KerR,Lk,
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which is the space of bounded linear functionals on the subspace Im R;,_; of C(G(n,n —k)). By
abuse of notation, we will also think of RY_, as an operator from M(n,n — k) to M (S,
and although this does not change its image, it is now injective on M(n,n — k). The same
is true for R} o I, since Ker R _, = Ker R} o I, and we may proceed to interpret R*_, (du)
and R} (dut) in the usual way for ;€ M(n,n — k), since these values are the same for the
entire co-set u + Ker R*_, . If R* _, were onto M, (5", or even C. (8" 1), we could proceed
by identifying between a star-body K and a signed Borel measure p in M(n,n — k), by the
correspondence || - ||}k = R>_,(du). Unfortunately, the general theory does not guarantee this,
and in fact we believe that some star-bodies do not admit such a representation (although we
have not been able to find a reference for this). But as remarked earlier, CSO(S”_l) does lie in
the image of RY_,, and this is enough for our purposes.

Let us now review the definitions of BP} and Z}/. Our original definition required that K
BP}, iff ,0]1‘< = R _,(du) for some non-negative measure u € M (G(n,n — k)). We claim that
this is equivalent to requiring that u € M (n,n — k), since by a version of the Hahn—Banach
theorem [16, Lemma 4.3], any non-negative functional on Im R,_; may be extended to a non-
negative functional on the entire C(G(n,n — k)), and the converse is trivially true. Defining
M(BPY}) as the set of non-negative functionals in M(n, n —k):

M(BP}) =Mi(n,n—k),
we see the following.

Lemma 5.2. Let K be a star-body in R". Then K € BP}, iﬁ‘pll‘{ = R;_,(dp), for some ju €
M(BPY).

Let us also define M(Z}) as
M@} ={n e Mn,n—k) | Ri_(du) >0, Ri (du™) >0},

where “v > 0” means that v is a non-negative measure in M, (S”_l). Using co-set notations, let
us also define

MPn,n—k)={f+KerR:_, | f € C®(G)},
and denote
M®(LE) = M) N M>(n,n —k), and
MPn,n—k) = M>®(BP}) = M(BP}) N M>®(n,n—k).

Unfortunately, we cannot give a completely analogous characterization to Lemma 5.2 for Z/
and M (Z}). However, we have the following.

Lemma 5.3. Let K be an infinitely smooth star-body in R". Then K € 1! iff ,o];( =R_,(dw),
for some 1 € M*(I}).
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Proof. We will first prove the “only if” part. Assume that K € I,ZL’OO. By Lemma 5.1, there exists
a signed measure u € M*(n,n — k) so that || - ||}k = R’ _,(dw). By Corollary 4.2 of Proposi-
tion 4.1, it follows that (|| - ||Ek)A =c(n, k)R,f(duJ-). Since || - ||,_<k > 0 because K is a star-body
and (] - ||;k)A > 0 because K € 7}/, it follows that R*_, (du) > 0 and R,’:(d;ﬁ-) > 0, proving
that u € M*(Z}}). The “if” part follows from Corollary 4.2 in exactly the same manner, since
(- ||}k)A =c(n, k)R,’(‘(d,uJ-) > 0 for ameasure u € M (Z}!) such that | - ||,_(k =Ry _,(dw). O

Remark 5.4. It seems that any attempt to prove the “only if” part of the lemma for a general
star-body K € Z;' by approximating it with K; € IZ’OO will fail. The reason is that we have no
way of controlling the norm of the (a-priori signed) measures u; € M(Z}') for which 'OII(Q =
RY_,(du;), and therefore it is not guaranteed that 1; will converge to some measure (like in
the usual argument which uses the w*-compactness of the unit-ball of M (n,n — k)). If it were
known that the j1; are non-negative (this would follow if M(BP}) = M(Z})), it would follow
that |||l = | R}_, (du;)|l (since RY_,(du;) is non-negative), and over the latter term we do
have control. The “if” part of the lemma may be proved without any smoothness assumption by
the standard approximation argument.

We now see that we have derived alternative definitions of BP}, and I,Z"Oo using a common
language of Radon transforms and without using the Fourier transform. Note that even if we
could remove the restriction of infinite smoothness from Lemma 5.3, it would not be yet clear that
BPy =1} iff M(BP}) = M(Z}), since for a general u € M(BP}) or p € M(Z}), R}, (d)
may not be a measure with continuous density (and hence cannot equal p’l‘( for a star-body K).
‘We do, however, have:

Lemma 5.5.

M(BPZ) C M(I,’j)
Proof. If u € M (n,n —k) then trivially R* _, (du) > 0 and RZ‘(d,u,J-) > 0, hence u € M(Z}}).
Although the proof is trivial, note that underlying this statement are Propositions 4.5 and 4.6
which enabled us to restrict R;_, and R} o to M(n,n—k). O

We may now formulate the main theorem of this section:

Theorem 5.6. Let n and 1 < k < n — 1 be fixed. Then the following are equivalent:

(1 BP! =TI,

@ M (BPI) = M™(T).

3) M(BPY) = M(T}).

@) Rut(C(S" D), = Ru—t (C+ (5" ) +1 0 R (C1 (5" ).

(5) If u+1e MBPY) and p € M(ZY), then u € M(BPY).
(6) There does not exist a measure € M (n,n —k) such that R}, (du) > 1 and R} dpt) >
1 (where “v > 17 means that v — 1 is a non-negative measure), and such that

inf{ (1. £) | f € Ru—i(C(S"7 1), and (1, f) =1} =0. (5.3)
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We will show (2) = (1), (1) = (3), 3) & (4), (5) = (6) and (6) = (2). Obviously, (3) =
(2) and (3) = (5).

Proof of (2) = (1). Let K € IZ’OO. In view of Lemma 3.11, the fact that BP}, is closed under
limit in the radial metric, and Corollary 2.2, it is enough to show that K € BP}. By Lemma 5.3,
,0]1‘( = R*_,(dp) for some u € M*(Z}}). By our assumption that M*(BP}) = M*(Z}!) and
by Lemma 5.2, it follows that K € BP} (in fact K € BPZ’OO). O

Proof of (1) = (3). In view of Lemma 5.5, it is enough to prove M(Z}') C M(BP}). Let
we MY, so R, (dp) >0 and R,t(d,uJ-) > 0. Let {u;} C C*°(0(n)) be an approximate
identity as in Lemma 2.3. Let K; denote the infinitely smooth star-body defined by

I 11l = wi % R () >0

(we used R::_ (1) = 0 to verify that K; is indeed a star-body). As in the proof of Lemma 3.1, it
is easy to see that || - || %[k = RY_, (u; * (), so by Corollary 4.2 we have:

(I 1169)" = e, DR (i j) ™) = R i+ ) = i % R () > 0.

Hence K; € 7}/, and by our assumption that BP] = T}/, it follows that K; € BP}.. By Lemma 5.2,
this implies that || - ||;fC = R}_,(dn;), where n; € M(BP}'). The injectivity of R} _, on
M(n,n — k) implies that u; * u =n; € M(BP]'). Lemma 2.3 shows that u; * u tends to p
in the w*-topology, and since M(BP}') is obviously closed in this topology, it follows that
peM(BPY. O

For the proof of (3) < (4) and for later use, we will need to recall a few classical notions
from functional analysis (e.g. [2]). A cone P in a Banach space X is a non-empty subset of X
such that x, y € P implies c1x +cpy € P for every ¢y, ¢o > 0. The dual cone P* C X* is defined
by P* = {x* € X*|(x*, p) = 0Vp € P}. Therefore P* is always closed in the w*-topology, and
P* = (P)*. It is also easy to check that P; C P, implies Py C P}, (P1+ P)*= PN Py and
(PN Py)* = P+ P5. Animmediate consequence of the Hahn-Banach theorem is that Py = P>
iff P = P;.

Proof of (3) & (4). All the sets appearing in (3) and (4) are clearly cones. It remains to show
that the cones in both sides of (3) are exactly the dual cones to the ones in both sides of (4). The
equivalence then follows by the Hahn—Banach theorem, as in the last statement of the previous
paragraph.

By definition, M(BP}) is dual to R, (C(S"~1))4. The cones

{weM@m,n—k) | Rf_;(dn) >0} and
{we M. n—k) | R} (dut) >0}

are immediately seen to be dual to Rn,k(C+(S"_1)) and / o Rk(C+(S"_1)), respectively. Since
(P + Py)* = P N Py, it follows that

M(ZP) = (Ru—i (C+(S"1)) + I o R (C(S"~1)))".



E. Milman / Journal of Functional Analysis 240 (2006) 530-567 559

This concludes the proof. O

Remark 5.7. By (5.2), we have:

Rn—k(C(S”*l))Jr D Ru—k(C+(8"1)) + 1 o Ri(C(S"1)).
By duality, we see again that
M(BPY) C M(TD).

Proof of (5) = (6). This follows immediately from the definitions. Assume that (6) is false, so
that there exists a measure u € M°(n,n — k) such that RY_, (du) > 1 and R,’:(dul) > 1 and
such that (5.3) holds. Define u' = — 1, and so u' + 1 € M(BP}), n' € M(ZY), and (5.3)
shows that ' is not in M(BP}). Therefore ' is a counterexample to (5). O

Proof of (6) = (2). Assume that (2) is false, so M*(BP}) # M (Z}). By Lemma 5.5, this
means that there exists a measure u' € M*>(Z}') \ M(BP}). Since ' € M*(n,n — k), we can
write i’ = g + Ker R* _, with g € C*°(G(n,n — k)). Assume that min(g) = —C where C > 0,
otherwise we would have 1’ € M(BPY}).

Now consider the measure 11, = (1 —=A)u'+i1 € M*(n,n—k) for & € [0, 1]. Since M (BP})
is convex, contains the measure 1, and is closed in the w*-topology, it follows that there exists
a Ag € (0, 1] so that uy € M®(BPY) iff A € [ro, 1]. But for 11 = C/(1 4+ C) we already see
that p1,, € M(BP}), because uy, =g, +KerR'_, and g, =1/(1+C)g+1-1/(14+C) €
C°(G(n, n — k)). We conclude that A € (0, 1).

Now define pu = uy, /Ao € M(BP}), and notice that i — 1 = (1 — Xg) /Ao’ € M>®(L}),
implying that R}, (dj) > 1 and R,’g(d,ul) > 1. It remains to show (5.3). Assume by negation
that

inf{(u, f)| f € Rn_k(C(S"*l))Jr and (1, f)=1}=6>0.

But then it is easy to check that for Ay = Ag(1 — §)/(1 — 8Aop) < Ag, {Uy,, f) = 0 for all

f € Ry—x(C(5" 1), and hence for all f € R,_x(C(S"1))y. Therefore u;, € M>(BPY),
in contradiction to the definition of 1. Therefore (5.3) is shown, concluding the proof. O

Remark 5.8. In formulation (6), it is equivalent to require that u € M (n,n — k) and also
n e M(G(n,n — k)) instead of u € M (n,n — k). The equivalence of u € My (n,n — k)
follows since we have not used the fact that © € M*(n,n — k) in the proof (by negation) of
(5) = (6). The equivalence of u € M(G(n, n —k)) follows by the previously mentioned version
of the Hahn—Banach theorem (which was used to derive Lemma 5.2). This is the formulation
which was used in Section 1.

We proceed to develop several more formulations of the BP} = I} question. Unfortunately,
we cannot show an equivalence with the original question, but rather a weak type of implication.
We formulate a very natural conjecture, and show that together with a positive answer to the
BP} =1} question, the new formulations are implied.

Given an Borel set Z C G(n,n — k), we define the restriction of a measure u € M(G(n,
n —k)) to Z, denoted u|z € M(G(n,n —k)), as the measure satisfying p|z(A) = (AN Z) for
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any Borel set A C G(n, n —k). We will say that u is supported in a closed set Z, if 1| ,c =0, and
define the support of w, denoted supp(u), as the minimal closed set Z in which p is supported
(it is easy to check that this is well defined). It is also easy to check the following lemma.

Lemma 5.9. If f € C(G(n,n — k)), n € M(G(n,n — k)) and supp(u) C f~1(0) then
(i, ) =0. Conversely, if f € C+:(G(n,n—k)), u € My (G(n,n —k)) and (i, f) =0, then
supp(u) C f71(0).

We also recall the definition of the covering property from Section 1. A set closed set Z C
G(n,n — k) is said to satisfy the covering property if

U ENns" =51 and U Etnsgl=g1 (5.4)
EeZ EeZ

Our starting point is formulation (6) in Theorem 5.6, which involves both a function f
and a measure p. Note that the requirement that if f € R,_x(C($"~1)), and (1, f) = 1, then
(e, f) is bounded away from zero, is stronger than demanding that (i, f) # 0. The motiva-
tion for the following discussion stems from the impression that the conditions on p, namely
that © € M (G(n,n —k)) (following Remark 5.8), R*_, (du) > 1 and R} (dut) > 1, may be
equivalently specified by some condition on the support of w. In that case, the condition that
(e, f) # 0 becomes a condition on the set f~!(0). Let us show the following necessary condi-
tion on the support of such a p as above.

Lemma 5.10. Let p € M (G(n,n—k)) sothat R _, (du) > 1 and R (dut) > 1. Then supp(1)
satisfies the covering property.

Proof. Denote by Z = supp(u) and Z= UEEz E N S"~!. We will show that if 1 € M (G(n,
n—k)) and R} _ (du) > 1 then Z = §"1. The other “half” of the covering property follows
similarly from R;g (dul) >1

Notice that for E{, E> € G(n,n — k), the Hausdorff distance between E| N $"land Eo N
sn1is equlvalent to the distance between Eq and E; in G(n,n — k). It follows that since Z is
closed, so is Z. Now assume that Z # §"71 so there exists a € §”~! and an € > 0, so that
B= = Bgn-1(0,€) U Bgu-1(—0,€) C ZC. Let f € Co +(S"™ 1) be any non-zero function supported
in B. Since B C Z€ it follows that B = supp(Ru—_¢(f)) C Z€, and therefore:

(Ry_x(w). f) =, Ru—i () =0.
But on the other hand, since R* _, (du) > 1 and f € Cey+(S”’1) is non-zero:
(Ry_c (). f)= (1, f)>0
a contradiction. O
We conjecture that the covering property is also a sufficient condition in the following sense.
Covering Property Conjecture. Foranyn >0, 1 <k <n—1,ifZ C G(n,n—k) is a closed set

satisfying | Jpez EN §"=1 = §"=1 then there exists a measure u € M. (G(n,n —k)) supported
in Z, such that Ry _, (dj) > 1
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Under this conjecture, we immediately have the following counterpart to Lemma 5.10.

Lemma 5.11. Assume the Covering Property Conjecture, and let Z C G(n,n —k) be a closed set
satisfying the covering property. Then there exists a measure i € M (G(n,n — k)) supported
in Z, such that Ry _, (dp) > 1 and R;("(d,ul) > 1.

Proof. Apply the conjecture to the closed sets Z C G(n,n — k) and Z+ C G(n, k), and let
w1 € My (G(n,n — k)) and pur € M (G(n, k)) be the resulting measures. Then | + u% is
supported in Z and satisfies the requirements. 0O

Remark 5.12. A very natural way to approach the proof of the Covering Property Conjecture,
is to assume that the closed set Z satisfying | Jz., E N §"=1 = §7=1 is minimal with respect to
set inclusion (indeed, by Zorn’s lemma it is easy to verify that there exists such a minimal set).
The natural candidate for a measure supported on Z is simply the Hausdorff measure Hz on Z,
and it remains to show that Hy is a finite measure and that R;‘:fk(d Hyz) > € for some € > 0,
using the minimality of Z. In particular, one has to show that the Hausdorff dimension of Z is k.
Although having some progress in this direction, we have not been able to give a complete proof.
We also remark that it is easy to construct a non-bounded measure p supported on Z for which
RY_,(du) > 1, simply by using the counting measure on Z, i.e. u(A) = [{A N Z}| for any Borel
set A C G(n,n — k) (where |A| denotes the cardinality of A).

As opposed to Theorem 5.6, where R”_, was treated as an operator on M(n, n — k), we now
go back to the original definition of R;‘_ « as an operator acting on the entire M(G(n,n — k)).
We summarize this in the following lemma, abbreviating as usual G = G(n, n — k):

Lemma 5.13.

D M(n,n —k)=M(G)/KerR;_,.

2) ./\/l+(n,n—k)={,u+KerR::_k‘ue./\/lJr(G)}.

3) {M € M(G) | (u, f)=20Vfe Rn—k(C(S"_l))Jr} =M (G) +KerR;_,.

Proof. (1) is simply the definition of M(n,n — k). (2) follows from (3), since My (n,n — k)
is defined as the cone of non-negative linear functionals on Im R,,_4, and any linear functional
on the subspace may be extended to the entire space, hence to u € M(G). (3) was already
implicitly used in the proof of Lemma 5.2, but we repeat the argument once more. The right-
hand set is clearly a subset of the left-hand set, since Ker R”_, is perpendicular to Im R, by

(5.1). Conversely, any u in the left-hand set is a non-negative linear functional on Im R,,_, and
by a version of the Hahn—Banach theorem (as in the proof of Lemma 5.2), may be extended
to a ' € M (G). Again by (5.1), the difference " — w must lie in Ker RY_,, concluding the
proof. O

We now state several more formulations, which are shown to be equivalent each to the other.
We then show that under the Covering Property Conjecture, a positive answer to the BP} =T}/
question would imply these new statements. For a closed set Z C G(n,n — k), we denote by
M(Z) the set of all measures in M (G (n,n — k)) supported in Z.
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Theorem 5.14. Let n and 1 < k < n— 1 be fixed, and let Z C G(n,n — k) denote a closed subset.
Then the following are equivalent:

(1) There does not exist a non-zero f € Ry_(C(S"=1)) 4 such that Z C f~1(0).

@) Ry (C(8"1), N{f €CG)| flz=0} ={0}.

3) M4 (G)+KerR,_; + M(Z) = M(G).

(4) There exists a measure |1 € M(G) such that R;_, (djp) =0 and p = ju1 + po where ju; €
M(G), p1 = 1 and py is supported in Z.

It is clear that (2) is just a convenient reformulation of (1). We will show that (2) < (3) and
3) & @.

Proof of (2) & (3). Again, we use the Hahn—Banach theorem which shows that for cones,
Py = P, iff P = P The dual cone (in M(G)) to R,—x(C(S"~1))4 is by definition:

(ke MG) | (i, f) >0V f € Rk (C(S" )1},

which by Lemma 5.13 is equal to M (G) + Ker R;;_, . The dual cone to Cz(G) ={f € C(G) |
flz =0} is obviously M(Z). Indeed, by definition, if u € M(G) is not supported in Z, there
exists a f € Cz(G) such that (i, f) # 0 (since Z is closed). Since also — f € Cz(G), either
(i, f) or (i, —f) is negative, and therefore © cannot be in the dual cone to Cz(G). The dual
cone to {0} is of course M(G). Using (P N P;)* = P + P5, this concludes the proof. O

Proof of (3) = (4). Apply (3) with the measure —1 € M(G) on the right-hand side. Then
there exist measures v; € M4 (G), v» € Ker R;’Lk and v3 € M(Z), such that vi + vy, + v3 =—1.
Denoting 1t = —vp, w1 =v; + 1 and pp = v3, (4) follows immediately. 0O

Proof of (4) = (3). C(G) is dense in M(G) in the w*-topology, so it is enough to show that (4)
implies C(G) C M (G) +KerR"_, 4+ M(Z), as the cones on the right-hand side are closed in
this topology. Let g € C(G), so there exists a constant C > 0 such that g+ C > 0, and hence g +
C+KerR;_, € My(n,n—k). By Lemma 5.13, this means that g + C € M (G) + KerR;_,,
and we see that it is enough to show that the measure —C is in M (G) + KerR;_, + M(Z).
Since all of the involved sets are cones, it is enough to show the claim for the measure —1.
But this follows from formulation (4) in the same manner is in the previous proof. Indeed, let
W= ju1 + p2 as assured by (4), where u € Ker Ry _,, u1 — 1 € M (G) and up € M(Z). Then
1= —1) —pn+u € My (G)+KerR;_, + M(Z). This concludes the proof. O

Comparing formulations in Theorems 5.6(6) and 5.14(1) for a set Z satisfying the covering
property, and using Lemmas 5.10 and 5.11, the following should now be clear.

Proposition 5.15. Let n and 1 < k < n— 1 be fixed. Assuming the Covering Property Conjecture,
if any of the formulations in Theorem 5.6 hold, then so do any of the formulations in Theorem 5.14
Sor any closed Z C G(n,n — k) satisfying the covering property.

Proof. The statement follows immediately from the remark before the proposition, taking into
account Remark 5.8 and Lemma 5.9. O
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Appendix A

In the appendix, we formulate and prove Proposition A.1, which is an extended version of
the statement from Section 1 and of Corollary 3.3. We have left the proof of Proposition A.1
for the appendix, since the technique involved differs from those used in the rest of this note.
Although the proposition is of elementary nature and fairly simple to prove, we have not been
able to find a reference to it in the literature, so we give a self contained proof here. A similar
formulation of the case ki, ..., k. = 1 was given by Blaschke and Petkantschin (see [26,30] for
an easy derivation), and used by Grinberg and Zhang in [16] to deduce that BP} C BP; for all
1<li<n—1.

We assume some elementary knowledge of exterior products of differential forms on homo-
geneous spaces. A rigorous derivation may be found in [30], but we recommend the intuitive
exposition in [26, Sections 2, 3]. We will also use the notations from Section 3.

We will use the following terminology. For a set of m vectors v = {vy, ..., v,} in a Euclid-
ean space V, denote by Vol,, (v) = det({{v;, vj)}ff‘jzl)l/z, which is exactly the m-dimensional
volume of the parallelepiped spanned by v. If m = Y";_, k;, let U; be a k;-dimensional sub-
space of V. Choose an arbitrary basis u’ = {“ip e, uzi} of U; such that Voly, (u’) = 1, and let

u =|J/_, u'. Then the m-dimensional volume of the parallelepiped spanned by unit volume ele-
ments of Uy, ..., U, is defined as Vol,, (). It is easy to verify that this definition indeed does not
depend on the basis u’ chosen for U;, as long as Vol, (u') =1 (this will also be clear from the
proof of Proposition A.1).

Proposition A.1. Let n > 1 be fixed, let d be an integer between O and n — 1, and let D €

G(n,d). Fori =1,...,r, let ki > 1 denote integers whose sum | satisfies | <n —d. For a =
1,....,n —d denote by G* = G(n,n — a), and by u%, the Haar probability measure on G¥,.
For FeG anda=1,...,1— 1, denote by ,ui- the Haar probability measure on G%. Denote

by E = (E\, ..., E,) an ordered set with E; € G¥i. Then for any continuous function f(E) =
f(E1,...,E)) on G x ... x G*r

/ / FEYdP(Ey) ... duly(Ey)

E\eGyl  EeGl

=f / f FEYAE) P (ED) ... dif (Ep) dpy (F),

1 k ki
FeGp EieG)}  EreGy
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whe_re A(E) = C,L{ki},l,dQ(E)”_d_l, Ch,(k;),1,d 15 a constant depending only on n, {k;},1,d, and
Q(E) denotes the volume of the l-dimensional parallelepiped spanned by unit volume elements
of Ef,..., Ei.

Remark A.2. One way to compute the constant Cy, (x;}.7.4 is to use the function f =1 in Propo-
sition A.1. Perhaps a better way is to follow the proof, which gives

G(n—d.n—d—DITT_ |G 1 — k)]
N_|Gn—d,n—d—k)| ’

Cu ki) 1,d =

where |G (a, b)| denotes the volume of the Grassmann manifold G(a, b), and is given by [26]

|Sa71|'_.|Sa7b|

: (A1)

where S| denotes the volume of the Euclidean unit sphere S” of dimension m (and |S°| = 2).

Proof of Proposition A.l. We will show that the densities dul(Ey)...du5 (E,) and
A(E) dul; (E1). ..dul}’ (Er)dulD(F) with F = ﬂzzl E, coincide on a set of measure 1 with
respect to both measures. It is easy to verify that the set consisting of all (Eq, ..., E;) such that
dim((,_, E4) = n — [ satisfies this requirement, and therefore F above is in G (n, n — [), hence
the second measure is well defined. Indeed, this set is exactly complementary to the set of all
(Ei, ..., E,) such that Q(E) = 0, which defines a lower-dimensional analytic submanifold of
G*1 x ... x G¥, hence having measure 0 with respect to the first (Haar) measure.

If J € G(a, ¢), it is well known [26] that the volume element of G ;(a, b) for b > ¢ at H €
G(a,b) is given by

b a
dGsa.byH)y= N /N wij. (A2)
i=c+1 j=b+1
where w; ; = (e;,dej), and {ey,..., e} is any orthonormal basis of R“ such that J =
span{eq, ..., e.} and H = span{ey, ..., ep}. Indeed, it is easy to verify that this formula does

not depend on the given orthonormal basis satisfying these conditions, by changing basis and
applying a change of variables formula. With this normalization, the total volume of G (a, b)
is |G(a — c,b — ¢)|, as defined in (A.1) [26]. Since d| A dy = —dy A d, the volume element is
signed, corresponding to the assumed orientation of the element. However, we will henceforth
ignore the orientation and implicitly take the absolute value in all exterior products, except where
it is mentioned otherwise. Note also that the skew-symmetry implies d A d = 0.

Let {fi,..., fa} be an orthonormal basis of D, and let {f1,..., f,—;} be a completion to

an orthonormal basis of F. Fora=1,...,r let {eth], e ez_ka} be an orthonormal basis of
FANE,, andlet {eZ_ka+1, ..., e4} be an orthonormal basis of Ej For every a we define ef = f;

fori=1,...,n—1[.Then

r n—ky n

k %
dM[;(El)"‘dMD(Er)ZC;,{ki}J,d/\ /\ /\ wﬁj,
a=li=d+1 j=n—k.+1
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where w? Y = (e}, de ) and Cn hld = =IT/_,IGn —d,n —d — k)™ I accounts for the fact
that the measure on the left is normalized to have total mass 1. Notice that by (A.2)

r n—kqy

/\ /\ /\ wi“,,-=C{2k,.},ldulfv‘(E1)---du’}’(Er),

a=li=n—I41 j=n—k,+1

where C{zki} ; =T_ |G, —k;)|. It remains to show that

r — n
AN N\ W =ChpiaAE) dip(F). (A.3)

a=li=d+1 j=n—k,+1

Now let {gy—i+1, .- -, &n} denote an orthonormal basis of F*, and denote A%, = (e, go) for
j,v =n —I+1,...,n. Hence e} = ZZ:n—.l—H AG ,gvandde} = Zz:n—l—l-l(d)”?,vgv +25 ,dgv).
Denoting w;,y = (fj,dgy), we see that since (f;,gy) =0, thenfori=1,...,n—17and j =
n—Il+1,...,n

n
>0 A wiy. (A.4)
v=n—I[+1

As evident from (A.3), we will be interested in the values of k? , only in the range j =n —

kq+1,...,n. We therefore rearrange these values by defining a bijection u : | J),_{(a,n —k, +
1,.. (a n)} — {1,...,1}, and denote A4, j)v = k ,- Plugging (A.4) into (A.3), we have:

r n—l n n—I r n n
AN N wii= AN N2 Mo

a=li=d+1 j=n—ks+1 i=d+1a=1 j=n—k,+1v=n—I+1
n—l I n n—I
/\ /\ Z u,oWiv = /\ det(A)wi,n—l+l N ANWjp.
i=d+1u=1v=n— i=d+1

The last transition is standard and is explained by the skew-symmetry of the exterior product:
all terms for which w; y, A --- A w; y, contains a recurring v; = v; are 0, and we are only left
with the case v; = 7 (i), where 7 is a permutation of {n —[ + 1, ..., n}; these terms are equal to
(—1)sign(x )wi,,,_l_H A -+ AW, producing the determinant of A. Continuing, since A does not
depend on i and using (A.2), we see that

r n—l n n—l
AN N\ v =deay " A\ /\ wy,j = det(A)"14CY L duly (F),
a=li=d+1 j=n—k,+1 i=d+1 j=n—I1+1

where Cfl"l’d =|G(n —d,n—d —1)]. To deduce (A.3), it remains to show that det(A) = 2(E).
Recall that A‘;’U = (ej.‘, gv), and in the range j =n — k; + 1,..., n, these are exactly the

coefficients of the orthonormal bases ¢ = {e,“lf JORTRTT en} of Ej with respect to the ortho-
normal basis § = {gu_i41,...,gn} of FL. Using the orthogonality of g, it is immediate that
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(AAY u(ay, j)uas, jp) = (e’jl.l‘ , e‘;zz), and therefore det(A) = Vol (e) for e = {el,... e}, which
is exactly the definition of £2 (E). Incidentally, this also shows that Vol ;1 (€) is invariant to taking

an arbitrary (not necessary orthonormal) basis e? of E al with Vol g1 (e%) = 1, since this is easily
checked for det(A). O
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