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Abstract

A uniqueness theorem for two distinct non-constant meromorphic functions that share three values of
finite weights is proved, which generalizes two previous results by H.X. Yi, and X.M. Li and H.X. Yi. As
applications of it, many known results by H.X. Yi and P. Li, etc. could be improved. Furthermore, with
the concept of finite-weight sharing, extensions on Osgood—Yang’s conjecture and Mues’ conjecture, and
a generalization of some prevenient results by M. Ozawa and H. Ueda, ect. could be obtained.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction and main result

In this paper, a meromorphic function always means meromorphic in the complex plane C.
For any non-constant meromorphic function f, we use the standard notations of Nevanlinna’s
value distribution theory of meromorphic functions such as the characteristic function T (r, f),
the proximity function m(r, f), and the counting function N(r, f) of poles (see [3,4,19]). We
denote by E any set of finite linear measure in R™, not necessarily the same at each occurrence.
For the function f, we denote by S(r, f) any quantity satisfying S(r, f) =o(T (r, f)) (r ¢ E).
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For a complex number a € C, we say that two non-constant meromorphic functions f and g
share the value a CM (respectively /M), provided that they have the same a-points counting
(respectively ignoring) multiplicities. As for the value oo, we consider the functions F = 1/f
and G = 1/g sharing the value 0 instead.

For a positive integer k, we denote by Ny)(r, 1/(f — a)) the counting function of the a-points
of f with multiplicity < k, by N (r, 1/(f — a)) the counting function of the a-points of f
with multiplicity > k, while by Nyy(r, 1/(f — a)) and Ny (r, 1/(f — a)) the reduced form of
Niy(r,1/(f —a)) and N (r, 1/(f — a)), respectively. Also, we denote by Ny(r) the counting
function of the zeros of f — g but not the zeros of f, f — 1 and 1/f, and those of g, g — 1 and
1/g, respectively, with proper multiplicity, while by No(r) its reduced form.

In 1995, H.X. Yi proved the following

Theorem A. (See [12] or [22].) Let f and g be two distinct non-constant meromorphic functions
sharing 0, 1 and co CM. If, for some a € C\ {0, 1}, we have

N(r, ! )#T(r,f)JrS(r,f),
f—a

then a is a lacunary value of f, and f is some bilinear transformation of g. Furthermore, f and
g satisfy one of the following three relations:

(i) f=ag
(i) fH+@—Dg=a;
(i) (f—a)g+a—1D=a(l—a).

Nine years after that, X.M. Li and H.X. Yi extended Theorem A and obtained the following

Theorem B. (See [12].) Let f and g be two distinct non-constant meromorphic functions sharing
0, 1 and co CM. If, for some a € C\ {0, 1}, not a lacunary value of f, we have

1
Nl)(l", )#T(r,f)—}—S(r,f),
f—a
then we could derive

1 k—2
Nl)<r >_ T(r’f)_l_S(r’f)

"f—a) k
and
No(r s ) = p T+ 501
f—a k
and f and g assume one of the following six forms:
) ek+y _q e~ (k+Dy _q
= T
(a — DFI=s g (k41— s)ktl=s k+1
ak+1 = (k + 1)k+1 , aF s ;

e’V —1 eV — 1

@ f="mm - 8T mmr o
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S(k 41— s)kH1=s s
s 1— k+1—s — § ( s ;
“i-ao GroeT T
e esy - 1 e_sy — l
(i) f= =y 1 §= J0ri—sy _ 1’
(—a)’ sSk+1— s)k+lfs " s
= ) a —_—
(1 — a)k+1 (k + 1k+1 k+1—s
ky —ky 1
. e e
@iv) f—m’ g_k—le—sy_l’
k—s K k—s
k (a=D""  s(k—5)""
M0, o =
ey —1 e SV —1
(v) f_)neky—l’ g_k_le_ky—l’
o Sk — )k
KA0L Ko (-af” =
. e’ —1 eV -1
V) f=mr o1 8T ey -1
)\,S # O 1 (_)\‘a)s = SS(k — S)k_s
) (1 —Cl)k kk ’

where y is a non-constant entire function, and s and k > 2 are two positive integers such that s
and k + 1 are mutually prime with 1 < s < k in cases (1)—(iii), and such that s and k are mutually
prime with 1 <s <k — 1 in cases (iv)—(vi).

Remark. In fact, Theorem B is an extension of Theorem A, since if two distinct non-constant
meromorphic functions f and g share the values 0, 1 and oo CM, then for any a € C\ {0, 1}, we
have N3(r, 1/(f —a)) = S(r, f) (see [12, Lemma 3]). Therefore, the assumption on the value a
in Theorem B is equivalent to

N(r, ﬁ) =T(r, f)+S(r, f) but N1)<r, f !

— a) £T(r. f)+ S f).

It is natural to ask whether the value-sharing assumptions of Theorems A and B could be
weakened anymore? The answer is affirmative. Now, let us introduce the definitions of finite-
weight sharing due to 1. Lahiri (see [5-8,26]).

Definition 1. Let k be a non-negative integer, let f be a non-constant meromorphic function,
andleta e C=CU {oo} be a complex number. Then, we denote by Ej(a, f) the set of all the
a-points of f, where an a-point with multiplicity m is counted m times if m < k while k + 1
times if m > k.

Definition 2. Let k be a non-negative integer, let f and g be two non-constant meromorphic
functions, and let @ € C be a complex number. If Ex(a, f) = Ex(a, g), then we say that f and g
share the value a with weight k.

We also write f and g sharing (a, k) to mean that they share the value a with weight k. If f
and g share (a, k), then they share (a, p) for all integers p (0 < p < k). Clearly, f and g share
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a value a CM if and only if they share (a, k) for all positive integers k, while f and g share a
value a IM if and only if they share (a, 0).
By using the concept of finite-weight sharing, our main result states

Theorem 1. Let f and g be two distinct non-constant meromorphic functions sharing (0, ky),
(1, kp) and (00, k3) with kikoks > ki + ky + k3 + 2. If, for some a € C\ {0, 1}, we have

1
N1)<r, ) 2T, )+ S, f), (1.1)
f—a

then f and g share the values 0, 1 and oo CM. Thus, the conclusions of Theorems A and B,
respectively, still hold.

Since f and g share the values 0, 1 and oo IM, then by the Second Main Theorem,
we could easily derive that T'(r, f) = O(T(r,g)) and T (r,g) = O(T (r, f)), which implies
S(r, f) = S(r, g). In the following, we denote this term by S(r).

2. Some lemmas

Lemma 1. (See [26].) Let f and g be two distinct non-constant meromorphic functions sharing
(0, k1), (1, ko) and (o0, k3) with kikaks > ki + ko + k3 + 2. Then, for h € { f, g}, we have

_ 1 — 1 -
N <I", E) + No (V, th> + No(r,h) =8(@). 2.1)

Lemma 2. Let f and g be two distinct non-constant meromorphic functions sharing (0, ky),
(1, ko) and (00, k3) with kikoks > k1 + ko + k3 + 2, and suppose that f is not any bilinear
transformation of g. Then, for h € { f, g}, we have

i) T@ﬁ+T@@=NG%)+NG—L)+NQM+MWHJW; (2.2)

"h—1
. ( 1 ) _( 1
(i) N\r, =N|r,
f—s f—g

Proof. The method we employed here for the proof of Lemma 2 is similar to that of the main
result in [8] and [22], respectively. For the sake of convenience for the reader, we shall outline
a proof of it.

Noting that f and g share (0, k1), (1, k2) and (oo, k3) with kjkoks > k1 + kp + k3 + 2, then
we define

)+va No(r) = No(r) + S(r). (2.3)

—1
hy = i, hy :=f—,
g g—1
and thus
hy — 1 hyt—1 hy
f=—, g= hy:=—). 2.4)
hz—1 hyt—1 hy

It is obvious that for & € {f, g}, we have Z§=1 T(r,hj) = O(T(r,h)) and T(r,h) =
O(Y3_ T(r.h)). By Lemma 1, we see that
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3
_ _ 1 _ 1 _ 1 _
N(r,h-)+N<r, —)) <0<N (r, —>+N <r, )—I—N (r,h)):S(r).

j=1

Therefore,

3 h/»

T(r, —’) =S(r). (2.5)
; h;
Jj=1

If one of &y, hy and h3 is a constant, then f would be some bilinear transformation of g,
which contradicts the assumption. Thus, in the following, we suppose that none of /1, i and A3
is a constant.

Now, we define

hy hy
o h _ h
VW T
sy hy h
Then, ¢ #£ 0, 1 and by (2.5), T (r, ) = S(r).

If
h/
-2 —-¢ =0,
(-1 Y
then we have hy = c(¢ — 1) for some constant ¢ # 0, and thus 7'(r, h2) = S(r). Also, we have

hy_hy __chy M
h3 ohy  hy(hy+c) hy hy+c’

and hence h3 = clﬁ for some constant ¢y # 0, from which we have T (r, h3) = S(r), too.
By (2.4), we derive that T'(r, f) = S(r) and T (r, g) = S(r), a contradiction.
Hence, (¢ — 1)% — ¢’ # 0. Noting that
_hy—ph3+¢—1

thus we define ¢ := (f —¢)(h3 — 1) = (ha — ¢h3 + ¢ — 1), which combined with the expression
of ¢ could yield
h/ h/
¢ By (h—ghi+eo—1)—(h—phs+e-Dz (p—Dz—¢

¢ hy (f =@)(hs = 1) f—o

Hence, we obtain

¢
! G

o )
J=¢ (p-nE-¢

’

which implies that

m(r, fi(p>=S(r) and N(2<r, ﬁ):S(}’). (2.6)
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Slnceg hz—landg_hh - , then we have
h h I,
g f—-g (———)h2+h3ﬁ—ﬁ
g g—l hy —1 ’

Also, we have

/

(f¢(£_ﬁ>:%__MMw3 i

ho hy—1 ’
too. Therefore,
h h, gr
(—)(i—l)————— 2.7)
f-e hy  hy gg—1

By (2.1), (2.5), the second equation of (2.6) and (2.7), and noting the fact that T'(r, ¢) = S(r),
we derive

1\7<r, ! ) = No(r) + N()(V, i) + S@r),
f—o g

and hence No(r) = No(r) + S(r), which is the second equation of (2.3), where No(r, 1/g") de-
notes the counting function of the zeros of g’ but not the multiple zeros of g(g — 1).
Also, by (2.6), the above equation and the First Main Theorem, we have

T(r, f)=No(r)+ Ny <r, ?) +S8(). (2.8)

Applying the Second Main Theorem to the function g with the values 0, 1 and oo, noting (2.8)
and the fact that N(r, f) = N(r, g) + O(1), to conclude

_ _ 1 - 1
TC 0+ 100 TN+ RE0+ 8 (r )+ 8(r ) = No(n ) +50)

<No(r)+1\7(r,g)+1§f<r, é) +1\7(r, il) + S(r)

<N g) +N<r, L) + 8@
f—g

<Nm@+NQ,1 )+am
f—g

<T(r, f—8g) +N(rg+S(r)
<m(r, f)+m(r,g) + N(r, f) + N(r, g) + S(r)
<T(r, f)+T(r, g+ Sr),

which implies that (2.2) and the first equation of (2.3). O

Lemma 3. Let f and g be two distinct non-constant meromorphic functions sharing (0, ky),
(1, kp) and (00, k3) with k1kyks > ki + ko + k3 + 2. Then, for any a € C\ {0, 1} and h € {f, g},
we have

1
Ng <r, P a> =S(r). (2.9)
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Proof. Without loss of generality, we might assume & = f. If f is some bilinear transfor-
mation of g, then the conclusion is trivial since now, for any a € C \ {0, 1}, we have either
T(r, f)= Ny, 1/(f —a))+ S(r) by the Second Main Theorem, or a is a lacunary value of f
(see [12, Lemmas 1 and 2]). Thus, we suppose that f is not any bilinear transformation of g in
the following.

With the same notations such as &y, h, h3 and ¢ in the proof of Lemma 2, we know that
neither &, nor A3 is a constant, and have

f—a:h2_ah3+(d_l). (2.10)
hy—1

Take z, to be an a-point of f with multiplicity p > 3 but not a zero or a pole of s and h3.

Thus, by assumption, we have

h2(zq) —ah3(zq) + (a — 1) =0,
hy(zq) — ah’y(zq) =0,

and

The above last two equations imply
h/z/(za) _ h/g/(za) _
h/z(Za) hg(Za) .

h// h// . . . .
If h—,z — h—? = 0, then by integrating it twice, we have hy = coh3 + ¢; for two constants
2

3
co # 0, c1. If ¢1 # 0, then by the proof of Lemma 2, we have

_ 1 - 1
N(r, m>=N<r, E)‘i‘O(l):S(F),

which means
- 1 _ 1 _
T(r,h3) < N(r, — ) + N(r, —) + N(r,h3) + S@r) = S(r).
hs + “ hs

Then, T (r, ho) = S(r), too. Hence, T (r, f) = S(r) by (2.4), a contradiction. So, ¢y =0.If ¢y # a,
then by (2.10), the First Main Theorem, the lemma of logarithmic derivative, and the fact that

3

Z(N(r, hj)+ N(r, }%)) =S(r),
Jj=1 J
we obtain
]\_/(3<r, ! ) 1\_/<r, i) < ]\7<r, @> +N<r, i) +0()
f—a h) hy hy
< T(r, @> +1\7<r, l) +0(1)
ho ho
< N(r,hy) +2N (r, h%) +Sr) = S(). (2.11)
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If co = a, then by (2.10), we see that 1\_J(3(r, 1/(f —a)) < N(r,h3)+ O(1) = S(r). Hence, (2.11)
holds, too.
ny R

If -+ — h—? = 0, combining this with the lemma of logarithmic derivative and the facts that
2 3

_ 1 _ _ 1
N(I’, /’l_/) <N@, hj)+ ZN(r, h—> +Sr)=S8(@r)
J J
(shown in the proof in (2.11)) and N (r, )= N(r,hj)+O(1) = S(r) for j =2, 3, yields

3

_ 1 S _( 1
NG <r, 7 _a) < 0<;(N(r,hj) +N<r, E>>> +S(r) = S(r).

Also, (2.11) holds well.

Noting that z, is an a-point of f with multiplicity p > 3, then it is a zero of f'(f — g) with
multiplicity at least p — 1 > 2. Combining the second equation of (2.6), (2.7) (interchanging
positions of f and g, respectively) with (2.5) yields

1 _ 1 1
o)) e s

<N(2<r )-I—O(l)

_
(-9
) +8(r) = S(r), 2.12)

< Ne (r,

which together with (2.11) implies (2.9). O

Lemma 4. Let f and g be two distinct non-constant meromorphic functions sharing 0, 1 and
oo IM. Furthermore, if we assume that f is some bilinear transformation of g, then they satisfy
one of the following six relations:

1 fg=1,

() f+g=1,

(i) (f—DE—-D=1,

(iv) f=ag,

V) f—1=a@-1),

Vi) (f—a)(g+a—D=a(l —-a),

where a # 0, 1 is a constant.

Proof. Without loss of generality, we may suppose that

ag+b
cg+d
Noting that f and g are distinct, we shall discuss the following six cases.
Case (i). If 0 and oo are lacunary values of f and g,thena+b=c+d anda =d =0, since
f and g have infinitely many 1-points, which means fg = 1.
Case (ii). If 0 and 1 are lacunary values of f and g, then c=0and f = 5¢ + g. Further, we
have %—F%:Oand g =1, whichisjust f + g=1.

f:

, (ad —bc#0).
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Case (iii). If 1 and oo are lacunary values of f and g, then b =0 and ¢ = —d. Thus, f =
c(;fl) , which could be rewritten as (f — 1)(g — 1) = 1.

Case (iv). If only 1 is a lacunary value of f and g, then b = ¢ = 0 and thus we have f =oag,
where o = % #0, 1.

Case (v). If only O is a lacunary value of f and g, then ¢ =0 and d = a + b. Then, we have
f—1=a(g—1)witha=5#0,1.

Case (vi). If only oo is a lacunary value of f and g, then b =0 and a = ¢ + d. Therefore,
(f—a)g+a—D=a(l—a)witha=1+<#0,1. O

Lemm_a 5. (See [2 ] or [27].) Let w1 and w> be two non-constant meromorphic functions satis-
fying N(r,w;) + N(r, 1/w;) = S*(r) for j =1,2. If o|&), — 1 is not identically equal to zero
for all integers s and t satisfying |s| + |t| > O, then we have Ny(r, 1; w1, wp) = S*(r). Where
No(r, 1; w1, wp) denotes the reduced counting function of the common 1-points of w1 and w»,
and S*(r) =o(T(r) ;=T (r,w1) + T (r, 7)) (r ¢ E) only depends on v and w,.

3. Proof of Theorem 1
Let us proceed the proof of Theorem 1 with two cases.

Case 1.

N(r, ! );éT(r, )+ 8@). 3.1)
f—a

If f is a bilinear transformation of g, then from the conclusions of Lemma 4, we could easily
see that f and g share the values 0, 1 and oo CM. Cases (i)—(iii) in Lemma 4 contradict (3.1),
and thus might be ruled out. Case (iv) in Lemma 4 means a = «, a lacunary value of f, and then
case (i) in Theorem A occurs. Also, case (v) in Lemma 4 means a = 1 — «, a lacunary value of f,
and then case (ii) in Theorem A occurs. At last, case (vi) in Lemma 4 means a = «, a lacunary
value of f, and hence case (iii) in Theorem A occurs.

If f is not any bilinear transformation of g, then by (2.2) and (2.8) (with interchanged posi-
tions of f and g), plus the Second Main Theorem, we see

1 _ 1 1
f_1>+N(r,f)+N<r, f_a>—N<r,7>+S(r)
<1\7<r, %)-FN(V, —fl_ 1) + N(r, f)+N<r, f1_a> —N()(r, %)—i—S(r)

ST(r,f)—i-N(r >+S(r)<2T(r,f)+S(r),

20 1) < N(r, lf) + N(r,

1
bl f _ a
which implies that T'(r, f) = N(r, 1/(f —a)) + S(r), a contradiction against (3.1).
Case 2.
( 1
N|r,
f—

Noting (1.1) and (2.9), we know that

a) =T(r, f)+S). 3.2)
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N (r, 7 1_ a) £ S(r). (3.3)

‘We continue to use those notations s_uch ashy, }52 and /3 in the proof of Lemma 2. Then, from
(2.10), (3.3) and the fact that Z;zl(N(r, hj)+ N@,1/hj)) = S(r), it is not difficult to claim
that T(r,hj) # S(r) for j =1,2,3.

In fact, if T (r, h1) = S(r), then we rewrite (2.10) as
(hy —a)hz +a —1

hy—1 ’
and obtain T'(r, f) = T (r, h3) + S(r). Obviously, h1 — a # 0. Otherwise, it might derive that
f =ag, which implies that 1 and a are lacunary values of f, a contradiction against (3.2). Now,

applying the Second Main Theorem concerning three small functions (see [19, Theorem 1.36])
to the function /3 with its small functions 0, co and 8 := —(a — 1)/(h; — a) to conclude that

f-a=

) < Nk + 8 ()4 8 () 50

1 _ 1 1 1
ﬁ) + S(r) <N<r, n —ﬂ) +§N(2<r, —h3 —/3) + S(r)

< 1\7<r,
Iy —
< N(r, #> +S() < T h3) + S(r),
hs3 —B

which implies that Np(r, 1/(h3 — B)) = S(r). Hence, we could immediately derive that
No@r, 1/(f —a)) < N, 1/(hs — B)) + S(r) = S(r), a contradiction against (3.3). Analogous
discussions could yield T'(r, hy) # S(r) and T (r, h3) # S(r). o ) /

Let z, be a multiple a-point of f but not a zero or a pole of Z—;, Z—z and Z—z - Z—; Since
h2(zq) — ah3(zq) + (@ — 1) =0 and k) (z4) — ah’y(z4) =0, we have

h%(Za)
(@—Dpey

(a _ 1) hz(za)

h2(z4)
h = and h ===
2(za) hy(za)  hy(a) 3(a) a(h/z(za) B hé(za))
ho(zq) h3(zq) hy(za) h3(zq)
Now, let us define
n, K n, K
R esGEg
a)l = 4}’/, 0)2 = 7}1/, (3.4)
@a—Dz (a—1z

and

T(r)y:=T(r,w1)+ T, w), S*(r) := o(T(r)) (r ¢ E).

It is easily seen that for & € { f, g}, we have

2 2
ZT(r,wj)zO(T(r, h), T(r, h):o(ZT(r,w,-)>,
Jj=1 j=1

and

2

S*(r) =8(), Z(Z\_/(r,wj)+1\_l<r, i)):S(r).

j=1 !
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Since now

_ 1
No <r, ) <No(r, 1; w1, w2) + S(r),
f—a

thus by (3.3) and the conclusion of Lemma 5, we know that there exist two integers s and ¢ such
that |s| 4 |¢| > 0, and such that a)ia)g = 1. It could be rewritten as

/4 h
@—DRE\ [ @=1z \!
spt 3 2
h2h3=< T ) ( — ) (3.5)

2 _ 3
hy  h3 a(hz h3)

Applying logarithmic differentiation to (3.5) to obtain

hy M
Sh/z h/3: Spy Ty (”2113)/_ 3.6)

h, h,
Ifsﬁ + tﬁ # 0, then we have

hhn
(Gtay
3

2h
h

Applying integration to it twice, we obtain h3 = cp(hy — c¢1), where cq, ¢y are two non-zero
constants. So,

T(r, hy) < N(r, ) +S(r) = 1\7<r, i) + S =S,
h h3

— ¢
a contradiction against the fact that T'(r, h;) # S(r) for j =1, 2, 3.

Y I . .
Therefore, sﬁ + t;l—z = 0. Hence, by integration, we get h%hg = ¢ for a non-zero constant c.

Since none of &y, hy and k3 is a constant, then we have sz (s + r) # 0. Rewrite it in terms of f
and g as

<§)I<Q)S+t _.

) \g—1 ’

which implies that f and g share the values 0, 1 and co CM.
4. Applications of Theorem 1

In the same paper, X.M. Li and H.X. Yi obtained the following two theorems, the former of
which was an extension of a previous result by P. Li (see [10]).

Theorem C. (See [12].) Let f and g be two distinct non-constant meromorphic functions sharing
0, 1 and co CM. If, for some a € C\ {0, 1}, not a lacunary value of f, we have

N1><r, ! ><uT(r,f)+S(r),
f—a
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where u < % then

1
Ny <r, 7 _a) =0(1),

and f and g assume one of the following nine forms:

@ f e —1 e —1
1 = 9 :77
eV —1 g eV —1
. _e3y—1 _e_3V—1
(i) f—m, g_ﬁ’
eV —1 eV —1
(111) f_e3y_17 g_ef3y_lv
2y_1 —2)/_1
. e e
(iv) f_e31’——1’ g—m,
W f e2r —1 e —1
A% =, =,
eV —1 & eV —1
. eV —1 eV —1
(vi) f:e—27’7—1’ 8="m 1
wi) f e —1 e —1
vii = = ,
e’ — 1 8T T _1
eV —1 eV —1
(viii) - f = re2r —1° 8= ey _
. eV —1 eV —1
R A Ve L e

where y is a non-constant entire function.

3
a=—;
4
a=-3;
4
a=—;
3
1
a=——;
3
1
a=—;
4
a=4;
ML
A#E1,
AFE,

a’)\? =4(a —1);
4a(l —a)r =1,

(1—a)*+4ar =0,
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Theorem D. (See [12].) Let f and g be two distinct non-constant meromorphic functions sharing
0, 1 and co CM. If, for some a € C\ {0, 1}, we have

1
N (r,
) f_

N(r, f) <uT(r, f) + S(r),

) <ul(r, f)+ S(r),
a

and

1
Nl)(ﬂ ) #T(r,g)+ S(r),
g—a

where u < % and v < %, then

1
N1)<r, ﬁ) =0(),

and one of the following three cases holds:
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0 7 1 1 1 1
1 —_ = —_ = = —, = —;
2J\872)Ty 72
) f= —e% — e, g=—e2 —¢77, a=
2 ) — 3
(i) f=eV +e¥+1, g=e 7V 4+e TV +1, a=7.
where y is a non-constant entire function.

From the conclusions of Theorem 1, we could show the following

Theorem 2. Let f and g be two distinct non-constant meromorphic functions sharing (0, k1),
(1, ko) and (00, k3) with k1koks > k1 + ko + k3 + 2. If we retain the other assumptions in Theo-
rems C and D, respectively, then their conclusions hold.

Proof. Since we have the inequality Nyy(r, 1/(f — a)) < uT(r, f) + S(r) anyway, thus (1.1)
holds. Combining the methods in the original proof of Theorems C and D, respectively, with the
conclusions of Theorem 1 yields the desired results. O

Also, in that same paper, X.M. Li and H.X. Yi gave a concise proof of the following The-
orem E, which was a beautiful result in the earlier studies of unique range sets and also an
extension of a previous result of H.X. Yi in [20].

Now, let us introduce the idea of finite-weight sharing concerning sets firstly.

Definition 3. Let k£ be a non-negative integer, let f and g be two non-constant meromorphic
functions, and let S € C U {oo} be a set with distinct elements. Then, we define Ei (S, f) :=
Uges Ex(a, ). If Ex(S, f) = Ex(S, g), then we say that f and g share the set S with weight k.

Theorem E. (See [10] or [12] or [23].) Let S| = {ay, az} and Sy = {by, by} be two sets of distinct
elements with ay + ap = by + by but ajay # b1by, and set S3 = {00}. Suppose that two distinct
non-constant meromorphic functions f and g share Sy, Sy and Sz CM, then f and g have one
of the following four relations:

i) ftg=a+a

.. Cc c ap —ap 2
(i) <f - 5) (g - 5) = (T) (c=a; +ay);

(i) (f —aj)(g—ar) =)™ a —a)® (,k=1,2);
(v) (f —bj)g—b) =D/ b —b)? (j,k=1,2),

where case (ii) occurs only for (a1 — a2)?+ (by —b2)? =0, case (iii) occurs only for 3(a; —a)+
(b1 — by)* =0, while case (iv) occurs only for (ay — a)* + 3(b; — b2)> =0.

Combining analogous method as that in the proof of Theorem E in [12] with the conclusions of
Theorem 1 could yield the same conclusions if we weaken the assumption that f and g share the
sets Sy, Sy and S3 CM to Ey (S1, f) = Ex,(S1, &), Ex,(S2, f) = Ex,(S2, g) and Ei,(S3, f) =
E,(S3, g) for three positive integers ki, ko and k3 such that k1kok3 > ki + ko 4+ k3 + 2.
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5. On conjectures of Osgood-Yang and Mues

It is well known that C.F. Osgood and C.C. Yang conjectured that if two distinct non-constant
entire functions f and g share the values 0 and 1 CM, then

T@r,f)~T(r,g) (r—o0, r¢E).

Nineteen years after they proposed the above conjecture, in 1995, E. Mues extended it to
meromorphic functions and conjectured that if two distinct non-constant meromorphic functions
f and g share the values 0, 1 and co CM, then

1 I f)
<2 +0(1)) < Tt < (2 ~|—0(1)) (r > oo, r ¢ E).
Also, the bounds 1/2 and 2 could not be sharpened any more as shown in [1].

The first promising result that shows the above two conjectures could be solved was obtained
by P.Liand C.C. Yang in 1998 (see [9]). Then, in 1999, by employing a result of Y.H. Li and Q.C.
Zhang (see [11]), which plays quite an important role in sharpening the Second Main Theorem
concerning small functions (see [13,15,18]), the second author of that paper proved the following
result, whose embryonic form could be found in [9].

Theorem F. (See [2] or [27].) Let f and g be two distinct non-constant meromorphic functions
sharing 0, 1 and oo CM. If No(r) # S(r), then f is not any bilinear transformation of g if and

only if

. No(r) 1
0 < limsup < -,
r—oco.rgE I'(r, f) 2

and then
1
No(r) = ;T(V» )+ S).

Furthermore, f and g assume one of the following three forms:

e’V —1 e 57 —1
. e(k—i—l)y -1 e—(k-l—l))/ -1
W f= oy o 8T samy o SISk
eV —1 e’V —1
(iii) f:m’ 8= Gy _ 1’ 1<s <k,

where s and k > 2 are two positive integers such that s and k 4+ 1 are mutually prime, and y is a
non-constant entire function.

In 2003, by using the conclusions of Theorem F and an equality in [22] like (2.2), H.X. Yi
and Y.H. Li completely solved the above two conjectures (see [24]). Some extensions on their
results could be found in [2,8]. Here, we give a concise proof of the above two conjectures with
finite-weight sharing assumptions.

Theorem 3. Let f and g be two distinct non-constant meromorphic functions sharing (0, k1),
(1, kp) and (00, k3) with k1kyks > ki + ko + k3 + 2. Then,



328 Q. Han, H.-X. Yi/J. Math. Anal. Appl. 334 (2007) 314-332

l+o(1) <T(r’f)<(2+o(1)) (r— 00, r ¢ E) (5.1)
2 S T(ng ’ ‘ '
In particular, if f and g are entire, then we just consider f and g sharing (0, k1) and (1, k)
with kiky > 1 and have

T, f)~T(r,g) (r— o0, r¢E). (5.2)

Proof. If f is some bilinear transformation of g, then (5.2) holds well. If f is not any bilinear
transformation of g, then, with the same notations such as &1, 4, and k3 in the proof of Lemma 2,
we know that none of 41, hy or h3 is a constant. Furthermore, if No(r) # S(r), then by the second
equality in (2.3), and noting the fact that No(r) < No(r, 1; h1, ha) + S(r) anyway, it implies that
f and g share the values 0, 1 and co CM from the conclusion of Lemma 5. In fact, there exist
two integers u and v such that hh5 = 1 with uv(u + v) # 0. Hence,

(5 (=)
g g—1
from which we could immediately derive that f and g share the values 0, 1 and co CM. So,
the conclusions of Theorem F hold well. Valiron’s theorem (see [17, pp. 34-37] and [19, The-
orem 1.13]) applied to the three cases in Theorem F yields (5.2). If No(r) = S(r), then we get
(5.1) by (2.2). When f and g are entire, we just assume that f and g share (0, k1) and (1, k2).
Hence, the inequality kjk2k3 > k1 + k2 + k3 + 2 with k3 = oo turns out to be k1k> > 1. Noting
the fact that N(r, f) = O(1) and N(r, g) = O(1), we have (5.2) similarly. O

L,

Remark. If {k{, kp, k3} = {1,2,6} or {1, 3,4} or {2, 2,3} for two distinct non-constant mero-
morphic functions f and g, and {k, k2} = {1, 2} for two distinct non-constant entire functions f
and g, then the conclusions of Theorem 3 hold.

6. On results of Ozawa and Ueda
In 1976, M. Ozawa proved the following

Theorem G. (See [14].) Let f and g be two non-constant entire functions of finite order sharing
Oand1CM. If 50, f) > %, then either fg=1or f =g.

Seven years later, H. Ueda removed the restriction on order and extended the above result to
meromorphic functions as the following

Theorem H. (See [16].) Let f and g be two non-constant meromorphic functions sharing 0, 1
and oo CM. If

, N ) +Nr 5 1
lim sup < -,
r—o0,r¢l T(I", f) 2

then either fg=1or f =g.

In 1990, H.X. Yi generalized the above two theorems and obtained
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Theorem 1. (See [21].) Let f and g be two non-constant meromorphic functions sharing 0, 1
and oo CM. If

, Niy(r, )+ Niy(r )
lim sup
r—00, r¢RE T(r, )

1
<z
2
then either fg=1or f =g.
Some results concerning weighted sharing on this topic and its related problems could be

found in [5-7,25,26]. Here, we derive a theorem which generalizes Theorems G-I and some
other results through the conclusions of Theorem F.

Theorem 4. Let f and g be two distinct non-constant meromorphic functions sharing (0, k1),
(1, ko) and (o0, k3) with kikaks > k1 + ko + k3 + 2. If, for h € { f, g}, we have

Nyy(r, ) + Nyy(r, 1) + Ny (r, 727)

lim sup <1, (6.1)
r—oo,r¢k T(r, f)+T(r,g)
then f and g assume the following three forms:
O f=Z@mm 1 ST swny o lSssk
B ek+thy _q e~ k+Dy _ 1
W f=lEmy— 8T ey o L SSSK
e’V —1 eV —1
(iii) f=ms 8= iy 1’ I<s <k,

where s and k are two positive integers such that s and k + 1 are mutually prime, and y is a
non-constant entire function. Furthermore, we have

1 1 1
Niyy(r, h) + Ny (r, E) + Ny (r, m) = (2 — %>T(r,h) + S(). (6.2)

Proof. Let us also proceed the proof with two cases.

Case 1. If f is some bilinear transformation of g, then from the conclusions of Lemma 4, we
derive that

If fg =1, then 0 and oo are lacunary values of f and g, thus we may write f = ¢f and
g = e~ #, which means that f and g satisfy case (iii) in the statement of Theorem 4 withk = s = 1
andy =8+ Qu+1)-mi (u €Z) and (6.2) holds.

If f 4+ g=1, then O and 1 are lacunary values of f and g, thus we may write f = ﬁ
and g = %, which implies that f and g satisfy case (i) in the statement of Theorem 4 with
k=s=1landy =8+ Qu+1)-mi (ue€Z) and (6.2) holds.

If (f —1)(g — 1) =1, then 1 and oo are lacunary values of f and g. Set f =ef + 1 and
g=1+e¢"P Then, f and g satisfy case (ii) in the statement of Theorem 4 with k = s = 1 and
y=B+2u-mi (u € Z) and (6.2) holds.

If f=ag (o #0,1),then 1 and « are lacunary values of f, and 1 and 1/« are lacunary values
of g. By the Second Main Theorem and (2.1), T (r, h) = N@r h)+ S(r) = Niy(r,h) + S(r) and
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T(r,h) = N(r, 1/h) 4+ 8(r) = Nyy(r, 1/ h) + S(r). Hence, we have a contradiction against (6.1)
since now T'(r, f)=T(r,g) + S(r).

ff—1l=a(g—1) (¢#0,1),then 0and 1 — « are lacunary values of f,andOand 1 — 1/«
are lacunary values of g. A contradiction follows analogously.

f(f—a)g+a—1)=a(l —a) (¢ #0, 1), then co and « are lacunary values of f, and co
and 1 — o are lacunary values of g. Similarly, we get a contradiction.

Case 2. If f is not any bilinear transformation of g, then by (2.1), (2.2), the second equality of
(2.3) and (6.1), we see No(r) # S(r). Therefore, it implies that f and g share the values 0, 1 and
oo CM by the proof of Theorem 3. Employing the conclusions of Theorem F, we know that f
and g assume the three forms in the statement of Theorem 4 with k > 2.

If case (i) holds, then we have

T(r, f)=kT(r.e")+ S(r),
Ni(r, ) =kT(r,e”) + S(r),

Ny (r, %) =(s— I)T(r, ey) + S(r),

N1)<r, 7 1_ 1) =(k—95)T(r.e")+ Sr).

Thus, we have (6.2).
If case (ii) holds, then we have

T(r, f)= kT(r, ey) + S(r),
Ny(r, )= (k= )T (r,e") + S(r),

N1)< ) kT rey +S(r)

N1)< ! > (s — DT (r,e") + Sr).

Thus, we have (6.2), too.
If case (iii) holds, then we have

T(r, f)= kT(r, ey) + S(r),
Ni(r, f) =k —)T(r.e") + S(r),

Ny <r, %) =(s—DT(r,e’) + S,

Ny <r, ﬁ) = kT(r, eV) +8@r).

Thus, we have (6.2), too. O

Corollary. Let f and g be two distinct non-constant meromorphic functions sharing (0, k1),
(1, k2) and (00, k3) with kikyks > ky + ko + k3 + 2. If

, Ny, ) +Np(,§) 1
lim sup <=,
r—o00, r¢R T@, f) 2
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then fg=1.
Remark. Under the same value-sharing assumptions as those in Theorem 4 and its Corollary,

and furthermore, if we assume that

. Ny, )+ Ny 757)
lim sup <=,
r—oco, r¢E I(r, 1) 2

or
, Niy(r )+ Ny 7)1

lim sup < -,

r—o00, r¢k T(r, f) 2

then either (f — 1)(g— D) =lor f+g=1.
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