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Abstract

In this paper, we introduce a new type modulus of continuity for function f belonging to a particular weighted subspace of
C [0, 0o) and show that it has some properties of ordinary modulus of continuity. We obtain some estimates of approximation of
functions with respect to a suitable weighted norm via the new type moduli of continuity. Finally, we give some examples.
© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction and preliminaries

As it is well known, the modulus of continuity w of the uniformly continuous function f on the finite (or infinite)
interval / is given by the formula

w(fi8)= sup |f(t)—f), rxel
|t—x|<8
Note that the function w has the property that lims_.o w (f; §) = 0. Because of this property, the modulus of continuity
is used to estimate the order of approximation to the function f by polynomials, by entire functions or, in general, by
the sequences L, (f; x), where L,, are positive linear operators (see, for example, [1,2]).

Recall that uniform continuity of a function on unbounded sets restricts its growth: at infinity it cannot grow faster
than (1 4 |x|). Therefore, it is impossible to use the modulus of continuity w for estimating the rate of approximation
of functions having high order of growth at infinity. However, the weighted modulus of continuity, the definition
of which includes the growth of function at infinity, may be used for this purpose. For instance, let’s consider the
weighted modulus of continuity @ introduced in [3] for the classes of continuous function f defined on R that grows,
at infinity, no faster than (1 + |x|)°, o > 1,

~ 1f (@) — f ()]
;8) = ,
O = S T ) (1 + k)

t,x e R.
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This modulus of continuity has the property lims—ow (f;8) = 0 on subclass of functions for which
lim|y|— 00 % exists and is finite (see, for example, [4]).

For continuous functions defined on R or RT = [0, co) where the growth at infinity is not faster than some weight
function p (x) which does not need to be a power function, taking sup on |p (#) — p (x)| < § rather than |t — x| < §
is convenient for our purposes in the definition of the new type of modulus of continuity.

Recall that any function f from Beurling class [5] contracted with respect to the function ¢ satisfies the inequality:

lf (@) = f@I=le@®) -9

for any ¢, x € R. It is obvious that

sup  |f(@®)— f®)] =<8

lp()—p(x)|<s

We consider the weighted spaces of the functions which are defined on the semi-axis R = [0, co) and satisfy the
inequality | f (x)| < Myp (x). Here, p (x) is a weight function and M is a positive constant. We denote the set of
functions that satisfy this inequality by B, to obtain:

B, (RY) = {/:1f I = Msp(0)}.
Then we define

C, (RY):={f: f € B,and f is continuous} ,

C]; (R+) = {f 1 feCy (R"‘) and xli)rgo ﬁgﬁ; =Ky, aconstant}
and
™
CY(RT) = {f . f € C (RT) and Jim ) o},

It is obvious that C% (R*) c C, (R*) C B, (R*). We define the norm of f belonging to B, by

Cfwl
100 = by

Thus, the following results on the sequence of positive linear operators in these spaces are given [6,7].!

Lemma A. In order that the sequence of positive linear operators (Lyp),>1 act from C, (R*) to B, (R*), it is
necessary and sufficient that the inequality is fulfilled

Ly (p;x) < Kp (x)
with some positive constant K.
Theorem A. If a sequence of positive linear operators (L,,) satisfies the conditions
tim [2,0™% ) = o) =0, m=012,
n—00 P
then for any function f € C

lim L, f — fll, =
n—oo

k
» (RY)

0.

As it is seen in Theorem A, the weight function p (x) not only characterizes the growth of f at infinity but also

defines the test functions in Korovkin type theorem. Other theorems of this type are given in [8,9].

I translation, papers [6] and [7] GadZiev = Gadzhiev = Gadjiev.
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The rest of the paper is organized as follows. In Section 2 we construct the weighted modulus of continuity
connected with the function p and reflecting the dependence of the difference | f () — f (x)| on |p () — p (x)| < é.
We also study the characteristic properties of this modulus of continuity. In Section 3 we prove the estimates of
approximation of functions by linear positive operators in p-norms by means of the new type of modulus of continuity.
Some examples are given in Section 4.

2. A new type of weighted modulus of continuity
We now introduce the weighted modulus of continuity. Consider the weight function p satisfying the following

assumptions:

(i) p is a continuously differentiable function on R™ and p (0) = 1.
(ii) infy=0 0" (x) > 1.

From now on, we consider the spaces C ]; (R+) . Cp (R+) and B, (R"’) having the assumptions (i) and (ii).
For each f € C, (RT) and for every § > 0 we set

f ) = f W
0 3 8) =12 ; 8 = .
oS =8 D= W p @+ p )

[p()—p(x)|<é

2.1

We call the function {2, (f; &) as weighted modulus of continuity. We observe that {2, (f; 0) = 0 for every
fec, (R+) and that the function {2, (f; §) is nonnegative and nondecreasing with respect to § for f € C, (R+).

Weighted modulus of continuity {2, has some properties that are similar to the properties of the classical modulus of
continuity. We give these properties in the following lemmas. Note that for different weighted modulus of smoothness
similar properties are discussed in [2].

First, we show the {2, is bounded.

Lemma 1. If f € C, (R*) then
2, (f3 ) =21f1,.
Proof. Since f € C,, (R") we have
Lf@ = fI=1fll, o @ —pI+20) =2[fll,(p ) —pX)|+Dpx). O

Lemma 2. [f the function p satisfies the conditions (i) and (ii) then

lim 2, (p; 8) =0.
Jim, £ (03 )
Proof. The statement follows immediately from the inequality {2, (p; §) <é. O

Lemma 3. If f € C, (R") and A > 0 then
Q5 (f3s 28) <A+ 1) (1 +8) 2, (f; )
holds for every 6 > 0.

Proof. Let x,7 € R™ be fixed points. Consider a partition of the interval [x, #] such that 0 < x = xp < x] < X3 <
- < Xy =t,m € N. By the uniform continuity of p on [x, t], for every § there exists a number u such that

lxx — xg—1] < p  implies |p (xx) —p (xk—1)| <8, k=1,2,...m.
Thus we can write

lo (1) — p (X)| < mé. 2.2)
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On the other hand, we have

IECESICIEDY |f (k) = f (1)

— _Dl+1 _
2 Tio G —p el + 1] 9 Gon) [lp k) = p a4+ 1] p (xk—1)

< U+8) 2 (f; ) p i)

k=1
=m(1+8) 2, (f; Hllp @) —p )+ 1]p ).

This inequality together with (2.1) and (2.2) imply that form € N
p (f: m8) =m (1+8) 82, (f; 9).

Since {2, (f; &) is a nondecreasing function of § the inequality
Q25 (f; A8) = (X +2) (1 +8) 2, (f; 6)

holds forA > 0. O

Corollary 1. For f € C, (R*) and any positive § < 1, the inequality

4
5§mﬁp(ﬁ 3)

holds.

Proof. Using Lemma 3 we write
1 4
2, (f; D= <1+g>(1+5)9p(f; 5)53%(]‘; 8. O

Lemma 4. Forany f € Cf) (RT)
lim 2, (f,8) = 0.
Sl—r&) 0 (f,0)

Proof. Let f € C ’; (R). We can write

SO p®) _ fx)
lf@® — f X))l _ 10 T e
le@—=—p@|+Dpx) |lo@®)—p@x|+1

L0 (28 —1) + (L8 - £9))]
o) \p(x) p(t) p(x)

lp (1) —p ()] +1
Wl lo@ = peol+o (£, 1r—xi)
a lp (1) = p ()] +1

171,10 (1) — p () +w(f . —x|),

IA

where w is defined as in Section 1.
By the assumption (ii) and the mean value theorem we have |p (f) — p (x)| > |t — x|. Thus we have

9, (f.8) = ||f||p5+a)<£,8>.

Since % uniformly continuous, for every ¢, x > 0 with |p (#) — p (x)| < §, we have lims_,o @ (%, 8) = 0. Thus the
proof is completed. [
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Lemma S. Foreach f € C’; (R+) and for each x, t € [0, 00) the inequality

_ 2
I (1) = f ()] <20 () (1+8)° (1 - W) 2 (f: 8) 23)
holds, where § is any fixed positive number.

Proof. Directly from the definition of {2, (f; §) and Lemma 3 we have

lf@O—f@I=p@Up@) —p )|+ 2 (f lp@)—p @D

<P (oM = p @I+ 1) (1+8) (1+M) 9, (f: 8.
Therefore,
O = FOI<20 @) (1 +820,(f; 8 i [o(0) —p )] <5,
FO-F@I=20@ A+ LOLO 0 s it 1o - p () >

)

This proves the lemma. [

Now we introduce an analogy of the classical Lipschitz space Lip,,c.

Definition 1. Let p (x) satisfy the conditions (i) and (ii), 0 < & < 1 and M > 0. Denote by Lip,, (o (x); «) the set
of all functions f satisfying the inequality

lf@O—f@OI<Mlp@®) —p@I*, x,t>0.
It is obvious that we have
Lipy;a C Lipy, (0 (x); @) and Lipya = Lipy, (1 +x; o).
We give following examples:

(a) For x > 0, x € Lip; (¢*; «).
(b) e* € Lip; 5 (¢**; 1), bute® & Lipy,1.

Using (2.1) and Definition 1, we have
2, (f; 8) < M§&* (24)

for any function f € Lipy, (p (x); @)
The class Lip; (o (x); 1) coincides with Beurling class of contractive functions

lf @)= f@I=lp@) —p @)

for any points ¢, x > 0.
The detailed discussion and more properties of the Beurling class can be found in [10-12].

3. The estimate of approximation by modulus of 2,

Theorem 1. Let (L,),> be a sequence of positive linear operators satisfying the conditions

ILal =11, = e, (3.1)

Lo — ,0||p = B, (3.2)

[Lae? = 02|, =, (3.3)
p
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where «y,, B, and vy, tend to zero as n — oo. Then
ILaf = Fllps <162 (f5 Vo + 280+ ) + 111,

forall f € CZ (R+) and n large enough.

Proof. First, observe that as a consequence of (3.2) and (3.3) and Lemma A the operators (L), is a mapping from
C, (RT) into B, (R") and also a mapping from C > (R*) into B 2 (R™).
Let us note that by virtue of (2.3) the following pointwise estimate
ILn (f: %) = f (®)]
p (x)

Lf ()]
p (x)

L, (15 x) =11 (3.4

1
<40 +807 5L (00 = p (05 x) 25 (3 8+

holds for all f € C’; (R*), where §,, is any sequence of positive numbers (which have been chosen below).
On the other hand,

L () = p ) x) =

Lo (0% x) = 22 @) 420 () |Lu (03 1) = p )
+p2 (x) ILy (15 x) = 1]
By Egs. (3.1)—(3.3), for any n > 1 and x > 0, we have

Lo (00 = p (D5 x) = yap® (1) + 26207 () + €™ ()

0> (xX) (tn + 2B + ¥n) - (3.5)

Substituting this inequality into (3.4) and choosing 8, = /&, + 28, + Y, we see that §, < 1 for large n. Therefore,
(3.4) and (3.5) give
IL, (f; x)— f ()l
p* (x)
for n large enough. This proves Theorem 1. [J

IA

<1692, (f3 vau 280+ ya) + £y

Using (2.4) we can give the following result.

Corollary 2. Let (Ly),>1 be a sequence of positive linear operators, satisfying the conditions (3.1)-(3.3). If f €
Lipy, (p (x); «) for some 0 < a < 1, then

L f = fll ¢ < 16M (cty + 2B, + )T + I £1l,, o,
for n large enough, where M is a positive constant independent of n.

The following theorem gives the convergence of sequences of positive linear operators in weighted space Cf) (R+),
where the interval of convergence expands as n — oo. Results of this type were first obtained in [8].

Theorem 2. Under the assumptions of Theorem 1, if the sequence of positive real numbers 0, satisfies the conditions

lim n, =00 and lim ,0% () 6, = 0,
n—oo n—oo

then for each f € C ]lj (RY) and n large enough

L, (f; %) — f ()] e 3
e pres <162, (f1 02 () a) + 171, 03 (1) b0

Proof. By replacing the values §, in (3.4) with p% (nn) 84, where as above §, = /o, + 28, + Yu, We can write

L (f3 ) = f (0] < 16p () (0 )= p )3 %) 2 (f5 pF ) 82) + /1l st ().

1
S
03 (ny) 82"
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Since p (x) is an increasing function, by (3.5) the above inequality immediately gives
ILn (f5 x) — f ()]

o (x)
for all x € [0, n,] and n large enough. [

=80, (f1 02 () 8a) + 111,03 (1) 6,

The proof of Theorem 1 allow us to obtain a more general result. We will denote 1 (x) = max (¥1(x), ¥2(x)) for
a given functions | and v if for all x > 0 ¥ (x) < ¥ (x) and Y (x) < ¥ (x).

Theorem 3. Let p (x) < Y (x), k = 1,2, 3 and the sequences of the positive linear operators (Ly),> satisfies the
following conditions:

Lol = 1lly, = an,

ILnp — /0”1//2 = Pn.

where oy, By and v, tends to zero as n — 0o and V¥ (x) = max {Y (x), Y2 (x), ¥3 (x)}. Then for any function
fe Cf) (RY) the inequality

Lyp* — p?

s = Vn,

ILn (f: %) = flly,e <1682, (f; oy + 2B + yn) + £, an
holds for n large enough.
Proof. From the inequality (3.5), we get

Ly ((p () = p ()7 x) < Va3 (X) 4 2820 (1) Y2 (x) + ctn s (x) p° (x)
¥ () p° (x) (@n + 2Bn + Vi)

and the proof may be completed as in Theorem 1. [

IA

Remark 1. Using Corollary 1, we can write the inequalities of Theorems 1 and 3 in the form
1La (f3 0 = Fllps = €N L (f3 Vot + 280+ 7).
1L (f2 30 = Fllye = € (F) 2o (F5 Vaw+ 2P0 +2)

where C (f) is the constant depending on f.

4. Examples and applications

Consider now a sequences of positive linear operators, satisfying the assumptions of the above theorems. First we
recall a weighted Korovkin type theorem, which was proved (in a more general case) in [7].

Theorem B. Let o (x) = 1 + x? and let B, be a sequence of positive linear operators from C,, (R*) to By, (R*).
If
| Bn (2™ x) —mew —0 asn— ooform=0,1,2,
then for all functions f € CX (R™)
IBnf — fll, >0 asn— oo.
Define a sequence of positive linear operators (Ly),>1 by
(4
P (3)

where the nonnegative functions ax , (x),k =0,1,2,...,n=1,2,...,x € R satisfy the following conditions:

Ly (fs x)=p" (X)) A (%) , (4.1)
k=0
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@) Y p2oakn (x) =1,

(b) limy—oo | X020 (5)" apn (x) —x™| =0form =1,2.
w
A simple calculation shows that
L, (1,x)—1=p*(x) i L, (x) !
9 - = NN k, YN ’
! =0 (%) ’ p* ()
Ly (p,x) = p (x) 2<)fj1 () — —
p,x)—p(x)=p-(x ag,n (x) — .
’ o) P (x)
L, (p2, X) —p*(x)=0.
Since the functions ﬁ and % are bounded, Theorem B gives

|—>0,
w

<1 1
Z—kak,n(x)——H — 0 asn— oo.
=r() p )|

Therefore

i ! ag,n (X) — ;
e e

-
i

<)
i)

oy = 1Ly (1,x) = 1| 2, = 0,
Bu =1L (0. %) = pll 20, = O,

L, (pz, x) —p?

Thus the assumptions of Theorem 3 are satisfied for the operators (4.1). Using Remark 1, we have

— 0 asn — oo.
plw

.

1La (£:) = Fllgser = € (N 2o (F5 Vau + 28+ 1)

for each f € Cf (RY).
In conclusion, we shall state some consequences of Theorem 1.

Proposition 1. Let (L), be a sequence of positive linear operators from C ,» (R*) into B (R*), satisfying the
conditions (3.1)—(3.3). Then

=0, (4.2)

03

|2 (0 ) = p 0% x)
ILa (19 ) = p ()]5 ¥)l,2 0, asn — . *3)

Proof. (4.2) is a direct consequence of the conditions (3.1)—(3.3) and (3.5). (4.3) follows from (4.2), since

Lu(p @) = p s 0 = /Lo ((00) = p 0)?: x) Ly (1: 1). O

Proposition 2. Under the conditions of Proposition 1, we get

‘ 11
Li— — —

— 0 asn — oo.
p*  p?

o

— 0 and
o

Li— — —

NI

o p
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Proof. A simple calculation shows that

L,,(L; x)_ L | _Lalp@®=p@I x) L (5 x) — 1
o (@) P (x)

’

- P (x) P (x)
I < 1 .x>_ 1 cLalp@ —p I x)  |Ln (13 x) — 1
BWAOK Vo @) p (x) NG
and
! 1 Ln ('p(t) — Pl (p(x%(pt;(n + p(f)(jz)(,)); x) |L, (1; x) — 1]
L”( 2’ x) -3 2
p= (1) p= (x) o (x) P~ (x)
2Ln (p (@) —p )] x)  |Ly (15 x) —1]
P (x) p* (x) '
Therefore, by taking go (t) = ﬁ, g1 ()= %, g3 () = ﬁ we can write

1L (8k) — 8kll, = 21ILn (1o (1) — p (O3 Xl 2 + [1Ln (15 x) — 1],
and the proof follows from the conditions (3.1) and (4.3). [J
Remark 2. The Propositions 1 and 2 may be used for construction of a sequences of operators, satisfying the

conditions (3.1)—(3.3) by replacing test functions 1, p, ,02 with 1, \/p, p. For example, if B, is the sequence of
positive linear operators satisfying the conditions

lim ||B,(t";x) —x" ||, =0, m=0,1,2,
n—oo

where w (x) = 1 + x2, then
Loy PO f@,
Dulfi 0= Sy (“’ ® p(r)’x)

is the desired construction of linear positive operators, acting from C,, (R"’) into B, (R+).

Acknowledgements
We are very grateful to the referees for their valuable suggestions and comments.

References

[1] F. Altomare, M. Campiti, Korovkin Type Approximation Theory and its Applications, in: De Gruyter Studies in Mathematics, vol. 17, Walter
de Gruyter, Berlin, New York, 1994.
[2] Z. Ditzian, V. Totik, Moduli of Smoothness, in: Springer Series in Computational Mathematics, vol. 9, Springer-Verlag, Berlin, Heidelberg,
New York, 1987.
[3] N.I. Achieser, Vorlesungen uber Approximationstheorie, Akademic-Verlag, Berlin, 1967, p. 412.
[4] A. Aral, Approximation by Ibragimov—Gadjiev operators in polynomial weighted space, Proc. Inst. Math. Mech. Nat. Acad. Sci. Azerb. XIX
(2003) 35-44.
[5] A. Beurling, On the spectral synthesis of bounded functions, Acta Math. 81 (1948) 225-238.
[6] A.D. Gadziev, The convergence problem for a sequence of positive linear operators on bounded sets and theorems analogous to that of P.P.
Korovkin, Dokl. Akad. Nauk SSSR 218 (5) (1974). Transl. in Soviet Math. Dokl. 15(5) (1974) 1433-1436.
[7]1 A.D. Gadzhiev, On P. P. Korovkin type theorems, Math. Zamet. 20 (1976) 781-786. Transl. in Math. Notes (1976) (5-6) (1978) 995-998.
[8] A.D. Gadjiev, R.O. Efendiyev, E. Ibikli, On Korovkin type theorem in the space of locally integrable functions, Czechoslovak Math. J. 53
(128) (2003) 45-53.
[9]1 A.D. Gadjiev, R.O. Efendiev, E. Ibikli, Generalized Bernstein Chlodowsky polynomials, Rocky Mountain J. Math. 28 (4) (1998) 1267-1277.
[10] R.P. Boas, Beurlings test for absolute convergence of Fourier series, Bull. Amer. Math. Soc. 66 (1) (1966).
[11] M. Kumikava, Contractions of Fourier coefficients and Fourier integrals, J. Anal. Math. 8 (1960/1961).
[12] B.S. Jadav, Contractions of functions and their Fourier series, Pacific J. Math. 31 (1969) 827-832.



	The estimates of approximation by using a new type of weighted modulus of continuity
	Introduction and preliminaries
	A new type of weighted modulus of continuity
	The estimate of approximation by modulus of  Omegarho 
	Examples and applications
	Acknowledgements
	References


