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1. Introduction

In nonlinear systems, Lyapunov’s direct method (also called the second method of Lyapunov) provides a way to analyze
the stability of a system without explicitly solving the differential equations. The method generalizes the idea which shows
that the system is stable if there are some Lyapunov function candidates for the system. The Lyapunov direct method is a
sufficient condition to show the stability of systems, which means the system may still be stable even one cannot find a
Lyapunov function candidate to conclude the system stability property.

Recently, fractional calculus was introduced to the stability analysis of nonlinear systems, for example, [ 1-3]. The integer-
order methods of stabilization were used in these works. Motivated by the application of fractional calculus in nonlinear
systems, we propose the (generalized) Mittag-Leffler stability and the (generalized) fractional Lyapunov direct method with
a hope to enrich the knowledge of both system theory and fractional calculus. Meanwhile, the fact that computation becomes
faster and memory becomes cheaper makes the application of fractional calculus in reality possible and affordable [4]. To
demonstrate the advantage of fractional calculus in characterizing system behavior, let us consider the following illustrative
example.

Example. Compare the following two systems with initial condition x(0) for0 < v < 1,

d v—1

O = v (1)

SDx(t) =vt'™!, 0<a <1 (2)
The analytical solutions of (1) and (2) are t” 4+ x(0) and pretet + x(0), respectively. Obviously, the integer-order system

I (v+a)
(1) is unstable for any v € (0, 1). However, the fractional dynamic system (2) is stableas 0 < v < 1 — «, which implies that
the fractional-order system may have additional attractive feature over the integer-order system.
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This work is motivated by the simple fact, as also indicated in [4], that the generalized energy of a system does not have
to decay exponentially for the system to be stable in the sense of Lyapunov. Moreover, these three papers [5-7] are strongly
related to various stability problems of fractional systems. Lastly, an early version of this paper is [8].

Our contributions of this paper include:

e The study of the (generalized) fractional Lyapunov direct method and the (generalized) Mittag-Leffler stability of
nonautonomous systems.

o The extension of the application of Riemann-Liouville fractional-order systems by using Caputo fractional-order systems.

e The fractional comparison principle and several other fractional inequalities extend the applications of fractional calculus.

The paper is organized as follows. In Section 2, we recall some basic definitions. In Section 3, we discuss the definition
of fractional-order systems and the relationships between Lipschitz condition and fractional-order systems. In Section 4,
we propose the definition of the (generalized) Mittag-Leffler stability. In Section 5, we prove the (generalized) fractional
Lyapunov direct method of nonautonomous systems. In Section 6, we introduce the class-X functions to the fractional
Lyapunov direct method and provide the fractional comparison principle. In Section 7, four illustrative examples are given
as a proof of concept. Conclusion is given in Section 8.

2. Fractional calculus
2.1. Caputo and Riemann-Liouville fractional derivatives

Fractional calculus plays an important role in modern science [3,9-12]. In this paper, we use both Riemann-Liouville and
Caputo fractional operators as our main tools. The uniform formula of a fractional integral with & € (0, 1) is defined as

cwp LY f(@
D0 = 1 [ 3)

wheref (t) is an arbitrary integrable function, ., * is the fractional integral of order « on [q, t], and I" (-) denotes the Gamma
function. For an arbitrary real number p, the Riemann-Liouville and Caputo fractional derivatives are defined respectively
as

1
[Dr PP VF ()] (4)

P —
D2 (O) = S

and
[pl+1

—([p]— d
EDI[’f(t) — aDt ([pl-p+1) |:

dt[p]+1f(t)] ’ (5)

where [p] stands for the integer part of p, D and D are Riemann-Liouville and Caputo fractional derivatives, respectively.
Some of the properties of the Riemann-Liouville fractional operator are recalled below [10,11,13]:

Property 1.
ra
DIt —a) = ﬂ(t -a)"P,
ra+v-p)
wherep € Randv > —1.
Property 2.
-p
DPH(t) = ———, 6
oDPH(O) = s (6)
where H(t) is the Heaviside unit step function.
Property 3.
n o
= (t —a)y=?7
DY (DIf () = DY () — Z[“D? ]f(t)]r:am» (7)

j=1
wherep,qe R,ne€ Zandn—1<gq <n.
Property 4.

ODg/(tku+ﬂ_lE(§lfig()¥ta)) — tka+ﬁ_y_]E323,y()¥ta),

wherey e R,k € Z\ Z~ and E® (y) = %E(y).
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2.2. Mittag-Leffler function

Similar to the exponential function frequently used in the solutions of integer-order systems, a function frequently used
in the solutions of fractional-order systems is the Mittag-Leffler function defined as

00 2k
Ey(2) = ; my (8)

where o > 0 and z € C. The Mittag-Leffler function with two parameters appears most frequently and has the following
form:

00 Zk
E, = _ 9
#@) ,Z:; I'ka + B) ®

wherea > 0,8 > 0and z € C.For 8 = 1, we have E, (z) = E, 1(2). Also, E1 1(z) = €~
Moreover, the Laplace transform of Mittag-Leffler function in two parameters is

a—p
s 4 A7
where t > 0, s is the variable in Laplace domain, 2R(s) denotes the real part of s, . € R and .£{-} stands for the Laplace
transform.

LB (1) = () > 119), 1o

3. Fractional nonautonomous systems

Consider the Caputo fractional nonautonomous system [3,10]

LDEx() = f(t, %) (11)

with initial condition x(to), where o € (0, 1), f : [tg, 00] X £2 — R" is piecewise continuous in t and locally Lipschitz in x
on [ty, 0o] x §2,and 2 € R" is a domain that contains the origin x = 0. The equilibrium point of (11) is defined as follows:

Definition 3.1. The constant Xy is an equilibrium point of Caputo fractional dynamic system (11), if and only if f (¢, xo) = 0.

Remark 3.2. When o € (0, 1), it follows form (5) that the Caputo fractional-order system (11) has the same equilibrium
points as the integer-order system x(t) = f(t, x).

Remark 3.3. For convenience, we state all definitions and theorems for the case when the equilibrium point is the origin
of R"; i.e. xg = 0. There is no loss of generality in doing so because any equilibrium point can be shifted to the origin via a
change of variables. Suppose the equilibrium point for (11) is X # 0 and consider the change of variable y = x — x. The ath
order derivative of y is given by

CDfy = Di(x—X) =f(t.x) =f(t.y +% = g(t.y),
where g(t, 0) = 0 and in the new variable y, the system has equilibrium at the origin.
Consider the Riemann-Liouville fractional-order system
o DEx(t) = f(t, %) (12)
with initial condition x(tp), where @ € (0, 1), f : [tp, 00] x £2 — R" is piecewise continuous in t and locally Lipschitz in x

on [ty, 00] x £2,and §2 € R" is a domain that contains the equilibrium point x = 0. The equilibrium point of (12) is defined
as follows.

Definition 3.4. The constant X, is an equilibrium point of the Riemann-Liouville fractional dynamic system (12), if and only
if ,_-OD‘[IX() = f(l', Xo).

Remark 3.5. For convenience, we state all definitions and theorems for the case when the equilibrium point is the origin
of R"; i.e. xo = 0. There is no loss of generality in doing so because any equilibrium point can be shifted to the origin via a
change of variables. Suppose the equilibrium point for (12) is x # 0 and consider the change of variable y = x — X. The ath
order derivative of y is given by

-
wDry = (oDf(x — %) = f(£, %) — h
—fy D - e = F(t,y)
- 7y X F(]_a)_g syv

where g(t, 0) = 0 and in the new variable y, the system has equilibrium at the origin.
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Remark 3.6. For the system
0D x(t) = f(t, %), (13)

where « € (0, 1], and the symbol O in (13) can denote both the Caputo and Riemann-Liouville fractional operators. If x = 0
is the equilibrium point of the fractional-order system (13), and there exists t; satisfying x(t;) = 0, thenx(t) = Ofort > t;.

The existence and uniqueness of the solution to system (13) can be stated by the following theorem.

Theorem 3.7 (Existence and Uniqueness Theorem [11]). Let f (t, x) be a real-valued continuous function, defined in the domain
G, satisfying in G the Lipschitz condition with respect to x, i.e.

IF(t, x1) — F(t, x2)| =< l|x1 — X2,
where l is a positive constant, such that

If(t,x)| <M < oo forall(t,x) € G.
Let also

Mhan7(71+l
K> FaTey’
Then there exists in a region R(h,K) a unique and continuous solution y(t) of the following initial-value problem,

0D x(t) = f(t, %), (14)

0D Xm0 = bty k=1,2,...,n, (15)
where

WD = (D DI DM

DN = o0 oD,

k
o= a, (k=12,....n);
j=1

O<oj<1, (=1,2,...,n).

Remark 3.8. Obviously, if f (t, x) in (13) satisfies the locally Lipschitz condition with respect to x, then there exists a unique
solution of (13) on [tg, o0] X £2.

3.1. Lipschitz condition and Caputo fractional nonautonomous systems

The fact that f (t, x) is locally bounded and is locally Lipschitz in x implies the existence and uniqueness of the solution
to the Caputo fractional-order system (11) [11]. In the following of this subsection, we study the relationship between the
Lipschitz condition and the Caputo fractional nonautonomous system (11).

Lemma 3.1. For the real-valued continuous f (t, x) in (11), we have
lleg Dy *f (&, x| < ¢ Dy “IF (&, x(O)],
where a > 0and || - || denotes an arbitrary norm. It follows from (3) and (5) that

1 L f(T,x(1))
dr,
I(e) Jy, (t—1)1

D “f(t, x(1)) =

which implies

- I IR A (R C))
Iy Dy “F £, 2O = H @ . (t_t)l_adrH

-ty
fim i f(to +nAt, x(tp + nAt))
At—0 (t —to — nAt)Fa

)

n=0

t—ty
At

1
= I'(a) Al:E}o Z

n=0

f(to + nAt, x(to + nAt)) At
(t — to — nAt)1—
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ﬂ
1 At t At, x(t At
limzl|f(0+n X(to +n ))”At
I'(a) At—0 (t —tog — nAD)1-@

n=0

= D “If (€ x(O)]. (16)

Here we have used the triangle inequality to derive (16).

Theorem 3.9. If x = 0 is an equilibrium point of system (11), f is Lipschitz on x with Lipschitz constant | and is piecewise
continuous with respect to t, then the solution of (11) satisfies

X1 < [1X(to) IEe (I(t — t0)*), (17)
where a € (0, 1).

Proof. By applying the fractional integral operator ¢, D, “ to both sides of (11), it follows from (7), Lemma 3.1 and the
Lipschitz condition that

HIx(ON = lIxt) I < lIx(t) = x(to) | = llgD, *f (£, (D)
= oD I X = L D Xl

A

where ftg x(0)dt|—, = 0.! There exists a nonnegative function M (t) satisfying
X — lIx(to) |l = Iy Dy * X)) — M(0). (18)
By applying the Laplace transform(£{-}) to (18), it follows that

o—1 _ o
Ix(s)[| = lIx(to) IIs S M(t)7 (19)

s« —1

where ||x(s)|| = £{]|x(t)]|}. Applying the inverse Laplace transform to (19) gives
IX(0) | = [1X(to) [|Ea (I(t — t0)*) — M(t) * [t~ Eqo(I(t — t)*)],
where * denotes the convolution operator and t ~'E, o(I(t — t5)*) = %t_to)a) > 0.2 It then follows that

(O] < [Ix(to) | Ea (I(t — )*). ™

Remark 3.10. In Theorem 3.9, if & = 1, it follows that [14]

X1l < IIx(o)[1e"~.

Remark 3.11. In the proof of Theorem 3.9, we cannot establish ||x(t) || E, (—I(t — t5)*) < ||x(t)| because the relationship

between ||rCOD‘t"x(t)|| and |f DZ|lx(t) || cannot be ascertained as in the integer-order case. To show this, let us use the

Griinwald-Letnikov form o? the definition of fractional integral, so we have
n
lxDEx@ ] =] lim A~ {Z [‘r"‘] X(t +h — rh) — m x(O)}
nh=t—ty r=0
and
n
| DE x| = im e { 3 [ﬂ (e +h—rh)| — m X0 } :
nh=t—ty =

where

[g]_§(§+1)--~(4+n—1)
n|- n! ’

Clearly, the relationship between ||fOD‘t"x(t)|| and |€

f D¢ [|x(t) ||| cannot be established as in integer-order case.

1 We used the fact that ||x(to)]| is a finite constant.
2 This inequality can be derived directly from the definition of Mittag-Leffler function (8).



Y. Li et al. / Computers and Mathematics with Applications 59 (2010) 1810-1821 1815

4. Generalized Mittag-Leffler stability

Lyapunov stability provides an important tool for stability analysis in nonlinear systems. In fact, stability issues have been
extensively covered by Lyapunov and there are several tests associated with this name. We primarily consider what is often
called, Lyapunov’s direct method which involves finding a Lyapunov function candidate for a given nonlinear system. If such
a function exists, the system is stable. Applying Lyapunov’s direct method is to search for an appropriate function. Note that
Lyapunov direct method is a sufficient condition which means if one cannot find a Lyapunov function candidate to conclude
the system stability property, the system may still be stable and one cannot claiming the system is not stable. In this paper,
we extend Lyapunov direct method by considering incorporating fractional-order operators. That is, the nonlinear dynamic
systems itself could be fractional order as well as the evolution of the Lyapunov function could be time-fractional order. Let
us first define the stability in sense of Mittag-Leffler.

Definition 4.1 (Mittag-Leffler Stability). The solution of (13) is said to be Mittag-Leffler stable if

IX(©)]| < {mlx(to)1Eq (—A(t — to)*))", (20)

where t is the initial time, « € (0, 1), A > 0, b > 0, m(0) = 0, m(x) > 0, and m(x) is locally Lipschitz on x € B € R" with
Lipschitz constant mg.

Definition 4.2 (Generalized Mittag-Leffler Stability). The solution of (13) is said to be Generalized Mittag-Leffler stable if

IO < {MIxE)E = t0) 7 Eq1—y (=2 — )}, (21)

where t; is the initial time,« € (0,1), —¢ <y <1—a,A > 0,b > 0, m(0) = 0, m(x) > 0, and m(x) is locally Lipschitz
onx € B € R" with Lipschitz constant m.

Remark 4.3. It follows from the properties of Mittag-Leffler function and completely monotonic function that
0D! Eq(—At%) = oD} Ey(—At¥) = §D} Eq(—At*) = t VEq 1-, (—At%)

is a completely monotonic function fora € (0, 1),A > 0and y € [0, 1 — «] [15,16].

Remark 4.4. Mittag-Leffler stability and Generalized Mittag-Leffler stability imply asymptotic stability.

Remark 4.5. Let A = 0, it follows from (21) that

b
Ix(©)] < [M] -7,

which implies that the power-law stability is a special case of the Mittag-Leffler stability.

Remark 4.6. The following two statements are equivalent:

(a) m(x) is Lipschitz with respect to x.
(b) There exist a Lipschitz constant mg satisfying

[mx1) — m@) || < mollx1 — X2
As a special case, when x, = 0, it follows from m(0) = 0 that
Imx)| < mollx1ll.

Without loss of generality, the initial time can be taken as ty = 0.

5. Fractional-order extension of Lyapunov direct method

By using the Lyapunov direct method, we can get the asymptotic stability of the corresponding systems. In this section,
we extend the Lyapunov direct method to the case of fractional-order systems, which leads to the Mittag-Leffler stability.

Theorem 5.1. Let x = 0 be an equilibrium point for the system (13) and D C R" be a domain containing the origin. Let
V(t, x(t)) : [0, 00) x D — R be a continuously differentiable function and locally Lipschitz with respect to x such that

arllx|® < V(E, x(t)) < az x|, (22)
SOVt x(t) < —asllx|I, (23)

wheret > 0,x € D, 8 € (0, 1), @1, a2, a3, aand b are arbitrary positive constants. Then x = 0 is Mittag-Leffler stable. If the
assumptions hold globally on R", then x = 0 is globally Mittag-Leffler stable.
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Proof. It follows from equations (22) and (23) that

SDPV(t, x(t)) < —%V(t,x(t)).
[2%]

There exists a nonnegative function M (t) satisfying
cpB a3
oD V(t, x(t)) + M(t) = —a—V(t, x(t)). (24)
2
Taking the Laplace transform of (24) gives
SPV(s) = V(O)P ™1 + M(s) = — 2V (s), (25)
(2%

where nonnegative constant V(0) = V (0, x(0)) and V(s) = L{V (¢, x(t))}. It then follows that
V(0)sP~1 — M(s)
V(s) = —g1m

a

If x(0) = 0, namely V(0) = 0, the solution to (13)isx = 0.
Ifx(0) # 0, V(0) > 0.Because V(t, x) is locally Lipschitz with respect to , it follows from Theorem 3.7 and the inverse
Laplace transform that the unique solution of (24) is

V() = V(0)Eg (—%fﬁ> — M(t) * [tﬂ_]Eﬁ.ﬁ (—thﬂ)] .

Since both t#~1 and E 8,8(— Z—ztﬂ) are nonnegative functions, it follows that

v B s
(t) < V(0)Eg —a—zt . (26)

Substituting (26) into (22) yields

IxO)l < [@Eﬁ <—@tﬁ)r ,
o1 [0%)

where %)) > 0 for x(0) # 0.

Letm = %)) = ‘/(0(;7’:(0)) > 0, then we have

IO < [msﬁ (—Z—jrf’)r ,

where m = 0 holds if and only if x(0) = 0. Because V (t, x) is locally Lipschitz with respect to x and V (0, x(0)) = 0if and only
if x(0) = 0, it follows that m = %’i(o)) is also Lipschitz with respect to x(0) and m(0) = 0, which imply the Mittag-Leffler
stability of system (13).

Theorem 5.2. In Theorem 5.1, there exists a constant t, such that the equilibrium point x = 0 is generalized Mittag-Leffler
stability for t > ty.

Proof. It follows from the proof of Theorem 5.1 that there exists a M(s) satisfying s’V (s) — V(0)s#~1 + M(s) = —Z—;V(s).

Let L{M(t)} = M(s) = M(s) — V(0)s~! + V(0)s##, where B € [B, 1 + ), we have

V(0)sP~P — M(s)

VO =— = (27)
a
In time domain
V(t) = V(O)tB”Eﬁg (—%tﬁ) — M(t) * [tﬂlEﬂ,ﬂ (—%tﬂ)} . (28)
’ o) (25}

It follows from 8 € (0, 1) that there exist ¢ > 0 and t; > 0 such that

tﬁ‘:ﬁfl B =B . |:tﬂlEﬂ 5 (_%tﬁ>i| ~0
rg-p ra-s ' a; -
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forallt > t;and B € (148 —¢, 1+ ). Therefore, M (t) * [rﬁ*‘Eﬁ,ﬂ(—Zf;rﬂ)] > Oforallt > t;and B € (148 —¢, 1+ B).
Substituting this inequality into (28) yields

Xl < VOl < [vm)rf’—lsﬂ,ﬁ (-%rﬂ)]a
forallt >tjandfe (1+B—c,1+5). m

Lemma 5.1. Let 8 € (0, 1) and M(0) be an arbitrary nonnegative constant, then

§DIM(t) < oDIM(1).
where D and €D are the Riemann-Liouville and the Caputo fractional operators, respectively.
Proof. By using (7), we have

i d M(0)t#
cpp B—1 B
D, M(t) = oD  —M(t) = oDy M(t) — ———.

BDFM(®) = oD{! 3 M() = oDIM() — T

Because 8 € (0, 1) and M(0) > 0,

CDPM(t) < oDPM(t). m

Theorem 5.3. Assume that the assumptions in Theorem 5.1 are satisfied except replacing SD’f3 by OD’[S , then we have

IOl < [V(O)Eﬁ (—"‘%ﬂ)}“
(041 (0%

Proof. It follows from Lemma 5.1 and V (t, x) > 0 that
SDPv(t, x(t)) < oDV (2, x(1)),

which implies
DYV (e, x(t)) < oDV (£, x(1) < —aslx|| .

Following the same proof in Theorem 5.1 yields

IOl < [V(O) , (—"‘%ﬂ)}“. =
(041 [05)

We pay special attention to the Mittag-Leffler stability for the following reasons. First, as shown in Remark 4.4, the
Mittag-Leffler stability implies asymptotic stability. Second, the convergence speed of the corresponding system is an
important character when evaluating the system. The Mittag-Leffler stability shows a faster convergence speed than the
exponential stability near the origin, which can be illustrated by the following two derivatives.

d
[e“]} = —re Mo = —1,
)

d E Ath —
{dt[ p(—At )]} = —00,

t=0

where 8 € (0,1) and A > 0. Because e = Eg(0) = 1, it follows from the comparison principle that Elg(—)\tﬁ) decreases

much faster than e~*! near the origin.
At the end of the section, a generalized fractional Lyapunov direct method is proposed.

Theorem 5.4. Let x = 0 be an equilibrium point for the system (13) and D C R" be a domain containing the origin. Let
V(t, x(t)) : [0, 00) x D — R be a continuously differentiable function and locally Lipschitz with respect to x such that

ar[X][* < V(t, x(0) < oa§D; "I, (29)
SDEV(E, x(1) < —as x|, (30)

wheret > 0,x €D, 8 € (0,1),n # B,n > 0,|8 —n| < 1,1, a2, a3, aand b are arbitrary positive constants. Then the
equilibrium point x = 0 is asymptotic stable.
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Proof. It follows from (29) and (30) that there exists a nonnegative function M(t) satisfying
o
SDLV (. x(0) + 25DV (. X(0) + M(t) = 0.
2
Therefore
V(0)sP~1 + g—;V(O)sH — M(s)

s+ 257

V(s) =

In time domain

o3 4 o3 _ o3 g_
V(O)Eg_, [ —=tF") + ZV(O)tPE4_, 4 — =
()ﬁ n( a ) a 0) B—n.f—n+1 o

—M(t) * [tﬂ‘llsﬂn.ﬁ (—ftﬁ)} ., B>n,
2

V() =
oy o> _ oy
V(O)E, g | ——t"F | + =V(O)t"PE, 4., ——
()nff( a3 ) a3() n—B.n—p+1 a3
o o
—Z2M(1) * [t"_lE”,ﬁ," <——2t"_’3>] , B <n.
o3 a3
Therefore,

_ a3 g a3 _ a3 5
V() "Ep_y1y (—arﬁ '7> + a—V(O)rﬁ 2y g (—a—tﬁ '7), B>,
Il < ey V(D) < o o -
V(0)t Ey_p1—n (—zt"5> + 2VO0)tPE,_p1_p (—zt”ﬁ) . B<n.
o3 o3 o3

Lastly, it follows from a is an arbitrary positive constant that the equilibrium point x = 0 is asymptotic stable. B
6. Fractional Lyapunov direct method by using the class- K functions

In this section, the class-.X functions are applied to the analysis of fractional Lyapunov direct method.

Definition 6.1. A continuous function « : [0, t) — [0, o0) is said to belong to class-.X if it is strictly increasing and «(0)
=0[17].

Lemma 6.1 (Fractional Comparison Principle). Let ngx(t) > ngy(t) and x(0) = y(0), where B € (0, 1). Then x(t) > y(t).
Proof. It follows from ng x(t) > ng y(t) that there exists a nonnegative function m(t) satisfying

SDfx(t) = m(t) + SDLy(b). (31)
Taking the Laplace transform of equation (31) yields

sPX(s) — sP71x(0) = M(s) + sPY (s) — s#'y(0).
It follows from x(0) = y(0) that

X(s) = sTPM(s) + Y(s). (32)
Applying the inverse Laplace transform to (32) gives

X(6) = oD "m() + y(©).
It follows from m(t) > 0 and (3) that

x(t) = y@). ®
Theorem 6.2. Let x = 0 be an equilibrium point for the nonautonomous fractional-order system (13). Assume that there exists
a Lyapunov function V (t, x(t)) and class-X functions «; (i = 1, 2, 3) satisfying

ar(lIxl) < V(t, %) < ca(lIx])) (33)
and

SDPv(t, x(t) < —as(lIxIl) (34)
where B € (0, 1). Then the system (13) is asymptotically stable.
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Proof. It follows from (33) and (34) that
§DIV < —as(ay (V).

As shown in Lemma 6.1 that V (¢, x(t)) is bounded by the unique nonnegative solution of the scalar differential equation

SDfg(t) = —as(a;'(g(1))), £(0) = V(0,x(0)), (35)

it follows from Definition 3.1 that g(t) = O for t > 0if g(0) = 0, because ayx;l is a class-X function.

Otherwise, g(t) > 0ont € [0, +00), it then follows from (35) that gD‘fg(t) <0.
Following the same proof in Lemma 6.1 gives

g(t) <g(0) (36)

fort € (0, 400). Then the asymptotic stability of (35) is proved by contradiction.
Case 1: Suppose there exists a constant t; > 0 satisfying

DL g(t) = —as(@; ' (g(t1)) = 0,

which implies that
§SDfg(t) = {Dlg(t) = —as(ay ' (g(1)

for any t > t;. From Definition 3.1, x = 0 is the equilibrium point oftC]ng(t) = —u3 (ozz_l(g(t))). Theng(t) = O0fort > t;
ifg(ty) =0.
Case 2: Assume that there exists a positive constant € such that g(t) > ¢ for t > 0. Then it follows from (36) that

0<e=<g(t)<g@), t=>0 (37)
Substituting (37) to (35) gives
—az(a; '(g(D)) < —as(e; ' (e))

_ sl (e)
g(0)

A

g(0) = —lg(t),

a3 ')

. It then follows that
£(0)

where0 < [ =

SDg(t) = —as(a; ' (g(t))) < —lg(t).

Following the same proof in Theorem 5.1 gives
g(t) < g(0)Eg(—It),

which contradicts the assumption that g(t) > ¢.

Based on the discussions in both Case 1 and Case 2, we have g(t) tends to zero ast — 00. Because V(t, x(t)) is bounded
by g(t), it follows from (33) that lim; .o x(t) = 0. W

Theorem 6.3. If the assumptions in Theorem 6.2 are satisfied except replacing ng by OD‘f , then we have lim;_, o, x(t) = 0.
Proof. It follows from Lemma 5.1 and V (t, x) > 0 that

SDPV (e, x(t)) < oDLV(t, x(1)),
which implies

SDLV (£, x(1)) < oDfV (2, x(1) = —as(JxI).

Following the same proof in Theorem 6.2 gives lim;_, o, x(t) = 0. H

Remark 6.4. For the corresponding integer-order cases, please see [17].
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7. Four illustrative examples
The following illustrative examples are used as proofs of concept.

Example 7.1. For the fractional-order system

oDf ()] = —[x(D)], (38)
where @ € (0, 1). Consider the Lipschitz function candidate V (t, x) = |x|, it follows from Lemma 5.1 that

§D*V = SD|x| < oD¥|x| = oDV < —Ix].
Let 1 = o = 1and a3 = —1, applying them in Theorem 5.1 gives

[x()| < 1x(0)|Eq (—t%).

Remark 7.2. If we use the Laplace transform directly on oD [x(t)| = —|x(t)|, it follows from (2.248) in [11] that

s*L{xO1) = [0DF O],y = —L{XO}. (39)
Applying the inverse Laplace transform to (39) gives
X(®)] = [oDf M X(O]],_g Ea (—1),

where [oDf ™' x(t)|],_, = 0 for any finite x(0), which implies that the stabilization of system oD¥ |x(t)| = —|x(t)| cannot be
derived directly from solving (38). However, in Example 7.1, we can not only prove the asymptotic but also the Mittag-Leffler
stability of Riemann-Liouville system (38).

Example 7.3. For the fractional-order system

5D x(t) = f(t, x), (40)

where ¢ € (0, 1), x = 0 is the equilibrium point of system (40), x(0) = xo and f (¢, x) satisfies Lipschitz condition with
Lipschitz constant | > 0. Suppose that there exists a Lyapunov candidate V (t, x) satisfying

ailxl < V(t, x) < az|x|l, (41)
V(t.x) < —asx]|. (42)
where a1, o, a3 are positive constants and V(t,x) = % We have
V(0, x(0)) as q_
(O] £ ———=Ej_o | ——t""* ).
(241
Proof. It follows from (40)-(42), Property 3 and Lemma 3.1 that
DIV (t, X) = oDV (t,X) < —asoD; *[X]|
= —asl” oD Y|If (£, )|
< —asl oD f (¢, )|
= —asl"||x]|,

where [SD?_lx(t)]tzo = 0. Therefore, the conclusion can be obtained by using Theorem 5.1. ®
Example 7.4. For the system

SDIx(t) = f (%), (43)

where o € (0, 1], x(0) = xg, x = 0 is the equilibrium point of system (43), ||x]l. < 7||f(x)||2 (7 > 0and || - ||, denotes the
2-norm.), and f (x) %)’( < 0. We have the equilibrium point x = 0 is stable.

Proof. Let the Lyapunov candidate be V (x) = f2(x), it follows from f (x) %)’( < O that

Vo= 20005 <0 (44)
— = —=x(t) = 2f (x X .
dt dx dx

It then follows from ||x||, < T||f(x)||2 and x = 0 is the equilibrium point that ||x||§ < 72||f(x)||§ < fzv(xo). Therefore, the

v

equilibrium point x = 0 is stable. |
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Example 7.5. For the fractional-order system

SD¥x(t) = f(t, x), (45)

where « € (0, 1], x(0) = xo > 0,x = 0 is the equilibrium point of system (45) and f (t, x) < 0. We have the equilibrium
point x = 0 is stable.

Proof. It follows from the fractional comparison principle and gD‘;‘xo =0> f(t,x) = gD‘;‘x that x < xo. It then follows
from x = 0 is the equilibrium point of system (45) that 0 < x < xo. Therefore, the equilibrium point x = 0 is stable.

8. Conclusion and future works

In this paper, we studied the stabilization of nonlinear fractional-order dynamic systems. We discussed fractional
nonautonomous systems and the application of the Lipschitz condition to fractional-order systems. We proposed the
definition of (generalized) Mittag-Leffler stability and the (generalized) fractional Lyapunov direct method, which enriches
the knowledge of both the system theory and the fractional calculus. We introduced the fractional comparison principle. We
partly extended the application of Riemann-Liouville fractional-order systems by using fractional comparison principle and
Caputo fractional-order systems. Four illustrative examples were provided to demonstrate the applicability of the proposed
approach.

Our future works include the Mittag-Leffler stability of multi-variables fractional-order systems and the searching to
Lyapunov functions of fractional-order systems.
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