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1. Introduction and summary

Many special functions depend on arguments and parameters. Usually they satisfy differential equations with respect
to the arguments and difference equations with respect to the parameters. Special functions are useful tools in many
applications, and in these applications the exceptional cases often involve, what can be seen, parameter derivatives of the
special functions. For example, one of the incomplete gamma functions is defined as

(o]
I'(a,z) = / e 't 1dt. (1.1)
V4
See Section 11.2 in [3]. The parameter derivative is
a o0
—T'(a,z) = / e 't !ntdt, (1.2)
aa 2

and these functions are needed in hyperasymptotics, see appendix A3 in [ 1]. From this example it is also obvious that known
integrals with additional logarithmic factors can often be seen as parameter derivatives. Another example is

9 1 o
—u =— 201 (14 0 n(1 + H)dt 13
ac (a,c,z) F(a)/o e 1+41) n(1+ t)dt, (1.3)

where U (aq, c, z) is one of the confluent hypergeometric functions. See Section 7.2 in [3].
The numerical computation of recessive solutions of second-order linear difference equations is well understood. See [2],
or Section 2 of this paper where we summarise the results of [2]. We want to compute the parameter derivatives of the
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recessive solutions of these second-order inhomogeneous linear difference equations. Our method is based on the simple
observation, made in Section 3, that the parameter derivative of the difference equation itself is of the same form as the
original difference equation, that is, only the inhomogeneous term has changed. Hence, the methods of [2] can also be used
to compute the parameter derivatives.

The method is illustrated in Section 4, where we discuss the computation of parameter derivatives of incomplete gamma
functions, and in Section 5, where we discuss the computation of the a and c derivatives of the confluent hypergeometric
function U(a, c, z).

The results in Sections 2 and 3 are for the computation of recessive solutions. In Section 6 we illustrate, via the confluent
hypergeometric function, the case in which all solutions of the linear difference equation have the same rate of growth. In
that case the so-called Clenshaw averaging process has to be used. Since the parameter derivative of the difference equation
is of the same form, the Clenshaw averaging process can also be used to compute the parameter derivatives.

Sections 5 and 6 include numerical illustrations.

2. Second-order linear difference equations
In this section we summarise the results in [2]. We will use the same notation and skip the proofs.

The difference equations in this paper will be second-order linear equations of the form

ar(W)yr—1(v) — by (V)Y (v) + ¢ (V)Yrp1(v) = dr (v), (2.1)

where the coefficients a,(v), b, (v) and ¢, (v) are analytic functions of a parameter v and the solution y, (v) will also depend
on v. From now onwards we will abbreviate y, (v) to y;.
We assume that the general solution of (2.1) has the form

yr = Afy + Bgr + hy, (2.2)

in which A and B are arbitrary constants and the complementary functions f;, g, and the particular solution h, have the
properties fo #% 0, g, # 0 for all sufficiently large r, and

fi/g& — 0,  h /g — 0, asr— oo. (2.3)

We will be looking for a solution of (2.1) that satisfies the normalising condition

o0
Do mye =k, (24)
r=0

in which m; (v) and k(v) are analytic functions of v.
For the functions on the right-hand side of (2.2) we assume that

N
Zmrgr — 00, asN — oo, (2.5)
r=0

and
o0 o0
Z mrfr = Fa Z mrhr = H7 (26)
r=0 r=0

where F and H are finite, and F # 0. Then (2.1) has a unique solution fulfilling (2.4). It is given by

k—H
Yr=—f +h (2.7)

To approximate this solution numerically we solve the system of linear algebraic equations given by

arygi)1—brY£N)+Cry£IjL)] :drs r:1723~"7N_]7 (2'8)
N

>_myV =k, (2.9)
r=0

and

yW =o. (2.10)
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Theorem 1. In addition to the other conditions of this section, assume that for all sufficiently large N the system of equations
(2.8)-(2.10) has a solution, that gy # 0, and that

N N
h
fﬂ E m, g — 0, il E m;g — 0, asN — oo. (2.11)
&N r=0 &N r=0

Then if r is fixed and N — oo, yﬁN) — Y.

This results follows from the fact that

N — Anf, + Bugr + hy, (2.12)
where
N N
hN Z m:gr — &n (Z mrhr - k)
r=0 r=0
Ay = ,

N N
8N Z mrfr _fN Z m.gr
r=0 r=0

N N
fN (Z mrhr - k) - hN Z mrfr
_ r=0 r=0
By = 5 5 . (2.13)

g 2 mefy — fu 3 Mg
r=0 r=0
Thus By — 0and Ay — (k — H)/F.

To compute the yEN) we introduce

a1az - - - Ar

Ggo=1 g¢G=——  p=0 pir=my, e=k (2.14)
1€+ Cr
and forr > 1
b.p; — a,pr— ae,_1—d
prog = P TGPt e, = Dt TGP (2.15)
Cr Cr

Then y,(\,’\’_)1 = ey—_1/pn and the remaining yEN) can be computed from

N-1
pr-HyiN) - pryil:g +qr Z msyﬁN) =e, r=N-2,...,1,0 (2.16)
s=r+1

by back-substitution.
Note that in the homogeneous case we haved, = h, = H = 0 and e, = kq,.

3. Parameter derivatives

In this section we want to introduce a method to compute y, = cf‘—vyr(v) with the aid of the defining difference equation.
It is based on the simple observation that the derivative of (2.1), which is

ary/r71 - bry/r + Cry;Jr] = d; - a;.Vr—l + b;J’r - C;yH—l» (3.1)
is again of the form (2.1) with d, replaced by the right-hand side of (3.1). The accompanying normalising condition is

(& o0
domy, =K =) my, (32)
r=0 r=0

which is again of the form (2.4). Hence, at the moment that the y, are known, the results of Section 2 can be used to
compute the y;. In practice, we can only approximate the y, via the yﬁN) and we will use the results of Section 2 to compute
y/ﬁN ) = dyiN ) /dv as follows. We differentiate the system of equations (2.8)-(2.10) and obtain

/(N) _b /(N) /(N) =d
— M

ary r—1 ryr +Cry r41 r= ]727 "'sN - 13 (3'3)

N
Z mry/iN) = I~<, (3.4)
r=0
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and

Yy =0 (35)

where
y . N
de=d, —ay™ +by™ — ey, and k=K - my™. (3.6)
r=0

Hence, the derivatives of the yﬁN ) are the solutions of the system of equations (3.3)—(3.5) and can be computed via the method
described at the end of Section 2.

Note that when we compare the system of equations (3.3)-(3.5) with the system of equations (2.8)—(2.10) we see that
only the k and d, have changed. It follows that when we use the method given in the final paragraph of Section 2, the p, and
qr will be the same for the two systems.

To show that for fixed r we have y/ﬁN) — yr,as N — oo, we have to show that for the Ay and By in (2.13) we have

Ay — f—v ((k —H)/F) and By, — 0 as N — oo. This can be guaranteed when the following hold

d d
— (fr/8) = 0, — (h;/g) — 0, asr — oo, (3.7)
dv dv
Nod Nod
Z — (m,f;) = F/, Z — (m/h;)) = H', asN — oo, (3.8)
r=0 dV r=0 dv
and
d (fv ¢ d [hy
— | = 0, — = 0, N . 3.9
dv (gN ;mrgr> g dv (gN ;mrgr g as N — 00 (3.9)

The original and additional conditions can often be checked by studying the rate of growth of f;, g., h,, m, and their v-
derivatives, asr — 0.

4. Incomplete gamma functions

The incomplete gamma functions satisfy first-order inhomogeneous linear difference equations. For that result and
notation see Section 11.2 in [3]. Here we will use the homogeneous second-order difference equation

zrt+ta— 1Dy, —(+a+2)yr + Y41 =0. (4.1)
It has solutions
f=y0+az), g=rI0C+a. (4.2)

The rate of growth of the first of these is
fi ~e 22! asr — oo, |phz| <, (4.3)

and it has the normalising condition

o0
1 —1,a

Y —f=a's (4.4)
r!

r=0

For these two results use (11.2) and (11.9) in [3]. It follows that the conditions for Theorem 1 are satisfied and that the results
of Section 2 can be used to compute the f, numerically. ,
In the remainder of this section we will use the notation f; = % f;. The a-derivative of (4.1) is

zr+a—Df_ = +a+2f +fl 1 =F — 2, (4.5)
with normalising condition
— 1 / —-2_a
Y =a? @@ - 1) (4.6)
r=0 "°

Thus the results of Section 3 can be used to compute the parameter derivative of the incomplete gamma function y (a, z).
For the parameter derivative of in the incomplete gamma function I"(a, z) we combine the above results with the identity
I'(@) =T(a,2) +y(a,2).
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5. Confluent hypergeometric functions: The recessive case

The difference equation
r+a-1Dy, 1 —Qr+2a—c+2)y,+ (T +a—c+Dy1 =0, (5.1)
has solutions

a
fi=@,Ua+r,c,2), g= #M(a +r.c2), (5.2)
(@a—c+1),
where the Pochhammer symbol is (a), = I'(a + r)/I'(a) and U(aq, c, z) and M(a, c, z) are the confluent hypergeometric
functions. See chapter 7 in [3]. The notation in (5.2) already indicates that f; is the recessive solution, and g, is a dominant
solution for r — oo. This follows from

fi ~ fez/zz(l —20)/4,(2c-3)/44 —2ﬁ
"

I'(a)
Fa—c+ 1DI'(c

g ~ ( + DI'(c) e2/2,(1-20) /42— /4 27T (5.3)

27T (a)
asr — oo, |phz| < . See Section 5.2 in [4]. The f; have the normalising condition

[o¢]
(@a—c+1) _

Y k=" (5.4)

r=0

The reader can check that the conditions for Theorem 1 are satisfied. It follows that the results of Section 2 can be used to
compute the f, numerically. This result is well-known. Now we will compute the derivatives. The f; is a function of a, ¢ and
z. The z-derivative is easy since

d
Fm (@), U(a+r,c,2) =—(a), . Ula+r+1,c+1,2). (5.5)

5.1. The a-derivative

In this subsection we use the notation f, = %fr and obtain from (5.1) that
(r+a—-Df_ —Qr+2a—c+2)f/ +(+a—c+Df = —fr1+2f —frs1, (5.6)

with normalising condition

Z (a_C+1)r ln(z)z—a_i_szy(a_c-k])—lI/(a—c—i-l-i-r))fr, (5.7)

r=0 ' r=1
where ¥ (a) = I''(a)/T"(a) is the logarithmic derivative of the gamma function. Hence, the results of Section 3 can be used.

5.2. The c-derivative

Now we use the notation f; = % f; and obtain from (5.1) that
(r+a—-Df_ —Qr+2a—c+2)f/ +(r+a—c+Df  =fr—f (5.8)

with normalising condition

Z(a—cﬂ)r _y et C+1)r Wa—c+141 —W@—c+1)f (5.9)

r=0 r=1

5.3. Numerical results

We take N = 50 and use the difference equations (5.1), (5.6), (5.8) and the methods discussed in Sections 2 and 3. The
results are given in Table 1.
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Table 1

Numerical calculations witha = 0.2,¢c = 0.3,z = 1.4and N = 50.

Function |error|

3 0.8596259193

A 0.8596259476 2.8 x 1078
L —0.7093488450

25 —0.7093485813 2.6 x 1077

2 0.0688571930

2 0.0688571149 7.8 x 1078

6. Confluent hypergeometric functions: The oscillatory case

From (5.3) it follows that the method of Section 5 can be used in the sector |phz| < . On the line phz = 7 all the
solutions of (5.1) have the same rate of growth, and we have to use the so-called Clenshaw averaging process. See Section
4.7 in [4].

Since all the solutions of (5.1) have the same rate of growth we can use (5.1) in the forward direction. The main difference
is that now two normalising conditions are needed. We will use

o (@—c+ 1), a — (a— C)r
;Tﬂ:z , Z . —If, = e’'T'(1—aq,2), (6.1)

r=

R(c —2a) > 1 where I'(1 — g, z) is one of the incomplete gamma functions, see Section 4. Note that in contrast with (5.4),
we have a constraint in (6.1), indicating that the convergence in (6.1) is also much slower. The second normalising condition
can be obtained from the first via the identity fzoo e 'U(a, c,t)dt =e*U(a,c — 1,2).

We introduce two sequences [yﬁo)] and [yﬁl)] via

Wet =0 =0 = 62

and forward recursion in (5.1). For positive integer N let

N-1 N—1
0) (a—c+1, ) (@a—o) .
Ky :ZOTT}’?, Ly =2;r7’y9), j=0,1,a,c, (6.3)
r= r=

and let the sequence { } be a solution of (5.1) such that

N—1 N-1
Z(a—cﬂ)rf(m:[a, Z(a Vpt) — er(1—a, 2). (6.4)
r=0 . r=0 :

Then there are constants Ay and By such that

N = Ay + Byy ™. (6.5)
Combining (6.5) with (6.3) and (6.4) it follows that

ANKD +ByK =279, ANLY 4+ ByL = T (1 —aq, 2), (6.6)

and these two linear equations can be used to compute Ay and By.
It is not difficult to show that for fixed r we have fr(N) — frasN — oo.

6.1. The a-derivative

We take the fr(N ) from above and introduce the sequence { yﬁa)} via y(() =0, y(a) = 1 and forward recursion in

r+a—1y? —@r+2a—c+2y? ++a—c+ 1y, =N + 2™ — £, (6.7)

r=1,2,...,N — 2; compare with (5.6). Then there exist constants Ay and By such that

d
@frm) =y + Avy® + ByyV. (6.8)



134 A.B. Olde Daalhuis / Journal of Computational and Applied Mathematics 230 (2009) 128-134

Table 2
Numerical calculations witha = —1.2,¢c = 5.3,z = 0.4e™ and N = 400.
Function |relative error|
i 22.47933265 — 44.97489233i
N 22.47933096 — 44.97489274i 3.5 x 1078
2 —141.6664316 + 221.1635858i

AR —141.6664276 + 221.1635870i 1.6 x 1078
7f0 —59.94909351 — 185.4813249i

KA —59.94910020 — 185.4813235i 3.5 x 1078

The a-derivative of the normalising conditions (6.1) are (5.7) and

Z (@— C)rf =¢f —F(l —a,2) +Z (‘I’(G—C) —¥@a—c+n)f, (6.9)

r=0

where, again, f; = - 3 f. The a-derivative of the incomplete gamma function can be computed via the methods discussed in
Section 4. Combining the normalising conditions (5 7) and (6.9) with (6.8) we obtain the equations

—c+1
AKY + ByK” + K = —In(z)z7® + § + (@zct, W@a—c+1)—w@a—c+14+0)fM,
© M, @ 9 T (a— C)r N
AvLY + ByLy + LY :eZ%m—a,z)JrE W@a—c) —w@a—c+n)fh, (6.10)

which can be used to compute the constants Ay and By.
6.2. The c-derivative

Now we define the sequence { yﬁc)] via yé =0, y(c) = 1 and forward recursion in

(r+a— 1)y<” —Q@r+2a—c+2yQ + T +a—c+ 1y, =N M, (6.11)
r=1,2,... — 2; compare with (5.8). Then there exist constants Ay and By such that
f(N> =39 + Ayy© + By . (6.12)
The c—derlvatlve of the normalising conditions (6.1) are (5.9) and
(a— c) (a + 1)
Y Oy Zrif W(@—c+n-w@-of. (6.13)
r=0 r=1 .

where f/ = %fr. Combining these normalising conditions with (6.12) we obtain the equations

N—-1
a—c—+1
AVKY + By + K =3 @t D gt 14+n —wa—c+ )Y AR

r=1 r!
a—~c
ALY +ByL) + 19 = Z ( . ) W(a—c+r) —w@a—o)f™, (6.14)
r=1

which can be used to compute the constants Ay and By.
6.3. Numerical results

We take N = 400 and use the methods discussed in this section. The results are given in Table 2. Note that due to the
slow convergence of the normalising conditions we are forced to take a much larger N and make 9R(c — 2a) also relatively
large; compare (6.1).
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