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ABSTRACT

We say that a graph is point-symmetric if, given any two points of the graph, there is
an automorphism of the graph that sends the first point to the second. Similarly, we
say that a graph is line-symmetric if, given any two lines of the graph, there is an auto-
morphism that sends the first line to the second.

In general a line-symmetric graph need not be point-symmetric. For example, any
complete bipartite graph is line-symmetric, but if it is not regular then it is not point-
symmetric. In this paper we investigate the extent to which line symmetry and regularity
imply point symmetry.

We first give some conditions on the number of points and the degree of regularity
under which line symmetry and regularity imply point symmetry. We then give some
general methods for constructing graphs which are line-symmetric and regular but not
point-symmetric. Finally we summarize what is known about the number of points
that a regular line-symmetric graph which is not point-symmetric can have. We conclude
with a list of unsolved problems in this area.

1. INTRODUCTION

Let G be a graph. An automorphism of G is a permutation of the
points of G that preserves adjacency. We say points # and v of G are
similar if there is an automorphism of G that sends u to v. Lines e and f
in G are said to be similar if there is an automorphism that sends the
end-points of e to the end-points of f. We say that G is point (line)-
symmetric if all of its points (lines) are similar.

In [2], Dauber and Harary investigated the relationship between line
symmetry and point symmetry. They give simple examples of graphs that
are line-symmetric but not point-symmetric and vice versa. However,
their line-symmetric graphs that are not point-symmetric fail to be point-
symmetric because they are not regular. This raises the question of
whether or not a regular line-symmetric graph must be point-symmetric.

Dauber and Harary give a partial answer to this question. They show
that, if G is a line-symmetric graph with v points, which is regular of
degree d, then G must be point-symmetric if v is odd or if d = v/2.

215



216 FOLKMAN

Here we investigate the casev even and d < v/2. We first show (Theorem 2)
that, if v = 2p or 2p? where p is prime, then G must be point-symmetric.
We then give some methods for constructing regular graphs that are line-
symmetric but not point-symmetric (Theorems 3 and 4). Finally, we sum-
marize what is known about the values of v for which there is a line-
symmetric graph with v points that is not point-symmetric (Theorem 5).
In the concluding section we give some problems that are still open.

2. CONDITIONS FOR LINE SYMMETRY TO IMPLY POINT SYMMETRY

To fix our notation we make the following formal definitions. 4 graph
is an ordered pair (V, E), where ¥ is a finite set (the points of the graph)
and E is a collection of two element subsets of ¥ (the lines of the graph).
If e = {u, v} is a line, then u and v are the end-points of e. The degree of a
point u is the number of lines with u as an end-point. A graph is regular of
degree d if every point of the graph has degree d.

An automorphism of the graph G = (V, E) is a permutation ¢ of V' with
the property that if {u, v} € E, then {o(u), o(v)} € E. The automorphisms of
G form a group %. This group is a permutation group on ¥ by definition.
It acts as a permutation group on E if we set o({u, v}) = {o(w), o(v)} for
o 9, {uviekE.

Let ¢ be a permutation group on a set S and let xeS. We define
%(x), the orbit of x, by

Y(x) = {o(x)| o€ F}.

We say that ¥ is transitive on S if %(x) = S for some (and hence all)
x € S. We define ¥, , the stability subgroup of x, by

G, ={oe ¥ |a(x) = x}.

We have the relation | ¥(x) | = (9 : %,), where | %(x)| is the number of
elements in %(x) and (¥ : ¢,) is the index of the subgroup ¥, in the
group %. With this terminology it is clear that a graph G = (¥, E) is point
(tine)-symmetric if and only if its automorphism group is transitive on
V(E).

The following theorem and its corollary are due to Dauber and Harary
[2] in a slightly different form. We include a proof here for completeness.

THEOREM 1. (Dauber and Harary). Let G = (V, E) be a graph with no
isolated points (i.e., no points of degree zero). Let I be a subgroup of the
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group of automorphisms of G, which: is transitive on E but not on V. Then V
is the disjoint union of subsets V, and V, with the following properties:

(2.1) o# acts as a transitive permutation group on Vyand V, .
(2.2) Each line of G has one end-point in Vy and the other in V, .

ProoF: Let {v;, vy} € E. Set Vy =H#(vy), V, =#(v,). Let u € V. Since
u is not isolated, {u, u'} € E for some u’ € V. Nows# is transitive on E, so
{u, u'} = of{v, , vo} for some o €. Therefore either u = o(v,) or u = o(v,).
In ecither case, ue VU V,,s0 ¥V =V,0V,. If V; and V, were not
disjoint we would have #(v,) = #(v,) = V, contradicting the assump-
tion that S is not transitive on V.

Letces#F and let ue V;,i = 1 or 2. Then u = 7(v;) for some v € H#,
80 a(u) = or(v;) € #(v;) == V;. Hence, # acts as a permutation group
on V. The action is transitive, since V; = #(v;).

Now let e € E. Since 5 is transitive on E,

e = a({vy, vs}) = {o(vy), o(va)}

for some oe#. Now o(v,) € ¥V, and o(v,) € V,, so (2.2) holds. This
completes the proof.

CorOLLARY 1.1 (Dauber and Harary). Let G = (V, E) be a line-
symmetric graph that is regular of degree d > 0. Let v ='| V' | . If v is odd
or d > v[2, then G is point-symmetric.

ProoOF: Suppose G is not point-symmetric. Then we may apply
Theorem 1 with 5# the entire group of automorphisms of G. By (2.2)

diVi| =1E{=d|V,l,

so| V| = |Vs|land v = 2|V, | is even. Hence, we must have d > v/2.
Again by (2.2), a point'in ¥, is an end-point of at most | ¥, | = v/2 lines,
so we must have d = v/2. But this implies that the lines of G are all pairs
with one element in V; and the other in ¥V, . Since | V, | = | V5, |, this
graph is point-symmetric, so we have arrived at a contradiction.

The following result gives another condition which guarantees that a
line-symmetric graph is point-symmetric.

THeorREM 2. Let G = (V, E) be a line-symmetric graph that is regular
of degree d. If | V'| = 2p or 2p?, where p is prime, then G is point-symmetric.

Proor: Suppose G is not point-symmetric. A graph that is regular of
degree O is clearly point-symmetric, so we must have d > 0. Hence, we

582/3/3-2
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may apply Theorem 1 with ## = &, the entire group of automorphisms
of G. By (2.2),

di W =I1E|l=dl|V,l,
so| Vil =|Vy| =3%|V]|=pt wheret = 1 or 2.

Let o be a p-Sylow subgroup of %.

LemmA 2.1. 22 is transitive on Vy and V, .

Proor: Let | 4| = p*k, where p does not divide k. Then | # | = p~.
Letve V;,i = 1 or 2. Since ¥ is transitive on V-, we have

(9:9)=19%w)| =1V;| =p"

Therefore, | 4, | = p*'%. Now , is a p-group and #,C ¥%,, so
| #,| < p*t. Therefore,

| #@) | = (H :H,) =|H ||| #,] > p
Hence we must have s#(v) = V; as required.
LemMA 2.2. Letv, e Vyand v, €V, , with {v, , vs} € E. Suppose there is
a subset S ={oy,...,0,} of elements. of ¥ such that the points

03(0.)s.., 0,4(v;) are distinct for i = 1 and for i = 2. Then the subgroup of
Y generated by S is non-Abelian.

PrOOF: Suppose not. Let i = 1 or 2. Suppose o7 (v;) = o3'(;) for
some j and k, with 1 < j < k < p*. Then, since S generates an Abelian
subgroup,

ov:) = 030,05 (v;) = 0,030 (v) = 04(vy),
contradicting our hypotheses. Hence, we have
Vi = {01(V:)srr 0p0:)} = {07(01);e., 058 (09)} .
Therefore the function n: ¥ — V defined by

(o(vy) = 0?1(02)
and

N(o(vy) = O'i_l(vl)

is a permutation of V.
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Now we show that 7 is an automorphism of G. To see this, let
{odvy), o/(vy)} € E.

Then, since S generates an Abelian subgroup,

{7701'(171), 7'01'(”2)} = {0?1(172), 071(U1)}
= {07'0} 0,(vy), 0707 'oi(v)} € E
because o;'0;" is an automorphism of G. Hence, n € ¢. But this is a
contradiction because every element of G maps V; onto V;, while 5
maps V, onto V, .

We are now ready to resume the proof of Theorem 2. First assume
that t =1 (i.e., | V| = 2p). Now 4 is a p-group and 5 is nontrivial by
Lemma 2.1, so & has a non-trivial center. Let £ be a cyclic subgroup of
order p in the center of s#. Let {v,,v,} € E, with v; € V1, v, € V,. For
i = 1 or 2, we have

| A ()| = (A 2 Ay) = 1orp.

Therefore, either #'(v;) ={v;} or H'(v;) = V;. If A (v) = V; and
HA(v,) = V,, we may take S = 4" in Lemma 2.2, and we have a contra-
diction. Hence, either 2 (v;) = {v,} or A (vy) = {v,} , and without loss of
generality we may assume J£'(v,) = {v,;} . Suppose that £ (vy) = {v,} .
Let ue V;. By Lemma 2.1, u = o(v,) for some o€ #. Since # is a
central subgroup of 5,

H () = Ho(v) = oA (vy) = o({ve}) = {u}.

Similarly, if # € V,, then 2 (u) ={u} . Therefore, the only permutation in
A is the identity permutation, contradicting the fact that 4" has order p.

The only remaining possibility is that ' (v,) = {v,} and HA(vy) = V;.
Now {v;,v,} € E and the permutations in " preserve adjacency, so
{v,,u}e E for every ueV,. This implies that d > p = |V |/2. By
Corollary 1.1, G is point-symmetric, contradicting our assumption to the
contrary.

Now assume that + = 2(] V| = 2p?). Let Z be the center of .
Suppose that for every o € 2 which is not the identity, we have o(v) 7% v
foreveryve V. Let {v, ,v,} € E, withv; € ¥, i = 1,2. We have

| Z) =(Z: Z,) =1 2],

since &, = {1}. Now Z is a non-trivial p-group and | Z(v))| < | ¥; | =p%
so | Z | =porpIf| Z| = p? we could take § = £ in Lemma 2.2 and
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obtain a contradiction, since £, the subgroup of ¥ generated by &, is
Abelian. Hence, | & | = p.

Let i = 1 or 2. Let J; be the subgroup of # generated by 2 and 5, .
By our assumption on 2, Z N &, = {1}. Now Z is a normal subgroup
of 57, so

H|Z = ZHF = H,|Z O H = 5,
Hence,

|| = Z VA Z | = | Z || Ho, | =p|H, |
By Lemma 2.1,
| | = @ : )| H#,, | = | K@) |, | =p*| £, |

Therefore, | A5 | = | o |/p.
Since #; and ¢, are subgroups of o€, 1 e X; N A, .
Therefore,

| VA | = |+ || — A0 H| < ||+ H] -1

2w —1<|#]—1.
p

Let oe# — (A, U XA,). Since | & | = p, & is a cyclic group generated
by an element 7. Let

S ={o"|0 < i,j<p}.

Let k = 1 or 2. Suppose o’7/(v;) = o*'7/'(v;) for some o'/, 0*'77" € S. Then
oi-t'7i-I"(v,) = v, , since 7 commutes with o. Therefore, o*=%'7/~% eéf;,k ,
so ¢=¥ = (¢t ¥'77 )77~ € A, . The order of o is a power of p, so if p
does not divide i — i’ there is an / such that o = (¢~*) € .#;, . This is
impossible, so p divides i —i'. But |i —i'[ <p, so i =i’. Hence,
7(v) = 7' (vg), s0 ¥ (v,) = vy, . By our assumption on &, 7-¥ = 1.
Now 7 has order p and | j — j' | < p, soj = j'. We now conclude that the
set S satisfies the hypotheses of Lemma 2.2. The subgroup of & generated
by S is the subgroup generated by o and 7. Since ¢ and 7 commute, this
subgroup is Abelian, contradicting the conclusion of Lemma 2.2.

We have now shown that the assumption we made about Z is false,
i.e., there is a 0 € & with ¢ 74 1 and a point v, € V such that o(v,) = v, .
Now ¢ has order p* for some « > 1. Replacing o by ¢ we may assume
that o has order p. Let % be the subgroup of & generated by o.

Without loss of generality we may assume that v, € ¥;.. Choose v, € V,



REGULAR LINE-SYMMETRIC GRAPHS 221

s0 {v,, v} € E. Let ue V;. By Lemma 2.1 there is a 7€ 3# such that
u = 7(vy). Since ¢ € & we have

o(u) = ar(vy) = 70(v) = 7(vy) = u,

so o leaves every element of V; fixed. If o(v,) = v, a similar argument
would show that o leaves every element of V, fixed. This would imply
that o = 1. But ¢ 7 1, s0 o(v,) 7~ v, . Hence, | #(v,)] > 1. Now

| Y ()l =(#:¥,) =1orp,

s0 | ¥(vp)l = p.
Let
H ={reH | r(vy) € U (vy)} .

If 7, n € A, then 7(vy) = o%(vy) and y(vy) = o%(v,) for some i and j. There-
fore,
™(0) = 10%(vy) = 0'7(vy) = 0’o*(vy) € U(vy),

so ™) € X ". Therefore, " is a subgroup of . We need several facts
about . These facts are proved in the following lemmas.

LemMA 2.3.  The subgroup A" is normal in S, and (¥ : HA") = p.

PROOF: Since 4 is a p-group, any subgroup of index p is normal. (See,
for example, [1, Theorem IV, p. 122].) Hence, it suffices to show that
(H:A)=p. We have ¥ CH, so ¥(vy) C A (vy) C ¥(vy). Therefore,
| A (vy)] = %)l =p. Nowdt, CH, so A, = A NH, = Ho, -
Hence,

pP=|H ()| = (¥ : H,) = (o : ANX : H,)
= (I )A W) = (¥ : ) p,
so (. A) = p.
LeMMA 2.4. Let {u,,u} € E with wy€V, and u,€V,. Let re X .
Then {u, , 7(u)} € E and {7(u,), u,} € E.

Proor: By Lemma 2.1 there is an n € £ such that %(v,) = u, . Since
A is normal, 9y~ € A", Therefore, y~1ry(vy) = o%(v,) for some i. Hence,
we have

7(ug) = 7 i(ve) = N0 (Vy) = on(vy) = 0¥ (uy).
Since o leaves every point-in V7 fixed, we have ¢%(u;) = 1, . Therefore,

{ul > T(uZ)} = {ci(ul), U'i(uz)} € E.
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Now

{1, up} = {7(w), (- W)} € E

because {1, , 7Y (i4y)} € E by what we have already shown.

LemMA 2.5, Letue V. Then |4 (u)| = p.

Proor: We have p? > | #(u)| = (X :H,) = p* for some «, so
| X)) =1, p, or p>. If | A (w)] = 1, then A C 3#£, . This is impossible
since (o : H#,) = p? while (¢ : A"} = p. Suppose | £ (u)| = p* Choose
u' eV, so{u,u}eE By Lemma 2.4, {v, u’} € E for every v e # (u). This
implies that d = p? = 1/2 | V| . By Corrollary 1.1, G is point-symmetric,
contradicting our assumption to the contrary. Hence, | # (1)| = p.

LeEMMA 2.6. Let e ¥ and let u e V. If 74 (u) O A (u) is non-empty,
thenne A .

ProoF: Since X is normal, X" = Ay, so
nAH () = A ) = A (n(w)).
The orbits under £ of any two points are either equal or disjoint, so
n K@) = A (mw)) = A (w).

Let Z be the subgroup of & generated by y and £". Both  and %" map
the set A (w) into itself, so £ maps A (u) into itself. Therefore,
L) = A (u). We have " C £ C 2 and (¢ : ") = p which is prime,
so either & = 3 or £ = A . Now

W) =p* >p =AW =L,
so £ # . Therefore, ¥ = X ,sone ¥ =X .

LemMA 2.7. Letne st — A andleti = 1 or 2. Then V; is the disjoint
union of the sets

H (), 9H (), WA (0)).
Proor: By Lemma 2.5 and the normality of 7,
Lp? A @) = | X)) = p.

There are p subsets and | V; | = p?, so it suffices to show that »? % (v;) and
n* A (v;) are disjoint for 0 << j < k <{ p — 1. Suppose

uen A'(v) Nk A (vy).
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Then
) € A (v) O 97 A (vy).

By Lemma 2.6, n*7 e #". Now 0 <k — j < p and the order of n is a
power of p, so there is an [ such that » = (*%). This contradicts the
hypothesis that n ¢ 7.

We are now ready to complete the proof of Theorem 2. By Lemma 2.3
there is an € # — . For each i with O <C i < p let «; be a 1-1 map of
7' (v,) onto n¢4 (v,) and let B; be a 1-1 map of n# (v,) onto 7~ (v,).
Such maps exist because, by Lemma 2.5 and the normality of £, the sets
A (v;), —p < i < p,j = 1 or 2 all contain exactly p elements. Applying
Lemma 2.7 to the elements  and 5~ we see that we may define a permuta-
tion @ of V by setting (1) = o;(u) for u en®A (v,) and ¢(u) = By(u) for
u e’ A (vy).

Now we show that ¢ is an automorphism of G. Let {u, , u;} € E with
wm eV, and u,eV,. Then u; = »'ry(v)) and wu, = n'7,(v,) for some
i,j, 7, TaWith0 < 7,j < p,andy, 7, € # . We have p(iy) = n7r4(vy) and
o(u,) == nI7,(v)) for some 73, 7, € # . Now

{niry(v), 0 7a(0)} = {9~ (wy), ¥ (up)} € E.

Since " is normal, 9777/ and y~iryry ¢ are in . Therefore, by
Lemma 2.4,

{p(w), (o)} = {n7774(v), n~*75(ve)}
= {7 T )T )(0)), (i ) (i re)(vy)} € E.

Hence, p € 4. But this is a contradiction since every element of ¢ maps V;
onto ¥; while ¢ maps ¥, onto V.

3. REGULAR LINE-SYMMETRIC GRAPHS WHICH ARE NOT POINT-SYMMETRIC

In this section we give some methods of constructing regular line-
symmetric graphs that are not point-symmetric. To avoid endless repetition
of the phrase “regular and line-symmetric but not point-symmetric” we
use the following definition. A graph is said to be admissible if it is regular
and line-symmetric but not point-symmetric. The degree of an admissible
graph is its degree of regularity.

We will be particularly interested in the number of points that an
admissible graph may have. Observe that if G is an admissible graph with
v points, then the graph consisting of r disjoint copies of G is an admissible
graph with rv points. In view of this trivial construction, it would be more
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pertinent to ask how many points a connected admissible graph may have.
The corollary to the following result shows that the additional requirement
of connectedness does not change the number of points that an admissible
graph may have.

THEOREM 3. Let G = (V, E) be an admissible graph of degree d with
v points. Let r be a positive integer. Then there is an admissible graph G of
degree rd with rv points. Furthermore, if G is connected, then G is connected.

Proor: Let R = {l,2,..,r}. We define G = (V, E) by setting
V =¥ X Rand

E = {(u, i), (v, ))}[{u, v} e Eand i,j e R}.

Clearly G is regular of degree rd and G has rv points. Furthermore, if G is
connected, then so is G. Let ¢ be an automorphism of G. For each ve V'
let 7, be a permutation of R. Then the permutation » of ¥ defined by

((®, i)) = (o(v), 7,())
is an automorphism of G. From this observation and the fact that G is line-
symmetric, it follows that G is line-symmetric.

It remains to show that G is not point-symmetric. Suppose the contrary.
Let v, , v, € V. Then there is an automorphism ¢ of G such that

o((vy, D)) = (v, D).

I claim that there is a permutation = of ¥ such that 7(v;) = v, and for each
u € V there are numbers i, j € R with

o(u, i) = (v(w), )).
To see this, for each u € V' — {1} let
S, ={u' eV —{v}| o((u, D)) = (u', j) for some i, j € R}.
Let uy ,...,up, e V.—{v} and let § = Sy, Y U S, . Then
o(({tty 5o e} X YU {(vy, DD C(SV{y}) X R.
Since o is a 1-1 map of ¥ X R onto itself, this implies that

r1SU{p) = [(SU{v)) x R| > rk + L.
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Hence,

lS|=|SU{v2}|—1>k-—1+%>k—1,

so | S| > k. Therefore, the family {S, buev—vyy Of subsets of V' — {vy}
satisfies the condition in Hall’s Theorem [3, Theorem 1.1, p. 48] for the
existence of a system of distinct representatives. Consequently, for each
ueV — {vy} there is an element (u) € ¥V — {v,} with 7(u) e S, and
(1) £ (') for u == u'. If we set 7(v;) = vy, then 7 is the required per-
mutation of V.

Let {u, ,u;} € V. Let iy, jy , i3, j» € R be such that

o((uy , i) = (7(w), jo) and o((uy , 1)) = (7(2), j2)-

Now {(uy , iy), (g , ip)} € E, 30 {(v(uy), J1), (7(t12), j2), j»)) € E and therefore
{r(uy), 7(ux)} € E. Hence, = is an automorphism of G. But =(v;) = v, and
v, and v, are arbitrary points in V. This implies that G is point-symmetric,
contradicting the hypothesis that G is admissible.

COROLLARY 3.1. If there is an admissible graph with v points, then
there is a connected admissible graph with v points.

ProOF: Let G be an admissible graph with v points. Then each
connected component of G is admissible ‘and all components of G are
isomorphic. Let G’ be a connected component of G and let v° be the
number of points in G'. If G has r components, then v = rv’. The con-
clusion follows by applying Theorem 3 to the connected admissible
graph G’.

THEOREM 4. Let &/ be an Abelian group with “+” as the binary
operation. Let T be an automorphism of <. Let r > 1 be an integer and let
a e . Suppose that T'(a) = + a, T¥a) £ afor0 <i < r,and T a) %~ —u
Jor 0 < i < r. Then there is an admissible graph G with 2r | & | points and
degree 2r.

Proor: Define a set V by
V ={0,1} x{0,1,2,....,r — 1} X &.
Let E be the set of all two element subsets of ¥ that are of the form
{0, 4, %), (1, , O} or {(0, &, %), (1, , x + TH@))}.
Let G = (V, E). Then G has 2r | o/ | points and G is regular of degree 2r.
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We define permutations ¢, ,7,m, and p of V as follows

o, 1,x)) = (e, i, x +y) for yes,
(0, i, x)) = (0,4, x),

. i+ l,x, if i<r—1,
LaX) =16 0,%,  if i=r—1,

77((0’ i’ X)) = (0’ ia —X — Ti(a))’
77((13 i x)) = (1, i —‘X),
(A x)) = (1, i, T(x)),

©,i+1,Tx), if i<r—1,
0, 0, T(x)), if i=r—1and 77 = q,
0,0, T(x) —a), if i=r—1and T7(a) = —a.

p((0, 1, x)) =

It is easy to verify that these permutations are automorphisms of G.

Furthermore, by repeated applications of these automorphisms any line

of G may be transformed into any other line. Hence, G is line-symmetric.
For each ue V let

Lu) ={ve V|{uv}ec E}.

If « is an automorphism of G, then L{x(x)) = «(L(u)). Suppose G is point-
symmetric, Then there is an automorphism « of G such that «((1, 0, 0)) =
(0,0, 0). Let
(1, 1,0) = (e, i, x).
We have
I((1, 0,0)) = L((1, 1, 0)),

50
L((0, 0, 0)) = L((e, i, x)).

Now (1,0, 0) € L((0, 0, 0)) = L((e, i, x)) so we must have e = 0. Clearly,
L((0, i, x)) = L((0, j, y)) if and only if {x, x + Ta)} = {y, y + T(a)}.
Therefore, {x, x + T%a)} = {0, a}. There are two possibilities. First, we
may have x = a and x + T%a) == 0. This implies that Tia) = —a,
contradicting our hypotheses. The only remaining possibility is x = 0 and
x + T4a) = a. This implies that T%a) = a, which is possible only if
i = 0. We have now arrived at the conclusion that

«(1,1,0)) = (0,0, 0) = o(1, 0, 0)).
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This contradicts the fact that « is a permutation of V. Hence, G is not
point-symmetric, so it is admissible.

The following theorem summarizes what is known about the number of
points that an admissible graph may have.

FIGURE 1. An admissible graph with 20 vertices.

THEOREM 5. Let v be a positive integer. There are no admissible graphs
with v points if v satisfies one of the following conditions:

(3.1) v is odd,;

(3.2) v = 2p or 2p?, where p is prime;
(3.3) v << 30 and 4 does not divide v,
(3.4) v < 20.

There is an admissible graph with v points if v satisfies one of the follow-
ing conditions:

(3.5) v is divisible by 2p®, where p is an odd prime;
(3.6) v is divisible by 2pq, where p and q are odd primes, and p divides
q—1;
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(3.7) v is divisible by 2pq®, where p and q are primes, q is odd, and p
divides q 1+ 1;
(3.8) v = 20 and 4 divides v.

Proor: Assume (3.1). The conclusion follows from Corollary 1.1.
Assume (3.2). The conclusion follows from Theorem 2. Assume (3.3) but
not (3.1) or (3.2). Then v = 2 and the conclusion is obvious. Assume (3.4)
but not (3.2) or (3.3). Then v = 12 or 16. The only proof we have in these
cases consists of examining all line-symmetric graphs with v vertices that
satisfy the conclusion of Theorem 1. This argument is too lengthy to be
included here.

Conditions (3.5) to (3.7) are all of the form ““v is divisible n,” where n
has some specified form. By Theorem 3 it suffices to construct an ad-
missible graph with » points when v = #n. The constructions will be based
on Theorem 4. As usual, Z, will denote the cyclic group of order ».

(3.5) Let & = Z, X Z,, where the two copies of Z, have generators
g, and g,. Let T be the automorphism of &/ defined by 7T(g,) =
8 18, T(g2) = 8. Let a =g and r = p. Now T¥gy) = g, + ig,.
Hence, T7(g,) = g1 + 18 = &1, T4g) = &1 + ig. 7 & for 0 <i <p,
and T¥g,) = g, + igs 7= —g, for all i because p is odd.

(3.6) Let o/ = Z, with generator g. Since ¢ is prime and p divides ¢ — 1,
there is an integer x such that x? = 1 (mod ¢) but x* == 1 (mod ¢) for
0 <i<p. Let T be the automorphism of & defined by T(g) = xg. Let
a = g and r = p. Now T(g) = xig, so Tg) = ng if and only if x* = n
(mod g). Hence, T(g) = g but T%g) + g for 0 < i < p. Suppose
Tg) = —g for some i. Then x* = —1 (mod g). Since p is odd, this
implies that

—1 =(—1)? = (x)? = (x*)' = I = 1 (mod g).

This is impossible because g is odd.

(3.7) Let & = Z, X Z, where the two copies of Z, have generators
g, and g, . First suppose that p = 2. Let 7 be the automorphism of &/
defined by T(g,) = g, and T(g,) = g;. Let a = g, and r = 2. Then
T%g,) = g1, T(g1) = g2 # + & and T%g;) = g, # —g, since q is odd.

Now suppose that p is odd. The group of automorphisms of .« is just
the group of all 2 X 2 non-singular matrices with coefficients in the finite
field Z, . This group contains (g — 1)?q(q -+ 1) elements. Now p is prime
and p divides g -+ 1, so there is an automorphism T of ./ such that
T? =1but T°# 1 for 0 <i < p. Let r = p. Since T £ 1, there is an
a € o with T(a) # a. We have T?a) = a. Suppose T¥a) = a for some i
with 0 < 7 < p. Then T"+#?(q) = qa for all integers A and u. Now i and p
are relatively prime so we can choose A and u so that A/ + up = 1. This
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contradicts our assumption that T(a) = a. Finally, suppose T%(a) = —a
for some i. Now p is odd so

—a = (—1ra = (T)*(a) = (IT")(a) = a.

Since g is odd, this is possible only if a = 0. But 7(0) = 0, so this contra-
dicts our assumption that T(a) % a.

Now assume that (3.8) holds. We consider four cases:

(i) v = 4p, where p is prime and p = 1 (mod 4).
Let of = Z, with generator g. Since p = 1 (mod 4), there is an integer

x with x2 = —1 (mod p). Let T be the automorphism of &/ defined by
T(g) = xg. Leta = gandr = 2. Then TXg) = x%¢ = —g. If T(g) = +¢g
then x = +1 (mod p), so —1 = x? = (41)? = 1 (mod p). Furthermore,
if g = T%g) = —g, then 1 = —1 (mod p). But 1 = —1 (mod p) because
p =5

(ii) v = 4p, where p is prime, p = —1 (mod 4), and p > 7. We cannot

use Theorem 4 in this case, so we explicitly construct an admissible graph
with v vertices.

Let g be a generator of the cyclic group Z,. Let ¥V ={0, 1} x {0,1} x Z,.
Let E be the set of all two element subsets of V of the form

{(0,0,x), (1, ¢, x + i%)}

or{(0, 1, x), (1, ¢, x — i%g)}, wheree = O or 1, x€ Z,, and i is an integer
with 1 < i< (p — 1)/2. Let G = (V, E). Clearly G is regular of degree
p— L
The following permutations of ¥ are automorphisms of G:
0'((6,8,X)=(€,8,x+g) €:8=0’15 Xes/

T((O: 03 X)) = (Oa 1’ —‘.X)
(0, 1, x)) = (0,0, —x) xed, e=0,1,
(1, e, x)) = (1, ¢, —X)

70, ¢, x)) = (0, ¢, x)

97((1’0936)):(1’ I,X) xesl, e=0,1,
7((1, 1, x)) = (1, 0, x)
Pi((es 89 x)) = (6, 8’ izx) 5,8 = 0, 1, xe S

for 1 < i << (p — 1)/2. To see that p, is an automorphism of G, we observe
that if 1 <i,j<(p—1)/2, then ij = +k (mod p) for some k with
1 <k<(p—1)2 so i%%¢ = k%. By successive applications of the
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above automorphisms, any line of G can be transformed into any other
line of G. Hence, G is line-symmetric.
As in the proof of Theorem 4, for ue V let

Lu) ={veV|{u v} E}.

Suppose G is point-symmetric. Then there is an automorphism « of G such
that «((1, 0, 0)) = (0,0,0). Let «((1, 1,0)) = (3,5, ng), where y,6 =0
or 1 and 0 < n < p. Now L((1, 0, 0)) = L((1, 1, 0)), so L((0, 0, 0)) =
L((v,8, ng)). Therefore,y = 0. Suppose n = 0. Then § = 1 sinceais 1 — 1.
Hence,

(1,0, —g) € L((0, 1, 0)) = L((0, 0, 0)).

This implies that —1 = i? (mod p) for some integer i. This is impossible
since —1 is not a quadratic residue mod p. (p = —1 (mod 4)). Therefore,
0<n<p.

If n is a quadratic residue mod p, thereis aniwith 1 <<i <{(p — 1)/2and
i%n = 1 (mod p). If n is a non-residue, thereisan i with 1 <i << (p — 1)/2
and i%7 = —1 (mod p). In either case we can choose i so p;((0,5, ng)) =
0,8, eg), where € = +1. Now p,«((0,0,0)) = (0, 0, 0), so L((0, 0,0)) =
L((0,3, eg)). Suppose 6 =0. If e =1, then (1,0, g)e L((0,0,0) =
L((0, 0, g)). This implies that g = g -+ i%g for some i with 1 < i< (p — 1)/2.
But g = g + i%¢ only if i2 = 0 (mod p) and this is clearly impossible.
If e = —1, then (1,0, 0) € L((0, 0, —g)) = L((0, 0, 0)), which is impos-
sible. Hence, 6 = 1. If e = 1 then (1,0, g) e L((0, 0, 0)) = L((0, 1, g)),
which is impossible. Therefore, € = —1.

We have now arrived at the conclusion that L((0, 0, 0)) = L((0, 1, —g)).
This implies that for every i with 1 < i < (p — 1)/2 there is a j with
1<j<(p—1)J2andj*= —i? — 1 (mod p). In other words, if r is a
quadratic residue mod p, thensois —r — 1. Nowp = 7,s0 1 = 1%, 4 =22,
and 9 = 3% are all quadratic residues, mod p. Hence, so are
—2=—-1-1,—-5=—-4—1, and 10 = —9 — 1. Therefore,
10 = (—2)(—5) is a quadratic residue mod p. But if 10 and —10 are both
residues, then — 1 must be a residue. This contradicts the fact thatp = —1
(mod 4) and completes the proof that G is admissible.

By (i), (ii), and Theorem 3, an admissible graph with v points exists
whenever v satisfies (3.8) and v is divisible by a prime p > 5. It remains to
consider the cases v =29-3%,a>>2,29-3" >20. If b> 2, then
2 -2 - 32 divides v. Now 2 and 3 are prime, 3 is odd, and 2 divides 3 4- 1,
so v satisfies (3.7). If b == 1, then 24 divides v. If 5 = 0, then 32 divides v.
By Theorem 3 it now suffices to consider the cases v = 32 and v = 24.
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(iii) v = 32. Let & = Z, with generator g. Let T be the automorphism
of o7 defined by T(g) = 3g. Let a = g and r = 2. Then

Tg) =92 = g, T(g) = 3g # L g, and g = TUg) # —g.

(iv) v = 24. Let 4 = {0, 1} x {0, 1} x {1, 2, 3}. Let B be the set of all
subsets of A4 that are of the form
{0,8,1), (1,8,1), (0, ¢, /), (1, .},
whered, e =0, land 1 <i<j<3. LetV=4U B. Let
E ={{a,b}lac A,be B,and ac b}.

Let G = (V, E). Then G is a graph with 24 points, which is regular of
degree 4.

Let o and 7 be permutations of {0, 1} and {1, 2, 3}, respectively. For
each ie{l, 2, 3}, let p; be a permutation of {0, 1} . Define a permutation
a of V by

a((8> €, l)) = (0(8)5 Pi(s)’ T(l))
for (5,¢,i) € A and

a({al s Qg5 A3, 04}) = {O‘(al): o(ay), ofas), 0‘(“4)}

for {a, , a5, a3, a,} € B. Then « is an automorphism of G. Furthermore,
given any two lines in G, there is an automorphism of this form sending
one into the other. Hence, G is line-symmetric.
Suppose G is point-symmetric. Then there is an automorphism « of G

with «((0, 0, 1)) € B. Now

L((0, 0, 1)) = L((1, 0, 1)),
$0

L(x(0,0, 1) = L{«(1, 0, 1)).
Hence,

«((1,0,1) e B.

But for b€ B, L(b) = b, so
(0,0, 1)) = L(«(0, 0, 1))) = L(x((1, 0, 1)) = «((1, 0, 1)).

This contradicts the fact that « is 1-1 and completes the proof that G is
admissible.
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4. OPEN PROBLEMS

We conclude with a Iist of questions about admissible graphs which
have not been answered.
(4.1) For which integers v is there an admissible graph with v points ?

(4.2) Is there an admissible graph with 30 points ? (This is the smallest
value of v for which (4.1) is open.)

(4.3) Is there an admissible graph with 2pq points, where p and ¢ are
odd primes, p < ¢, and p does not divide ¢ — 17 (This is the simplest
class of values of v for which (4.1) is open.)

Is there an admissible graph with v = 20’ points and degree d when
4.4) d = v/4?

(4.5) d is prime ?

(4.6) d and o' are relatively prime ?

(4.7) dis prime and d does not divide v'? (None of the admissible graphs
that we have constructed satisfies any of the conditions (4.4) to (4.7).)

(4.8) For which pairs of integers v and d is there a connected admissible
graph with v points and degree d?
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