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1. Introduction

Standing waves for the following nonlinear Schrédinger equation in RV:

0 -
i = Ay = VY + P, (1)
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are solutions of the form v (t, y) = exp(iAt)u(y). Assuming that the amplitude u(y) is positive and
vanishes at infinity, we see that v satisfies (1.1) if and only if u solves the following nonlinear elliptic
problem

—Au+V@u=uP, u>0, lim u(y) =0, (1.2)
[y|—=+o0

where V (y) = V() + A. Throughout this paper, we will assume that V is bounded, and V (y) > 0.
N+2

In this paper, we consider the critical case p = g5
N+2 N
—Au+Vyu=uv2, u>0, yeR",

u(y)— 0, as |y| — +oo.

(1.3)

It is easy to see that if V >0 and V # 0, the mountain pass value corresponding to (1.3) is not
a critical value. In contrast to the sub-critical case, there are very few results to (1.3). Benci and
Cerami [2] first studied (1.3) and proved the existence of at least one solution if V >0 and ||V || n/2 is
sufficiently small. It seems that this is the only existence result available for general V in the critical
exponent case. It remains a question if the smallness of the norm ||V ||;n/2 is necessary. On the other

hand, the assumption V € L%(RN) implies that V cannot have a positive lower bound in RN. Thus,
the existence result for the case V(y) > Vo > 0 in RN is completely open.

In this paper, we consider the radially symmetric potential case, i.e. V(y) = V(|y|), although this
assumption can be weakened. It follows from the Pohozaev identity that (1.3) has no solution if
(r2V (r)) has fixed sign and is not identically zero. Therefore, we see that to obtain a solution for (1.3),
it is necessary to assume that r2V (r) has either a local maximum, or a local minimum at ro > 0. The
aim of this paper is to show that this condition is not only sufficient, but also guarantees the existence
of infinitely many non-radial solutions.

Our main result in this paper can be stated as follows:

Theorem 1.1. Suppose that V (|y|) > 0is bounded and N > 5. If 1>V (r) has either an isolated local maximum,
or an isolated local minimum at ro > 0 with V (rp) > 0, then problem (1.3) has infinitely many non-radial
solutions.

Problem (1.3) is also related to the following Brezis-Nirenberg problem in SN

Ni2 N
—Agnu=uN-2 4+Au, u>0onS". (1.4)
In fact, by using the stereographic projection, problem (1.4) can be reduced to (1.3) with

Vo NN=2 —4
V=T a vy

SoV(y)>0if A < —%‘2). Moreover, V (y) is radially symmetric.

Eq. (1.4) has also been studied recently by many authors. Brezis and Li [4] proved if A > —
__ N(N-2)
4 ’

N(N—2)
M2

then the only solutions to (1.4) is the constant u = (—)\)¥. On the other hand, when A =

this is the Yamabe problem on SN: all solutions are classified [9]. When A < *Wv Druet [6] (see
also Druet and Hebey [7,8]) proved that the set of positive solutions to (1.4) is compact provided the
energy is bounded. On the other hand, it has been shown that there are more and more non-radial
solutions as A — —oo. We refer to Brezis and Peletier [5], Bandle and Wei [3] and the references
therein. Theorem 1.1 implies that as long as A < —w and N > 5, there are infinitely many non-
radial solutions to (1.4) whose energy can be made arbitrarily large. This shows that the boundedness
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of energy in [6] and [7] is necessary. We notice that when N = 3, Druet [6] proved that the solution
set of (1.4) has bounded energy. We believe that Theorem 1.1 also holds for N =4.
Let us point out that in this paper, we don’t assume the condition

V(lyl) > Vo=>0, for|y|large,

which is essential for Schrédinger equation with sub-critical growth. In [13], we considered the fol-
lowing problem

—Au+V(yhu=uP, u>0, yeR", 15)
u eHl(RN), ’
where 1 < p < %—f% We proved that if

a 1
V(r):VO-f—r—m-f—O(m), asr — +oo

for some Vo >0, a >0 and m > 1, then, (1.5) has infinitely many non-radial solutions. In fact, we
showed that (1.5) has solutions with large number of bumps near the infinity. Problem (1.5) is
non-compact due to the unboundedness of the domain, while (1.3) is non-compact due to the un-
boundedness of the domain and the critical growth of the nonlinearity. We will prove Theorem 1.1
by constructing solutions with large number of bubbles near the sphere |y| =rg. So, in view of the
construction of bubbling solutions, we can say that the effect from the critical growth is stronger
than the effect from the unboundedness of the domain.

Before we close this introduction, we outline the main idea in the proof of Theorem 1.1.

Let us fix a positive integer

k > ko,

where kg is large, which is to be determined later.
Let 2* = % It is well known that the functions

n

NT—Z
_— s >0,X€RN
1+M2|y—><|2> #

N—2
U =(N(N-2)) * (
are the only solutions to the problem
—Au=uN3. uy>0, inRV.

Let y=(y,y"), y € R%, y” e RN=2, Define

H; = {u: u eDl’z(RN), uiseveninyy, h=2,...,N,

27 2
u(rcoso,rsing, y") = u<rcos<0 + T) rsin(@ + I_ZT> y”)}.
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Let

2(j— DHm 20— DHm
xj:<rcos U . ) ,rsin & X ) ,O), j=1,...,k,

where 0 is the zero vector in RN=2, and let

k
Wrn(y) = Z ij,;L(Y)~
=1

Choose § > 0 small, such that

V(lyl) > Vo >0, V|y|elro—28,ro+28]

In this paper, we always assume that

rero—4,ro+96],

and

N2 N2
w € [LokN=4, L1k~=4], for some constants L > Lo > 0.
Theorem 1.1 is a direct consequence of the following result:

Theorem 1.2. Suppose that V (|y|) > 0 is bounded and N > 5. If >V (r) has either an isolated local maximum,
or an isolated local minimum atrg > 0 with V (rg) > O, then there is an integer ko > 0, such that for any integer
k > ko, (1.3) has a solution uy, of the form

uk = er,;l,/( (_V) + a)kt

N=2 N=2
where wy € Hs, and as k — 400, ||kl 2+ gny = 0,1 € [ro — 8,70 + 8] and pui € [Lok V=4, L1k~N=4].

We will use a reduction argument to prove Theorem 1.2. The reduction argument is a typical
technique used in the study of perturbation problems. Problem (1.3) is not a perturbation problem.
We use k, the number of bubbles of the solutions, as the parameter in order to carry out the reduction
procedure. This technique has been used successfully to study some non-compact elliptic problems.
See [11-16]. Unlike the papers [14-16], where the reduction arguments were carried out in some
weighted norm spaces, we take the advantage of the term V (|y|)u in (1.3), so in this paper, we carry
out the reduction argument in the standard Sobolev space as in [1,10]. This will make the estimates
a bit easier.

This paper is arranged as follows. In Section 2, we carry out the reduction. Theorem 1.2 is proved
in Section 3. We put the energy expansion to Appendix A.

2. Finite-dimensional reduction

In this section, we perform a finite-dimensional reduction.
Let

dUy. oUy.
Zipy1= # Zip2= ﬁ



W. Chen et al. / ]. Differential Equations 252 (2012) 2425-2447 2429

The inner product in Hy is defined as follows:
(u,v) = /(DuDv + V(lyluv).
RN
Let
k
Eirp= i(ﬁ: ¢ € Hs, <Zzw,,-, ¢> =0, j=1, 2}.

i=1

Let Ly, be the bounded linear operator from Ey; , to Ey, ,, defined by the following relation
(Lirpu, v) = /(DuDv + V(lyluv — (2" - l)WTZL_Zuv), u,veEg,. (2.1)
RN

Lemma 2.1. There are p > 0 and ko > 0, such that for k > ko,

ILkru®ll = plioll. Vo € Eirp-

Proof. We argue by contradiction. Suppose that there are k — +oo, 1 € [rg — 8,70 + 8], Mk €
[Lok%,hk%], and ¢ € Eg r, 1, Satisfying

gl =vk,  IlLekll = o(vk). (2.2)

Let

'S T
.Qj={y:y:(y’,y”)=]R2xRN‘2,<y,,—j>2cos—}.
Y %51 k

Then, by (2.2),

/(|D¢k|2 +V(yl)gf) =1. (2.3)
21
and
/(Dd)kDa) + V(¥ — (2* = 1)WE 2prw) =0(1), Yo € - (2.4)
21

N-2
2

Let ¢(y) = iy, > k(i 'y +x1), x1 = (1,0,0,...,0). It follows from (2.3) that D¢y is bounded

in L2 (RN). So, we may assume that there is a ¢ € D'-2(RV), such that

D¢y — D¢, weaklyin L2 (RY),

and

éx — ¢, stronglyin L2 (RN )-

loc
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It is easy to see that ¢ satisfies

—Ap— (2" =1)U3?p=0, inRV.

Moreover, from ¢y € Ei r,,u,,» We find that ¢ is even in y;, j=2,...,N, and
«_y0U «_p0U
/US 2o, o /Ué =200l g
’ 0X1 ’ ou =1
RN RN

So, we obtain ¢ = 0. Thus, for any R > 0,

Bl* =0(1).
Bgr(0)
As a result,
[ wiizet<c [ 1a=o. (25)
BMk,IR(x]) Br(0)

On the other hand, it is easy to see that Wy, ,, =o0(1) in £21\ B[L_]R(Xl) for R > 0 large. Thus, in
k
view of

V()2 Vo>0, yeBr25(0)\ Bry—25(0),

we find

2%-2,2
ero/"-l<¢k
91ﬂ((3r0+26(O)\Br0—28(0))\BM,—1R(X1))
K
=o(1) / ¢,3=o(1)/V(|y|)¢,?. (26)
21N((Brg+25 (0)\Br0—23(0))\BM’—1 R X1)) 2
K
Moreover, from
. . . Ck?
2 2 2
er-uk <k X1, Mg S MN ’
$21\(Bry+25(0)\Bry—25(0)) $21\(Brg+25(0)\Bry—25(0)) k

we obtain
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2
N 2*

2 -2 2% 2%

Tk Mk¢k = < f er ltk) (/ |Pxl )

£21\(Brg+25(0)\Bry—25(0)) £21\(Bry+25(0)\Bry—25(0)) 2

Ck W2
< |D¢> =
,ka k2*

— 2_ 2
k2+N A2 /|D¢>kl 0(1)/|D¢k| (2.7)

\b
= N N
z\N
\a
o
hsy
=~
™~

Combining (2.5), (2.6) and (2.7), we are led to
o(1) =/(|D¢k|2+ V(Iyl)eg — (27 = 1)W2 242)
2

—( +o(1>)/(|D¢k|2+V(|y|)¢>,3)+o(1).

2
This is a contradiction to (2.3). O
From Lemma 2.1, using the Fredholm alternative, we can prove the following result:
Proposition 2.2. There exists ko > 0, such that for k > ko, Ly, is an isomorphism in Ey ; ;.
Define the projection Qg , from Hs to Eyr , as follows:
2 k
Qerptt=u—Y_¢; ¥ Ziyj, (2.8)
j=1 i=1

where ¢1 and c; are chosen such that Qg ,u € Egr .
Now, we consider

Qurp (AW + &)+ V(Y)Y Wr o+ ) — (Wr +)2 1) =0, peEprp  (29)

We have

Proposition 2.3. There is an integer ko > 0, such that for each k > ko, (2.9) has a unique solution ¢ =

¢ (r, ) € E 1y, satisfying
In 1 [k 2
161l < CI<(.7#,2+ <7> )
Mmm(T,Z) k> "

Rewrite (2.9) as

Lir ¢ =N(@)+1l, inRY, (2.10)

where N(¢) € Eyr, and I € Ey ;. ,, are defined in the following relations respectively:
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(N(@). ) = / (Wrp+ 21— W2 = (25 — )W220)w, € Eirp,
RN
and

k
(I ) = f (Wff;l D UT A V(Iyl)Ww>wv ® € Eprpi-

RN j=1

In order to use the contraction mapping theorem to prove that (2.10) is uniquely solvable, we need
to estimate N(¢) and I.

Lemma 2.4. If N > 6, then

[IN@), w)| < Clol* Hwll.
IfN =5,

(N (@), w)| < CkTo [ w].
Proof. We have

21 )
N*(@) = Wy +¢) 1= W2 = (25 =) W2 2= Clp|* !, N>6:
= ru r,pu i = 1 ,
CWT%[JL¢ ’ N =5.

Thus, if N > 6,

N@). )| < cf 62wl < CllgI> ol
]RN

If N=5,

al~
o

PO ERAPAE LI
(/(Wr,u‘f’ )7> <C</(Wr,u)> ol < Ckmofgf®. D
RN RN
Next, we estimate .

Lemma 2.5.If N > 5, then

N+1

| 1 (k\ ?
||lk||<c1<(.“7£‘_2+ (—) )
umin(erE.2) s \ M

Proof. Write

k
= (W%L‘l - ZU%J) ~V(Iy)Wrp =11~ Ja.

j=1
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Firstly, by symmetry

(J2, w) =k<V(}’)Ux1,,L,a)):kO< f V(J/)le,ulw|>~ (211)
RN
We have
C 1 C
VW Ux plol < —= —— a5 Vol < —gz llwll.
nwz |y — x1] nz
RN\B1(x1) RN\B1 (x1)

On the other hand,

2N %
/V(y>um,u|w|<< / U7> .

B1(x1) B1(x1)

But

2N 2N
Ux”:,i) =102, N=6;
B](X]) O( N 7

So, we obtain

1
(U, ) =k0<m“—“_)nwn. (212)

Define

I X
2= {y: y=(y.y") eR* xRN 2, < y, ,—]>>cos£}.
[y 1%l k

By the symmetry,

<J1,w>=k/hw. (213)
2
We have
4 k k 2*—1
11l <Cu;{j,iZUXj,,L+C(ZUX1,M) , ye. (214)
j=2 j=2
Note that

ly —xjl > |y —x1], Vyes.
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We claim that
1
ly —xj| > §|Xj —x1l, Vye .
In fact, if |y —x1| < %|xj — X1/, then
1
ly —xjl = 1xj —x1| — |y —x1] = §|Xj—x1|~
If |y —x1] > J1xj — xq|, then

1
Iy—Xj|>|y—X1|>§IXj—X1|~

So, we obtain

N+42
2

4
N—2 2 1 .
Uy nUxju < C o o i1 (2.15)
A+ uly —x10)"2 (mlxj —x1)) 2
Thus
. Kk N+2 Nt1
N2 um2 k 2
Ui ) Uxju <C e (—) : (2.16)
j=2 A+ ply—xi)z \H
As a result,
. K K\ 7 M2 h >
N=2 Mmooz k *\?
fo”lﬁZUx,»,ulwl <C(;> f p— <c<ﬁ) (/|w|2>
o j=2 o, I+ uly—xif) 2 4
N+1
1 [k 2
<C—1 = leoll. (217)
k2® \M
Let T > 0 be small. We have
C /1,%
UXj,/J,< N—2_°

(b =31 ) T TR (14 ply =) T T

Thus

k N-2_ N-2 N—2

k\ z vt nz
ZUX]’M gC(—) N=2.°

N2y
I+ ply —x1)) 2 TR+

which gives

k 2*—1 M—‘L’ N+2
k 2
(Do) <e() =

-
A+ply—x1)) 2 *°



W. Chen et al. / ]. Differential Equations 252 (2012) 2425-2447

As a result,
S K\
k
(}:U%M> w] < C l(—) loll. O
=2 k2
Now, we are ready to prove Proposition 2.3.
Proof of Proposition 2.3. Let
k
S=qw: w€Exrp, 0l € 5 1
feN=4
Then, (2.10) is equivalent to
(N(¢) + ).

¢=A@) =1L,

We will prove that A is a contraction map from S to S.

In fact, if N > 6,
Il < C||N(@) | + Clllkll

SCYPI> T+ Chyy—

kv=4
<c< )2*1+Ck ! k
Tk khito N
If N=5, then
C

¢l < C[N(@) | + Clll
1
< Ck10g11* + Chs g

Thus, A maps S to S.
On the other hand,
|A(@1) — A2 | < C|N(@1) — N(2)|.
If N> 6, then
|(N*®)'| < Clef? 2.

As a result,
/Wwo—mmmmg
RN RN

L <
SHE T S

2435

(2.18)

(2.19)

C/hwﬁﬂ+mﬁ“ﬂm—¢mm

<112 72+ 102017 2)llgn — d2ll @]l
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So we have

* * 1
IN@1) — N@2) | <Clgnll* =2 + llg2l* ") ld1 — 2l < Slé1 = ol

If N=5,

Wi

[(N*(©)'] < CW2,1t%.

So,
1 1
IN@1) — N(g2) | < CkT10 ¢y — 2 ]1* < 5|I¢1 = ¢2|l.

Thus, A is a contraction map.
It follows from the contraction mapping theorem that there is a unique ¢ € S, such that

¢ =A(9).

Moreover,

| 1 ! 2
||¢||<C||tk||<c1<<—4“£‘_2 +— (i> ) O
Mmm(—z ,2) k¥ M

3. Proof of the main result

Let

F(r,p) =IW:r . + ),

where r = |x1], ¢ is the function obtained in Proposition 2.3, and

1 1 \
I(u):E/(|Du|2+V(|y|)u2)— 2—*/|u|2 .

RN RN

Proposition 3.1. We have

!
F(ro ) =I1(Wy ) + o(#)

k
B1V(r) B, 1
=k[A - 0 )
< + MZ Z MN_2|X1 —Xj|N_2 + (M2+a>>

i=2

where o > 0 is a fixed constant, B; > 0, i = 1, 2, is some constant.
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Proof. Since

('Wr . +9¢),¢)=0,

there is t € (0, 1) such that
1
F(r,p)=1(Wr ) + 5D21(Wr,,u +t9) (¢, 9)

1 *
=IWrw+3 f(|D¢|2 + V(1o — (25 = )Wy +t)" 29%)
RN

2
% % N
:I(Wr,u>+o<u¢n2+n¢n2 +(/wﬁﬂ) ||¢||2>
]RN

= [(Wr) + O (k¥ [16]2)

3 N+1
=IWr )+ Ko (Mm:r?(leZA) + k% <£> )
Since
KAN-2
E
we find

—

N+1
2 <5> :ko(k% . %):ko(%).
kv \ 4 puwz uste

It is also easy to check that

2
242 In“ 1 _ 1
kTN Mmin(N—2,4) _kO<M2+a '

So, the result follows. O

Proposition 3.2. We have

k

dF 2B1V By(N —2 1
T.w _ 13(r)+2 . ]2( )N 2+o< : ) ’
I Iz = Nl —x N pute

where o > 0 is a fixed constant.

Proof. We have

OF(r, w)
ou

o o

2k

AW, d¢
! u>+zzq<zw,, ﬁ>' (3.1)

K =1 i=1

<1/(Wr,u +¢). OWr 3"’>

= <I/(Wr,p_ + ¢),
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Now

, oWr u
<1 Wrpn+9), m >

1%

W W
=(I'(Wy ), ——F /D “Epg+v L
<( ol >+ o DotV = e
RN

« 1 0W « 1 0W
_ W 2% -1 ru /WZ -1 K
/( r,u +¢) B,UJ + r,u 3pL
RN

RN
aw . AW, . AW,
=<1/<wr,u>, a/:“>— / W+ @)% 7 =00+ / We =k (3.2)

RN RN

since ¢ € Egr 4.
On the other hand,

. OW, . OW,

w 2%—1 N _/WZ 1 N
/( T,M+¢’) 3,LL r,u 3M
RN

RN
=(2*—1)fWiL‘2mg’J¢+0(/|¢|2">. (33)
RN # RN

Moreover, from ¢ € E ;,, We obtain

« 5 0Uy. oUy.
[ (@ =nuz 25 v 2 Yo

o
RN

aUXlL BUXM
= D—2L"D 1% —LT %) =0.
/( m ¢+ V(yl) o <t>>

RN

As a result,

*__ BW,
fwguz g

RN

W vy Uy 1 & Uy,
_ 2%-2 ru 2%-2 j K Xj.
_f<WT,M W — ij’u m - HZV(W')— ¢. (3.4)

9
o = = H*

But

Uy, C C
‘/V(|y|)—1“¢’ < E/V(|y|)uxj,ﬂ|¢|<m, (3.5)
RN RN

and
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k
M R = j M ol

RN

k
zk/ WZ* ZBWTM U2*—28U"jn“ ¢
o C— "X g

2 j=1
uZ2%'u uZz-t ck (3.6)
< WZ W+Z G | 191 g .
2
Combining (3.2)-(3.6), we obtain

P W+ ). 200N o, W) po (K, 3.7)
K E H E u3to

To estimate c; and ¢y, we use

2 k
Lirpu® =l =N@) =Y > aZiy.
=1 i=1
So,
k
61<Z Zi s Z1,,¢,1> (Liru® — Ik = N(@), Z1 p01). (3.8)

On the other hand, similar to the estimate of (3.3), we can deduce

(Lk,r,u¢v Z],u,l) = <Lk,r,,u.Zl,;L,la ¢>
O(M3+a) =2,

=—( —1/w 27, 1 =
R 0GHz), 1=1,

which, together with (3.8), gives

k k
1= M (Illk||+HN(¢)|| +O(M3+"> Cz=M0(||1k||+||N(¢)H)+O(W)~

But

d 3Z', 1
Zl[tlv ¢ ol 1¢ .
3M I
Thus,

l k Ck
<% Il:<|+HN(¢)||)I|¢I|+O<M3+0><m. (3.9)
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Combining (3.1), (3.7) and (3.9), we have proved

oF aI(W
(r, 1) _ Wr,u) Lo k
ol o M3+G

and the result follows from Proposition A.2. O

Since
ji— 1
|xj—x1|=2|x1|sin%, j=2,...,k,
we have
k
]2: |xj —X1|N 2 (2|X1|)N 2 Z 5 (sin U= l)”)N 2
1 ien s .
T 21 =2 (5in = 1>ﬂ>~ > t @ ifkiseven;
(2\X1\)N y) Z] -2 (sin U= 1)77)N 20 if k is odd.
But
o (=D
sin k
k Z _ *
0<c < TE L j=2,.. ,|:2:|
k
So, there is a constant B4 > 0, such that
k 1 B4kN—2 k
Z i —x [N-2  |x; N2 +0 xqN-2 )
) 1 1 1
Thus, we obtain
B1V(r) B4kN—2 1
F(r,uw) = k<A + 2 — N2 +0 2 ) ) (3.10)
and
AF(r, 2B1V(r)  Ba(N —2)kN—2 1
% =k<_ ;ﬁ( ) . 4;N—1r13‘2 +O(M3+“>>' (311)

For each fixed r € [rg — 8,19 + 8], let Ag(r) be the solution of

1 34(N—2) _

2B
_v() + NNz =
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Then

_ [ Ba(N-2) \¥3
200~ (g5 mre)

Note that Ag(r) is the unique maximum point of the function

By

B1
V-5 — v na

Proof of Theorem 1.2 if ro is a maximum of 2V (r). Consider

max F(r, u), (312)
(r,w)eD
where
N=2 1 1
D= {(r, W:refro—38,1r9+38], w=AkN-4, A€ [Ao(r) -~ Ao(") + N’—“j“
kn—a3 kv=a3¢

where 0 < 0 « o is a small constant, and o > 0 is the constant in (3.11). Let (¢, ftx) € D be a solution
of (3.12).
If 6 > 0 is small enough, then it follows from (3.11) that

aF(r, )

>0 (or <0)
o

3 33
=i kN—42°

o N-2 ; ) N2 .
if fg =kN=4(Ao(r) — —y=553) (O fix =kN=4(Ao(r) + —x=533))- SO

kN

_ 1
iy # kN (Ao(r) + W)

0

3
kN=42

On the other hand, for any (r, u) € D, we have

BiV(r)  BakNT2 <B1V(r) B4 ) 1
M2 MN72rN72 A2 AN—-2yN-2 ](2([\[1\]—_42)
B1V(r) B4 2 ) 1
= - +0(|A=A0D]*) ) 555
( A3 AN (ryrN-2 ( " =)

_(N—4B1V(r)+o< 1 )) 1
N-2 a3 \w ) ) A
o oA 1 1
=(B'(r’v(n) +0(—=5 ) ) 55 (3.13)
1% kN4

where B’ > 0 is a constant. Since r?V (r) has a maximum at ro, from (3.10), we see that 7y %19 £ 8
for the maximum point (ry, iig) € D. So, (ry, fiLx) is an interior point of D, and thus a critical point
of F(r,u). O
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It remains to study the case that rg is a local minimum point of 2V (r). Define

I_:(ra M):_F(rv /J(/)a (rv M)ED

Let
(12 i 1
w=k(-A+n)., o= k(—A — B/(r3V (r9)) 279 (1 — n)m),
kN=2

where 1 > 0 is a small constant, and B’ > 0 is the constant in (3.13).
Let

F*={r,weD, Fr,w) <a}.

Consider

dr D/F, t>0
— =—D;F, > 0;
dt '
du -
—=—-D,F, t>0;
dt "
(r, ;) € F*2.

Then

Proposition 3.3. The flow (r(t), ((t)) does not leave D before it reaches F*1.

Proof. If 1L = (Ao + —=r3-) —=, We obtain from (3.11) that
kN=4

AFE(r, ) / 1 1
=k o — ) )=+ >0.
o (kH%G T\ )) =

So, the flow does not leave D.

Similarly, if ;= (Ao — =) =, then we obtain from (3.11) that
kN=22°" | N=4

AF(r, ) ol 1 1
48 :k(— N=23, + 0 — ETEY <0.
1% kN=42 % kN=2

So, the flow does not leave D.
Suppose now |r —rg| = §. Using (3.10) and (3.13), we obtain

kN-4

NIW)
kN

—_

kN

E(r, ) :k(—A - (B’((ro +£8)*V(ro jE8))251’%2‘“ +0 (L»%)
e

w3 kN=4

N-2 1
< k(—A —B'(r§V (o)) ™ (1 — )~ ) =,

kN

if n>01is small. O

(3.14)



W. Chen et al. / ]. Differential Equations 252 (2012) 2425-2447 2443

Proof of Theorem 1.2 if r is a minimum of r?V (r). We will prove that F, and thus F, has a critical
point in D.
Define

r={h: h(r, ) = (h1(r, ), ha(r, w)) € D, (r, ) € D, h(r, ) = (r, ), if |r —ro| = 8}.

Let

= inf F(h , .
¢= inf max F(h(r. )

We claim that c is a critical value of F. To prove this, we need to prove

(i) g <c< az;
(ii) supjy_ryj=s F(h(r,n)) <o1, Vhe I

To prove (ii), let h € I". Then for any r with |[r —rg| =, we have h(r, u) = (7, u). Thus, by (3.14),
F(h(r, ) = F(r, ) < 1.

Now we prove (i). It is easy to see that

C<0.

For any h = (hy,hy) € I". Then hq(r, w) =r, if |r — ro| = 8. Define
hi(r) =ha(r, Ao(r)kH).
Then hi(r) =r, if |r — ro| = 8. So, there is an 7 € (rg — 8, ro + 8), such that
h1(F) = ro.
Let fi = hy (7, Ao(P)kN=1). Then from (3.10) and (3.13),

_ _ N—2 _
> r N=4) = 17
(max F (h(r, ) = F(h(r, Ao)k¥=4) = F (ro, i)

oy s 1 1
=k( —A—B'(r5V(r0) +0 —k”&”zz’ —w > o1 O

k N—2
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Appendix A. Energy expansion

In the appendix, we always assume that

k

( 2—-Dmr . 2(j—-Dx
Xj= rcos ,Irsin

where 0 is the zero vector in RN=2, and r € [ro — 8, 1o + 5].

Let recall that

I(u) = % /(|Du|2 +V(lyl)u?)

RN

,0>, J=1,....k,

Uy ) = (NN =2)) ©

and

k

Wi () =Y Uxj -

j=1
In this section, we will calculate I(W, ;).

Proposition A.1.If N > 5,

N-2
A+ u2ly —xj>) =

k
BV (r)
I(Wr,u):k<A+ 2 _ZMN72|X

i=2

1—xi|N~2

where B;, i =1, 2, is some positive constant, A > 0 is a constant, and r = |x1|.

Proof. By using the symmetry, we have

/|Dwru| —ZZ/ fj*,]]Uxi,u

]]11

2
(/Um"‘Z/le M1Ux1~.//«)

RN

k
* B()
=k /U +y —
( 0.1 g N=2|x; — x;[N=2

RN

Let

Q)= {y: y=(y.y") =R xR"2, <

+O<i§

5 (lx — xjN—2+o

y/

[y']

Xj T
, —— ) > cos
|x;]

1

k

I

)
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Then,

/|Wr,u|2*:k/|wr,u|2*
RN 2
22
:((/ 1A+2*/ Ufwluijto(/ 316(2% u) >>

2 o =2 2

Note that for y € £21, |y — xij| > |y — x1]. So, for any « > 0 small,

k N—2

k
Uy,
; (1+M|y—><1|)°‘§(ulxl—xll)” e

Thus,

2%/2 . N- g
2*/2 K -
[uzi(xoe) =o((£)7)
n
21
On the other hand, it is easy to show

k k

. Bo k N-2+o0
U=y et o((5) )

Q/; X1, Xis b ;MN_2|xl_xj|N_2 n

1

Thus, we have proved

7% LZ* U 2* ” 0 0] L
N | 01| s e X2 +o0l——1).
RN

MZ+O’
Finally,
k
/V<y)|wr,u|2=k(/ (Iy)uz, . O([ZUM,MU»«,M))
RN RN RN =2
But
1
Usni.aUxn =0\ =2 =73 )
RN
Moreover,

1 1
/ (Iv1) M—V(r)p/UZjLO(MH(,)

RN RN
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So,

1 1 1
2 _ 2
/V(y)|Wr,M| _I<<V(r)ﬁ/U +O<M2+(’ +I<N—3,u"’—2>>' O
RN RN

AW,
We also need to calculate %

Proposition A.2. We have

k
AI(Wr ) 2B,V (1) By(N —2) 1
. :I — O )
<( +§MN_1|X1—X1‘|N_2 " (u3+">>

dpu w3
where Bj, i =1, 2, is the same positive constant as in Proposition A.1.

Proof. The proof of this proposition is similar to the proof of Proposition A.1. So we just sketch it.
We have

aI(Wr,u) 2% -2 ale [
T :k( Z f le i Uxi,y,
BWr " / 2% _1 BWT pL
% %% — — | W
+/ (|Y|) o o L i
21 2

It is easy to check that for y € £24,

c 2%/2
y2 2
vz M(zux, ) |

0 5 * *_
@ (sz Ugl I 2*U£] lt] Z UXLM)

Thus,

242
0 o 0 0 *_q 22
—W: = 2* U E U O U E U .
ol ruw Em X1u+ 3M< Xlulz xiop |+ X1, Xi, JL
As a result,

* BW 8 * *
2-19Wrp 2 y2-1
2" /Wru E ﬁuxwsz*f ( X1, ZUX:M)+O<M3+0>

21 21 2

d . 1
22* /(UX1MZUX1M>+O<M3+U>
91
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Similarly,

[ vivpwn, e V<>/ W, +0( 5 )

2
The proof is thus completed. O
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