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For selfadjoint extensions A of a symmetric densely defined
positive operator Api,, the lower boundedness problem is the
question of whether A is lower bounded if and only if an associated
operator T in abstract boundary spaces is lower bounded. It holds
when the Friedrichs extension A, has compact inverse (Grubb,
1974, also Gorbachuk and Mikhailets, 1976); this applies to elliptic
operators A on bounded domains.
For exterior domains, A;‘ is not compact, and whereas the lower
bounds satisfy m(T) > m(;i), the implication of lower boundedness
from T to A has only been known when m(T) > —m(A, ). We now
show it for general T.
The operator A, corresponding to T = al, generalizing the Krein-
von Neumann extension Ag, appears here; its possible lower
boundedness for all real a is decisive. We study this Krein-
like extension, showing for bounded domains that the discrete
eigenvalues satisfy N (t; Ag) = cat™/2m 40 (tO—146)/2m) for t 5 oo,
© 2011 Elsevier Inc. All rights reserved.

1. Introduction

The study of extensions of a symmetric operator (or a dual pair of operators) in a Hilbert space
has a long history, with prominent contributions from J. von Neumann in 1929 [50], K. Friedrichs,
1934 [19], M.G. Krein, 1947 [43], M.L Vishik, 1952 [55], M.S. Birman, 1956 [9] and others. The present
author made a number of contributions in 1968-1974 [25-28], completing the preceding theories
and working out applications to elliptic boundary value problems, fully for bounded domains; further

developments are found in [30,31].
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At the same time there was another, separate development of abstract extension theories, where
the operator concept gradually began to be replaced by the concept of relations. This development has
been aimed primarily towards applications to ODE, however including operator-valued such equations
and Schrédinger operators on R"; keywords in this connection are: Boundary triples theory, Weyl-
Titchmarsh m-functions and Krein resolvent formulas, cf. e.g. Ko¢ubel [40], Vainerman [54], Lyantze
and Storozh [45], Gorbachuk and Gorbachuk [24], Derkach and Malamud [17], Arlinskii [5], Mala-
mud and Mogilevskii [47], Briining, Geyler and Pankrashkin [16], and their references. In recent years
there have also been applications to elliptic boundary value problems, cf. e.g. Amrein and Pearson [4],
Behrndt and Langer [8], Ryzhov [53], Brown, Marletta, Naboko and Wood [15], Gesztesy and Mitrea
[20], and their references.

The connection between the two lines of extension theories has been clarified in a recent work
of Brown, Grubb and Wood [14]. Further developments for nonsmooth domains are found in [34],
Posilicano and Raimondi [52], Gesztesy and Mitrea [21], Abels, Grubb and Wood [1].

There still remain some hitherto unsolved questions, for example concerning operators over exte-
rior (unbounded) sets, and various questions in spectral theory.

Meanwhile, there have also been developed powerful tools for PDE in microlocal analysis, begin-
ning with pseudodifferential operators (ydo’s) and, of relevance here, going on to pseudodifferential
boundary operators (¥ dbo’s) with or without parameters. In a modern treatment it is natural to draw
on such techniques when they can be applied efficiently to solve the problems. Indeed it is the case
for the problems treated in the present paper.

1.1. Lower boundedness

In the study of realizations Aofa strongly elliptic 2m-order differential operator A on a bounded
smooth domain £ C R", it has been known since 1974 that the realization is lower bounded if
and only if a certain operator T determining its boundary condition is lower bounded. (See Grubb
[28]; an announcement for the symmetric case was also given by Gorbachuk and Mikhailets [23].)
This proof uses the fact that the inverse of the Dirichlet realization A, (the Friedrichs extension
[19]) is compact. It is a result in functional analysis of operators in Hilbert space, and in [28]
it is primarily shown in the abstract setting of closed extensions of dual pairs of lower bounded
operators Amin, Al i With Amin C Amax = (A];)*, as developed in [25]. Then it is applied to the
study of general normal boundary conditions for strongly elliptic systems on compact manifolds with
boundary. A further analysis of the lower boundedness problem was given in Derkach and Mala-
mud [17].

Assuming only positivity of A,, one has rather easily that lower boundedness of A implies lower
boundedness of T, and that a conclusion in the opposite direction holds if the lower bound of T
is above minus the lower bound of A, ; the hard question is to treat large negative lower bounds
of T.

In the application of the abstract theory to the case where £2 is an exterior domain (the comple-
ment of a compact smooth set in R") the Dirichlet solution operator A}j1 is not compact, and it has
been an open problem whether one always could conclude from lower boundedness of T to lower
boundedness of A. We shall show in this paper that it is indeed so. The proof uses that the boundary
is compact, and takes advantage of principles and results for pseudodifferential boundary operators
[13,31,33].

Both symmetric and nonsymmetric cases were treated in [28], but the decisive step takes place in
the symmetric setting where Api, = A;nin. Once it is established there, one can follow the method of
[28] (the passage from Section 2 to Section 3 there) to extend the result to dual pairs. Therefore we
shall here focus the attention on the symmetric case.

The abstract theory is recalled in Section 2, its implementation for exterior domains is explained
in Section 3, and the lower boundedness result is shown in Section 4.

Section 4 ends with some (easier) observations on Garding-type inequalities, that are not tied to
bounded boundaries in the same way.
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1.2. Krein-like extensions

In the treatment of these lower boundedness questions, a certain family of non-elliptic realizations
comes naturally into the picture. They are generalizations of the Krein-von Neumann extension [50,
43] that we shall here denote Ag; it is the restriction of Amax with domain D(Ag) = D(Amin) +Z
where Z = ker Amax, and has attracted much interest through the years, see e.g. the studies of its
spectral properties by Alonso and Simon [2,3], Grubb [30], Ashbaugh, Gesztesy, Mitrea, Shterenberg
and Teschl [6,7], with further references.

The larger family we shall consider (calling them Krein-like extensions) is the scale of selfadjoint
operators Aq acting as Amax with domains

D(Ag) ={u=v+aA,'z+z|v e D(Amn). z€ Z}, (1.1)

for a € R. In the application to boundary value problems, they are determined by Neumann-type
boundary conditions with pseudodifferential elements; however, they are non-elliptic and the do-
mains contain Ly-functions that are not in H® for any s > 0. For both interior and exterior domains,
their lower boundedness is crucial for the general lower boundedness problem. Moreover, they play a
role in a study [36] of perturbations of essential spectra.

In the case of a bounded domain, they will have the single point a as essential spectrum, and one
can ask for the asymptotic behavior of the eigenvalue sequence converging to +oo that must exist. In
the final Section 5, we deal with this question, showing that the number N, (t; A;) of eigenvalues in
[r,t] (for some r > a) has the asymptotic behavior

N4 (6 Ag) — cat™?™ = 0 (¢~ 149)/2M)  for t — oo, (1.2)

any € > 0, with the same constant c4 as for the Dirichlet problem. Here we use results for singular
Green operators obtained in [31]. We also show this estimate for Ayp.

2. The abstract setting
We first recall how the general characterization of extensions is set up.
There is given a symmetric, closed, densely defined operator An, in a complex Hilbert space H,

assumed injective with closed range. Moreover, there is given an invertible selfadjoint extension A,
such that we have

Amin CAy CAmax = (Amin)*.
Let
M= (A Amin C A C Amax).

To simplify notation, we write Au as Au, any A € M. Since Amin has closed range, there is an orthog-
onal decomposition

H=R®Z, R=ranAnmin, Z=KkerAmnax. (2.1)
When X is a closed subspace of H, we denote by pry u = uy the orthogonal projection of u onto X.

The idempotent operators pr, = A)lemaX and pr, =1 —pr, on D(Amax) define a (non-orthogonal)
decomposition of D(Amax)

D(Amax) = D(Ay)‘i‘Z, (2.2)
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denoted u = u, + u; = pry, u + pr; u, which allows writing an “abstract Green’s formula” for u, v €
D(Amax):

(Au,v) = (u, Av) = ((Au)z, v¢) — (u¢, (Av)z). (23)
On the basis of (2.3) one can establish a 1-1 correspondence ([25], also described in [35, Chapter 13])

between the closed operators A in M and the closed, densely defined operators T : V — W, where
V and W are closed subspaces of Z, such that

graph of T = {(pr, u, (Aw)w) |u € D(Z)}. (2.4)

Here V = pr, D(X) and W = pr, D(Z*). For a given operator T : V — W, one finds the corresponding
operator A from the formula

D(A) = {u € D(Ama) | prou € D(T), (Au)w =T pr, u}. (2.5)
In this correspondence, one has moreover:

(a) A* corresponds analogously to T*: W — V. In particular, Ais selfadjoint if and only if V =W
and T =T*.

(b) A is symmetric if and only if V. C W and T is symmetric.

(c) kerA=kerT; ranA=ranT +(H o W).

(d) When A is bijective,

AT =A iy T pry . (2.6)

Here iy denotes the injection of V into H. N
The analysis is related to that of Vishik [55], except that he sets the A in relation to operators over
the nullspace going in the opposite direction of our T’s and in this context focuses on those A’s that

have closed range. Our analysis covers all closed A.
We recall furthermore that in view of (2.1), the decomposition (2.2) has the refinement

D(Amax) = D(Amin) + A} ' Z+ Z; (2.7)
it allows to show that when A corresponds to T, then
DA)={u=v+A; (Tz+ f)+2z|veD(Amn). ze D(T). feZOW}. (2.8)
The lower bound of an operator P is denoted by m(P):

m(P) = inf{Re(Pu,u) | u € D(P), |lull =1} > —oo; (2.9)

when it is finite, P is said to be lower bounded.

Assume now moreover that Ami, has a positive lower bound and that A, is the Friedrichs exten-
sion of Apin; it has the same lower bound as Ani,. Then we have in addition the following facts,
shown in [26] (also described in [35]):

(e) If m(A) > —oo, then V. C W and m(T) = m(A).
(f) If v.c W and m(T) > —m(A,), then m(A) > m(T)m(Ay)/m(T) +m(Ay)).
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The last rule (shown by Birman [9] for selfadjoint operators X) is based on the fact that when V C W,
(Au,v) = (Auy,vy) + (Tug,ve), foru,ve D(A). (2.10)

The rule (f) does not cover low values of m(T), but this was overcome in [28] when A;1 is
compact. Here the situation was set in relation to the situation where the operators are shifted by

subtraction of a spectral parameter it € 0(Ay) (the resolvent set), i.e., all realizations A are replaced
by A — . Here we define

Zy=ker(Amax — ), Ppry =(Ay — )~ (Amax — ). pry =1 —pry, (211)

which gives a decomposition

D(Amax) =D(A))+Z, (2.12)
(note that D(A — i) = D(A), D(Amax — /) = D(Amax), D(A, — i) = D(A,)). When y is real we have,
in the same way as in the case we started out with, a 1-1 correspondence between operators A —
and operators T# : V,, — W,; here V,, = pré‘ D(A) and W, = pr’; D(A*), and the properties (a)-(d)

have analogues for this correspondence. In particular, (d) gives a Krein-type resolvent formula when
w e o(A),

~ _ 1. . -1
A-w ™" =y = +iv, (TH) prw,;
there is much more on this in [14].
When u <m(Ay), Ay — u has positive lower bound m(A, ) — u, so also the properties (e) and (f)

have analogues in the new correspondence. In particular, (f) takes the form:

(g) If V), c W, and m(T#) > —(m(A,) — p), then

m(A) — p > m(TH)(m(Ay) — p)/(m(TH) +m(Ay) — ). (213)
(Here V. C W implies V,, C W, see also Proposition 2.1 below.) Note the special case:
(h) If V,, € W, and m(T*) >0, then m(A) > L.

Hereby the question of whether A is lower bounded when T is so, is turned into the question of
whether m(TH#) becomes >0 when p — —oo.
Define

EM = Amax(Ay =)~ =1+ p(Ay — 07 (214)
it is a homeomorphism in H such that
F* = (Amax — M)A;1 =1- [LA;l is the inverse of E#. (2.15)

Moreover, E* maps Z homeomorphically onto Z,, (with inverse F*). Details are given in [28, Sec-
tion 2], where the following is shown:
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Proposition 2.1. Let i < m(Ay ). Define the operator G/ in Z by

GH = —upry E*ig, (2.16)

it is a bounded selfadjoint operator in Z. -
Let A be a closed operator in M, correspondingto T : V — W.Then A—  corresponds to T : V;, — W,
determined by

Vuy=ErV,  Wy,=E*W, D(T*)=E*D(T),
(THE*v, EFw) = (Tv,w) + (G*v,w) forveD(T), weW. (217)

Note that in particular, if V. c W,

Re(THE*v, E*v) =Re(Tv,v) + (G*v,v) forv e D(T).
One then observes:
Proposition 2.2. The following statements (i) and (ii) are equivalent:
(i) For any choice of V. C W and any lower bounded, closed densely defined operator T : V. — W there is a
u < m(Ay) such that m(T#) > 0.

(ii) Foranyt > 0 thereis a ;t <m(Ay) such that m(GH*) > t.

Proof. Let (ii) hold, and consider a lower bounded operator T:V — W; V c W. Choose u such that
m(GH*) > max{—m(T), 0}. Then for v € D(T),

Re(THE*v, E*v) =Re(Tv,v) + (G v,v) =m(T)|v|* +m(G*)|lv|* > 0.
This shows (i).
Conversely, let (i) hold. It holds in particular for the (selfadjoint) choices T =al on Z with a € R;

let T} denote the corresponding operator on Z,,. By hypothesis there is a p such that m(TH) > 0.
Then

0< (T4 E*v, E*v) = (av,v) + (GHv, v), (218)
and hence
(GHv,v) = —a|v|? forallveZ.
To see that (ii) holds for a given t > 0, we just have to take a=—t. O

Note that the proof involves the special choice T =al on Z, corresponding to the Krein-like ex-
tension Ag, cf. (1.1), (2.8). There is a formulation in terms of those operators, that can immediately be
included:

Proposition 2.3. The two statements (i) and (ii) in Proposition 2.2 are also equivalent with the statement:

(iii) For any a € R, the Krein-like extension Ay, corresponding to the choice T = al on Z, is lower bounded.
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Proof. The proof of Proposition 2.2 shows that when (i) holds, its application to the special cases
T =al on Z gives that m(TX) > 0 for —u sufficiently large. By the rule (h), m(As) then has lower
bound > u. Since a was arbitrary, we conclude that A, is lower bounded for any a € R; hence (iii)
holds.

Conversely, when (iii) holds, it assures by the rule (e) applied to Aq — u, that for any a, m(TX) >0
for —u sufficiently large. This is used in the proof of Proposition 2.2 to conclude that m(G#) is then
> —a, implying (ii). O

Then [28, Thm. 2.12] showed the validity of (i)-(iii) in an important case:

Theorem 2.4. When A)jl is a compact operator in H, then

m(G*) — oo for @ — —o0. (2.19)
Consequently, (i), (ii) and (iii) of Propositions 2.2 and 2.3 are valid; and (f) can be supplemented with
(f) IfV ¢ W and m(T) > —oo, then m(A) > —oo.

Also estimates of the type

Re(Au, u) > cllull} —kllullf, ueD(A), (2.20)

were characterized in [28], when D(A},/Z) c K cCH.

The proof of Theorem 2.4 involves a closer study of the Krein-like realizations A,. We return to a
further analysis of them in Section 5.

We shall now explain how the general set-up is applied to boundary value problems. Here we
focus on exterior problems since problems for bounded domains were amply treated in [25-28].

3. The implementation for exterior boundary value problems

When £2 is a smooth open subset of R" with boundary 952 = X, we use the standard L,-Sobolev
spaces, with the following notation: H(R") (s € R) has the norm ||v||s = | F = ((£)*F V)| 1,&n); here

F is the Fourier transform and (¢) = (1 + |§|2)%. Next, H*(2) =ro HS(R™) where rg, restricts to 2,
provided with the norm |u|s = inf{||v|s | v € H*(R"), u =rpv}. Moreover, H}(£2) = {u € H*(R") |
suppu C £2}; closed subspace of HS(R"). Spaces over the boundary, H*(X), are defined by local co-
ordinates from H*(R" 1), s € R. (There are many equally justified equivalent choices of norms there;
one can choose a particular norm when convenient.) When s > 0, there are dense continuous embed-
dings

H*(X) C Ly(X) cH3(2),

and we use the customary identification of H—°(X) with the antidual space of H%(X) (the space
of antilinear, i.e., conjugate linear, functionals), such that the duality (¢, ¥)_ss coincides with the
Ly(X)-scalar product when the elements lie there.

Detailed explanations are found in many books, e.g. [44,38,35].

In the following, §2 is primarily considered to be an exterior domain, i.e., the complement of 2,
where 2 is a nonempty smooth bounded subset of R". However, the explanations in the follow-
ing work equally well for interior domains and for admissible manifolds in the sense introduced in
the book [33]; this includes smooth domains in R" that outside of a large ball have the form of a
halfspace R’} or a cone.
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Let A be a symmetric elliptic operator of order 2m on 2,

Au= Y DY(tap(0)D’u(x), pg=0dap. (3.1)
lerl. BI<m

with complex coefficients ay g in C;°(£2); here D* = D{*--- Dy", Dj = —id/dx;, and C;°(£2) denotes
the space of C°°-functions that are bounded with bounded derivatives of all orders. The principal
symbol a®(x, &) = 3" | |pj=m Gar.pE* T is real. A is assumed to be uniformly strongly elliptic, i.e., a°
satisfies, with ¢; > 0,

a®(x, &) >c11€/"", forxe 2, £ eR™. (3.2)
A typical case of such an operator when m =1 is of the form
n n
A== 8jaj®d +a0X) = Y DjajX)Di+ao(x), (33)
j.k=1 j.k=1

with real coefficients satisfying aj, = ai; and

D apEE > clgl, (34)

j.k
with ¢; > 0.
We let H=L,(£2), and as Amax and A, we take the operators acting like A in Ly (§2) and defined
by
D(Amax) = {u € Lo(£2) | Au € L,(£2) in the distribution sense},

Anmin = the closure 0fA|Cgo(_Q); (3.5)

because of the symmetry, Amax and Apin, are adjoints of one another. It is well known (and is
accounted for e.g. in [36]) that the strong ellipticity and boundedness estimates imply that the graph-

norm ([|Aul? + |[ul®)? and the H®"-norm are equivalent on H2™(£2), so

D(Amin) = H3"(£2). (3.6)

Moreover, when A, is taken as the Dirichlet realization of A, i.e., the restriction of Amax with domain
D(Amax) N Hom(Q), then

D(Ay) = H*™(£2) N HI(£2); (3.7)

and A, coincides with the operator defined by variational theory (the Lax-Milgram lemma) applied
to the sesquilinear form with domain H{'(£2),

a(u,v) = Z (aw,sDPu, DY), (3.8)
lal,|B]l<m

thus A, is selfadjoint.
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We can assume that a large enough constant has been added to A such that

a(u, u) > collull®, foru € HY'(2); (3.9)

with cg > 0; then co is also a lower bound for A, and Ay, and A, is invertible.

The set-up of Section 2 applies readily to these choices of Apjn, Amax and Ay ; the operators
E € M are called realizations of A. We shall now recall how the correspondence between a general
A and an operator T : V — W is turned into a characterization of A by a boundary condition.

First we note that there is a Green’s formula for A, valid for u, v e H¥"(£2):

(Au7 V)Lz(ﬂ) - (u7 Av)Lz(Q) = (Xus VV)LZ(E)’" - (yu7 XIV)LZ(E)m' (310)

Here, with yju = (i D)Ju|s, n denoting the interior normal to the boundary,

yu={yol,..., Ym—1u}, the Dirichlet data,

vu = {yml, ..., Yam—1u}, the Neumann data,

!/

xXu=Amm, vu+Syu, Xu=— *MOMl vu + S’'yu, Neumann-type data; (3.11)

where Ap,m, is a certain skew-triangular invertible matrix of differential operators over X derived
from A, and S and S’ are suitable matrices of differential operators; cf. [44,27]. In the second-order
case (3.3), one can take y and yx’ to be the conormal derivative v4 at the boundary,

UAu:Za]’knj)/()aku. (312)
jk

Occasionally in the following, we shall use the notation of the calculus of pseudodifferential bound-
ary operators (¥ dbo’s), as initiated by Boutet de Monvel [13] and developed further in e.g. [31,33];
there is also a detailed introduction in [35]. The calculus defines Poisson operators K (from X to
£2), pseudodifferential trace operators T (from §2 to X'), singular Green operators G on §2 (including
operators of the form KT) and truncated pseudodifferential operators on 2, and their composition
rules, etc. Since we shall in the present paper only use final theorems on such operators, we refrain
from taking space up here with a detailed introduction.

Let us introduce the notation

W= [] Wit #= ] w2t (313)
0<j<m 0<j<m

here (HS)* = H2m=S, (H{5)* = H2™=S, the dualities denoted
(o, 1//)7'(5*,7'(5 or (g, w){—s-&-j-&-%,s—j—%}’
UR ;)ﬁs*,ﬁs or (r]’C){Zm—s—j—%,s—2m+j+%}'

These dualities are consistent with the scalar product in L,(X)™ when the elements lie there. Note
that in particular,

HO=H2(%), H=H2(), (H)*'=H?(Y), whenm=1. (3.14)
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Denote D% (£2) = {u € H*(£2) | Au € L»(£2)}, with norm (||u||§ + ||Au||(2J)%. It is seen as in [44] that
Cz’g)(ﬁ) =roCe°(RM) is dense in D% (£2), and it follows from [44] that ¥, v, x and x’ extend to
continuous maps:

y:iDS(2) > HS, v:iDy(2)—H™  x,x:D5(2)—H, forallseR. (3.15)

(The mapping properties are shown in [44] for bounded domains, but this implies (3.15) when the
properties are applied to £2 N B(0, R) for a sphere B(0, R) with R so large that X is contained in
the interior.) Moreover, Green's formula continues to hold for these extensions, when u € H¥"(£2),
v € D(Amax):

(Au,v) — (u, Av) = (Xua yv){j+%’_]’_%} - ()’U, X,V){zm_j_%’_2m+j+%}- (316)

Using that A, is invertible, one can moreover show that the nonhomogeneous Dirichlet problem is
uniquely solvable: The mapping

A Hs_2m(9)
Ay = ( > cHY(2) — X (3.17)
y ot

has for s >m — % the solution operator, continuous in the opposite direction,

AT =Ry Ky (3.18)

here R, is for s =2m the inverse of the Dirichlet realization A,, and K, is the Poisson opera-
tor solving the Dirichlet problem Au =0, yu = ¢. More documentation is given in [36]. Denoting
Z5(£2) =1 {u € HS(£2) | Au = 0} (with s-norm), we have in particular the mapping property for
S>m-— 7:

Y Z5(2) > HS, (3.19)
it extends to all s € R. (The extension of the inverse mapping follows from a general rule for Poisson
operators; the direct mapping is treated as shown in [44], one may also consult the discussion in [35,

Chapter 11].)
Denote by y; the operator acting like y with precise domain and range

v2:25 [[HI2(2) =1 (3.20)

j<m

it has an inverse yz’] and an adjoint y; that map as follows:

v, HY Sz, vii(HY)TS Z (3.21)

Both operators lead to Poisson operators in the ydbo calculus when composed with iz; here izy, 1
equals K. In the case m=1,

vz ZSHIE),  yH (DS Z, yiiHI(D)S Z
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For the study of general realizations A of A, the homeomorphism (3.20) allows us to translate
the characterization in terms of operators T : V — W in Section 2 into a characterization in terms of
operators L over the boundary.

For V,W CZ let X=yV,Y=yW, with the notation for the restrictions of y:

wiVS X, yw WY, (3.22)

The map yy : V S X has the adjoint yy : X* S V. Here X* denotes the antidual space of X, again
with a duality coinciding with the scalar product in L,(X)™ when applied to elements that also
belong to L(X)™. The duality is written (¥, ¢)x= x. We also write (¢, ¢)x* x = (@, ¥)x, x+. Similar
conventions are applied to Y.

When A is replaced by A — u for 4 <m(A,), there is a similar notation where Z, V and W are
replaced by Z,, V,, W,,. Since y E#z =y z (cf. (2.14)), we have that y defines mappings

Wi Vu— X0 yw, WY, (3.23)
with the same range spaces X and Y as when . = 0.
We denote Ky x =iy V\71 : X — V C H, it is a Poisson operator when X is a product of Sobolev
spaces.

Now a given T : V — W is carried over to a closed, densely defined operator L: X — Y* by the
definition

L=(yy')'Tyy',  D(L)=yvD(T); (3.24)

it is expressed in the diagram

E—

1% X
Yv
Tl ll (3.25)
W — y*
w*

Observe that when v € D(T) and w € W are carried over to ¢ = yyv and ¢ = yww, then Ly =
(i)~ 1Tv satisfies

(Tv,w) = (Lo, ¥y y. (3.26)
For the question of semiboundedness we note that when V C W, hence X C Y, then the function-

als in Y* act on the elements of X. Then when ve D(T) CV C W, so that yyv=¢p e D(L)C X CY,
we may write

(Tv,v) =L, p)y=y. (3.27)
The L,-norm of v is equivalent with the HO-norm of ©;
Vil <crllel_j_y, <calvll, @ =yzv, (3.28)

for any choice of the equivalent norms (denoted |¢|l,0 or ||g0|\{7j71}) on the boundary Sobolev
2
spaces. (One could also fix the norm, e.g. by letting y; be an isometry.) Then
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Re(Tv,v) =c|v|?, veD(), (3.29)

holds for some ¢ € R if and only if

Re(Lg.@)y+y >c'l@llf 1. @ €D, (3.30)

2V

holds for some ¢’ € R, and here ¢ and ¢’ are simultaneously > 0 or > 0. (If we fix the norm such that
yz is an isometry, c =c'.)

The interpretation of the condition in (2.5) as a boundary condition has been explained in several
places, beginning with [25], so we can do it rapidly here. Define the Dirichlet-to-Neumann operator

PO =xv; = xKy HO > O (331)

it is in fact continuous from H° to H° for all s € R because of the mapping properties of x and K, .
It is a matrix-formed pseudodifferential operator over X'; this was indicated as plausible in [25], and
proved in detail in [27] on the basis of the work of Seeley on the Calderén projector. It also follows
from the general vyrdbo calculus. There is the analogous operator ngx,. and when the construction is

applied to A — u instead of A we get the operator
-1
Py x=XVz, (332)

For m =1, these operators are of order 1, continuous from HS*%(E) to HS*%(Z) for all s, and
elliptic of order 1 when A and yx are chosen as in (3.3), (3.12). For higher m, the operators are multi-

order systems, of the form (P jx)ogjk<m With Pj. of order 2m — j—k —1 (continuous from HSk=3 ()
to HS—2m+its (X) for all s). Ellipticity is defined in relation to the multi-order. When S =0 in (3.11),
P?,’X is elliptic, meaning that the matrix of principal symbols opy_j_k—1(Pj)(x', &) is regular for

&' 0. (This follows from the ellipticity of PS  shown in [27], see also [35, Chapter 11].)
Y.
We now define

P=x-p) vy, TI=x-p) v, (3.33)

also equal to xA;1Amax resp. X/A;lAmax; they are trace operators in the vydbo calculus, mapping

D(Amax) (with the graph-norm) continuously into H2m = (H%)*. They vanish on Z. With these oper-
ators there holds a modified Green’s formula

—(r° _ 0
(Au,v) — (u, Av) = (I'’u, yv){H%ﬁjJ} (yu,r v)Hf%’H?}, (3.34)
valid for all u, v € D(Amax). In particular,
0
(Au, w) = (I'’u, VW){]+%,—]—%}’ when u € D(Amax), W € Z. (3.35)
When A corresponds to T:V — W and L: X — Y*, we can write
(Tug, w) = (Tyv_lyu, ym_,lyw) =(Lyu,yw)y-y, allueD(A), weW. (3.36)

The formula (Au)w = Tu, in (2.5) is then turned into



864 G. Grubb / ]. Differential Equations 252 (2012) 852-885
0
(ru, VW){H%,*]‘*%} =({Lyu,yw)y+y, allweWw,
or, since y maps W bijectively onto Y,
0
(r u,go){j+%’7j7%} =(Lyu,@)y~y forallpeY. (3.37)

To simplify the notation, note that the injection iy : Y — H° has as adjoint the mapping iy :
(H%)* — Y* that sends a functional v on H° over into a functional i}y on Y by:

(iﬂ;/l/fsw)y*yy:(wv(p){]q,%’fjf%} fOrall(pEY.
With this notation (also indicated in [28] after (5.23)), (3.37) may be rewritten as
it Mou =Lyu,
0_ 0
or, when we use that I'"" = x — P, , v,
iy xu=(L+iyP) ,)yu. (3.38)
We have then obtained:

Theorem 3.1. For a closed operator AeM, the following statements (i) and (ii) are equivalent:

(i) A corresponds to T : V — W as in Section 2.
(ii) D(A) consists of the functions u € D(Amax) that satisfy the boundary condition

. . 0
yueD(), iyxu=(L+iyP, ,)yu. (3.39)
HereT:V — W and L : X — Y* are defined from one another as described in (3.22)—(3.25).
Note that when Y is the full space H°, iy« is superfluous, and (3.39) is a Neumann-type condition

yu e D(L), Xu:(L+P§’,7X)yu. (3.40)

The whole construction can be carried out with A replaced by A —u, when  <m(A,). We define
L* from T as in (3.24)-(3.25) with T : V — W replaced by T :V,, — W/ and use of (3.23); here

L= (yw,) Ty, D(L*)=pv,D(T)=D(). (3.41)
Theorem 3.1 implies:

Corollary 3.2. Let 1 <m(Ay). For a closed operator AeM, the following statements (i) and (ii) are equiva-
lent:

(i) A-— u corresponds to TH : V,, — W, as in Section 2.
(ii) D(A) consists of the functions u € D(Amax) such that

yueD(), iyxu=(L*+iyPy ,)yu. (3.42)
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Since the boundary conditions (3.39) and (3.42) define the same realization, we obtain moreover
the information that

(L +iy Py )yu=(L+iyP) )yu, foryueD(L),

L =L+iy (P , =P} ) onD(L). (3.43)

4. The lower boundedness question

We have shown in Section 2 that the general conclusion of lower boundedness from T to A (hence
from L to A in view of (3.28)-(3.30)) hinges on whether the lower bound of G takes arbitrary high
values when y — —oo. Let us identify G* in terms of the operators over X.

Proposition 4.1. Let © < m(A, ). We have that

(GHv, w) = ((ngx — Py )vzv. VZW){H%,*]‘*%}’ forv,weZ. (4.1)

In other words,

1 _
Gl =(y7) (Py =Py vz (42)
In particular, P, — P}/ , is continuous from H° to (H°)* = H2m,

Proof. This is easily seen by use of the correspondence between realizations and operators over the
boundary, applied to the Krein-von Neumann extension:

For the case T =0 with V = W = Z (defining the Krein-von Neumann extension), let us denote
the operator corresponding to Ap — i in the p-dependent setting by T(‘)L. Here L =0, continuous
from H° to (H%)*, and we denote the corresponding p-dependent operator by LY; it is likewise
continuous from H° to (H%)*. By (3.43),

Ly =P) , — Py, onH’. (4.3)
This shows the asserted continuity. By (2.17),
(G“v,w):(T(’)‘E”v,E”W), forv,weZ. (4.4)

Then furthermore,

(T(’)‘E“v, Efw) = (LgyzﬂE“v, yZMEMW){j+%,—j—%} = (Lgyzv, yzw){jJr%,_j_%}
:((P)O/,X_Pg,X)yZV’VZW){jJ,-%,—j—%}' (45)

This shows (4.1), and hence (4.2). O
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Remark 4.2. This was also observed in [14, Remark 3.2], formulated in the case m =1, for a nonsym-
metric situation with general complex values of x (then adjoints and primed operators enter).

An alternative proof that does not refer to the correspondence between realizations and operators
over the boundary goes as follows: Recalling that E* = Amax(A) — )~ maps Z homeomorphically
onto Z,, we have for v,we Z, o =yzv, ¥ =yzw,

(GHv,w) = —u(E*v, w) = —u(A(Ay — )~ 'v, w)
_M(X (A)/ - /’L)_]V9 yzw){j+%77j7%}
=—u(X(Ay =WV i1 i1y (46)

where we have used Green’s formula (3.16) and the fact that y (A, — u)~! =0. Now if v € H*™(R2),
we can use that —pu(A, — )~ ' =1—A(A, — )" to write

(G"vow) = (x (1= Ay =™ )va¥) 1 )

2
=XV Wy mimy — (XA =07V oy
=(xv;'e, 1//){“1,,];%, — (xEty; e, W){ JE R
=Py W)y oy = vz 0 V) o
= ((Pg,x - P)/;Lsx)ﬁp’ 1//){]4,-%,—]—%]'
This shows the identity for smooth functions v in the nullspace. Since the smooth null-solutions are
dense in Z, the general statement follows by approximation.

We note in passing that since x (A, — w)~ 1 is the adjoint of the p-dependent Poisson operator
K)’,‘ (by Green’s formula), (4.6) also leads to the alternative formula

0 1% A%
Py = Py =—1(Ky) Ky. (4.7)

The question of the behavior of the lower bound of G* is hereby turned into the question of the
lower bound of P0 P;f - in relation to the norm on HO. Note that this difference is a multi-order

system of yrdo’s where the entries are of order 2m lower than the entries in P0

Now this will be set in relation to a similar family of operators in a 51tuatlon Where the domain
£2 is replaced by a bounded set. Choose a large open ball B(0, R) containing R" \ §2 in its interior.
Let 2. = £2 N B(0, R); its boundary X_ consists of the two disjoint pieces X and X’ = 9B(0, R).
When the whole construction is applied to A on £2_, we get a family of matrix-formed Dirichlet-to-
Neumann operators P%k on Y. =XYUJX.

Proposition 4.3. For the pseudodifferential operators Py x. on X, we have
0 w 2
(PP = PYa )@ @)y —jopy = ClOI
for e MO =TT HI72(22), with

C(n) = oo for u — —oo.
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Proof. This follows from Theorem 2.4, applied to the operator G¥ defined for this case. The informa-
tion on the lower bound of G¥ carries over to the assertion for P)(i,x< — P}, _, since they are related
as in Proposition 4.1; recall also (3.28)-(3.30). O

(This is of course a qualitative statement, which is independent of how the norm in H° has been
chosen.)
Define

_ pO Iz " 0 M
Q= Py,x = Py.xs Q; —rE(PJ/,x< - P%X<)ezv (4.8)

where ey extends distributions on X by 0 on X'. Since ¥ and X’ are disjoint closed manifolds, both
Q" and Q{‘ are (matrix-formed) v do’s on X, continuous from H° to H2".

Theorem 4.4. The operator norm from H° to FH2m of the difference

w 0 Iz 0 Iz
QM_Ql =Py —Pyx— (Py x< — Py X<) z (4.9)
is bounded for u — —oo.

Proof. In this proof we use microlocal details from the pseudodifferential calculus. Introductions to
¥do’s can be found in many textbooks, e.g. in [35, Chapters 7-8].

The use of do’s on the manifold X is somewhat technical, because they are defined first by
Fourier transformation formulas in R"~! and then carried over to ¥ by local coordinates; in this
process there appear a lot of remainder terms that have to be handled too. The heart of our proof lies
in the fact that the remainder terms have much better asymptotic properties than the given operators
(are “negligible”); this is an aspect of the fact that ydo’s are pseudo-local.

When P?/, , Is constructed from A and the trace operators, the construction of its symbol takes

place in the neighborhood of each point (x',£’), ¥’ € X (localized) and &’ € R"™~!. The same holds for

P?, x. on X. But in the localizations at points of X', A, ¥ and x are the same for the two operators,

and therefore the resulting complete symbols of P?, 5 and PO at a point of X must be the same,
modulo symbols of order —oo. (This uses that also the constructlons in the ¥ dbo calculus are the

same for £2 and 2. at points of X.) It follows that

P  —rsP) , es isof order —oo, (410)

i.e., the localized symbol of PO yix —r);P y.ex and all its derivatives are O ((1+ |€')~N) for all N e N.
Then the operator is bounded as an operator from any m- tuple of Sobolev spaces over X to any other;
in particular, it is bounded as an operator from H° to FH2m,

Now consider the p-dependent symbols. There is the dlfﬁculty here that the individual opera-
tors Pﬁx and P v.x. have norms that grow with |u| (even as operators from HO to HO) this is
demonstrated by the simple example of 1 — A on a half-space (considered in [35, Chapter 9]), where

y x has symbol —(1 + |&’ 12 + ,u)z We shall then use a sharper version of the device used for

P0 —TIy Py y €5 Namely that the operators, being constructed out of the elliptic differential op-
erator A — 1 and the differential trace operators, have J-dependent symbols that are ydo symbols

in the n cotangent variables (&', n,) where 1, = |/L| (This is the “easy” parameter-dependent case,
said to be of regularity +oo in [33], strongly polyhomogeneous in [37].)

Again, the local constructions of symbols of P&X and Pﬁ,)& have identical ingredients at the
points of X, and we now deduce that the symbols differ by a symbol in the parameter-dependent
class of order —oo, so that it is O((1+ |&'| + I,ul%)‘N) for all N € N, with all its derivatives. Then the
symbol and its derivatives are also 0((1+ &'~V (14 |u)~N") for all N’, N” € N. It follows that
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P,y —rzP) ,_es isof order —oo, with norm O ((1+ I,MI)fN), forany N, (411)
as an operator from an arbitrary m-tuple of Sobolev spaces to another. In particular, it is bounded as

an operator from H° to H2™ with a bound independent of .
The assertion on

" _ (p0 0 Iz Iz
Q' -Qq = (Py.x _rEPy,x<e)3) — (Py.x —rsPy y.ex)
now follows by adding the two parts. O
We can then conclude:

Theorem 4.5. In the situation of exterior domains, the pseudodifferential operators P; x on X' satisfy
0 23 2 0
((Py,x - Py,x)§07 (P){H_%!_j_%} = C(M)||§0||{_]_%} forgo eH ) (412)
for some function C(u) satisfying

C(u) — oo for u — —oo. (413)

It follows that m(G*) — oo for u — —oo, and hence: -
In the correspondence described in Theorem 3.1, X C Y and L is lower bounded, if and only if A is lower
bounded.

Proof. Using Proposition 4.3 and Theorem 4.4 we have for ¢ € H° that

(Pyx = Pro)e: @)y oy = (@10 @)y gy = ((QF = Q)0 0) )

S 2 _ 2 S 2 .
> COOIQIT;_y, = Cillel?_ s > C ool

where C’(u) behaves as in (4.13). In view of (4.1) and (3.28), we conclude that m(G*) — oo for
i — —oo. Then the statements (i) and (ii) of Proposition 2.2 are valid.

Let A correspond to T : V — W as in the beginning of Section 2, and to L: X — Y* as in The-
orem 3.1. As noted earlier, V. C W and T is lower bounded, if and only if X CY and L is lower
bounded. We have from rule (e) that lower boundedness of A implies V C W and lower bounded-
ness of T. We can now complete the argument in the converse direction: When X C Y and L is lower
bounded, hence V C W and T is lower bounded, then by Proposition 2.2(i), there is a u € R such
that m(T#*) > 0, and hence by rule (h), m(A) > u. O

By Proposition 2.3, we have in particular for the Krein-like extensions:

Corollary 4.6. In the exterior domain case one has for any a € R that the Krein-like extension A defined by
(1.1) is lower bounded.

We recall that this was already known to hold for bounded domains.

Remark 4.7. The above theorem says nothing about the size of C(w). In [28] for the interior domain
case, we conjectured that C(u) may possibly be shown to be of the order of magnitude |u|'/2™.
Calculations on second-order cases where A has a structure like D2 + B2 in product coordinates
near X, confirm that C(u) is of the order of magnitude |14|'/? then. Such calculations might solve the
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problem also for domains with unbounded boundary, provided suitable uniform ellipticity conditions
are satisfied. We may possibly return to this in detail elsewhere.

Let us end this section by some remarks on other lower boundedness estimates. It is used in the
above proofs that the boundary X' is compact. There is a more restricted type of lower boundedness,
that can be shown to hold for A and L simultaneously, in uniformly elliptic situations regardless of
compactness of the boundary, namely m-coerciveness, also known as the Garding inequality.

Consider a case where £2 is admissible in the sense of [33], as mentioned in the beginning of
Section 3. This assures that 2 is covered by a finite system of local coordinates, some of them for
bounded pieces, some of them for unbounded pieces, carried over to subsets of R" where the part
in £ resp. 882 carries over to bounded resp. unbounded subsets of R’}_ resp. R""1, in a controlled
way. Detailed explanations are given in [33], including the still more general situation of admissible
manifolds. All that was described in Section 2 works in this case; let us also in addition mention the
trace mapping property

1
y :H"(2) - H" continuously for r > m — 3 (4.14)

and the interpolation property: When 0 < r < m, there is for any € > 0 a positive constant c(¢) such
that

lull? < ellull?, +c@)ulld, forue H™(£2). (415)

Theorem 4.8. Let 2 C R" be an admissible domain, and let A correspondto T :V — WandL: X — Y*as
in Sections 2-3. Then the following statements (with positive constants c, ¢/, ') are equivalent:

(i) D(X) C H™(£2) and A satisfies the Garding inequality

Re(Au,u) > cllul?, —klu|2, forue D(A). (4.16)

(i) D(T) CZNH™(2) = Z}(£2), V C W, and T satisfies the Gdrding inequality

Re(Tz,z) >c'||zI|2, —K'||zll3, forz e D(T). (417)

(iii) D(L) c H™, X C Y, and L satisfies the Gdrding inequality
v >’ 2 o 2 .
Re(Lp. vy >0l o =K lel? . (418)

Proof. This is a straightforward generalization of the proof for the case of bounded domains in [26,
Prop. 2.7], to admissible domains.

Note first that the statements in (ii) and (iii) are equivalent in view of (3.27) and the homeomor-
phisms (3.19). -~

Next, we note that (i) implies in particular that A is lower bounded. Then (i) implies that V ¢ W
and hence X =yV C yW =Y, in view of property (e) in Section 2. Thus (2.10) holds. When (4.16) is
valid and z € D(T), we can approximate A;1Tz in m-norm by a sequence of functions v/ € D(Amin),

since Ay, is the Friedrichs extension of Api,. Let w =—vi4 A;1Tz +z, then ul e D(Z) in view
of (2.8), with uj, = —vJ + ATz, ué =z Clearly, u/ — z in H™(£2) and u}, = —v/ + A,Tz— 0 in

H™(£2). We combine (2.10) with the inequality (4.16) to see that

Re(Auj, uj) = (Au{,, u{,) +Re(Tz,2) > c”ujHrzn — kHuj H;
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Here the term (Au{,, u{,) is equivalent with Hu{, ||,2n, so it goes to O for j — oo, so we conclude that
Re(Tz, z) > c||z||% — klz|3
e(Tz, z) > cllzll;, — kllzll.

Thus (i) implies (ii) and hence also (iii). _
Now assume that (ii) and (iii) hold. Using (2.10), we find for u € D(A) that

Re(Au, u) = (Auy,uy) +Re(Tug, ug)

2 2 2 2 2
> clluy I + ¢ lluelim — K lluelig = ¢"llully —Kllue g, (4.19)

where we have again used that (Au,,u,) is equivalent with ||uy||ﬁ1. To handle the last term, note

that choosing r with m — % <1 <m, we have that

/ 2 2 2 2
Klluello < crllyucli_;_yy =crllyuli_;_yy < callyuli_;

} 2}

<csllull? < ecsllull + c@)esliulld, (4.20)

where we used (3.19), (4.14) and (4.15). Then (4.19) implies

Re(Au, u) > (¢ — gc3) [lully, — c(&)csllullg,
which shows (i) when ¢ is taken sufficiently small. O

The papers [27] and [28] give a full analysis of the analytical details required to have (iii) in
cases of normal boundary conditions, for bounded domains and compact manifolds. This involves
a condition for m-coerciveness that is a special case of ellipticity of the boundary condition (the
Shapiro-Lopatinskii condition). The analysis can be extended to admissible sets with suitable precau-
tions on uniformity of estimates.

We underline that the discussion of lower bounds as in Theorem 4.5 is valid for much more
general realizations, and is not linked with ellipticity of the boundary condition. An interesting con-
sequence for questions of spectral asymptotics is that also for non-elliptic boundary conditions, lower
boundedness of L (or T) assures that there is no eigenvalue sequence going to —oo. (For spectral
asymptotics of resolvent differences, see e.g. Birman [10], Birman and Solomyak [12], Grubb [31,36],
Malamud [46], and their references.)

Estimates with other spaces K in lieu of H™(£2) are also treated in our early papers.

5. Krein-like extensions and their spectral asymptotics on bounded domains

We here make a closer study of the Krein-like extensions A, defined in (1.1), corresponding to the
choice T =al in Z.

Proposition 5.1. The realization A, represents the boundary condition

xu=Cyu, withC =a(y§l)*)/2] + P9

° (5:1)

in the sense that
D(Aq) = {u € D(Amax) | xu =Cyu}. (52)

Here ()/Z’l)*)/z’l is a pseudodifferential operator continuous from H?* to 77[5+2’",for all s € R (and elliptic
as such); it is of order 2m steps lower than P)(}’X.
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Proof. We see from (3.24) that A, corresponds to

La=a(y;Y)'y,;', DL =H", (53)

so that A, is defined by the boundary condition in (5.1).
To account for the properties of (yz_])*)/z_l (for the interested reader), we use the ydbo cal-

culus. Note that ()/2_1)*)/2_1 has the asserted continuity property for s =0, is bijective, and acts
like (yz_1)* pry izyz_1. Here iZ)/Z_1 is the Poisson operator K,, as noted earlier, and its adjoint
K;‘j = ()/Z_l)* pry is a trace operator of class 0 in the idbo calculus. Then, by the composition rules,

(v;")'v;' =K Ky

is a pseudodifferential operator on X'; and it has the asserted continuity property for all s since it has
it for s = 0. It is elliptic as an operator from H* to H**t2™, because it is bijective. O

Remark 5.2. It should be noted that the boundary condition (5.1) is not elliptic (does not satisfy the
appropriate Shapiro-Lopatinskii condition). In fact, for pseudodifferential Neumann-type boundary
conditions xu = Cyu it is known that ellipticity holds if and only if the ydo L =C — ngx is el-

liptic as an operator from H° to 5. The actual L equals aK;j Ky, which has principal symbol 0 as an
operator from H* to H*, since it is of lower order.
For m =1, C is of order 1, continuous from HS*%(E) to HS*%(Z‘), and L :aK;‘j K, is of order —1,

continuous from HS~3 () to H*2 (%), for all s.

We henceforth take a € R\ {0}. From (2.6) we then have

A;] = A;l + (171 pry. (54)

(We here read pry as a mapping in H instead of as a mapping from H to X; this will often be the
case in the following, and the meaning should be clear from the context.)

Let us assume from now on, instead of the primary hypothesis for Sections 3-4, that £ is a
bounded smooth subset of R" with boundary X'; aside from this we keep the notation. As remarked
in the beginning of Section 3, the explanations there hold also for this case (are in fact easier to
verify).

Since the embedding of D(A,) = H¥(2)N H{'(£2) into L(£2) is compact, the inverse A)j1 isa
compact operator in Ly(£2), so A, has a discrete spectrum consisting of eigenvalues going to oco. It is
well known (cf. e.g. Hormander [39, Chapter 29.3]), that the counting function N(t; Ay ), counting the
number of eigenvalues of A, in [0, t] with multiplicities, has the asymptotic behavior

N(t; Ay) — cat™?™ = 0 (t"=1/2™)  for t — oo; (5.5)

here

ca=Q2m)™" / dxdg. (5.6)

xef2,a%(x,&)<1

Equivalently, the j'th eigenvalue 4j(A,") of A1 satisfies

Mj(A;l) — CjT2MM =0 (j~@™HD/M) - for j — oo; withc) = cim/”. (5.7)
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(The passage between counting function estimates and eigenvalue estimates is recalled below in
Lemma 5.4 and its corollary.)

Since Z is infinite dimensional, a~! pr; has the point a~! as essential spectrum, so Agl has es-
sential spectrum consisting of the points a~! and 0, and A, has the essential spectrum {a}. Since
Aq is selfadjoint and not upper bounded (since it extends An,), there must be a sequence of dis-
crete eigenvalues (with finite dimensional eigenspaces) above a going to co. We shall investigate this
sequence.

The Krein-von Neumann extension Agp has essential spectrum {0} and an eigenvalue sequence
going to oo, and the question of the asymptotic behavior of that sequence was raised in Alonso and
Simon [2] and answered in Grubb [30]. The result was a rather precise estimate of the function
N4 (t; Ap) counting the number of eigenvalues in ]0, t]:

N4 (¢ Ag) — cat™?™ = 0 (t™=9/2™)  for t — oo; (5.8)

here c4 is the same constant as for the Dirichlet problem and
1
6 = max 5—8,2m/(2m—n+1) . (5.9)

We note in passing that the value % — ¢ came from the application of an estimate announced by
Kozlov in [41], whereas his later paper [42], not available to the author when [30] was written, has
the value % so (5.9) can immediately be replaced by

9=max{%,2m/(2m—n+l)}. (5.10)

We show at the end of this section that the estimate can be improved even further, to 6 =1 —¢
(following up on a remark at the end of [30]). This comes after our deduction of a similar estimate
for the operators Aq, a # 0.

The proof of (5.8) was based on a transformation of the eigenvalue equation

Aou=Xu, withA#0, uz#0, (5.11)

into the problem for the 4m-order operator A?:

A%v =Av forve HZ™(£2), (5.12)

Whel‘e u and vV are l‘ecovered fl‘0m one al‘lother by
1 1

There were earlier eigenvalue estimates for implicit eigenvalue problems as in (5.12) (as initiated by
Pleijel [51], surveyed in Birman and Solomyak [11]) giving the principal asymptotics, and the sharper
estimates in (5.8) were obtained by turning the problem into the study of eigenvalues of the compact
operator

So=Ry/>ARY?, (5.14)

where R, is the solution operator for the Dirichlet problem for A2. (Further developments of the
implicit eigenvalue problem are described in [33, Chapter 4.6].)



G. Grubb / ]. Differential Equations 252 (2012) 852-885 873

The study of Ap has been taken up again recently by Ashbaugh, Gesztesy, Mitrea, Shterenberg
and Teschl [6,7], also for nonsmooth domains, with much additional information. In particular they
observe that when A = —A, (5.12) is of interest as the “buckling problem” in elasticity.

Unfortunately, in the case of A;, we do not have an equally simple reduction of the eigenvalue
problem. Let u =v + aA;1z+ z as in (1.1); then applications of powers of A give

Au—ru=Av+az—r(v+aA,'z+2)=(A-Nv+(a—r—arA, ')z,
A%u — )Au = A’v — A(Av +az) = (A* — LA)v —arz,
Adu—2A%u=A3v — 1A%y, (5.15)

We see from the third line that in order for u to be an eigenvector, v must be an eigenvector of a
certain implicit problem for A3. Here A3 is of order 6m, and the information v € Hgm(a’?) does not
give enough boundary conditions to define an elliptic realization of A3. But there is a supplementing
boundary condition depending on A:

Theorem 5.3. Let u € D(Ay), withu =v +aA;1z +zve H%’“(Q), z € Z. Then u is a nonzero eigenfunction
for Ag with eigenvalue A # a if and only if v is a nonzero solution of the elliptic problem

Adv=2A%v, yv=vv=0, ysz:Az()L—a)’lyAv, (5.16)
and
z=K,(A—a) 'y Av. (5.17)
In particular, u, v and z are in C*°(£2) then.

Proof. Assume that Au = Au, A # a. It follows from (5.15) that then A3v = AA2v. Since v € H(Z)m(.Q),
yv =vv =0 (recall (3.11)). From the first line in (5.15) it is seen that

Av=2(v+aA)'z+2) —az,

which implies

YAv=(L—a)yz, henceyz=(—a) 'yAv. (5.18)
Moreover,

A’v=A(Mv 4+ 1aA} 2+ (L — a)z) = AAV + Aaz,
and hence

yA*v =1y Av +arayz= (A +ra —a) ")y Av=22(A —a)" 'y Av.

This shows the last boundary condition in (5.16) for v. We also see from (5.18) that z is determined
from v by z=K, (A — a)~'y Av, showing (5.17). Clearly u 0 implies v = 0.

Conversely let v be a nontrivial solution of (5.16), define z by (5.17) and let u =v +aA}jlz+z. By
the third line of (5.15), the function f = A%u — AAu satisfies Af = 0; moreover, by the second line,
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yf=v(A?v —AAv —arz) = yA®v — Ay Av —ar(h —a) 'y Av =0;

where we used (5.17) and the last boundary condition in (5.16). Then by the unique solvability of the
Dirichlet problem, f =0.
Now let g = Au — Au, then Ag = f =0, and, by the first line of (5.15),

yg=yA-MNv+y@—-1Nz=yAv+(@a—r)(r —a)_]yAv =0,

so g =0. This shows that Au = Au.
The problem is elliptic, since it is a perturbation by lower-order terms of the problem

A3v:0, yv=vv=0, ysz:O,
which only has the zero solution (indeed, A>v =0 and Yy A%v =0 imply A%v =0, and then yv =
vv =0 implies v =0). Then since there are 3m boundary conditions of different orders, the problem

is elliptic. In particular, the solution of (5.16) is in C®(£2). O

There may possibly be a strategy to find spectral asymptotics formulas for the very implicit eigen-
values A of (5.16). But rather than pursuing this, we shall apply functional analytical methods to A,
combined with ydbo results, using perturbation theory for the identity (5.4).

Let us first show how the asymptotic behavior of the counting functions for positive eigenvalues
is related to the asymptotic behavior of positive eigenvalues of the inverse operator.

Lemma 5.4. Let P be a selfadjoint invertible operator whose spectrum on R is discrete, consisting of a nonde-
creasing sequence of positive eigenvalues A j  (P) going to oo for j — oo (repeated according to multiplicities).
Let N (t; P) denote the number of eigenvalues in [0, t], and let Mj,+(P71) = )Lj,+(P)*1. Let C > 0 and let
B>a>0.

There exists c; > 0 such that

i+ (PN =Ci™¥|<c1j? foralljeN, (5.19)
if and only if there exists c; > 0 such that
N4 (& P) — CV| ot TTe=P/Y forall t > 0. (5.20)

Proof. This goes as in the proof for the compact case in [29, Lemma 6.2] (a very detailed version is
given in [33, Lemma A.5]): Rewrite (5.19) as

[C ¥y (PT) =1 <csf@ 7,

c3=c1C 1. Sincel—e<(14+e)1<(1—-e)"1<1+2¢ for € €0, %], this is equivalent with the
existence of a constant c4 such that

|Ci™ R+ (P) — 1| <cqj*F,
which is rewritten, with c5 = C~ ¢y, as

|hj+(P) —C7 ¥ <52 P, (5.21)



G. Grubb / ]. Differential Equations 252 (2012) 852-885 875

Next we note that the functions j — A (P) and t — N (t; P) are essentially inverses of one
another (in the sense that N.(t; P) is a step-function and j+ A; 4 (P) should be filled out at non-
integer arguments to have the reflected graph; both are monotone nondecreasing). To see how one
passes from inequalities for one of them to the other, consider e.g. the inequality

Aj+(P) <CT1j* 4 cs 2P,

Define @(j) = C~'j% +¢5j2* . Let t = ¢(j) for some j € N, then

N4 (t; P) = Ny (Xj4+(P); P) > j.
Now t = C~1j% 4 ¢5j2*—# implies t < c6j* (since 2o — 8 < &) and

(€t = (j% + Ces P2 PYV = j(1 4 Ces j@ ).

Hence
J= (@O (14 Ces jr=P) T > oyl (1 - ¢ j7F)
> (col/ (1 _ C7(Ce—1t)(a—ﬁ)/a) = Vel _ copdta—p)/e,

for j so large that Ccsj*# < %; here we have used the general inequality, valid for s € R,

1T—cslx| < (1T4+%)° <14cx|, for x| < (5.22)

1
R
This shows that for t = ¢(}j), j sufficiently large,

N+(t, P) 2 C]/O{f]/(}( _ Cst(1+tx—ﬁ)/oz7

giving part of the implication from (5.21) to (5.20). The other needed implications are shown in a
similar way. O

We shall mainly use the special case where « = M/n, 8 = (M + 0)/n for some 6 > 0 and some
positive integer M, corresponding to (1+ o — B)/a = (n—0)/M:

Corollary 5.5. Let 0 > 0, Cp > 0. In the setting of Lemma 5.4, there exists c1 > 0 such that
i (P71 = Y/ j=MM| < eq j= MO forall j e N, (5.23)
if and only if there exists c; > 0 such that
INL(t; P) — Cpt"M| < cot ™M forallt > 0. (5.24)

For the study of the eigenvalues of A;, we note that using the orthogonal decomposition (2.1) we
can write the identity (5.4) in the form
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Azl =prg A, ' prg+prg A, prz+prz A prg+prz Ayl prz+a” pry
=B1+ B+ S, with
By =prg A} prg,
By =alpry,
S=prg A, prz+prz A, prr+prz A, prz. (5.25)
For the part By + B3, where the two terms act separately in the two orthogonal subspaces R and Z,

we see that B = By + B3 has the spectrum

0(B1+ B2) =0(B1) Uo (By), (5.26)

consisting of a sequence of positive eigenvalues ;4 (B1) (since By is compact nonnegative), the
point O (in the essential spectrum) and an eigenvalue a~! of infinite multiplicity. The essential spec-
trum consists of the two points 0 and a~!. Since Agl is a perturbation of B1 4+ B, by a compact
operator S, its essential spectrum again consists of 0 and a~!. As noted earlier, A, is unbounded
above, so it has a sequence of eigenvalues going to infinity, corresponding to a positive eigenvalue
sequence for A;l going to 0.

In the detailed analysis, we shall again take advantage of the calculus of pseudodifferential bound-
ary operators, using some composition rules and an important result shown in [31]. The main point
is to identify certain terms as singular Green operators, which have a better spectral behavior than the
pseudodifferential terms on §2. We refer to [31] for details (introductions to the ydbo calculus are
also given in [33] and [35]).

The following result was shown in [14, Prop. 3.5] in the second-order case:

Proposition 5.6. The orthogonal projection prg in H = Ly (§2) acts as
prg = ARpA=1—pry,

where R, is the solution operator for the Dirichlet problem for AZ. Here pry is a singular Green operator on £2
of order and class 0.

Proof. The proof, formulated in [14] for the nonselfadjoint second-order case with a spectral param-
eter, goes over verbatim to the 2m-order case, when yg, y; are replaced by y, v. O

In particular, prg and pr, are continuous in H*(£2) for all s > —%.
It follows that all the ingredients in (5.25) are in the iy dbo calculus:

Proposition 5.7. 1° The operators

prg A, 'prz,  prz A'prg and pry A}l prg,

hence also their sum S, cf. (5.25), are singular Green operators on §2 of order —2m and class 0.
2° For any positive integer N,

AN =prg AN prp+Sin,

Aa_N =BiN+ By N+ SN, withByny=prg A;N prg, Ban =a N prz, (5.27)

where S1 n and Sy are singular Green operators on £2 of order —2mN and class 0.
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Proof. 1° It is well known from the irdbo calculus that A;l = A(J]) + Gy, where AS:D is the trun-
cated operator r*ACDeT and Gy is a singular Green operator on §2 of order —2m and class 0. Here
A s a pseudodifferential parametrix of A extended to R", r* restricts from R" to 2 and et
extends by zero on R"\ £2. Since pry is a singular Green operator of order and class 0 by Proposi-
tion 5.6, the compositions with pr; lead to singular Green operators of order —2m and class 0. Since
prg = I — prz, composition with it preserves the order and the property of being a singular Green
operator of class 0.

2° The statement for the first line of (5.27) has already been shown for N = 1; for general N, it
follows by similar arguments applied to A;N. For the second line of (5.27), we calculate:

_ _ _ N _ N
AN = (prg A, prg+a ' prz +5)" = (prg A, ' pr)” +a N prz+s.gos
=prg A, N prg+a~" pry +s.g.0s,

by the iy dbo rules of calculus, where the s.g.o.s stand for singular Green operators of class 0 and
order —2mN. O

A main result of [31] was the following asymptotic estimate of s-numbers of singular Green oper-
ators. When Q is a compact operator, its s-numbers are the positive eigenvalues of Q| = (Q*Q)/?,
sj(Q)=w;(1Q]), arranged nonincreasingly and repeated according to multiplicity.

Theorem 5.8. When G is a singular Green operator on §2 of negative order —M and class 0, then it is compact
in Ly (£2) with s-numbers satisfying

s;(G) M0 — ¢(g%)  for j — oo, (5.28)
where c(g°) is a nonnegative constant defined from the principal symbol g° of G.

The remarkable feature here is that the spectral asymptotics formula involves the boundary di-
mension n — 1 rather than the interior dimension n.
An application to the operators in Proposition 5.7 gives:

Corollary 5.9. The asymptotic property
$§(G)jAMN/=1 s ¢(g%)  for j— oo, (5.29)
holds for the singular Green operators Sy and S1 n considered in Proposition 5.7.

It is seen that Ay N has several ingredients with different spectral asymptotics properties. There-
fore we need a theorem on how eigenvalue asymptotics formulas with remainder asymptotics are
perturbed when operators are added together.

This builds on a variant of a result of Ky Fan [18].

Lemma 5.10. If Q, B, and S are bounded selfadjoint operators whose spectra on R, are discrete, and Q =
B + S, then one has for the positive eigenvalues w j 1, arranged nonincreasingly and repeated according to
multiplicity:

Hjrk—1,+(B +S) < pj +(B) + i, +(S), (5.30)

for all j, k such that the eigenvalues exist.
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If S has a finite number K > 0 of positive eigenvalues, then

[k, + (B+S) < 14+ (B), (531)
for all j such that the eigenvalues exist.

Proof. The I'th positive eigenvalue of Q is characterized by

wi+(Q)= min  max{(Qu,u) |llull=1, u Luy,...,u_1}, (5.32)
uq up_1€H

seens Ul

as long as this expression is positive; it is reached when the uq,...,u;_1 are an orthogonal system
of eigenvectors for the first I — 1 positive eigenvalues. Let xq,...,xj_1 be an orthogonal system of
eigenvectors for the first j — 1 positive eigenvalues of B, and let y1, ..., yx_1 be an orthogonal system
of eigenvectors for the first k — 1 positive eigenvalues of S. Then since Q = B+ S, we have in view of
(5.32):

Mitk-1,+(Q) <max{(Qu,w) | ull =1, u Lx1,....,Xj—1. Y1, ... Yi—1}
<max{(Bu,u) | ull=1, u Lxy,...,xj_1}
+max{(Su,u) | lull =1, u L y1,..., yr_1}
= Wj+(B) + pi,4(S), (5.33)

showing (5.30). The last statement in case K = 0 follows from (5.32), since (Su, u) < 0 then. For K > 0
it follows from the calculation in (5.33) with k—1=K. O

We use this to show, as a variant of [29, Prop. 6.1]:

Proposition 5.11. Let Q, B, and S be bounded selfadjoint operators such that Q = B + S, where the spectrum
of B in Ry is discrete, with eigenvalues (¢ 4 (B) \, 0, and S is compact. Assume that, with g > o >0,y > «,
and a positive constant C,

Rj+(B)—Cji@is 0(j=F) for j— oo, (5.34)
5j($)is0(j7) for j— oo. (5.35)

Then
Wj+(Q)=Ciis 0 (i) for j— oo, (5.36)

with
B =min{B,y(1+a) /(1 +)}; (537)

here B’ €a, B].

Proof. By hypothesis, B has infinitely many positive eigenvalues. If S has so too, we proceed as in
[29, Prop. 6.1]: Let d €]0, 1[, to be chosen later. For each I € N, let k=[11+1 and let j=1—[I] in
(5.30). Then (5.34)-(5.35) imply by use of (5.22):
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Q< CU= [N ™ +ea(t= [ + (] +1) 7

< (1 =[]/ + P (1 =[] ) 7 sl
SO % ol P 4 cgld=* 1 4 e5ldA=1 170y
LI 4l

where 8/ =min{8,a —d+ 1,8 —d+1,dy}. Taking d = (1 + «)/(1 + ), we have (5.37).
If S has a finite number K of positive eigenvalues, we have if K =0 that

i+ (Q) < pj4(B) < Cim¥+c1j7, (5.38)
and if K > 0, for j > K, by (5.31),
Wi (Q) = Cim* < pji+(B) = Ci ¥ <CG—K) ™ —Cj % +c1(G—K)7°
=G A=K/ =1]+cajPa-k/jp?
<o Tai P+ P <ai (5.39)
with 8”7 =min{a + 1,8} > B/, since a + 1>y (@ + 1)/(y + 1).

This shows the desired upper estimate. A similar lower estimate is obtained by noting that
Lemma 5.10 applied to B = Q + (—S) gives

Wi +(Q) = Ujrk—1,+(B) — e +(=S). O

If needed, one can of course use the finer estimates (5.38) or (5.39) in appropriate situations.
The results will first be used to give an eigenvalue estimate for pry A;N pry:

Proposition 5.12. By y = pry Ay N pry is a nonnegative compact selfadjoint operator whose positive eigen-
values satisfy, with ¢, = ca™'", c defined by (5.6):

Wi+ (Bin) — i =2V is 0 (jT NN - for j— oo, (5.40)
where Oy =2mN/(2mN +n —1).

Proof. Since pry is bounded and A;N is compact, By y is compact. The nonnegativity follows since
A;N >0 so that

(B1,nu, u) = (prg A;N prpu,u) = (A;N prpu, prgu) >0,

for all u € H. For the eigenvalue asymptotics, we use the decomposition in the first line of (5.27),
where A;N has the spectral behavior inferred from (5.7):

Mj(A;N) _ Cf\mN/nj_MN/“ — O(j—(ZmN-H)/n) for j — oo,

and S n has the spectral behavior (5.29), by Corollary 5.9. We can then apply Proposition 5.11 with

o =2mN/n, B=@2mN+1)/n, y =2mN/(n—1). (5.41)
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Since

y(+a) 2mN 1+2mN/n 2mN +2mN/(2mN +n—1) 5 2mN + 1
= = < =
1+y n—1142mN/(n—1) n n

we have that

B '=@mN +6y)/n withfy =2mN/2mN +n —1). O
Next, we treat the full operator A, N The study is the easiest to complete when a < 0.

Theorem 5.13. Consider AgN; it equals B + Sy with B = B1 y + Ba,ny and Sy as in Proposition 5.7. Assume
that a < 0. Then when N is odd,

Wit (AgN) =y j=2mNM s 0 (j=@MNFTIN/M) - for j— oo, (5.42)

with Oy =2mN/(2mN +n —1), ¢/, = cimN/n, ca defined in (5.6).

Proof. For By we have the asymptotic eigenvalue estimate in Proposition 5.12. We add B y to Bi N,
which just adjoins the negative eigenvalue a~N with infinite multiplicity. With B = By y + Ba.n, we
now apply Proposition 5.11 to the sum A;N = Q =B+ Sy, with 8 = (2mN + 6y)/n. This gives (5.36),
with

2mN  14+2mN/n
'n—114+2mN/(n—1)

ﬂ’:min{ﬂ }:ﬂ. O

The cases where a > 0, or N is even so that a¥ > 0, are handled by transforming the problem
into one where the eigenvalue sequence we want to describe runs outside the interval containing the
essential spectrum.

Theorem 5.14. The conclusion of Theorem 5.13 holds also when N is even and when a > 0.

Proof. It remains to treat the cases where aV¥ > 0. Let b be a point in the interval 10,a~N[ which is
in the resolvent set of both B and Q = B + Sy. Replace B and Q by

B =b>b—B) '—b=bBb—B)"1, Q' =b’b-—0)'—b=bQb-0Q) . (543)

Then the point a—V in the essential spectrum is moved to ba—N(b —a—N)~! < 0, whereas the point 0

is preserved, and the sequence of positive eigenvalues 1 ; (B) decreasing to 0 in the interval 0, b[ is
turned into the sequence of positive eigenvalues

1 (B)) =bpj+(B)(b — i+ () \0. (5.44)

The operators B’ and Q' are of the type treated in Lemma 5.10, their difference being the compact
operator

Sy=Q —B' =b*b—B—SN)"' —b*(b—B)" ' =b?(b— B —Sy)"!Sn(b—B)"!. (5.45)

Concerning their asymptotic eigenvalue properties, we have that (5.34) implies
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Wi+ (B) = Ci™ =bpj  (BY(b— 1 (B)) ™ — Cj ™
= Wj+(B) — G~ + 11+ B)[b(b— 1+ (B) ' 1]
— 1.+ (B) = Cj % + 1+ (BY*(b— pj 1 (B)
=0(jF)+0(j™*). (5.46)

This will be used with C =/, and exponents as in (5.40), @ =2mN/n and g = (2mN + 6y)/n. Clearly
2a > B, so then

Mj,+(B/) _ C:qj_sz/n - O(j_(szJ'_GN)/n).
Since Sy equals Sy composed with bounded operators, the estimate (5.35) implies a similar estimate

for S}. Now Proposition 5.11 can be applied, with o and 8 as already indicated, and y =2mN/(n—1),
showing that the positive eigenvalues of Q' have the behavior

4 (Q') = g j 2™/ = o (j@MNTIN/M) - for j— oo. (5.47)

Finally this is carried over to the desired behavior of the eigenvalue sequence ;. (Q) by a calcula-
tion similar to (5.46), using that

1

Q=bQ(Q'+b™)". O
This has the following implications for the counting functions for eigenvalues of Afl\’ going to oo:

Theorem 5.15. Let N be a positive integer, and let rN > aN. The number N . (t; AY) of eigenvalues of AY in
[rN, t] behaves asymptotically as follows:

N v (65 AY) = cat/2mN = 0 (¢=/2mN) - for  — oo, (5.48)
with Oy =2mN/(2mN +n — 1), ca defined by (5.6).

Proof. When aV < 0, the spectrum of A{,\’ is discrete on R, and we can apply Corollary 5.5 directly
to (5.42), concluding (5.48) for r = 0. A replacement of 0 by some other r¥ > aN only shifts N, by a
fixed finite number, and does not change the asymptotic property.

Now let aV > 0 and take an r > |a|, such that r~V is not in the spectra of A;N and prg A, N prg.

For this r, the number N, .v(t; AY) is the number of eigenvalues of A} —r" in [0, —r].
Observe that when we take b =r~N in the proof of Theorem 5.14, then

Q=N @ =r AN A T = (A )T

For Q' we have the asymptotic estimate (5.47). Then we can apply Corollary 5.5 to A";’ —rN and its
inverse Q’, concluding that

N (6 AN) —ca(t =r™)"2™ = o (e = ™)™ ™72™) fort — oo
This implies (5.48), since (t —rN)S =t5(1 —rN/t)* =54+ 05~ 1) by (5.22). O

We can finally conclude an improved estimate for A, itself:
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Theorem 5.16. Let r > a. The number N ,(t; Aq) of eigenvalues of A, in [r, t] behaves asymptotically as
follows, for any € > 0:

N r(t; Ag) — cat™?™ = 0 (t™=1H8/2M)  for t — oo, (5.49)
with c defined in (5.6).

Proof. It suffices to consider r > |a|. Since the number of eigenvalues of A, in [r,t] is the same as
the number of eigenvalues of AY in [N, tN], we conclude from Theorem 5.15 that

Ny r(Ag; ) — CAtn/Zm _ N+,rN (A(l]\l; tN) —cy (tN)n/ZmN -0 ((tN)(n—ON)/ZmN)

-0 (t(nfeN)/2m) .

Here N can be taken arbitrarily large. Since 6y =1 — (n—1)/2mN +n—1) — 1 for N — oo, it can
for any € > 0 be obtained to be > 1 — &, which shows the statement in the theorem. O

This ends our study of eigenvalue asymptotics for Aq, a # 0.
Actually, some of the above techniques can also be used to improve the result of [30] for Ag, so
we include this here.

Theorem 5.17. For the discrete eigenvalue sequence of the Krein-von Neumann extension Ao, the number
N4 (t; Ao) of eigenvalues in 10, t] satisfies, for any € > 0,

N4 (¢ Ag) — cat™?™ = 0 (t™=1H8/2M)  fort — co. (5.50)

Proof. We here use some further rules for eigenvalues and s-numbers, found e.g. in Gohberg and

Krein [22]. Denote the positive eigenvalues 1j(Ag), j=1,2,.... It is shown in [30] that their inverses

are the eigenvalues 4;(So), where Sg = R;/ZARZ,/Z as recalled in (5.14); this was used in [30] to show

1
the estimate (5.8). Here R; maps Ly(§2) bijectively onto H%m(Q), and the factor A is really Amin

1
mapping H%’” (£2) bijectively onto R = ran Anj,, where one can apply Ré. They also define mappings
between the spaces intersected with higher-order Sobolev spaces.
In addition to So we shall study iterates of Sp. For 2N’th powers we can write

where
1 v 1
By =RZ(AR)N™',  By=(RoA"'RZ.
Here we recognize AR, A as the projection prg =I — pry, cf. Proposition 5.6. Then
§3N = By(I — pry)By = ByBy — By prz By. (5.51)
The first term is a compact nonnegative operator whose positive eigenvalues satisfy:

wij(BNBN) = 1 (BNBN) = wj((Rg AN TRo(AR)NTT).
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The operator (RyA)N"1R,(ARp)N! is of the form A(JZN) + Gy, where A(+72N) is the truncation to £2
of a parametrix A2V of A2N (as used earlier in the proof of Proposition 5.7), and Gy is a singular
Green operator of order —4mN and class 0. Then by Corollary 4.5.6 of [33] we have the asymptotic
eigenvalue estimate (in view of Corollary 5.5):

M](BNEN) ://L](AE;ZN) + GZN) — Ciqj—4mN/I1 + O(j—(4mN+1—€)/n) fOl‘j—) 00,

for any & > 0, with ¢/, = cf‘mN/". (It is used here that A is a scalar differential operator, see the

discussion in [33, Rem. 4.5.5] concerning systems.)
For the second term By pry By we use that there exists a homeomorphism

AP HPMS(2) S HY(2),  withinverse AZ?!", forany s € R,

belonging to the ¥ dbo calculus, as introduced in [32] (also explained in Section 2.5 of [33]). Then
. 1 _ _ 1 .- 3
By prz By =R2AZ" AZ*(AR)N " prz(RoANTTAZE AP R2
% 2m ~ 2m %
= RQ A77+GZNA7’+RQ s

~ 1
where Goy is a singular Green operator of order —4mN and class 0. The operators R} Azjtr and

7 ~
A% RZ are bounded in Ly(£2). Using Theorem 5.8 for Goy together with the general rule s;(EGF) <
IEllsj(G)IIF|l, we find:

sj(Bnprz By) < Csj(Gan) < C/j—4mN/@=1),

Now the perturbation result Proposition 5.11 applied to the decomposition in (5.51) gives (as in
the proof of Theorem 5.13):

Mj(S%N) _ C;l\mN/nj—4mN/n — O(j—(4mN+92N)/n) for j — oo: with qu _ CimN/n,

with the usual 6,5 =4mN/(4mN +n — 1), and hence (as in the proof of Theorem 5.16)

Ni(t; Sg ') = N4 (62V; S5 2N) = cat™2™ 4 0 (t™=20/2M) - for t — oo.

Since 6,y — 1 for N — oo, and N can be taken arbitrarily large, the assertion of the theorem fol-
lows. O

The validity of the improved estimate (5.50) has been announced by Mikhailets in [48]; we have
recently been informed that proof details are in [49].

The spectral results in this section are formulated for a bounded domain £2 in R”, but the methods
work for general compact manifolds with boundary, as in [33], so the results are valid for such cases
too.
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