-

View metadata, citation and similar papers at core.ac.uk brought to you by .{ CORE

provided by Elsevier - Publisher Connector

Available online at www.sciencedirect.com

-

- . . JOURNAL OF
o’ SClenCEDlreCt COMPUTATIONAL AND
APPLIED MATHEMATICS

Journal of Computational and Applied Mathematics 199 (2007) 68—79

www.elsevier.com/locate/cam

Optimally space-localized band-limited wavelets on S9!

Noemi Lain Fernandez

Institut fiir Biomathematik und Biometrie, GSF—Forschungszentrum fiir, Umwelt und Gesundheit, Ingolstddter Landstrale 1,
D-85764 Neuherberg, Germany

Received 26 November 2004; received in revised form 11 March 2005

Abstract

The localization of a function can be analyzed with respect to different criteria. In this paper, we focus on the uncertainty relation
on spheres introduced by Goh and Goodman [Uncertainty principles and asymptotic behavior, Appl. Comput. Harmon. Anal. 16
(2004) 69-89], where the localization of a function is measured in terms of the product of two variances, the variance in space
domain and the variance in frequency domain. After deriving an explicit formula for the variance in space domain of a function in
the space W, q of spherical polynomials of degree at most n 4+ s which are orthogonal to all spherical polynomials of degree at
most 1, we are able to identify—up to rotation and multiplication by a constant—the polynomial in W;; q with minimal variance in
space-domain, or in other words, to determine the optimally space-localized polynomial in W, g
© 2006 Published by Elsevier B.V.

MSC: 94A17

Keywords: Uncertainty principles; Spherical harmonics; Optimal localization

1. Introduction

It is well-known that uncertainty principles provide a way of measuring a trade-off between space and frequency
localizations of a given function. The starting point of this work is the uncertainty principle on spheres introduced by
Goh and Goodman [3]. As pointed out there, under certain assumptions on the parity and the codomain of the functions,
this general uncertainty principle reduces to other known uncertainty relations studied before by other authors [1,2,9,12].
In fact, Breitenberger [1] introduced the uncertainty principle on the circle. Later, Narcowich and Ward [9] initiated the
study of the uncertainty principle on higher dimensional spheres. Then the following articles by Freeden et al. [2] and
Rosler and Voit [12] investigated ramifications of [9]. In particular, [12] answered a question concerning optimality
posed in [9].

Throughout this paper we will focus on the space W, , of polynomials of degree at most n + s (s € N) on the
(¢ — 1)-dimensional sphere SY~! € RY, which are orthogonal to the space V.4 of polynomials on S?-1 of degree less
or equal to n. Our aim is to derive an explicit formula for the optimally space-localized polynomials in W, 4 according
to the uncertainty relation introduced in [3], or in other words, to determine the polynomials in W,‘f’ q with minimal
variance in space-domain. While the problem of characterizing the optimally space-localized spherical polynomials of
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degree at most n has already been treated before in Mhaskar et al. [7], the optimally space-localized polynomials in
W, = Vnts.0©Vnq have only been presented in their explicit form for ¢ =2 in [10] and g = 3 in [6].

The obtained optimally space-localized polynomials in W, g and in V4 as described in [7] are positive definite
functions on the sphere, since the coefficients in their Gegenbauer expansion are all nonnegative. Along the same lines
as in [9], these functions can now be used to construct a polynomial multiresolution-analysis on the sphere. Hereby, the
scaling spaces V), , and the wavelet spaces W, o are spanned by translates of an optimally space-localized polynomial
in V, 4 or W, . respectively, where by franslates we mean that the localized functions, which as we will see are zonal
polynomials on the sphere, are centered at the nodes of a fundamental system of the corresponding space.

The article is organized as follows. After introducing in Section 2 the necessary notation, we review in Section 3 the
uncertainty principle for functions on S¢~! and determine an explicit formula for the variance in space-domain of any
polynomial in W, .. This explicit formula allows us to characterize the optimally space-localized function in W, .

Finally, the cases of ¢ = 2 and 3 are reviewed in the light of the new result.

2. Fundamentals

Let R? be the g-dimensional Euclidean space with inner product and norm defined as usual by x - y = ZZ=1xk Yk

and ||x|» =+/x -xandlet ST~ ={x € R? : |x||» =1} be the unit sphere in R?. If {ey, . . ., e, } denotes the canonical
orthonormal basis of R, then any point ¢, € S%~! may be represented as

Eg=teg+1—12¢,y, re[-1.1], 2.1)
where ch,l is a unit vector in the space spanned by {ey,...,e, 1} andt =e, - ch. Let dw, denote the surface element

of S9!, For given functions F, G : S9! — C, we introduce the inner product and norm

(F,G) =/§q_| F(G(Cpdwg(Sy),  IFIl=v(F. F).

As usual, we let L2(S97!) denote the Hilbert space of all measurable functions F : S7~! — C satisfying || F|| < oc.

In view of the above parameterization of S9!, the surface element dw, can be written as dwy = (1 — t2)(4_3)/ 2 dr
dwy 1, yielding a recursive formula for the computation of the surface of the (¢ — 1)-dimensional sphere, see e.g.
Miiller [8]:

2d/2

1
eaet B _ 232 —
o =15 = [ don@= [ [ 0= me R ado 6= 10

An important subspace of L2(S?7") is the space Harm,, (S9~") of spherical harmonics of degree m, m € N. It can
be shown that

Cm4+qg—2)I'(m+q —2)

N(g, m) := dim Harm,,(S9~") = { I'm+ 1DI(g—1)
1, m =0.

, mz1,

A seminal result in the theory of spherical harmonics is the so-called addition theorem, which provides the following
closed expression for the reproducing kernel of Harm,, (S~!): Given an arbitrary real-valued L?(S9~!)-orthonormal
basis {Si(g,-) : [ =1, ..., N(g, m)} of Harm,,(S?~"), we have

& N(g, m)
o i -2)/2 —
> Siq. 9 Sig.m=—g—Cl . Enest!, (2.2)
=1 q
where C,(,? 272 denotes the Gegenbauer polynomial of index (¢ — 2)/2 and degree m normalized according to the
condition C,S?_Z)/ 2(1) = 1. For the proof of this fundamental result, we refer to Miiller [8, Theorem 2]. Let
. od/ _
Gh(t) = (1 =122 —_c¥=22@,  j=0,....m, meN,. (2.3)

dr/
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In particular, for j = 0 we have G;(')n — C’(;FZ)/Z

polynomials (see e.g. [11, Section 3])

. Starting with the three-term recurrence relation for the Gegenbauer
-2)/2 2)/2 2)/2

1CH2P () = 2, CO (0 + (1 = ) CY PP (@0),  m e N, (2.4)

with 2, =(m+q—2)/2m+q—2),C 811_2)/ 2= 0and C(()q_z)/ - 1, it is not difficult to derive a three-term recurrence

relation for the functions G7,.

Proposition 1. Let j € Ng. The functions Gf;,, m=j, m € No, defined as in (2.3) satisfy the three-term recurrence
relation

G () = 0y, Gl () + BLGL_ (1), m=jj+1,..., (2.5)
where Gj g = =0, G? (H=(1—12)72 1 aj,aj being the leading coefficient ofC;.q_z)/z, and the recurrence coefficients

are given by

o m+qg—2)(m—j+1)
T m+1D)Cm4q—2)

i m@m+ j+q —3)
b = Qm+qg—2)(m+q—3) (2.6)

Proof. For simplicity of notation, let C,, := C,(,?_z)/ 2 and let C,(nj ) denote the Jjth derivative of C,,. On the one hand,
taking jth derivatives on both sides of Eq. (2.4) leads to

JCTV @ +1C 1) = 2 €D () + (1 = J) CL L (0). Q.7

On the other hand, considering the following equality for the Gegenbauer polynomials C,,, (see e.g. [4, Chapter 5])

1C (1) — — ¢! (t) =mCo (1)
m m+q_3 m—1 - m .

and taking (j — 1)st derivatives on both sides of this equation, we come up with

() m__ G -1
1Ch (l)—m ClLi@)=m—j+1)Ci ),

or in other words,

(j—D 1 () m o
C ty=—1C t) —
w0 m—j+1 (1) (m+q—3)(m—j+1) Cm=a ®)-

-1

Substituting this expression for C,(,,j into relation (2.7), yields

m—j+1)m-+q—2)

)
mtDemtq-2 cmn®

1CP () =

—Jj+1 m n mj ch
m+1 \2m+q¢—2" m—j+Dm+qg—3)) ™
Finally, using the factorization
m+q-=3)ym—-j+D)+jCm+q—-2)=m+1D(m+j+q—3)

and multiplying the above equation by (1 — 2)//2, we obtain the desired recurrence relation. [

According to Miiller [8, Lemma 14], we know that

1 . . .
/ G () G (1) (1 — 9 9™I2dt = (155,)% S 1, (2.8)
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where the normalization constant (x;,)? is given by

Q m rm+j+q-2)

JN2 .
) = g, - i Tt g~ D NGg.m)

2.9)

In particular, we denote %, := K?,l. The following proposition provides a relation between the recurrence coefficients
s [J’{n and the norms (rc;,).

Proposition 2. Let a,jq;, /3{;! and (K{,.l)2 be defined as above. Then
oc,jn (K,{H_I)2 = ﬁan(K{,;)z for all m € N. (2.10)

Proof. The proof follows directly from using the definitions of oc{;L, j;l, (K{;,)2 and N (g, m) and applying the property
I'(n + 1) =n I'(n) of the Gamma function. [

Making use of Proposition 2, the three-term recurrence relation for the normalized functions g,{l =G i,, / K{,; reads
18m () = Vi &t O + Vg1 o1 (), m=j,j+1,..., (2.11)

where the recurrence coefficients y;, are given by

J

O K1 ((m —j D+ j+q —2)>”2 .y
Km

q j — -
m Qm+q —2)@m +q)
Letn € N and let g,];l(-; n + 1) be the functions defined by the three-term recurrence relation

tgmtn+ 1) =9 & G+ D+ g Gn+1), m=jj+1,..., (2.12)

where we have shifted the subindex of the recurrence coefficients in (2.11) by n + 1. By the derivation of the recurrence
relation (2.5) and the construction of the functions g, (-; n + 1), it is clear that

1 — 2)il2 d/gp (t;n+ 1)

( de/

=gn(t;n+1) forteR. (2.13)
Let V), , denote the space of spherical polynomials of degree less or equal to n on S?7!. As it is well known, Vg =
B, _oHarm,, (S?1). Let s € N. Throughout this work we will focus on the space Wi ¢ = Vits,q © Va,q of spherical
polynomials of degree at most n + s which are orthogonal to V;, ;. We will call this space wavelet space and denote its
dimension with M; := Z;’;sn 11N (g, m). Using the parameterization (2.1) of S?~! inlocal coordinates, an orthogonal
basis for W, . is given by the spherical harmonics

Sm.jk(@. &) =Gn®)Sjx(g — 1,41,
wherem=n-+1,...,n+s, j=0,...,mandk=1,...,N(g — 1, j) and
{Sjyk(q—l,éq_l): j=0,....m, k=1,...,N(g—1, j)}

is an orthonormal basis of V;; ;1 = @T:OHarm j (84_2).

The goal of this paper is to compute the optimally space-localized polynomial in W, .. For this purpose, the
localization is measured in terms of the generalized uncertainty relation on S¢~! studied in [3]. We consider the
expansion of P € W  in the basis of spherical harmonics S, j x and derive an explicit formula for the variance in
space-domain.
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3. An uncertainty principle on the S

As it is shown in [3, Corollary 5.1], the variances in space and momentum domain of a function F € ¢ ! (Sq_l) with
fgq—l &y |F(‘fq)|2 dwy(&,) # 0 can be computed as

) 1/2
o |F Zdw,
Vars(F) _ fgq 1 | (éi]” - q(éq) 1 ’
“ fg‘!*l éq | F(Qq)' dwq (éq) ”2
and
1/2
Jsi-1 [Vga-1 F (&> dwg (&)
vary (F) = 3 ;
Jsa-1 |F(E)I? dag (&y)
where Vga-1 is the usual surface gradient on S9~1. With this notation, the uncertainty relation presented in [3] reads
. (g—1
U(F) := varg(F) vary (F) > T

In the following lemma, we derive an explicit formula for the variance in space domain of any polynomial P € W, ,
with [go-1 &, P(E,)1? dwg # 0.

Lemma 1. Letn,s € N and let {Sy, j (g, fq) = G{;, ®Sjklg—1, fq—l)}m,j,k be the above-mentioned orthogonal
basis of W,f’q. Given P e Wli’q, let

n+s m N(g—1,))

PEN= Y 3 Y anjaGh®Sj(Ey1)

m=n+1j=0 k=1
be its expansion in the basis { Sy j i }. If

n+s—1 m N(g—1,j)

2 Z Z Z “{'.1(Kizﬂ)zRe{am,j,kamH,j,k}7’50,

m=n+1 j=0 k=1
then the variance in space-domain of P can be computed as

1/2

+s N(g—1.j) 2,02 2
D ment1 ?:ozk:(f Plam, jxI? () ) 1 G.1)

vars(P) = (2 nts—1 xm NN@G—1)) J ] 2 [ —
Zm=n+12j=0 k=1 i (K, 1) " Refam, j kam+1,j .k}
The constants oc{;, and K,j;, are defined as in (2.6) and (2.9), respectively.

Proof. Making use of the orthonormality of {S x } and the orthogonality of {Gf,, }according to (2.8), it is straightforward
to check that

1
I1P|* = /S L IPEQIPdoy(Eg) = fg /_ PG DA =)D dr dog—1 (&)

n+s m N(g—1,j)

= Z Z Z |am,j,k|2(Km,j)2-

m=n+1 j=0 k=1

Let us now compute Eg(P) := fgq—l EqlP(&y) |2 dwyg (&,). We can assume without loss of generality that the first (g —1)
components of Eg(P) are equal to zero. Indeed, if g(P) ¢ span{e, }, then we can find an orthogonal transformation
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QO € SO(g) such that Q - £g(P) = [|Es(P)ll2e4. Accordingly, we are in a position to construct a polynomial ﬁ(~) =
P(O*- () € W,f’ q with the desired center in e,-direction, namely

Ng=Q Hy

Es(P) = /§ ny [P(Q* - n)I> dwg(n,) * = /Q*(Sq1)Q~ﬂq|P(uq)|2|detQ|dwq(uq)
—0. fg 1y 1Pt dog (1) = © - E5(P) = IE5(P) e,

Thus, let us assume that [o-1 éqIP(fq)l2 dwy (&) = [sa1 §(I|P(fq)|2 dw, (&) [l2¢4. The gth component of &g(P)
is then given by

n+s m N(g—1,j)

2
1
j 2\(g—3)/2 v
/gq—zf_lt SN Y kG Sik )| (1= O drdo, ()

m=n+1 j=0 k=1

n+s min(m,m’) N(g—1,j)

1 . .
- Z Z Z Am, j, kG’ j k / 1 tG,’n(t)an,(;)(l — t2)(q—3)/2 dr.
k=1 -

m,m’'=n+1 j=0

Applying the three-term recurrence relation (2.5), we have that
Lo ' 2y(g—3)/2 o d N2 il N2
/ G (1) G, ()1 — 292 dt = 0, (1)) Ot + Bl (<, )2 St
—1

Substituting this equation into the above expression, performing an index shift in m” and making use of relation (2.10),
we finally obtain the desired expression for || quq CqlP(&y) |2 dwg (&) %, namely

n+s—1 m N(g—1,j)

Jod N2 o i 2 —
SO0 DT o) am kG 1kt Bl () 1 kG
m=n+1j=0 k=1

n+s—1 m N(g=1.j)
=2 3> > oG, ) Relan jx@nri iz O
m=n+1 j=0 k=1
3.1. Optimally space-localized wavelet functions

With the help of Eq. (3.1), we are now in a position to compute the optimally space-localized polynomials in W, 7

Theorem 1. Let n,s € N and let x}.,, denote the largest zero of the associated Gegenbauer polynomial gs(-; n + 1)

max
defined as in (2.12) for j = 0. Then

max

k]

1— (x5,,,0°
varg(P*) = min{varg(P): P #0, P ¢ W,f’q} =

N
xmax

and an optimally space-localized spherical polynomial—up to rotation and multiplication by a constant—is given by

n-+s

1 _
PrO = D VNG gnmn G n + DG e - (). (3.2)

9 m=n+1
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Proof. According to the explicit expression for the variance in space-domain presented in Eq. (3.1), minimizing varg(P)
overall P € W ¢ 18 equivalent to maximizing the reciprocal quotient

n+s—1 m Nq=1.)) j ..J 2 T
2> st j:OZkzl % (16y,41)” Re{am,j k 31, k}

n+s m N(g—1,j)) J\2
Zm:n+12j:0 k=1 |am,j,k|2(Km)

over all coefficient vectors @ = (am, j k) m=n+1,...n+s; j=0,....m:k=1,...N(g—1,j) il CMs\0.

Letx jx := am,j, K Using this notation and changing the summation order of the sums both in denominator and
numerator, the above quotient can be written as

nts—1x~Nq—1.)) gnts—1 o [ —
22;‘:0 k=1 Zm:max(j,n+l) Vim Re {Xm, j k Xm+1,j.k}

n+sx~\N(g—1,j)x~n+s L2
Zj:() k=1 Zm:max(j,n+l)|xm,],k|

with yf;l = Kf,; 1/ K{,,. This quotient of sums can now be interpreted as a Rayleigh quotient x*M,, ;x/(x*x), where x

is a vector with its components ordered in the way given by the summation indices j, k, m, i.e.

(xn+1,0,17 s Xnts 0,1 Xn+1,1,1s « - o5 Xnts, 1,15« « o5 Xnt1,1,N(g—1,1)5 - + - s Xn+s,1,N(g—1,1),
Xn+1,2,15 « o+ s Xnts.2, 15+« + s Xn+ 1,2, N(g—1,2)5 -+ + s Xn+5,2, N(g—1,2)5 - + = »
Xn+1,n4+1,15 « « « Xnts,n+1,15 -+ s Xn+1,n+1,N(g—1,n+1)s - - - s Xn+s,n+1,N(g—1,n+1)»
Xn+2,n42,15 « « « s Xnts,n4+2,15 « + «» Xn4+2,n4+2,N(g—1,n4+2) s + - + s Xn+s.n+2,N(g—1,n+2)»
e Xndsnds,ls e xn+s,n+s,N(q—l,n+s))’

and M,, ; is the block diagonal matrix

—d; 0 1 1 2 2 n+1 n+1
Mn,s = dlag Jn+1,s’ J,,_H,Sa ceey Jn+1,s’ J,,_H,Sa ceey Jn+1,s’ ey Jn_;'_l’sa ceey Jn+1,S
N(g—1,1) times N(g—1,2) times N(g—1,n+1) times
n+2 n+2 n+3 n+3 n+s n—+s
x Jn+2,s’ cee Jn+2,s’ Jn+3,s’ cec Jn+3,s’ tec Jn+S,S’ T JH+SJ
N(g—1,n+2) times N(g—1,n+3) times N(g—1,n+s) times
with J:]1+1,s e RS, j=0,...,n+ 1, given by
J
_O Va1 O
J J
Tt 0 Vg 0
J J
- Y 0
¥/ . n+2 n-+3 (3.3)

ntls = . . . ’

J J
Vngs—2 0 Vnts—1

i
))n+571 0
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and J‘}S € Rts—jtDxnts—j+D i —y 12 . n+s given by
j
o9
o0 vy 0
J j
; Vi 0 7
Jj.’s = Jj+1 j+2 . (3.4)
qj S
/n+s—2 . 0 yn—&-s—l
J
yn+s—1 0

The matrices (3.4) arise from deleting the first j — (n + 1) columns and rows of the matrices (3.3). Note that for j =n+s

wehaveJ;’ii 1s=0¢€ RI*1.

Let Amax (M, 5), )maX(JnJrl ) J=0,. + 1, and imax(Jj’S), j=n—+2,...,n+s, denote the largest eigenvalues
of the symmetric matrices M, s, Jn 41,5 and ¥ s respectively. Thus, by the Theorem of Rayleigh-Ritz (see Horn and
Johnson [35, p. 176]), we know that

x*Mn,xx 5 Jj N j
Tﬁg T <Amax (M, 5) = max {j 6113’( {/Lmax(Jn.H,s)}’ j:n—li-g?).(.,n-i-s{/bma)((.]j’s)}

with equality if and only if x is an eigenvector of M,, ¢ with eigenvalue imax (M, 5). We have dropped the absolute

value in the first equality since, as we will see later, the eigenvalues of Jn 41,5 and Jj are distributed symmetrically
around the orlgm Hence, our problem reduces to finding the largest elgenvalue of Mn s- Note now that the tridiagonal

matrices J’

nil,s and Jj , are the so-called Jacobi matrices corresponding to the functions gm(-, n+1),j=0,....,n+1

and gm(~, J), j=n+2,...,n+ s. Rewriting the three-term recurrence relation (2.12) in compact matrix notation as

tgntn+1) =Y gntin+1) 4+, & @En+ e, j=0,....n+1,

and

1qm (15 J) =3 @ (@5 ) + Vps @ jir (6 Denss—j1, j=n+2,....n+s,
with

J (4 — (o) (4 J s J . T s

gm(t’n + 1) - (go(t7n+ 1)a g] (t,l’l + 1)7 ~--5g57](t7n+ 1)) S R >
and

gt ) = (&0t ), &1t oo gy (@5 )T € RUPTIHD,
we draw the conclusion that the zeros of the functions gsj(~; n+1),j=0,...,n+1, and of the functions g,{H_J.H ¢ 7,
j=n+2,...,n+s, oraccording to (2.13) the zeros of the jth derivatives of g;(-; n+1), j =0, ..., n+ 1, and of the jth
derivatives of Snts—j+1( ]) j=n + 2,...,n+s, with exception of the zero at r = =1, constitute the spectrum of the

corresponding matrices J/ na1.s and J . Since these functions are orthogonal with respect to a symmetric measure, we

know that the eigenvalues of the matrices Jn 41,5 and J J , are symmetrically distributed around the origin. On the one
hand, by virtue of Rolle’s Theorem, the zeros of the derlvatlves of the associated Gegenbauer polynomial gg(-; n + 1)
are located in between the zeros of g;(-; n 4+ 1) and consequently

J _ 0 .8
jzé??§1+l{lmax(~]n+1,x)} = Amax (Jn+],s) = Xmax»

where x® . denotes the largest zeros of gy(-;n + 1). On the other hand, taking into account that the zeros of

max
gn+s_j+1( i), j=n+2,...,n+s, lie in between the zeros of g,1s—j4+1(:;j), j=n-+2,...,n+ s, we can
conclude that

imax(J(])"s)>/1max(J§ys)v j=n+2,.--,n+5. (35)
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Since JOS, j=n+4+2,...,n+ s, is the submatrix of Jn+1 ;> obtained by deleting the first j — (n + 1) columns

and rows of J9 41,5+ We can claim that the largest eigenvalue of J° 41,5 18 greater than the largest eigenvalue of J?’S,
j=n+2,...,n+s,ie.

Imax (1 )2 dmax (0 ). j=n+2. . n+ts. (3.6)

Combining inequalities (3.5) and (3.6), the largest eigenvalue is finally given by

J J _ 0 _ .8
max {j:(l)???;+l{}"max(Jn_l’_]“g)}’ j:ninzfl}’nﬂ{lmax(Jj’s)}} = lmax(JnJr],s) = Xmax>

and its corresponding eigenvector is

ol ot n+ 1, g1 on+ 1), o, g1 n+ 1), 0,...,0 | , aeR.
Mg—s times
Let us assume o = 1/,/€,. With this choice, we obtain that
8m—+1) K3 1 + 1)

Um,jk = ,/Qq K{n

0 otherwise.

for j=0, k=1, m=n+1,...,n+s,

Making then use of (3.1), the minimal variance in space-domain attains the value
2

1/2
% 1 2 / (xmax)
vars(P*) = [ ( = -1) = Y—.
xinax xmax

It now remains to prove that the choice of the just computed coefficients yields in fact the polynomial in (3.2). Here,
the observation

; 1
Sm.jk(q.eq) Gm(DSjk(qg—1,0) — Jj=0,
j = j =\ ¥ a-15m .
Km Km 0 otherwise,

plays the key role, since it enables us to write the optimally space-localized polynomial in the requested form (note that
So,1 = 1/,/€4-1). Indeed, after an application of the addition theorem (2.2), the optimal polynomial P* is given by

n+s m N(q,j

1 'S & Sm.jk(eq)
PP D0 ) i 1 DY/ Qg 3 3 S S
qm =n+1 j=0 k=1 Kmn Km

\/_ n—+s

-2)/2
\/73 Y gt Whax: 1+ DN (g m)Chl =2 (e - ()
Q m=n-+1
q

n—+s

37 gty G 1+ DY/ N g m) G 2 (eq - (),

qm =n+1

where in the last equality, we have used that x,, = (£,/2,-1 N(q, m))l/ 2 This completes the proof. [

3.2. Remarks

For ¢ = 2, the Gegenbauer polynomials {C,?} keN, are the Tschebyscheff polynomials of the first kind

Ty (x) = cos(karccosx), x e[—1,1].
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Table 1
Uncertainty product of the polynomials lﬂ:b* € W'y withn = 2/ for j=2,..., 9

n vars (W) . vary (Y, pe) U b
4 0.7210 7.0380 5.0742
8 0.3616 13.0886 4.7323
16 0.1858 25.1771 4.6771
32 0.0949 49.3476 4.6836
64 0.0481 97.6850 4.6968
128 0.0242 194.3581 4.7061
256 0.0122 387.7033 4.7115
512 0.0061 774.3934 47144

Using the three-term recurrence relation of the Tschebyscheff polynomials of the second kind {Uy }xeny,
2UK(X) = U1 (0) + 3Uk-1(0), k=0,1,...,

with U_1(x) =0, Up(x) = 1 and U;(x) = 2x, we realize that the associated Tschebyscheff polynomials of the first
kind Ty (-; n 4 1) are the classical Tschebyscheff polynomials of the second kind Uy (cos 0) = sin(k + 1)0/ sin 0. The
largest zero of Uy (cos 0) is cos(n/(s + 1)) and hence by Theorem 1, the optimally space-localized polynomial in W} 2
has the form

[ [2 1 & k—mm
— Uk—n+1) (x5 )~/ — T (cos 0) = sin ———— cos k0.
B k;_l (n+1) Fmax - V2m3sinm/(s 4+ 1) k:'ZH_l s+ 1

Considering the index shifts n + 1 — m and n + s — n, the resulting polynomials coincide, up to a normalization
constant, with the optimally-space localized even polynomial wavelets studied in [10].

For g = 3, the Gegenbauer polynomials {C,l/ 2} keN, are the Legendre polynomials { Py };cny,- As it is pointed out in
[6, Theorem 5.8], the uncertainty product of a polynomial of the form

n+s

S
b =7 2 @mt DbnPules- (), 3.7)
m=n+1

with b € C*\0 such that Z:ln—:n—i-lmbmbm—l # 0 can be computed as

2 1/2 172
< > omonibn@m+ D\ | S b m(m+ 1) 2m + 1)
2y imbmbyn 1 Yo i1b @m 4 1)

In particular, note that by taking b, := pm—u+1) (Xhax; 7+ 1)/+/(2m + 1), we arrive at the optimally-space localized
polynomial in W} 5. This localized function coincides with the one obtained in [6, Chapter 5], where the aim was to

compute the polynomial in W, 3 with minimal variance in space-domain according to the uncertainty principle on s?
introduced in [9].
On the other hand, forb=1:=(1, ..., 1)T € R*, we obtain the reproducing kernel of W;ﬁ, for which it is known

that is optimally L?(S?)-localized in the sense that
s
n,1

28109}

=min{[|Q[ : Q € W, , and Q(O) = 1}.

Let us compute and compare the uncertainty products of the optimally space-localized and optimally L2(S?)-localized
polynomialsin W;, ;. Note thatforb=1:= (1, ..., 1T € R*, the uncertainty product of the optimally L?(S?)-localized
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Fig. 1. On the right hand side we display plots of the wavelet function xp}gl and the optimal space localized wavelet function ll/}g p+- On the left
hand side we plot the values of the corresponding coefficient vectors b =1 and b*. Note that the kernel 111%8 p+ €xhibits a smoother behavior around

the peak e3 than the function 1//}8 1-

polynomials in W} 5 attains the value

Jes—D02+ LA+ +nQ2+5)
(s—1 '

U(‘/’ZJ) = VaIS(‘//f,,l) : Val‘F(l//fd) =
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In particular, for s = 2 and n we obtain
UWn)=0m and U, ) =00"?).

Table 1 displays the values of the uncertainty product of the optimally space-localized wavelet in W;j s U= 2,...,9).
Since we do not know an explicit formula for the zeros of the associated Legendre polynomial ps(-’; n+1)seN)
or equivalently for the eigenvalues of the matrix JS 41,5 10 (3.3) with y?n =m/~/4m? — 1, all the table values had to be
computed numerically. As the variance in space domain decreases with 7, the variance in momentum domain grows.
However, the decay of varg(lpz,b*) seems to be stronger than the growth of var (lﬁﬁ’b*), so that in the end, the product
of these two quantities, i.e. the uncertainty product, only shows a slight increase with n.

In Fig. 1, we illustrate the behavior of the coefficients b}, (m =n + 1, ..., 2n) which lead to the optimally space-

localized polynomial l/lig’b*. In addition, we display the wavelet function arising from the mentioned choice of the

coefficient vector b*. A direct comparison of the plots of the two wavelet functions lp}&l and 1//}8’b* shows how the
space localization of the polynomials (3.7) is improved by selecting the coefficient vector b*.
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