View metadata, citation and similar papers at core.ac.uk brought to you by fCORE

provided by Elsevier - Publisher Connector

Linear Algebra and its Applications 432 (2010) 505-514

Contents lists available at ScienceDirect

Linear Algebra and its Applications Appiications

journalhomepage: www.elsevier.com/locate/laa

The signless Laplacian spread”™

Muhuo Liu *?, Bolian Liu P*

2 Department of Applied Mathematics, South China Agricultural University, Guangzhou 510642, PR China
b School of Mathematic Science, South China Normal University, Guangzhou 510631, PR China

ARTICLE INFO ABSTRACT

Artic{e history: The signless Laplacian spread of G is defined as SQ (G) = u1(G) —
Received 12 March 2009 1n(G), where 141(G) and u,(G) are the maximum and minimum
Accepted 27 August 2009

eigenvalues of the signless Laplacian matrix of G, respectively. This
paper presents some upper and lower bounds for SQ (G). More-
Submitted by R.A. Brualdi over, the unique unicyclic graph with maximum signless Laplacian
spread among the class of connected unicyclic graphs of order n is
AMS classification: determined.

05C50 © 2009 Elsevier Inc. All rights reserved.
15A42
15A36

Available online 24 September 2009

Keywords:
Bounds

Spread
Eigenvalues
Unicyclic graph

1. Introduction

In this paper, G = (V,E) is an undirected simple graph with |V| = n and |E| = m. Sometimes, we
refer to G as an (n, m) graph. Let d(u) denote the degree of u. Specially, A = A(G) and § = §(G) denote
the maximum and minimum degree of vertices of G, respectively. If d(u) = 1, then we call u a pendant
vertex of G. Suppose the degree of vertex v; equals d; fori = 1,2, ...,n. Throughout this paper, we
enumerate the degrees in non-increasing order, i.e., d; > dy > - - - > dj. As usual, K, Ky ,—1 denote the
complete graph and star of order n, respectively.
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Let A(G) denote the adjacency matrix of G. Since A(G) is symmetric, the eigenvalues of A(G) can be
arranged as follows:

p1(G) = p2(G) = - - - = pn(G).
The adjacency spread of the graph G is defined as (see [10]):

SA(G) = p1(G) — pn(G).
Let D(G) be the diagonal matrix whose (i, i)-entry is d;. The Laplacian matrix of Gis L(G) = D(G) — A(G),
and the signless Laplacian matrix of G is Q(G) = D(G) + A(G). Sometimes, Q(G) is also called the

unoriented Laplacian matrix of G (see, e.g. [7,24]).
It is well known that L(G) is positive semidefinite so that its eigenvalues can be arranged as follows:

A(G) 2 A2(G) = -+ - 2 Ap—1(G) = Ap(G) =0,

where A,_1(G) > 0 if and only if G is connected and is called the algebraic connectivity of the graph
G. Let x (G) denote the vertex connectivity of G. If G 2 Ky, by Fiedler's famous inequality it follows that
An—1(G) <k (G).Because A, (G) = 0, the Laplacian spread of the graph G, denoted by SL(G), is defined
as [9]

SL(G) = 21(G) — An—1(G).

The adjacency spread of a graph has received much attention. In [22], Petrovi¢ determined all connected
graphs with adjacency spread at most 4. In [10,17], some lower and upper bounds for the adjacency
spread of a graph were given. After that, the maximum adjacency spreads among all unicyclic graphs
and all bicyclic graphs of given order n were determined in [8,23], respectively. However, the Laplacian
spread seems less well-known because it was introduced somewhat later [9]. Up to now, there are only
very limited results on the Laplacian spread. Firstly, the maximum and minimum Laplacian spreads
among all trees of given order were identified in [9], and the maximum Laplacian spread among all
unicyclic graphs was determined in [13]. After that, the four trees (resp. the three unicyclic graphs),
which share the second to fifth (resp. the second to fourth) largest Laplacian spread among the trees
(resp. connected unicyclic graphs) of order n were given in [14].

The matrix Q(G) is symmetric and nonnegative, and, when G is connected, it is irreducible. If M
is the n x m vertex-edge incidence matrix of the (n,m) graph G, then Q(G) = MM!. Thus Q(G) is
positive semidefinite and its eigenvalues can be arranged as:

#1(G) = pa(G) =+ - - > ua(G) > 0.

Research on signless Laplacian matrices has become popular recently. Some properties of Q (G) were
studied in [1-3], all unicyclic graphs with first to 16th largest signless Laplacian spectral radii (namely,
1(G))in the class of connected unicyclic graphs of order n were identified in [6,18,25], and all bicyclic
graphs with first to 11th largest signless Laplacian spectral radii in the class of connected bicyclic
graphs of order n were identified in [7,15,26]. Recently, we determined the first to fourth largest
signless Laplacian spectral radii among the class of connected tricyclic graphs of order n in [15].

Motivated by the definition of SA(G) and SL(G), we define the signless Laplacian spread of the graph
G, denoted by SQ (G), as

SQ(G) = 11(G) — un(G).

The following result will be useful in the sequel

Proposition 1.1 [3].If G is connected, then 1, (G) = Oifand only if G is bipartite. Moreover, if G is bipartite,
then Q(G) and L(G) share the same eigenvalues.

By Proposition 1.1, it immediately follows that

Proposition 1.2. If G is a bipartite graph, then A1(G) = u1(G) = SQ(G).

A graph G is called k-regular if dy = - - - = d, = k. If G is k-regular, it is easy to see that 1 (G) =
p1(G) + k and 14, (G) = pn(G) + k. Thus, we have
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Proposition 1.3. If G is regular, then SA(G) = SQ(G).

In this paper, we obtain some upper and lower bounds for SQ (G), and determine the unique unicyclic
graph with maximum signless Laplacian spread among the class of connected unicyclic graphs of
order n.

2. Main results

We recall the notation of majorization (see [20]). Suppose (x) = (X1,X2,...,Xy) and (y) = (y1,y2,
.., ¥n) are two non-increasing sequences of real numbers, we say (x) is maJorlzed by (y) denoted by

(x) < (y),ifand only if >} ; x; = YIL; ¥;, and Z, 1x1<Z, 1yiforallj =1,2,.
Proposition 2.1. Let G be a graph with signless Laplacian spectrum (i) = (i1, 2, . . ., n) and degree
sequence (d) = (dq,da,...,dy). Then, (d) < (w).

Proof. It is well known that (see, e.g., [19, p. 218]) the spectrum of a positive semidefinite Hermitian
matrix majorizes its main diagonal (when both are rearranged in non-increasing order). []

Remark 1. Let (d) = (dy + 1,da, ..., dy —1,dp— 1) and (A) = (A1,A2,...,Ay). Grone (see [11])
proved thatif G has at least one edge, then (d) < (A).Unfortunately, it is not correct that (d) < (u).For
example, if G is a connected non-bipartite graph with at least one pendant vertex, then
di+14+dy+---+dy—1 =2m > @1 + 2 + - - - + n—1 because p, > 0 by Proposition 1.1.

Corollary 2.1. If § is the minimum degree of vertices of graph G, then p, < 4.

Proof. On the contrary, assume § < . By Proposition 2.1 it follows that (d) < (u), then dy +
dy+---+dp—1<p1+ p2+ -+ pp—1. This implies that 2m =dy +dy + - - - +dp, < w1 + w2
+ -+ 4+ up = 2m, a contradiction. [

Let m(v) = X yenq) d(u)/d(v). The next result gives upper and lower bounds for w1(G).

Proposition 2.2. Let G be a connected graph on n (n > 2) vertices. Then,
min{d(v) + m(v) : v € V(G)} < u1(G) <max{d(v) + m(v) : v € V(G)},
where equality holds in either of these inequalities if and only if G is regular or semi-regular bipartite.

Proof. The upper bound is given in [5]. The lower bound can be proved in a similar way. For details,
one can refer to [5]. [

Remark 2. If G is a connected bipartite graph, by Proposition 1.2 we can conclude that the bounds for
1(G) in Proposition 2.2 are also bounds for SQ (G). Thus, Proposition 2.2 also gives bounds for SQ (G)
when G is a connected bipartite graph.

Lemma 2.1 [20,21]. If G is a graph with at least one edge, then 1 > Aq > A + 1. If G is connected, the
first equality holds if and only if G is bipartite, the second equality holds if and only if A = n — 1.

The next result gives bounds for SQ (G) when G is a connected graph.

Theorem 2.1. If G is a connected graph with maximum degree A and minimum degree §(6 > 0), then
A+1—36 <SQ(G) <max{d(v) + m(v) : v € V(G)},
where the upper bound holds if and only if G is regular bipartite or semi-regular bipartite.

Proof. Lemma 2.1 and Corollary 2.1 imply the strict lower bound. The upper bound follows from
Proposition 2.2. By Propositions 1.1 and 2.2, the upper bound holds if and only if G is regular bipartite
or semi-regular bipartite. []
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Remark 3. By Proposition 2.2 and Corollary 2.1, we have SQ (G) > min{d(v) + m(v) : v € V(G)} — 4.
Let k' (G) denote the edge connectivity of G. It is well known that x (G) < «’(G) < 8(G).If G 2 K, by
Fiedler’s inequality, then A,_1(G) < &(G). Thus, by Lemma 2.1 it follows that

Remark 4. If G is a connected graph and G 2 K;,, then SL(G) > A + 1 — 6.

A semi-edge walk (see [3]) of length k in an undirected graph G is an alternating sequence v1, 1, V2,
€y, ..., Vk, ek, V41 of vertices vy, v, ..., Vk+1 and edges e, ey, ..., ex such that foranyi = 1,2, ..., k the
vertices v; and v;4+; are end-vertices (not necessarily distinct) of the edge e;.

Lemma 2.2 [3]. The (i, j)-entry of the matrix Q (G)* is equal to the number of semi-edge walks of length k
starting at vertex i and terminating at vertexj.

The distance d(u,v) between vertices u and v of a connected graph G is equal to the length of
(number of edges in) a shortest path that connects u and v. The diameter of G, denoted by y (G), is
y(G) = max{d(u,v) : u,v € V(G)}.

Proposition 2.3. Let G be a connected graph with diameter y (G). If Q (G) has exactly k distinct eigenvalues,
then y(G) +1<k.

Proof. The proof of this result is similar with the corresponding theorem for the adjacency matrix.
Assume the contrary holds, i.e., y (G) > k. Then, there exist two vertices of G, say v;, vj, such that
d(vi,vj) = k. Suppose the minimum polynomial of Q (G) is mq ) (x). Since Q (G) has exactly k distinct
eigenvalues, then mq ) (x) = XK apxk1 4

By Lemma 2.2, the (i,j)-entry of Q(G)¥ is posmve But the (i,j)-entry of Q(G)' is 0 for 1 <[ < k.
This implies that mq ) (Q(G)) # On (O, is the null matrix with all entries being 0), a contradiction.
Thus, y (G) + 1<k. O

Let M; = Y1, d?.In[16], we have showed that

Lemma 2.3 [16]. If G is a connected (n, m) graph, then w1(G) > > M where the equality holds if and only
if G is a regular graph or a bipartite semi-regular graph.

Theorem 2.2. [f G is a connected (n, m) graph and n > 2, then

’

M 2m3 + m2M; — M?
Qe > = J (n—1)m2

where equality holds if and only if G = K,,.

Proof. Because tr(Q?) = Y1, 2, it follows that
n n n
(= Dpp+pi <Y puf =Y di+ Yy di =2m+ M. (1)
i=1 i=1 i=1
[2m+M—p2
Thus, 0 < pp </ ==, from which we can conclude that
2m+ M; — u?

Letf(x) =x —,/ W It is easy to see that f (x) is an increasing function when x > 0. By Lemma
2.3 and inequality (2), we have
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2m+M; —u? M 2m3 + m2M; — M?
SQ(G) > pq — M}J_ + 12 1
n—1 m (n—1)m

If equality holds, then equality must be taken in inequality (1). This implies that yy = - - - = . By
Proposition 2.3, the diameter of G is 1. Thus, G = K,.

Conversely, if G = K, then uqy =2n—2,and uy = --- = uy, = n — 2. It is easy to check that
equality holds in Theorem 2.2. [

Given an n by n matrix M, «,, and an ordered partition (X1,. .., X;;) of the ordered set {1,2,...,n},
M« can be presented as a partitioned matrix:

Mip -+ Mim
Muyxn=1| - e,
Mm,l e Mm,m

where M;; has X; as the set of its row numbers and X; as the set of its column numbers. We always use
Qu hereafter to denote the quotient matrix of the partitioned matrix M;,«, which is defined to be the
m by m matrix whose entries are the average row sums of the blocks M;;; that is, the (i, j)-entry of Qu
is obtained by dividing the sum of all row sums of M;; by |X;|, where 1 <i,j <m.

Consider two sequences of real numbers: a1 > a2 >--->ap,and B = B2 >+ - = B withm < n.
The second sequence is said to interlace the first one whenever «; > 8; > ap—myi fori =1,2,...,m.

Lemma 2.4 [12]. Suppose Qu; is the quotient matrix of a symmetric partitioned matrix M. Then, the
eigenvalues of Qy interlace the eigenvalues of M.

Let G = (V,E), if @ = V; € V(G), by the average degree of Vi, say dy, we mean that dy =
2vey, dW)/[Val.

Theorem 2.3. Let G be a connected (n, m) graph with n > 2. Suppose G contains a nonempty set T of t
independent vertices, the average degree of which is dy. Then,

SQ(G) > ﬁ/ (ndo)? + 8(m — tdg)(2m — ndy).

Proof. The t independent vertices give rise to a partition of Q(G) with quotient matrix B =

do do .
< tdg  4m—3tdg ) The eigenvalues of B are
n—t n—t

_ 4m + ndy — 4tdy 1 2 _ _
Prpo= = Z(H_t)\/(ndo) +8(m — tdo) (2m — ndp).

By Lemma 2.4, 1 > B1 > 2 > n, which implies the required inequality. [

Remark 5. If G is k-regular, then ndy = 2m and Theorem 2.3 gives SA(G) = SQ(G) > nk where t and

n—t’
dg are denoted as in Theorem 2.3. Solving for t gives Hoffman’s bound on t when G is k-regular:
n|pn(G)|
k — pn(G)

Thus, Theorem 2.3 may be regarded as a generalization of Hoffman’s bound to irregular graphs.

There are many graphs for which the bound in Theorem 2.3 is attained. For if G is k-regular, the
bound is attained if and only if G has a set T of independent vertices that attains Hoffman’s bound.
Also, if G = G(X,Y) is bipartite and T is either of its two vertex parts, then m — tdg = 0 and Theorem
2.3 gives £1(G) = SQ(G) > % Here, rank(B) = 1 in the proof of Theorem 2.3, and equality holds
in the bound if and only if G is semi-regular.
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Vi V)

Fig. 1. The graph H.

By Theorem 2.3, it immediately follows that

Corollary 2.2. Let p be the number of pendant vertices of G. If G is a connected (n, m) graphwithn > p > 1,
then

SQ(G) >

1
\/n2 +8(m — p)(2m — n).
n—p
Equality holds, for example, if G = Ky p—1andp =n — 1.

Ifd(u) = A, then u is also an independent set of G. By Theorem 2.3, we have

Corollary 2.3. If G is a connected (n, m) graph and n > 2, then

SQ(G) = \/(nA)z +8(m — A)(2m — nA).

n—1
Equality holds, for example, if G = K.

By the proof of Theorem 2.3, we have the following remark.

Remark 6. If Gis aconnected (n, m) graph and contains t(1 < t < n) independent vertices, the average
degree of which is dg, then
4m + ndy — 4tdy 1
> + ndo)? + 8(m — tdg) (2m — ndp).
pz = s 2= (d0)? +8(m — o) 0)

Also, with the same method as Corollary 2.3, we have

Remark 7. If G is a connected (n, m) graph and n > 2, then

@ mAnA =48 1 Ay +8m— A)@m - na)
> n m— m—nA).
H 2n—1) 21— 1)
Let G be a connected (n,m) graph. Suppose G contains t(1 <t < n) independent vertices, the
average degree of which is dg. Then, the t independent vertices give rise to a partition of L(G) with

. . do —do .
quotient matrix B = (4110 tdg ) It can be proved analogously with Theorem 2.3 that
n—t n—t

Remark 8. If Gisa connected (n, m) graph and contains t(1 < t < n) independent vertices, the average
degree of which is dy, then A > %. In particular, if G is a connected k-regular graph, then A1 > n”—l‘t
Equality holds, for example, if G = Kj,.

As shown in the next example, the bounds in Remarks 7 and 8 are sometimes better than the bounds

in Lemma 2.1.

Example 2.1. Let H be the graph as shown in Fig. 1. Clearly, T = {vq, v»} is an independent vertex set,
and dy = 4. By Remark 8, it follows that A1 (H) > Mo —6>5=A+1. Actually, A1 (H) = 6. Thus,

n—t —
the bound in Remark 8 can be attained. If we replace A by 4 in Remark 7, then we have u1(G) > 5.78,

which is also better than ©t1(G) > A + 1 = 5in Lemma 2.1.
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Proposition 2.4. Suppose G has two induced subgraphs G, and G, where G; has n; vertices and e; edges
fori=1,2,V(G)NV(G) =@andny +ny =n. Leta; = Y ey, dv)/ny and ay = 3y, d(v) /n2
then

2 2
SQ(G)>J (al +a + ﬁ + 2) _ 16 <a2€1 + @)

n np nq np
2e 2e
. . . a+ 3t a- 1
Proof. Note that Q (G) has B as its quotient matrix, where B = 20 N 2e2 . Obviously, B has
a — H a o

two eigenvalues

1 2eq 2ey 2eq 2e) axeq aey
pr.or=-|la+a+—+—=% <a1+a2+—+—>—16< +—>
2 m ny ny ny n ny

Then Lemma 2.4 implies the result. [J

The join of two vertex disjoint graphs Gy, G; is the graph G; V G, obtained from their union by
including all edges between the vertices in Gy and the vertices in Gy.

Corollary 2.4. Suppose G = Gy V Gy, where each G; is a graph with n; vertices and e; edges fori = 1,2.
Then,

4eq 4ey 4eqe;
SQ(G) > (n+—+—> —16<€1+€2+ )
np ning

Equality holds, for example, if G = K.

Proof. Note that G = Gy Vv Gy, then a1 — 2— =ny and a; — 2—2 = ny. By Proposition 2.4, the con-
clusion follows. When G = K, it is readily checked that equality holds because SQ (K,) = n. [

Recall that the Cartesian product G [0 H = F(V,E) of graphs G = (V1,E;) and H = (V>,E>) has
vertex set V = V1 x V5, where (uq, uy) and (vq, v2) is adjacent in F if and only if uy = vy, uyvy € Ep or
Uy = v, u1v1 € E1. Let AQ) B denote the Kronecker product of matrix Ay, «m and B, n, (the definition
can be found in [4, p. 250]).

Lemma 2.5 [4]. Suppose the eigenvalues of Ay xm and By xn are sy, sz, . . ., Smandly, b, . . ., I, respectively.
Then, the eigenvalues of AQ I, + I, ® B are

si+1, wherei=1,2,...,m; j=1,2,...,n

Since Q(G U H) = Q(G) @ liywy| + Liv(c)) @ Q(H), a straightforward application of Lemma 2.5
yields the following result for the eigenvalues of Q (G [J H).

Proposition 2.5. The eigenvalues of Q (G 1 H) are
1i(G) + wj(H), where 1 <i<|V(G)],1<j<|VH)I.

By Propositions 1.1 and 2.5, we have

Remark 9. Suppose F = G [] H, where G and H are connected, then F is bipartite if and only if both G
and H are bipartite.
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Un Fy

Fig. 2. The unicyclic graphs U,, and F,.
Theorem 2.4. Suppose G and H are two connected graphs, then
SQ(GH) =S5Q(G) + SQ(H).

Proof. As a consequence of Proposition 2.5, we have

p1(G O H) = w1(G) + p1(H), un(G O H) = wun(G) + pun(H).
Thus, SQ (G J H) = SQ(G) 4 SQ(H) follows. []

In the following, let i, denote the class of connected unicyclic graphs of order n. Let Uy, F, be the
unicyclic graphs as shown in Fig. 2.

Lemma 2.6 [18]. f n>8 and G € Uy \ {Uy,}, then 11(G) < w1 (F,), where equality holds if and only if
G F,.

Theorem 2.5. [fn>8 and G € Uy, \ {U,}, then SQ(U,) > SQ(G).

Proof. Let @ (G, x)=det(xI — Q(G)) denote the signless Laplacian characteristic polynomial of G. By a
straightforward computation, we have

D (Up,x) = (x — )" 201 (), 3)
@ (F,x) = (x — 1"y (%), (4)

where @1 (x) = x> — (n + 3)x* + 3nx — 4,and @, (x) = x° — (n + 5)x* + (6n + 3)x> — (9n — 1)x?
+ (3n 4 8)x — 4.ByLemma 2.6, we only need to prove that SQ (U,) > w1 (F,) because 1t1(G) < w1 (Fp)
and w,(G) > 0.

Since ¢1(0) = —4 < 0, ¢1(0.2) = 0.56n — 4.112 > 0, ¢1(n) = —4 < 0 and 1 (n + 1) = n® —
n — 6 > 0, by equality (3) it follows that 0 < u,(Uy) < 0.2andn < u1(Uy) < n+ 1. Thus,

SQUn) = p1(Un) — pn(Up) > n—0.2.
Since ¢2(0) = —4 < 0,¢2(0.3) > 0.2439n — 1.468 > 0,¢2(1) =4 —n < 0,¢2(2) =2n—8 > 0,

©2(6) = 2024 — 306n < 0 and ¢, (n — 0.2) = 0.8n* — 5.44n> + 5.272n + 7.1184n — 5.59232 >
0, then 6 < w1 (F,) < n — 0.2by equality (4). Thus,

u1(Fp) <n—0.2 <SQ(Uy).
This completes the proof of this result. [

3. Concluding remarks
A number of questions have been left unresolved. Here, we present some of them for further study.

Problem A. If G is regular, by Proposition 1.3 SA(G) = SQ(G). By examining the spectra of A(G) and
Q(G) for graphs on five vertices (for instance, see [2, pp.273-275] and [3]), we see that the inequality
SA(G) < 5Q(G) often holds. But for the graph W7 shown in Fig. 3, we have SA(W;) > 5.744 > 5.657 >
SQ (Why). It is natural to consider when the strict inequality SA(G) > SQ(G) is necessary and when it
is sufficient.
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Wy

Fig. 3. The graphs Wy and W,.

Problem B. Proposition 1.2 implies that SL(G) < SQ (G) always holds for bipartite graphs G. But for the
graph W, depicted in Fig. 3, SL(W3) > 4.123 > 4 = SQ(W,). Thus, we could also consider conditions
for the inequality SL(G) > SQ(G) to hold.

Problem C. In Theorem 2.5, we determine the unicyclic graph with maximum signless Laplacian
spread among all connected unicyclic graphs of order n. But the graphs which share the maximum
signless Laplacian spread among all connected graphs of order n are still unknown.

Let K,} be the graph on n vertices obtained by attaching a pendant vertex to K,_1. Then, SQ(K,}) =
+/4n? — 20n + 33. So, SQ(K,}) < 2n — 4 when n > 5. A computer run on connected graphs G of order
n for 3 <n <8 indicates that if n # 4 then SQ(G) < SQ(K;) and that, when n = 6,7, 8, equality is
attained only when G = Kﬁ. Note that if G is disconnected, then it is straightforward to check that
SQ(G) <2n — 4 and the equality is attained only if G = K;,—1 + Kj, the complete graph on n — 1
vertices together with a single isolated vertex. Because of the computer run and because K,} is ob-
tained from the disconnected maximizer K,—1 + K; by adding a single edge, it seems likely that
5Q(G) < SQ(K,},) for connected graphs G of order n > 5.
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