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1. Introduction

The famous B-spline has many good properties for modeling free form shapes, so it has an important role in computer
aided geometric design [1]. Each B-spline basis function is a kind of spline function defined on a knot sequence T with a
natural number n. It is a piecewise function made up of polynomials of the same degree n on its support interval. All the
B-spline basis functions form a B-basis [2], possessing the optimal shape preserving property, for the space of polynomial
splines over T.

The changeable degree spline (CD-spline for short) is a kind of variable degree polynomial spline. That is, its basis
function is a piecewise function comprised of polynomials of variable degrees. Early polynomial splines of nonuniform
degrees were studied for shape-preserving interpolation purposes [3-6]. Later, [7] presented some requirements for
B-spline-like properties and constructed some multi-degree splines of degrees 1, 2, and 3. In [8], some two-degree
polynomial spline basis functions possessing B-spline-like properties are produced. In 2010, [9] introduced some splines
of arbitrary degree polynomials which are extensions of B-splines. However, their basis functions cannot form a B-basis.
This drawback motivates CD-splines, which are direct extensions of B-splines. CD-spline basis functions possess the optimal
shape preserving property. Moreover, when we use them to design curves made up of polynomial segments of different
degrees, the number of control points may be decreased [10].

CD-spline basis functions are defined on a knot sequence T and a degree sequence G by an iterative integral method.
Their representations are not explicit, so the space spanned by these basis functions is not clear. Does this space have
a truncated-power-function-like basis? If it has, how do we use this basis to represent the CD-spline basis functions?
Similar problems have been thoroughly studied as important parts of the theories of B-splines. B-spline basis functions
can be uniquely presented as linear combinations of truncated power functions [11,12]. These representations are used for
calculating curves/surfaces, transforming models between different systems, studying the spline spaces, and so on [13-15].
But these problems concerning explicit representations have not been settled for CD-splines. In this paper, we study them
in order to develop similar theories with B-splines.
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We firstly define some truncated polynomial functions F;p, i € Z. Secondly, instead of showing F; p, i € Z, to span
the same space with CD-spline basis functions, we prove that if a function has a local support interval and fulfills some
continuous conditions on the interval, it is unique up to a constant factor. Thirdly, for each CD-spline basis function, we use
a determinant relating to F;p, i € Z, to get a function which has the same support interval and the same continuity as the
CD-spline basis function. So this CD-spline basis function can be expressed as a product of the determinant and some
constant. Lastly, this constant will be obtained from the normalized property of CD-spline basis functions.

This method for explicit representation uses only a few properties of CD-spline basis functions. It is also feasible for
many other basis functions defined in an analogous integral way [16]. They are Bernstein basis functions, B-spline basis
functions, C-Bézier and AT B-spline basis functions for algebraic trigonometric polynomial space [17-19], AH Bézier and AH
B-spline basis functions for algebraic hyperbolic polynomial space [20,21], AHT Bézier and NUAHT B-spline basis functions
for algebraic hyperbolic trigonometric polynomial space [22], w Bézier and w B-spline basis functions [23,24], and multi-
degree spline basis functions [9].

The rest of the paper is divided into four parts. We review the definitions and some properties of CD-spline basis functions
in the next section. In Sections 3 and 4, we give the explicit representations of CD-spline basis functions for simple and
multiple knots, respectively. The last section includes some results.

2. Review

In this section, we review the definitions and some properties of CD-spline basis functions in [10] which will be used for
explicit representations.

Unlike for B-spline basis functions, for CD-spline basis functions one needs to know not only a knot sequence but also
the degree of each knot interval. Let T = {t;}icz be a nondecreasing real number sequence and G = {d;}icz be a bounded
positive integer sequence satisfying the following condition:

(O) Iftii1 < ti=tiy1 =+ = tizm-1 < bigm, thend; = diyq = - - = digp_1and max{1,d; — di_1 + 1} <m < d..

Then, with definitions like those for B-splines, T is called a knot sequence and G is called a degree sequence of T.

For each knot interval [t;, tiy1), its corresponding degree is d;. For simplicity, the interval with degree n is called an
n-interval. If t;_y < t; = tiy1 = -+ = tigym—1 < tizm, then the knots tj, j = i,...,i 4+ m — 1, all have multiplicity m.
For simplicity, a knot of multiplicity m is called an m-knot.

In the rest of this paper, the sequence T will always be a knot sequence and the sequence G will always be a degree
sequence of T satisfying Condition (C), and D := max;{d;}.

Forn=0,1,...,D, functions N; , = Nj,(t), i € Z, over T and G are generated by the following iterative method. The
finally obtained functions N; p, i € Z are the CD-spline basis functions over T and G.

0, di <D —n,

1t €[t tiyr), -
Nin(t) = {Ot, otherwise, di=D—n, o

(8in-1Nin-1(5) = 8ix1.n—1Niy1.n-1(s)) ds, di > D —n,

—00

where

+00 -1
Sin == (f N,-,n(t)dt> : (2)

If N; » = 0, then we set

t
0, t<t,
[ st = {1 S 3)

oo

Actually, in this case, §; ,N; » is the Dirac function.
Ifn = 0, then any d; < D — n. So the definitions of the initial functions N; o, i € Z, are included in Formula (2).

Proposition 2.1. CD-spline basis functions N; p, i € Z, possess the following B-spline-like properties.

(1) (Normalized property.)

+00
> N =1.

i=—o00
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(2) (Local support property.) The function N; , is supported on [t;, ti+), where k := k; p and the sequence {k; »}icz is recursively
defined by

O, d,‘ <D-—n,
1, di=D—n,

kin = Kin—1, diy1<D—n+1, d>D—n )
kivip-1+1, dygg>=D—n+1, ™ :

(3) (Basis property) On each interval [t;, ti11), only functions N; p, i — d; < j < i, are nonzero. They are linearly independent
polynomials of degree d;.

For an explicit expression for N; p, we also need its continuity property. However, this property is complex since it is
related to the multiplicities of knots. So we will give the property for simple knots and then the multiple case when using it.

3. Explicit representations for simple knots

Starting from the most basic case and progressing onwards to the more complicated ones, we focus on simple knots in
this section. If all the knots in T are simple, then the degree sequence G should be decreasing for Condition (C). That is,
di_1 > d; for any i.

In this case, for each N; p, consider the continuity at the knots on its support interval [t;, t;;«]. Since each integration
increases the order of continuity of a function by 1, it is easy to get from (1) the continuous order p} of Njp att;.

i {@—1,isjsi+k—n

p] = c. J it k7
where ¢ := ¢; p is iteratively obtained by the following recursionforn =0, 1,2, ..., D:
-2, d <D—n,
— _], di = D —_ n, 5
Cip == Cin—1, diy7 <D—n+1, T (5)
Ciytn1+1, dgq>D—n+1, .

We denote the linear space spanned by all the CD-spline basis functions over T and G as §2¢[T]. The space §2¢[T] is called
the changeable degree spline space (CDS-space for short) in this paper. Then, we define a subspace of £2¢[T] as follows:
FG”[t,-, tivk] = {u(t) € 2c[T]llu(t) =0ift & [t;, tirr], and forj € [i, i + k], the continuous order of u(t)

at the knot ¢; is greater than or equal to p}}.

We call FG” [ti, ti+r] the local support continuity changeable degree spline subspace (LSCCDS-subspace for short).

3.1. Aclass of truncated functions

Truncated power functions are usually used for explicit representations of B-spline basis functions. Each of them is a
piecewise function made up of zero and a power function. The power function possesses the same degree on each knot
interval.

Here, we will use some truncated power-like functions. They may have different degrees on the knot intervals. These
functions, denoted as F; = Fi(t), i € Z, are defined as follows:

0, t <t,

Fi®) : fji, G <t<tpy, j=1ii+1,..., ©6)

where f := f/(t) is a function on [t;, ;1) defined by
(t — ), j=i

1w

i w . .
DB/ S OIS RS
w=0 "

o : (7)

In fact, j;" is the Taylor polynomial [25] of order d; ofjj-’;] at t; if j > i. From (6) and (7), it is easy to see the following
properties of F;.

Proposition 3.1. (1) On the interval [t;, t;y1), each F; is a polynomial of degree d; if j > i.
(2) Each F; € .QG[T].
(3) The functions F;, i € Z, are linearly independent.
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Fig. 1. Example of a truncated function for simple knots.

(4) If j = i, then the order of continuity of F; at t; is equal to d; — 1if j = i, and greater than or equal to d; otherwise.
We give an example of such functions F;, i € Z, in Fig. 1. Its knot sequence is
[ <thh<b<lBa<lty<ts<tg<ty <---}
and its corresponding degree sequence is
{...,5,5,3,3,2,2,...}.
The piecewise function F, is shown by a solid curve. On each dj-interval [tj, tj1), F> is a polynomial of degree d;, where

j=2,3,4,....

3.2. The dimension of an LSCCDS-subspace
In this subsection, we consider the dimension of the LSCCDS-subspace.

Lemma 3.1. For any function h = h(t) € $2¢[T], if each right derivative h9(t;+) = O forj = 0, 1,...,d; — 1, then there
exists one real number a; such that

h(t) = a;iFi(t), t € [t tiz1).

Proof. Since h is a polynomial function of degree less than or equal to d; on [t;, ti+1), then it can be written as

di
h= Zbl(t —t)'
=0

for some real numbers b;. Taking into account that h%(t;+) = Oforj = 0,1,...,d; — 1, we have b = Oforl = 0,
1,...,d; — 1. Therefore,
h = by, (t — t;)%.

According to the definition of F;, we have Fi(t) = (t — t;)%, t € [t;, tix1), and the claim follows with a; = by O

From (4) and (5), we deduce the following results:

Lemma3.2. k=c + 2.

Lemma 3.3. Given integersi, qandlsuchthat| > 1andi < q < i+ |, the determinant

Fi(ty) Fipa(ty) -+ Fip(ty)
F(t))  Fi(tp) - Flty)

l. l. ' )
FO(t) Fi(t) - EQ(t)
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Proof. Use reduction to absurdity. Assume that the determinant is equal to zero. Then, there are [+ 1 numbers {bj}J’:ﬂ, which
are not all equal to zero, satisfying

Fi(tg)
i+l Fj'(tq)

b;
=

|
e

Fj(l) (tq)

LetY(t) = Z]'ii b;F;(t). From Proposition 3.1(1) and (4), we see that, on the interval [t;_1, t;), Y is a polynomial function

whose degree is less than or equal to its order of continuity at t;. Since Y (t;) = 0, it follows that Y (t) = 0, which means
that b; = O forall i <j < i+ L This conflicts with the assumption. So the lemma is proved. O

From the above lemmas, we get the dimension of Fé’ [ti, tiyk]-

Theorem 3.1. The dimension of the linear space FG” [ti, tirk] is 1.
Proof. Let u = u(t) be an arbitrary function in I';[t;, ti;]. Thus, we have
u(6-) = ul() = uP G+,

where! =0,1,...,dj—landj=1i,i+1,...,i+k—1
Consider u on [t;, tiy1) firstly. From Lemma 3.1, there is a real number a; such that

u(t) = a;iFi(t), t €[t tiy1).

Secondly, consider the function u — a;F; on the interval [¢;, t;1,). According to the continuity of u, there exists an a;;1 such
that

u(t) — aFi(t) = ai1Fipq (0).
That is,
u(t) = qiFi(t) 4+ ai1Fq (0), € € [, tipo).
Recursively, we deduce that there exist k real numbers a;, i <1 <i+ k — 1, such that

i+k—1

u(t) = Y af(t), t et i)
=i

Then consider the continuity of u at . We have u® (ti;) = 0,forl =0, 1,...,c.Thatis,

i+k—1

Z aiFi(tiye) =0,

—
1

> aF{ (i) =0,

=i (8)
k1

Z alF1(C)(ti+k) =0.

=

Since k = ¢ + 2, (8) can also be represented as
Fi/(ti+k) Fi/+1(fi+k) e Fi/—{—c+1(ti+k) a;
Fi (tivk) Fi+1 (tipr) -~ Fi+c+1 (titr) Ait1
: . . ) T l=o. 9)

FO(ip) F () F (i) \aiven

The dimension of rg [ti, tivk] is equal to the dimension of the solution space of the system of linear equations (9). From
Lemma 3.3, we see that the coefficient matrix of (9) has full rank ¢ + 1. And since the number of variables of (9) is ¢ + 2, the
dimension of its solution space is 1 [26]. Therefore, Fg[t,-, ti+k] is a linear space of dimension 1. O

From the proof of Theorem 3.1, we see that each CD-spline basis function N; p can be represented as a linear combination
of some functions F;. So, the functions F;, i € Z, also form a basis for the CDS-space.
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3.3. The determinantal representation

In this subsection, we will use the basis {F;}icz to explicitly represent N; p.

According to Theorem 3.1 and the definition of I'/[t;, tiy«], we have N;p € I'{[t;, tiy«], and the dimension of I'Z[t;, tit«]
is 1. If we find a function H € I'{[t;, ti;i], then there must be N; p = oH for some real number «.. Thus we give the following

theorem.

Theorem 3.2. Let

Fi(t) Fii1(t)
Fi/ (i) Fi/+1 (tik)
@i = @i(t) = i (t.’*") Ff+1(.ti+")
FO%ti)  FO (i)

Then we have

Nip = aigi,
where
o = (=1 |A£—di o Ai—l‘
Y eia @ e @) @it)
Ay - AL A
and
i (ti+)
1- @] (ti+)
A= .
di
o™ (ti+)

Ficq1(b)
Fi/+c+1 (tirk)

Fiicrr(tive) |

Fi(i)cﬂ (tirk)

(10)

(11)

(12)

(13)

Proof. From (10), it is easy to deduce that the function ¢; is a linear combination of Fj, forj =i, i+ 1,...,i+ ¢ + 1. From

the properties of F;, it is easy for us to see that ¢; € rg [ti, tirk]. So there exists a coefficient «; such that N; p = a;¢;.

To get «;, we use Proposition 2.1. Considering the nonzero CD-spline basis functions on the interval [t;, t;1), we have

Z}:i—d,- N; p(t) = 1. Hence, there exists the following system of linear equations:

i
Z ojgi(t) =1,

J=i—d;
i

Z g (ti+) = 0,

J=i—d;

i
> oy ) =0,

J=i—d;

(14)

Doing the same as in the proof of Lemma 3.3, we see that the coefficient matrix of (14) is full rank. So (14) has a unique

solution. Using Cramer’s rule [26], we obtain that

i (t) - @ima(t) 1 4

AL, AL o 1A,

U eig @) o i) @it) @i (t) pi1(t)  @it)]
A;‘—d,’ e A;—l A: A;—d,'

Thus, the theorem is proved. O

If we focus on another interval including the knot t;, we may get a different representation of «;. But it must be equal to

the given expression for «; because of the linear independence of {F;(t)}icz and the uniqueness of «;.
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4. Explicit representation extensions for multiple knots
We consider the case of multiple knots in this section. As it is a generalization of the previous one, some of the notation

here will be defined by extension from that in the last section. We add an overline to indicate the extended notation.
In order to see the continuity of each N; p, we firstly give the following definition.
Definition 4.1. Let i, [ be two integers such that i < [. The integer i can be —oo and I can be 400 as well. Nonnegative

integral numbers rj"”, j=1i,i+1,...,1 are defined from the knot sequence T.

rj“ := The times that ¢; appears in the knot subsequence {t,,}fm

Then we get the continuous order of N; p at t; as follows:

iLith
di—17", GG <tip,

=
b= { c, tj = tiyk,
where ¢ := ¢; p is iteratively obtained by the following recursionforn =0, 1, 2,...,D
—2, di <D — n,
=2, tj=tyq,
di=D —n,
{—1, ti # tit1, ’ (15)

dipp <D—n+1, di>D-—n.

C,‘,n =
Ei,n—h
dign>D—n+1,

Cittn—1+ 1,
In this section, the CDS-space over T and G is still denoted as §2¢[T]. The LSCCDS-subspace over [t;, tiy] is
Fz[t,», tivk] == {u(t) € 2¢[T]u(t) =0ift & [t;, tirx], and forj € [i, i + k], the continuous order of u(t)

at the knot ¢; is greater than or equal to 13}}

4.1. A class of truncated functions

Like in Section 3.1, we define F; = F;(t), i € Z, as follows:
F=1ly =6 (16)
: o fjl(t)s tjft<tj+‘17 ]:la l+1s )
wherefj :f;(t) is a function on [t;, tj11) defined by
(t— ) =
i f. i, M: < d;,
1 —T.
fioy={"7" ! (17)
1 <w>( Y WM > d t > &,
— . i tj t— tj . i > aj,
= w! I

d_ i

and
=

IVI; = min{di — rii'+°° +1, di-H; di+2, ..
From Formula (17), we see that the degree offz is determined by not only the degree d; but also the multiplicity of the

knot t;. Assume that the current function isfjl- on [t;, ti+1). Then the last function is f]l._rji.j since the last nonzero knot interval
is [%7r§_j, t;). If the degree Off;_rj}',j is less than or equal to the current degree d;, then the current function is equal to the last
function; otherwise, the current function is equal to the Taylor polynomial [25] of order d; of the last function at ;.
We give an example of such functions F;, i € Z, in Fig. 2. Here, the knot sequence is
(- <ti<tbhb=3=ty<ts=tg<t; <tg<---}
and its corresponding degree sequence is

{...,2,4,4,4,5,53,...).
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1 t(15,1) 1(1) t t
2 4 5 3

Fig. 2. Example of truncated functions for multiple knots.

We show the functions F», F3 and F4 by solid, dotted and dashed lines, respectively. On the 4-interval [t,, t5),
Fy = (t — )%, F3 = (t — t3)%, Fy=(t —tg)*.

On the 5-interval [ts, t;), F5, F3 and F4 are unchanged. We have
Fa=(t—1)% Fi=(—-1)’, Fi= (-1t

On the 3-interval [t7, tg), we still have
F3=(-1t)° Fi=(-t’

but F, is equal to the Taylor polynomial of order 3 of (t — t,)* at t;.

We easily derive the following properties of F;, i € Z, from their definitions.

Proposition 4.1. (1) Each F; on the interval [, ti+1) is a polynomial of degree less than or equal to d; if j > i.

(2) Each F; € 2¢[T).

(3) The functions F;, i € Z, are linearly independent.

(4) If j > i, then the order of continuity of F; at tjis equal to d; — rii‘Jroo if tj = t;, and greater than or equal to d; otherwise.

4.2. The dimension of an LSCCDS-subspace

We give, like Lemma 3.1, the following lemma.
Lemma 4.1. Let s := rii’i+k. For any function h = h(t) € 2¢[T], if the right derivative h¥) (t4+) = 0forj =0, 1,...,d; — s,
then there exist s numbersa;, i <1 <i+ s — 1, such that

i+s—1

ho) =) aFi(t), telt tis).
I=i

Proof. Since h on [t;, t;4,) is a polynomial function whose degree is less than or equal to d;, it can be presented as

di
h=) bt -t
=0

for some real number b;. Because h?(t;+) = 0forj =0, 1,...,d; —s,wehaveb; =0for!l =0, 1, ..., d; — s. Therefore,
d; i+s—1 )
h= Z bit — ) = Z bagtizioser (£ — ) ATt
I=dj—s+1 =i
According to the definitions of F;, i € Z, we haveforl =i, i+ 1,...,i4+s—1,

— 1,400 i
Fi= -1 T = (-t e (4, tigs),

and the claim follows with a; = by, j—j—s41. O
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From Formula (4), we have

ik ) di<D—n,

i,i+k;

ri+k,-~,:,n =12, ti=ti, d=D—n
1, t#tip, ’

o itk
Lete =1,

. Thus, we easily get:
Lemmad4.2. k=c+e+ 1.

Lemma 4.3. Given integers i, q and [ such that | > ri"'Jr"O andi < q < i+ |, the determinant

B‘(fq) 5‘+1 (ty) - 5+l(fq)
Fi(ty)  Fipqa(ty) -+ Fi(te)
0 =0 Y

Fi(ty Fi(ty) -+ Fip(ty

_The lemma is similar to Lemma 3.3, so we do not prove it here. From Lemmas 4.2 and 4.3, we get the dimension of
Fz[th tive]-

Theorem 4.1. The dimension of the linear space fi[ti, tivk] is 1.

Proof. Assume that u = u(t) is an arbitrary function in fg[t,-, titk]. Thus, forj =i, i+ 1,...,i+ k — e, we have

uG—) =u® () =u@G+), 1=0.1,....d—r""

From Lemma 4.1, the function u on [t;, t;;s) is represented as the linear combination of {fl};if’]. That is, there are real
numbers {a;}[=3"" such that
i+s—1 _
u= Z aiF;.

=i

Let v = % Consider the function u — Y ™! a;F; on [t;, tiysto). According to Lemma 4.1, we see that there are real

i+s =i

numbers {a;};55"~" such that on the interval [£;, i),
i+s—1 i+s+v—1
u-— Z aF, = Z aFy.
= I=its

That is,

i+s+v—1 .
u= Z alF,  t € [, tiysyo—1).

I=i
Recursively, we deduce that there exist k — e + 1 real numbers a;, i <1 <1i+ k — e, such that

i+k—e _
u= Z aFy, t e[t tigw).
I=i

Then we focus on the continuity of u at the knot t;, . From Lemma 4.2, we have the following system of linear equations:

Fi(tin)  Fipr(tis) -+ Fipepr(tips) a;
— — =
Fi(tivi)  Fip () -0 Fiepq (G Qi1
. . . . . =0. (18)
—©, —© | BECE .
Fi (ti+k) F,'+1(ti+k) e F1+E+1(ti+k) Gite+1

By a prooflike that of Theorem 3.1, the dimension of the solution space of (18) is equal to 1. This means that the dimension
Offf;[ti, tivklis 1. O
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4.3. The determinantal representation

The theorem for determinantal representations, like Theorem 3.2, is given as follows.

i,400

Theorem 4.2. Let w =1 and
7Fi(t) 7Fi+1(f) e 7Fi+f+l(t)
ff(fi+l<) 5’+1 (tive) - 5’+E+1 (titk)
@ =gi(t) = Fi(ti+k) Figq(Gp) - Fiyepa(tip| | (19)
=(C ) ( ) (©) '
F ‘ (tl+k) 1i1(t1+k) e F;ic+](tl+k)
Then we have
Nip = @p;, (20)
where
di— 1 —i —i —i
_ (=Dar Al+w g1 Ay Ay e Ai+w71’ (21)
o= —
l (pl+.w—d,-—1 (ti) (pi+.w—d,- (ti) e (pi+.w—1 (ti)
—1 —1 —1
Ai+w7di71 Ai+w7d,~ e Ai+w71
and
@;(ti+)
,l, ¢,”(tl+)
A= ) (22)
—(d;
o )(ti+)

Proof. A simple proof is given here since it is similar to the proof of Theorem 3.2. Firstly, each CD-spline basis function is
represented as

Nip = aip;
because the function @; € Tg[t;, tii].

Then we use the normalized property of CD-spline basis functions. On the nonzero interval [t;, ti1, ), we have

Z}:Z’@L da—1 Nj, p(t) = 1. Hence, we have the following system of linear equations:

i+w—1

> wgEe =1,
j=itw—di—1
i+w—1

Y wgjtit) =0,
j=itw—di—1 (23)

’ i+w—1 d
> wg ) =o.

j=itw—di—1

The coefficient matrix of (23) is full rank. So we use Cramer’s rule [26] to get «; as follows:

‘¢i+]1;—di—l(ti) e i) 1 @) <ﬂ,+w 1(&)‘
@ = Zi#wfdl:l Eiq 0 Z:‘+1 _ :+w 1
Pitw—di—1 (t;) Pitw—d; ) - (/)i+.w71(ti)
E‘er—d,-—l Z:'—O—w—d,- e K:'er—l
_ (= Ddl e ‘Ar+w -1 " Zj'fl E‘ﬂ K;erq‘
B Gitw—di-1t)  Gipw—g,(t) - @ipy1(ti)
‘ Ei’+w7d,»71 E:'erfdi T Ei’+w71

The theorem is proved. O
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5. Some results
In this section, we give some results deduced from the explicit representations of CD-spline basis functions.
Firstly, we present N;p as a linear combination of some functions F;. On the basis of (22) and the properties of

determinants [26], we give the following theorem as a corollary of Theorem 4.2.

Theorem 5.1. Let

B(fwk) 5—1(fz‘+k) 5‘+l(ti+k) E£+E+l(ti+k)
_ Filtip) -+ Fioy(ti)  Fig (v -0 Frep (G
Aj = : : : ) ) (24)
—©, Gy —-cy —©
Fo(ti) o Fioy(tu) Fip(tu) oo Fifep (G
and
Bj = (—1)j*in&,~ (25)
forj=1i,i+1,...,i+c + 1. Then we have
i+f+177
Nip(t) = Y BiF;(0). (26)
=

Secondly, we answer the question posed in Section 1. In this paper, we have found some changeable degree truncated
power functions F;, i € Z.They are linearly independent and can represent every CD-spline basis function. Thus they form a
basis for CDS-space. From the process of explicit representations, we have the following remark concerning the CDS-space.

Remark 5.1. The CDS-space over the knot sequence T and degree sequence G

2¢[T] = {piecewise function u(t) over T | u(t) limited to each knot interval [¢;, tiy1)
is a polynomial function of degree < d;; the continuous order at each knot t; of u(t)
is greater than or equal to d; — m;, where m; is the multiplicity of t;}.

Thirdly, in this process of explicit representation, we only use a few properties of CD-spline basis functions. These
properties are normalization, local support, continuous order and basis properties. All of them are easily obtained from
the integral definitions. So our method for explicit representations is also feasible for all the integral defined basis functions
mentioned in Section 1.
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