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Abstract This paper presents Reynolds stress constrained large eddy simulation (RSC-LES)
method applied to a U-duct flow. Different from traditional Reynolds-averaged Navier-Stokes/
detached eddy simulation (RANS/DES) hybrid method (including DES method), the RSC-LES
method solves the LES equations in the whole computation domain with the near-wall regions
being constrained by a prescribed Reynolds stress. By doing so it is possible to overcome
the log-law mismatch (LLM) problem in hybrid method. The RSC-LES results show better
agreement with experiment result. Compared with RANS and DES, RSC-LES gives more
accurate pressure coefficients and friction coefficients on the wall, because the RSC-LES
method captures the separation point and reattachment point on the inner wall. The
computation results show that the RSC-LES method has the potential to solve the log-law
mismatch problem of RANS/DES hybrid method and predict complex phenomena of internal
flow field.
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1. Introduction

Computational fluid dynamics is playing an increasingly
major role in the design and analysis of the internal flow in
aeroengine components, such as inlet duct, compressor,
combustor, etc. Most of these flows have complex features
such as strong curvature, high turbulence levels, unsteadi-
ness, and massive three-dimensional (3D) separation.
Reynolds average Navier-Stokes (RANS) method fails to
simulate separation flow correctly. Large eddy simulation
duction and hosting by Elsevier B.V. All rights reserved.
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Nomenclature

H channel height (unit: cm)
k turbulence kinetic energy
L shear stress of solved filter width (unit: Pa)
M weighted coefficient of shear stress
p pressure (unit: Pa)
Q vortex criterion
R Reynolds stress of scale be solved (unit: Pa)
S deformation
s dimensionless streamwise length
T solved period (unit: s)
t dimensionless time
U streamwise velocity (unit: m/s)
u velocity (unit: m/s)

Greek letters

ρ density (unit: kg/m3)
τ shear stress of Δ filter width (unit: Pa)
Δ filter width (unit: m)

Subscripts

i x direction
j y direction
mod modeled parameter
S Smargorinsky coefficient
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(LES) shows great potential in these flow simulations,
especially for unsteady flows with massive separations
[1]. However, LES has its own challenges. For wall-
bounded flows at high Reynolds number, pure LES is still
far from affordable due to the huge requirement of
computational resources [2]. One possible solution is using
near-wall approximations [3,4], such as log-law or power-
law functions. This allows a coarser near-wall resolution
and remains an acceptable numerical accuracy in predicting
flow properties.
In recent years, the hybrid RANS/LES methodology

for wall-bounded flows has been developed and received
increasing attention [5–9]. The hybrid RANS/LES approa-
ches intend to combine the much lower near-wall resolution
of RANS and higher accuracy of LES at outer region. In
practice, the computation domain in a hybrid RANS/LES
method is divided into RANS and LES regions explicitly.
RANS-type equations based on certain turbulence model
are solved within the inner layer. The solution will be used
to generate the shear stress boundary conditions for LES in
the outer layer. The rapid development of large-scale
computers and the continuous improvement of the hybrid
(or zonal) RANS/LES techniques have made the method
popular to simulate engineering problems of interest
[10–13]. Comprehensive discussion of the hybrid methods
can be found in the review articles by Balaras & Benocci
[14], Balaras et al. [15], Cabot [16], Cabot [17], Cabot &
Moin [18], Piomelli & Balaras [19], Frohlich & von Terzi
[20] and references therein. One of the most popular hybrid
method is known as detached eddy simulation (DES),
which was first proposed by Spalart et al. [21] based on
the one-equation Spalart-Allmaras (S-A) model [22] to
simulate the high Reynolds number turbulence with mas-
sive separations. DES uses a single turbulent model which
automatically modifies the model equations according to a
specific length scale. Initially, DES was designed to predict
mean flow properties in the whole attached boundary layer
by RANS, and to simulate the time-dependent large-scale
motions in the shear layers and separated flow regions by
LES. For more details of the DES formulation and its
applications, readers are referred to Strelets [23], Piomelli &
Balaras [24], and Spalart [25].

Despite their great successes in practical applications,
hybrid RANS/LES methods remain problematic. One impor-
tant issue is the discrepancy of the log-law intercepts between
the RANS and the LES, characterized by an outward shift of
the log-law profile (so called log-layer mismatch). This is
believed to be associated with the appearance of a “super-
buffer layer” near the RANS/LES interface [26,27]. As is
well known, the resolved Reynolds stress shall contribute to
the total shear stress dominantly in the outer LES region. In
the RANS region, however, the flow field is smooth, and is
characterized by the lack of realistic small-scale turbulence.
The turbulent fluctuations, from which the Reynolds stresses
are generated, cannot develop immediately at the RANS/LES
interface to provide the “required” stresses. As a result, the
resolved Reynolds stresses are underestimated in the transi-
tion zone, and the mean velocity gradient is steepened to
compensate the low supply of the shear stresses. This also
causes the “artificial” streaks and the underestimation of the
skin-friction coefficient [26,28]. Solving this RANS/LES
transition problem is an important step toward the overall
success of the hybrid/zonal methods.

Many attempts have been made to eliminate the unphy-
sical super-buffer layer and to improve the mean velocity
profile for hybrid/zonal techniques. For instance, introdu-
cing an overlap zone was proven to be helpful to avoid the
log-layer mismatch [29]. Some authors argue that the usage
of backscatter models in the inner layer may also solve the
transition problem [26,28]. Keating et al. [30] proposed to
add controlled force together with synthetic turbulence at
the interface in order to accelerate the generation of realistic
turbulence near the transition region. These methods have
achieved partial success. However, it appears that they are
not general enough for different flow configurations.
Recently, the improved delayed DES (IDDES) method
[31] has been developed to solve this problem. Through
the IDDES might not be the right direction in improving
DES technique, since many empirical functions and con-
stants are introduced in IDDES [25].
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Using physical constraints on turbulence models was first
proposed by Kraichnan in the constrained decimation
theory [32]. In his approach, the effect of residual scales
(subgrid scales) on the retained scales (large scales) is
modeled by a stochastic forcing. To correctly calculate the
mean energy flux, the forcing term is constrained to satisfy
certain constraint equations deduced from underlying phy-
sics, such as symmetry and conservation. Kraichnan &
Chen [33] extended the decimation idea to study inter-
mittent phenomena by enforcing more constraints on
high order statistics of fluid turbulence. The constraint idea
has also been used by Ghosal et al. [34] to develop a
dynamic localization SGS model by solving a variation
problem under a nonnegative model coefficient constraint.
Meneveau [35] suggested a series of balance conditions in
the LES, which are supposed to predict the turbulence
statistics accurately when modeling the subgrid-scale (SGS)
stress. Recently, a dynamic SGS model with an energy
dissipation constraint has been developed by Shi et al. [36].
It is found that the constrained SGS (C-SGS) model not
only predicts the turbulent dissipation accurately, but also
shows a strong correlation with the real stress from a priori
test, which is a desirable feature combining the advantages
of dynamic Smagorinsky and mixed models. The C-SGS
models, from both a priori and a posteriori tests, improve
other features in the dynamic mixed models, including
ability to reproduce the probability density distribution of
subgrid stresses and the energy backscatter.

Encouraged by the above works, this paper applies a new
constrained LES model for wall-bounded turbulence [37].
In this approach, the entire flow region is solved through
LES, while a Reynolds stress constraint (RSC) is enforced
on the SGS model in the inner layer to ensure that
a prescribed Reynolds stress condition is satisfied. The
underlying dynamics, is consistent with the balance condi-
tion by Meneveau [35] and the coupling equations. The
philosophy of the Reynolds stress constrained large eddy
simulation (RSC-LES) is fundamentally different from the
hybrid RANS-LES approaches. The starting point of RSC-
LES is that the LES naturally includes the small-scale
fluctuations in the whole flow domain. The RANS equa-
tions do not need to be solved in the inner layer (called
constrained LES region) for RSC-LES, but the mean
velocity of the inner layer flow field predicted by the
RSCSGS model satisfies the RANS equations automati-
cally. The Reynolds stress constraint is uninstalled from the
SGS model from the bottom of the outer layer (called non-
constrained region). As discussed above, the most important
thing to remove the super-buffer layer near the RANS/LES
interface is to allow a smooth transition of the small-scale
fluctuations. That is indeed the case for RSC-LES. We want
to stress here that RSC-LES only needs to employ the same
grid resolution as used in DES. In simulation of the channel
flow, the total number of grids required by DES (as well as
RSC-LES) is simply proportional to the wall Reynolds
number [27]. In a sharp contrast, traditional LES needs
a number proportional to Re1.8 to solve the inner layer
flow [24], which is much more expensive than DES and
RSC-LES.

In this paper, RSC-LES is adopted to simulate separation
flows. The RSC-LES solves uniform LES equations in the
whole flow field. The near wall small-scale fluctuations are
generated by LES calculating results. In order to reduce
near wall grid number, RSC-LES introduces additional
Reynolds stress to constrain the average velocity at near-
wall regions. Therefore RSC-LES can use coarse grids
as RANS/LES hybrid methods or DES methods. So the
RSC-LES method can solve LLM problem inherently and
take affordable computation costs.
2. RSC-LES methodology

In this paper we utilize a new Reynolds stress constrained
LES model for u-duct flow simulation. In our approach, the
entire flow region is solved through LES equation, while a
Reynolds stress constraint is enforced on the SGS model in
the inner layer to ensure that a prescribed Reynolds stress
condition is satisfied. The details of the RSC-LES model
have been reported in reference [37], here we only give a
brief description for completeness.

In this paper, the flow Mach number in the duct flow
is about 0.1 [38]. Thus we use incompressible low-pass
filtered Navier-Stokes equations to solve the large scales
flow, which read:

∂eui
∂xi

¼ 0 ð1Þ

∂eui
∂t

þ ∂ðeuieujÞ
∂xj

¼ � 1
ρ

∂ðepÞ
∂xi

þ υ
∂2eui
∂xj∂xj

� ∂τij
∂xj

ð2Þ

Here, a tilde denotes low-pass filtering with a filter width
Δ is the large-scale velocity, ep is the filtered pressure
and υ is the kinetic viscosity, respectively. The large-scale
motions are resolved directly, while the small-scale effects
on the large scale dynamics are modeled through the
subgrid stress:

τij ¼guiuj� eui euj ð3Þ

At outer region, the deviatoric components of SGS stress
(1.3) are modeled by dynamic Smargorinsky SGS model
[39,40], as

τmodij ¼ CsΔ
2 eS eSij

���
��� ð4Þ

Cs ¼ 〈LijMij〉

〈MijMij〉
ð5Þ

Mij ¼ ð2ΔÞ2
��eS
�� eSij�Δ2 eS eSij

���
��� ð6Þ

Lij ¼ euieuj�eui euj ð7Þ
where a bar means filtering at subtest scale 2Δ.
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At inner region, we enforce constrain on the modeled
shear stress, as

τmodij ¼ Rmod
ij �RLES

ij �C0
sðΔ2 eS eSij� 〈Δ2 eS eSij〉Þ

���
���

���
��� ð8Þ

Here,

Rmod
ij ¼ �2υT 〈eSij〉 ð9Þ

RLES
ij ¼ 〈euieuj〉� 〈eui〉〈euj〉 ð10Þ

Cs ¼
〈L0ijM

0
ij〉

〈M0
ijM

0
ij〉

ð11Þ

The angle bracket above denotes the mean of spanwise
average. Detail derivation can be referred in [41]. The
interface between inner and outer regions should be located
in the place where small-scale fluctuations have been full
development. In this paper, we use the modified distance
function recommended by Spalart [21] as the interface
distance away from wall.
3. U-duct experiment condition

The U-duct experiment case is carried out by NASA to
evaluate new turbulence model for strong-curved internal
flows [37]. The low speed internal flow in a 1801 bend
U-duct has been conducted. The flow contains all of the
complex features often occurring in engine flows as
mentioned before. The test conditions referred in this paper
are listed in Table 1.
The U-duct configuration is shown in Figure 1. The turn

has an inner radius of 1.91 cm and an outer radius of
Table 1 U-duct experiment parameters.

Test condition Value

Channel height, H/cm 3.81
Inlet velocity, Ub/(m/s) 31.1
Reynolds number based on H and Ub 1� 106

Aspect ratio, B/H 10
Test temperature/1C �9
Inlet Mach number 0.1

Figure 1 U-duct flow domain configuration.
5.72 cm. The computing domain extends from x/H¼�4
upstream of the bend to x/H¼12 downstream. In order to
compare with the experiment results, the computing domain
extends from z/H¼0 to z/H¼4 in the spanwise direction.
4. Numerical approaches

The numerical calculations were carried out using
a validated finite volume algorithm Fluent with a user-
defined-function (UDF) code to solve the incompressible
LES Eqs. (1) and (2). The pressure-based solver utilizes a
SIMPLE scheme to discrete the governing equations. The
spatial discretization uses second order upwind scheme,
Figure 2 U-duct grids. (a) The whole flow field grid, (b) the top
view, and (c) the bent segment enlargement view.
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and the temporal discretization uses second order implicit
scheme. Based on a dynamic Smagorinsky-Lilly SGS
model, the RSC-LES method adds the new stress terms
of Eq. (8).

The finest resolution is 500 in� 80 in� 80 in the
streamwise, normal and spanwise directions respectively.
The minimum normal spacing at the wall is 1.0� 10�5 m,
which yields an average yþ value around 1.0. The simula-
tion has also been done with coarser grids and minor mesh-
dependent was found. For comparison we also report the
results obtained by the RANS method with Spalart-
Allmaras one equation turbulence model [22] and the
delayed DES [42] with Spalart-Allmaras model for
RANS/LES hybrid mthod.

As for the boundary condition, we use the u-velocity
profile measured by experiment at inlet, constant statis
pressure at outlet, and periodic condition at the spanwise
direction. All the walls are non-slip (Figure 2).
Figure 3 Inlet boundary velocity profile. (a) Streamwise velocity and
(b) normal velocity.
5. Results and discussion

The wall static pressure coefficients (Cp) are plotted in
Figure 4. The abscissa represents the curve length along the
duct centerline. In order to keep consistent with the
experimental data, the range of s is from 17.67 to 36.81.
In the following we divide the duct into three part: a) the
upstream segment with 17.67oso21.67, b) the bend
segment with 21.67oso24.81, and c) the downstream
segment with 24.81oso36.81. In the upstream segment,
the flow is fully developed turbulent but without massive
separation. Thus the traditionl RANS and DES are able to
capture the Cp correctly as our new RSC-LES model.

In the bend segment, massive separation emerges and
the flow characteristics are total different near the inner
and outer walls. In the first half of the bend segment
(21.67oso23.24), the pressure drops along the inner wall
as the flow accelerates, and rises on the outer wall as the
Figure 4 Wall static pressure coefficients distributions. (a) Inner wall
and (b) outer wall.
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flow there decelerates. In the second half of the bend
segment (23.24oso24.81), the opposite effects occur,
leading to the separation of the boundary on the inner wall.
In the downstream segment, Cp is lower than that at the

upstream segment. This pressure drop represents the dis-
sipation losses in the flow caused by the presence of the
bend. Compared with the experiment data, Cp obtained by
RSC-LES agrees better than that of RANS, and DES
results. This implies that the RSC-LES method predicts
the turbulent dissipation more accurate than RANS and
DES. The flow separates and strong mixing happens here.
RANS and DES overestimate the dissipation and therefore
produce higher static pressure than the experiment value.
In Figure 5, we plot the wall friction coefficient Cf on the

inner wall rises steeply in the first half of the bend segment
as the flow accelerates. The RSC-LES results predict closest
than RANS and DES result. Near the end of the bend
segment, the inner wall Cf plunges steeply to the negative
values because the flow separates. At separation point and
Figure 5 Wall friction coefficients distributions. (a) Inner wall and
(b) outer wall.
reattachment point, Cf on the inner wall equals zero and
change sign, this can be used to identify the separation
zone. The RANS and DES can’t capture the separation
point accurately. In the downstream segment, the inner wall
Cf distributions recover and overshoot their up stream
values before relaxing back to those levels. It is because
RANS and DES predict the dissipation accurately. Figure 6
illustrates that the turbulence kinetic energy predicted by
the RANS and DES are much lower than that by RSC-LES
at 180 degree of the bend. This result indicates that the
RSC-LES predicts small-scale fluctuations more accurately
near the wall.

The flow in the whole computing region is turbulent. At
the inlet the flow has fully-turbulent boundary layers with
the thickness of about 0.25H on the inner and outer walls,
as shown in Figure 3. The streamwise velocity profile is
symmetric about the center line.

In the first half of the bend, the flow accelerates near the
inner wall and decelerates near the outer wall, which makes
the streamwise velocity profile very asymmetric at the 0
degree position of the bend, as show in Figure 7(a). The
asymmetry becomes more obvious at the 90 degree position
of the bend, as show in Figure 7(b). It is affected by convex
curvature of the inner wall, and concave curvature of the
outer wall.

In the second half of the bend segment, the flow
decelerates near the inner wall and accelerates near the
outer wall. The flow separates on the inner wall at the 150
degree of the bend, and reattaches at x/H¼1.5. Strong
mixing appears due to the flow separation. The asymmetry
Figure 6 Turbulence kinetic energy profile at 180 degree of the bend.



Figure 7 Streamwise velocity profile comparison. (a) 0 degree of the bend, (b) 90 degree of the bend, and (c) 180 degree of the bend.
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of the streamwise velocity profile weakens as the flow exit
the bend segment, as shown in Figure 7(c).

The inaccurate fluctuation prediction below 20% height of
the span (in Figure 6) results in bad mean velocity results near
the inner wall (shown in Figure 7(c)). The streamwise velocity
near the inner wall is smaller than the experiment data at the
180 degree of the bend. Because there is a separation zone
near the inner wall. The velocity profiles given by RSC-LES
method do not agree so well as that at 0 degree and 90 degree
position. But still it is higher than RANS and DES.

Figure 8 presents the reparation zones near outer wall
upstream and inner wall downstream of the bend segment.
As mentioned above, the pressure rises on the outer wall
as the flow there decelerates in the first half of the bend.



Figure 8 Instantaneous velocity of U-duct with separation zones.
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And also the pressure rises at the second half of the bend
near the inner wall. So the two separation zones are all
caused by the adverse pressure gradient. The flow will
reattach on the wall when the pressure gradient drops down.
The wall friction coefficient equals zero at the separation
point and reattached point, as shown in Figure 5.
Figure 9 shows the times instantaneous vertex structures

depicted by Q-criterion at four different time steps. The
color of the vortices in Figure 9 represents the velocity
magnitude. The vortices generate from the outer wall
upstream and inner wall down stream, near the separation
zones. The vortices generated from the outer wall have
larger scale than that from the inner wall. The outer vortices
move downstream with the flow until interacting with the
inner wall vortices. From (1/4)T to (4/4)T, it is found that
the outer wall vortices intermittently eject up and sweep
down. Those large scale vortices immediately mix with
the vortices from the inner wall and spread to the entire
channel. At the outlet of the flow field, the velocity of the
flow blends by the vortex mixing.
Figure 9 Instantaneous vortex structure by Q-criterion. (a) t¼ (1/4)T,
(b) t¼ (2/4)T, (c) t¼ (3/4)T, and (d) t¼ (4/4)T.
6. Conclusion

This paper presents Reynolds stress constrained large
eddy simulation (RSC-LES) method applied to a U-duct
flow. Different from traditional RANS/DES hybrid method
(including DES), the RSC-LES method solves the LES
equations in the whole computation domain with the near-
wall regions being constrained by a prescribed Reynolds
stress. By doing so it is possible to overcome the log-law
mismatch problem in hybrid method. The RSC-LES results
show better agreement with experiment result. Compared
with RANS and DES, RSC-LES gives more accurate
pressure coefficients and friction coefficients on the wall,
because the present method captures the separation point
and reattachment point on the inner wall. In the separation
zone the velocity profiles exhibit minor discrepancy with
the experiment, this may attribute to the RANS constrained
approach. It is worthy to investigate other constrained
approach. Nevertheless, the RSC-LES results show strong
capacity to simulate high Reynolds number, separated
internal flows with less grid points, and give better results
than DES or other RANS/LES hybrid methods.
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