Journal of Multivariate Analysis 103 (2012) 68-76

Contents lists available at ScienceDirect

Multivariate

Analysis

Journal of Multivariate Analysis

journal homepage: www.elsevier.com/locate/jmva

Admissible prediction in superpopulation models with random
regression coefficients under matrix loss function”

Li-Wen Xu®*, Sheng-Hua Yu®

2 College of Sciences, North China University of Technology, Beijing 100144, PR China
b College of Economics and Trade, Hunan University, Changsha 410079, PR China

ARTICLE INFO ABSTRACT
Article history: Admissible prediction problems in finite populations with arbitrary rank under matrix loss
Received 11 February 2010 function are investigated. For the general random effects linear model, we obtained the

Available online 21 June 2011 necessary and sufficient conditions for a linear predictor of the linearly predictable vari-

able to be admissible in the two classes of homogeneous linear predictors and all linear
predictors and the class that contains all predictors, respectively. Moreover, we prove that

AMS 2000 subject classification:

2?[\)/[02;) the best linear unbiased predictors (BLUPs) of the population total and the finite popula-
62C15 tion regression coefficient are admissible under different assumptions of superpopulation
15A09 models respectively.

© 2011 Elsevier Inc. All rights reserved.
Keywords:

Finite populations

Linear predictors

Best linear unbiased predictor
Admissibility

Random coefficients

1. Introduction

For convenience, the following notations will be used in this paper. For a matrix A, .#(A),A’, A~ and A* denote the column
space, the transpose, any generalized inverse and the Moore-Penrose inverse, respectively, of A,A > 0 (A > 0) means that
A is a symmetric positive definite matrix (nonnegative definite matrix), A > B (A < B) meansthat A—B > 0(B— A > 0),
the symbol, £, is used for ‘defined as’, I is an identity matrix with an appropriate order.

Let # = {1, ..., N} be the set of labels of the units of a finite population of size N, where N is known. Associated with the
ith unit of 27, there are p + 1 quantities: y;, x;1, . . . , Xjp, where all but y; are known,i = 1, ..., N.Denotey = (31, ..., ¥n)’,
and X = (Xy, ..., Xy), where X; = (x;1,...,%p), i = 1,..., N. We express the relationships among the variables by the
linear model with stochastic regression coefficients

y=XB+e, (1.1)

where B and eare p x 1and N x 1 unobservable random vectors, respectively, with E(8) = Aa, Cov(8) = U, E(e) =
0, Cov(e) =V, E(Be’) = W and E(ef’) = W', X and A are known N x p and p x k matrices respectively,

u w
z:(w/ V)>0
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is a known (N 4 p) x (N 4+ p) matrix, and « is a k x 1 unknown superparameter vector. This model is usually called
superpopulation model (cf. [6]). If (', €) is a random vector of multivariate normal distribution, the model (1.1) will be
written as

y=XB+e (B.€) ~ v(adA,0), ). (12)

Since Cov(f) = U > 0 is not necessary for the model (1.1) (or (1.2)), the above formulation includes, but is not limited to,
the fixed effects, mixed effects and random models.

Considerable attention has been given in the past to the problem of making inferences from a sample about certain
population quantity using the superpopulation approach (e.g., cf. [2-6,27,30-35,37,38]) to survey sampling. Under this
perspective, according to conditionality principle (cf. [1]), the sampling plan is not relevant to the inference. Let 6(y) be
some population quantity of interest which we want to predict in practice. Examples of such quantities are the population
linear function Qy, where Q is an h x N known matrix, and the population quadratic quantities like y'Hy, where H > 0
isan N x N known matrix satisfying HX = 0. Denote the population total Ty = 1yy = Zf’:lyi, where 1y = (1,..., 1),
and the finite population regression coefficient, By = (X'V~1X)~1X'V~'y, where X and V are of full column rank, and 8 is
a fixed effect vector. Optimal prediction of Ty has been considered by Royall [17], Royall and Herson [18], and Pereira and
Rodrigues [15]. All of these papers studied the best linear unbiased predictor (BLUP) of Ty. Wang [20] considered the adaptive
ridge-type predictors of Iy in the presence of multicollinearity among the columns of X, where I isan N x 1 known vector.
Bolfarine et al. [5] investigated the prediction of Ty under regression superpopulation model when explanatory variable
vector is measured with error. The Bayes, minimax and best unbiased prediction of B8y has also been studied (see, e.g., [2-
4]). For finite populations with arbitrary rank, under the quadratic loss function, the unique linear minimax predictor of the
linear predictable variable Qy is obtained in the class of homogeneous linear predictors by Yu [32]. Xu and Wang [28] proved
that this linear minimax predictor is also the unique minimax predictor of the linear predictable variable Qy in the class of
all predictors under normality. Liu and Rong [13] studied the problem of quadratic prediction for the quadratic quantity
y'Hy in a general linear model. Liu and Rong [ 12] extended the problem of quadratic prediction from a general linear model
to a multivariate general linear model.

Our objective is to study admissibility of linear predictors of a linearly predictable variable Qy in models (1.1) and
(1.2). Similar problem has been received much attention in the theory of admissible estimator. Olsen et al. [14] provide
seminal results in the characterization of admissible linear estimators in the general linear model. They described necessary
conditions for the admissibility of unbiased linear estimators and showed that the admissible unbiased linear estimators
form a minimal complete class of unbiased linear estimators. Their necessary conditions are demonstrably not sufficient.
LaMotte [10] noted an extension of their characterization. Without the restriction to unbiasedness, Cohen [9] characterized
admissible linear estimators of the mean vector while assuming a covariance matrix of the form o*I. Rao [16] accomplished
the same characterization for models with mean vectors varying through a linear subspace and covariance matrix of the form
a2V with V known. Neither of these efforts appears to generalize to models in which the covariance matrix varies over more
than one dimension. LaMotte [11] characterized admissible linear estimators while allowing for relations between elements
of the mean vector and covariance matrix, and allowing the covariance matrix to vary in an arbitrary subset of nonnegative
definite symmetric matrices. All these efforts but Rao [16] appear to characterize admissible linear estimators under the
quadratic loss function. Rao [16] observed that an admissible linear estimator under the quadratic loss function is also an
admissible linear estimator under the matrix loss function. However, the problem of admissible linear estimators under the
matrix loss function has not been solved completely. Wu [22] provided the characterization of admissible linear estimators
under the matrix loss function. Some other important references on the subject are Zontek [36], Stepniak [19], Chen et al. [7],
Wu [23-25], Wu and Chen [26], and Chen and Zhan [8].

In the present paper, we present an efficient way to study the admissibility of an linear predictor. Our idea consists in
an appropriate representation of the risk matrix function. In this way we reduce the general problem of the admissibility of
predictors to an admissible estimation problem which can be solved by some known results. In consequence admissibility of
linear predictors in superpopulation models (1.1) and (1.2) and the different predictor classes under the matrix loss function
is characterized.

The left of the paper is organized as follows. In the following parts of Section 1, some notions and lemma are provided.
In Section 2, under the model (1.1) admissibility of a linear predictor in two classes of homogeneous linear predictors and
all linear predictors are discussed and the corresponding necessary and sufficient conditions for a linear predictor to be
admissible in the two classes of linear predictors are derived. In Section 3, under the model (1.2) a problem of admissibility
of a linear predictor in the class of all predictors is mentioned and the corresponding necessary and sufficient conditions
for a linear predictor to be admissible in the class of all predictors are obtained. Then, in Section 4, we apply our main
results to several superpopulation models with fixed effects vector. Moreover, we prove that the BLUPs of Qy, Ty and S
are admissible in the above predictor classes under different assumptions of superpopulation models respectively.

In order to predict Qy, we select a sample s of size s from £ according to some specified sampling plan. Letr = & — s
be the unobserved part of & of size r. After the sample s has been selected, we may reorder the elements of y such that we
have the corresponding partitions of y, X, V and W, that is:

_ s _ Xs _ Vs Vg _ .
po () x (2) = (8 %) e we ().
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Partitioning Q into Q = (ngQ,), we may write Qy = Qsys + Q,y,. For the models (1.1) and (1.2), we have
. !
Cov(y) = (X'DE (’f ) — XUX' + WX +XW +V
B (xsuxs’ + WepX] + XWps + Vs XsUX] + WepX) + X, Wps + vsr)
T\ X UX] + WX, + X Wy + Vis X, UX] + WX, + X, Wy + Ve

A AS AST A
LS 24, 13
(Ars Ar (1.3)
We may consider the following specific structures for A:

Case 1. The matrix A = V is a known arbitrary symmetric nonnegative definite matrix. Such a situation arises when g is a
fixed effects vector.

Case 2. The matrix A = XUX' + V = X,U,,X; + V, where Uy, is a known matrix and X = (X; sz). Such a situation arises
when we consider the mixed effects model
y = X1 T+ X2£ + €

where 7 is a fixed unknown parameter vector, and & and ¢ are all uncorrelated random vectors such that E(§) = 0, Cov(§) =
Uy, and B = (7, &)

Consider the following classes of linear predictors of Qy:

## = {Lys : Lisanh x s matrix}, the class of all homogeneous linear predictors;

¥ = {Lys +a : Lisan h x s matrix, ais anh x 1 vector}, the class of all linear predictors.

Let 8(ys) be a predictor of Qy. In this article, we will use the matrix loss function

L(8(s), Q) = (8(s) — Q) (s — Q). (1.4)

and corresponding risk function defined as Z(8(ys), Qy) = E[L(6(}s), Qy)], where E(-) denotes expectation under the
model (1.1) (or (1.2)).

Definition 1.1. The predictor &, (ys) is called as good as 8, (ys) iff 2(81(¥s), Qy) < #(8:(¥s), Qy) for all « € R¥, and &; (ys)
is called better than &, (ys) iff 8;(ys) is as good as 8, (ys) and Z(8,(¥s), Qy) # 22(8,(ys), Qy) at some o in R¥. Let . be a
class of predictors. Then a predictor §(ys) is said to be admissible for Qy in .Z iff §(ys) € - and there exists no predictor in
% which is better than 8(ys).

Definition 1.2. Qy is called a linearly predictable variable, if there exists a linear predictor Lys + a in #.# such that
E(Lys +a—Qy) = 0forall a € R¥.
Lemma 1.1. Qy is a linearly predictable variable iff .# (A'X,Q,) C .#(A'X)).

Proof. Its proof is obvious and therefore omitted here. O

2. Admissibility of a linear predictor in the class of linear predictors

In this section, we investigate the conditions of for a linear predictor to be admissible in the two linear predictor classes
£ and £.7, respectively.
The following Lemma 2.1 is a direct consequence of Theorem 3.1 in [23].

Lemma 2.1. Consider the following model
Vs = XA + e (2.1)

where e is an s x 1 unobservable random vector, with E(es) = 0, Cov (es) = As, X, Aand Ag are knowns x p,p X kand s x s
matrices respectively, and a is a k x 1 unknown parameter vector. If S« is linearly estimable under the model (2.1), then, under
the loss function (d — Sa)(d — Ser)’, Lys is an admissible estimator for Se in .27 if and only if

(i) LAs = LX;ABAg(equivalently .# (AsL') C .# (XsA)),

(ii) LX;A = S; or b(LX;A — S)C(LX;A — S)" + LX;,ACA’X/L' — SCS’ > 0 does not hold for all b € (0, 1) when LX;A # S,

hereafter T = As + X;AA'X], B = (AXT*X;A)"A'X,T*, and C = BA,B'.
Theorem 2.1. Under the model (1.1), let Qy be a linearly predictable variable. Then the following statements 1°, 2°, and 3° are

equivalent:

1° Ly, is an admissible predictor of Qy in the class 2. under loss function (1.4);
2° L satisfies
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(i) LAs = LX;ABAg + (Qs + Q- A A ) (I — X,AB) A (equivalently.#/ (AL — (As'Ag)Q') C .#(XA)),
(i) LX,A = QXA: or b(LX,A — QXA)C(LX,A — QXA) + (L — Q)X,A x CAX/(L — Q) — Q.X,ACAX/Q, —
Q- ArsATXAC(LX,A — QXA) — (LX;A — QXA)CA'X, Al Ay Q] > 0 does not hold for allb € (0, 1)when LX;A # QXA;
3° L satisfies

(i) LAs = LX;ABA; + (Qs + Q ArsTH) (I — X;AB) A (equivalently .4 (AsL’ — (As:As)Q') C .4 (XA)),

(i) LX;A = QXA; or f(b,L) 2 b(LX;A — QXA)C(LX,A — QXA)' + (L — Q)X;ACAX/(L — Q) — Q-X,ACAX.Q, —
Q- ArsTTXAA'X.,TTX;A) ™ (LX;A— QXA) — (LX;A— QXA)(AX.TTX;A)~ x AX.T* A5Q, > 0 does not hold for allb €
(0, 1) when LX;A # QXA.

Proof. Note that .7 (Ag) C .#(As), we have
ApsAf As = Ays. (2.2)
Therefore, we deduce that
E(Lys — Qy)(Lys — Qy)/ = (L — Q)AL — Qs)/ — (L - Qs)Aerr, — Qe Ays(L — Qs)/
+ (LX;A — QXA)ao' (LX;A — QXA)’
= (L - Qs - QrArsA;r)As(L - Qs - QrArsA;r)/ + QrArQ,—/ - QrArsA;rAer,—/
= E{[(L - Qs - QrArsA:—)ys - (err - QrArsA:—Xs)Aa][(L - & - QrArsA:_)ys
—(Q X — QrArsA:Xs)Aa],} +Q (A — ArsA:Asr)Qr/~
Noting that Q. (A, — A,sAjAsr)Q,/ has no effect on the admissibility of a predictor, therefore, to prove that Lys is admissible
for Qy in the class .## we need only t.0 show that (L—QS—Q,A,iA;r)ys isan admissible estimatorJfror (erf .—Q,A,SA;FXS)AO(
under the model (2.1) and loss function [d — (Q-X; — Q:ArsA] X Xs)Aa][d — (QrXr — Q- ArsAJ X;)Aa]' in the class £.7.
On the other hand, Qy is a linearly predictable variable, it follows from Lemma 1.1 that .#(A'’X,Q,) C .#(A'X;), and hence
:;/r/l(Afxr/Qr’ H A’X;ltil;;-Aerr’)zc] '///(;q’xf;)_ Tllle;refore; ((lerr —ZQO,A,.SA:XS)Aa is linearly estimable under the model (2.1).
ese together with Lemma 2.1 imply that 1° is equivalent to 2°.
We now prove that 2° is equivalent to 3°. Noting T = A + X;AA'X] and .7 (A}) = .#(As) C .#(T), it follows that
QAsAT (I — X;AB)As = QA ATTTT (I — X, AAXTTXA) " AX.T) As
= QAsAT AT (I — X,AAXTTXA) " AX.T)As
= QAT (I — X, AA'XTTXA) " AX.T) As
= QAT (I — X,AB) As.
Hence the condition (i) in 2° is equivalent to the condition (i) in 3°.
Observing T = As+XAAX,, #(A]) = #(As) C #(T) = .4(TH), TTTA; = Af, #(AX.L —AX'Q') C .4 (AX]) =
A (A'X.T*XsA) and (2.2), we deduce by substituting As, Al and C = BAsB' into the follows that
(LX;A — QXA)CA' XA} Ag = (LX;A — QXA)(A'X.TTX,A) " AX.TT AT XAA' X T X,A) " AX, Al Agy
= (LX;A — QXA)(AX.TTX;A) " A'X.TT(T — X;AA' X)) T X, AA' X, T X, A) " AXTTTA] A,
= (LX;A — QXA)(A'X.T*X;A) " AX, T TT T X;A(AX.T"X;A)"AX.TTTA} Agr
— (LX;A — QXA)(AX,T"X;A)"AX.TTXAA X Tt X, AAX.TTXA) " AXTTTA} Asr
= (LX;A — QXA)(A'XT*X;A)~ (AX.T*X;A)(AX.T"X;A)"AX.TTTA] As
— (LX;A — QXA) (A X T XA)~ (AX.TTX;A)(AX.T*XA)(AX,T"X;A) " AX.TTTA A,
= (LX;A — QXA)AXT*X;A) " AX. T TAf Ay — (LX;A — QXA)AXTTTA} Asr
= (LX;A — QXA)(A'XT*X;A) " AX.T" (As + X;AAX) AT Asr — (LX;A — QXAA'XTTTAL A,
= (LX;A — QXA)(A'XT*X;A) " AX.TT A A Age + (LX;A — QXA) (A X, T X;A) " (AX. T X;A)A XA} Agr
— (LX;A — QXA)A'XTTTA} A
= (LX;A — QXA)A'XT*X;A) " AX.T" Age + (LX;A — QXA)A' XA Asr — (LX;A — QXA)A'X. A Ay
= (LX;A — QXA)(A'XT*X;A) " AX.T" A,
Thus the condition (ii) in 2° is equivalent to the condition (ii) in 3°. The proof is completed.
For the model (1.1), in the case of W = 0, i.e., 8 and e are uncorrelated, from (1.3) we have

X:UX,+ Vs  XUX, + vs,) . (As AS,)

Cov(y) = ( A. A

X, UX, + Vs X.UX, +V,

Therefore we have the following corollary. O
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Corollary 2.1. Under the model (1.1), let B and e be uncorrelated, and Qy be a linearly predictable variable. Then the following
statements 1°, 2°, and 3° are equivalent:

1° Ly is an admissible predictor of Qy in the class £ > under loss function (1.4);
2° L satisfies

(i) LAs = LX;AB; As + (Qs + Q- Ars AT ) (I — X;ABy) A (equivalently.# (AsL' — (As:Aq)Q)) C 4 (XA)),
(i) LX,A = QXA; or b(LX,A — QXA)C{(LX,A — QXA) + (L — Q)X;AC; x AX/(L — Q) — Q:X,AC:AX/Q, —
Q- ArsAf XAC (LX;A—QXA) — (LX;A— QXA)CIA'X, Al A Q) > 0does not hold for allb € (0, 1) when LX;A # QXA;
3° L satisfies

(i) LAs = LX;AB1 As + (Qs + Q- ArsT; ) (I — X;AB1) As(equivalently .# (AL’ — (As:As)Q') C 4 (XsA)),

(ii) LX;A = QXA; or fi(b,L) 2 b(LX;A — QXA)Ci(LX;A — QXA)' + (L — Q)X;AC,A'X,(L — Qs)' — Q- X,AC,A’X,Q, —
QAT X;A(A'X.T; X;A)~ (LX;A — QXA)' — (LX;A — QXA)(A'X.T, X;A)~A'X.T;" A5+Q, > 0 does not hold for all b €
(0, 1) when LX,A # QXA,

hereafter T, = As + X;AA'X], By = (A'X.T,"X;A)"A'’X.T," and C; = B, A;B,.
For the model (1.1), when B is a fixed effects vector, and hence U = 0, from (1.3) we have

Vs V
C — s sr X
v (vrs v, )
Therefore we have the following corollary.
Corollary 2.2. Under the model (1.1), let B be a fixed effects vector, and Qy be a linearly predictable variable. Then the following
statements 1°, 2°, and 3° are equivalent:
1° Lys is an admissible predictor of Qy in the class #.»¢ under loss function (1.4);
2° L satisfies

(i) LVs = LXsB, Vs + (Qs + Qrvrsvj)(l — XsB) Vs (equivalently . (VsL' — (Vs:Vg)Q') C 4 (X)),
(ii) LXs = QX; or b(LXs — QX)Co(LXs — QX)' + (L — Q)XCX[(L — Q5) — Q- X: X[ Q) — Q- VsV, Xy (LXs — QX)'
— (LXs — QX)X V; Vs Q, > 0 does not hold for all b € (0, 1) when LXs # QX;
3° L satisfies

(i) LVs = LXB, Vs + (Qs + Q:VisTo M) (I — X,B,) Vs (equivalently .# (ViL' — (Vs:Vg)Q') C .2 (Xs)),

(ii) LX; = QX; or fr(b,L) = b(LX; — QX)G(LXs — @X)" + (L — QXX x (L — Q) — @X:GX[Q —
Q VT, Xs (X[ T,F X) ™ (LXs — QX)' — (LXs — QX) (X.T," Xs) " X.T, V5 Q, > 0 does not hold for all b € (0, 1)when LXs #
QX,

hereafter T, = Vs + X;X,, B, = (X.T, Xs)X.T,", and C, = B,V,B,,.
Remark 2.1. Theorem 1 in [31] is a special case of the above Corollary 2.2.

Remark 2.2. Each condition in Theorem 2.1, Corollaries 2.1 and 2.2 is invariant with respect to the choice of the involved
generalized inverse.
We now discuss admissibility of a linear predictor Lys + a to be admissible in the class .#.#.

Lemma 2.2. Under the assumptions of the model (2.1), if S« is linearly estimable under the model (2.1), then, under the loss
function (d — Sa)(d — Sa)’, Lys + a is admissible estimator for S in .. if and only if

1° the condition (i) in Lemma 2.1 holds,
2° LX;A =S, a = 0; or b(LX;A —S)C(LX;A—S)' +LX;ACA'X,L' — SCS’ > 0 does not hold for all b € (0, 1) when LX;A # S,

where C is defined as in Lemma 2.1.

Similar to the method of proving the Theorem 2.1, we get
Theorem 2.2. Under the model (1.1), let Qy be a linearly predictable variable. Then Lys + a is an admissible predictor of Qy in
the class .7 under loss function (1.4) if and only if L and a satisfy

1° the condition (i) of the statement 3° in Theorem 2.1 holds,
2° LX;A = QXA, a = 0; or f(b, L) > 0 does not hold for all b € (0, 1) when LX;A # QXA,

where f (b, L) is defined as in Theorem 2.1.

Corollary 2.3. Under the model (1.1), let B and e be uncorrelated, and Qy be a linearly predictable variable. Then Lys + a is an
admissible predictor of Qy in the class .#.# under loss function (1.4) if and only if L and a satisfy
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1° the condition (i) of the statement 2° or 3° in Corollary 2.1 holds,
2° LX;A = QXA, a = 0; or fi(b, L) > 0 does not hold for all b € (0, 1) when LX;A # QXA,

where f1(b, L) is defined as in Corollary 2.1.
Corollary 2.4. Under the model (1.1), let B be a fixed effects vector, and Qy be a linearly predictable variable. Then Lys + a is an
admissible predictor of Qy in the class .#.# under loss function (1.4) if and only if L and a satisfy

1° the condition (i) of the statement 2° or 3° in Corollary 2.2 holds,
2° LXs = QX, a = 0; or f,(b, L) > 0 does not hold for all b € (0, 1) when LX; # QX,

where f5(b, L) is defined as in Corollary 2.2.

Remark 2.3. The above Corollary 2.4 is Theorem 3 in [31].

3. Admissibility of a linear predictor in the class of all predictors

In this section, we shall investigate the conditions of for a linear predictor to be admissible in the class of all predictors.
Unless otherwise stated, to say a predictor to be admissible means that it is admissible in the class of all predictors in the
following.

Lemma 3.1 below is quoted from Theorem 2.3 in [8].

Lemma 3.1. Consider the following model
¥s = XAa +es, e ~ (0, Ay), (3.1)

where e is an s x 1 unobservable random vector, X;, A and Ag are known s x p, p X k and s x s matrices, respectively, and « is a
k x 1 unknown parameter vector. If Sa is linearly estimable under the model (3.1), then, under the loss function (d —Sa) (d —Sa)’,
Lys + a is an admissible estimator for Sa in the class of all estimators if and only if

(i) LAs = LX;ABAg(equivalently .# (AsL') C .# (XsA)),
(i) LX;A =S, a = 0; or b(LX;A —S)C(LX;A—S)’ + LX;ACA'X/L' — SCS’ > 0 does not hold for allb € (0, 1) when LX;A # S,

where B and C are defined as in Lemma 2.1.
Lemma 3.2. Under the model (1.2) and the loss function (1.4), if each element of the risk function of predictor §(ys) of Qy is finite
everywhere, then 8(ys) is an admissible predictor of Qy if and only if 8(¥s) — (Qs + Qr ArsAN)Ys is an admissible estimator of

(QXr — Q- Ars A} Xs)Ac under the model (3.1) and loss function [d — (Qr-Xy — Qr Ars AT Xs)Act][d — (Q: Xy — Qr Ars AT X5)Act)'
in the class of all estimators.

Proof. From (1.3), we have

Cov ( :) - (/’1‘ ﬁ) .
Thus it follows from Theorems 1.8 and 2.1 of Chapter 2 in Wang [21] that
E(yrlys) = XA + ArsA:_(ys — XsAa), a.e. (3.2)
Cov(yrlys) = Ar — ArsA:Asr (3.3)
Since each element of the risk function of predictor 8(ys) of Qy is finite everywhere, we obtain
E[8(¥s) — Q¥s — QE@rly)1[Qyr — QEW:|ys)] = E{E[6(¥s) — Qs¥s — Q-E(¥r|y)1[Q:yr — QEW:|ys)]'lys)
= E[6(¥s) — Q¥s — QEW: [y)[Q-EWrlys) — QEW:rlys)]
=0.
Combining it with (3.2) and (3.3), we derive
E[8(ys) — Qy1[8(ys) — Q] = E[8(¥s) — QsYs — Q-EWr[ys)1[8(¥s) — Qsys — Q-E(Wrlys)]
+E [Qyr — QEW:y)][Qyr — QEWrlys)]
= E{[6(ys) — (Qs + QrArsA:—)ys — QX — QrArsA:—Xs)Aa]
[6(rs) — (Qs + QrArsAj)ys — QX — QrArsA:Xs)A“]/}
+ Qr(Ar - AmA:Asr)¢~ (34)

Noting that the second term on the right-hand side of the equality (3.4) does not affect our discussion on the admissibility
of the predictor, and hence the results in Lemma 3.2 follow.
From Lemmas 3.1 and 3.2, we immediately obtain the following. O
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Theorem 3.1. Under the model (1.2), let Qy be a linearly predictable variable. Then Lys + a is an admissible predictor of Qy
under loss function (1.4) if and only if L and a satisfy the conditions 1° and 2° in Theorem 2.2.

Corollary 3.1. Under the model (1.2), let B and e be uncorrelated, Qy be a linearly predictable variable. Then Lys + a is an
admissible predictor of Qy under loss function (1.4) if and only if L and a satisfy the conditions 1° and 2° in Corollary 2.3.

Corollary 3.2. Under the model (1.2), let B be a fixed effects vector, Qy be a linearly predictable variable. Then Lys + a is an
admissible predictor of Qy under loss function (1.4) if and only if L and a satisfy the conditions 1° and 2° in Corollary 2.4.

4. Admissibility of the best linear unbiased predictors

In Sections 2 and 3, we have considered admissibility of linear predictors in the superpopulation models (1.1) and (1.2)
under the matrix loss function. The necessary and sufficient conditions for a linear predictor to be admissible in the classes
of homogeneous and all linear predictors and the class of all predictors are obtained, respectively. The class of admissible
predictors is generally big. Therefore, what is of much practical interest is: are commonly used decision rules such as the
best linear unbiased predictor (BLUP) (cf. [3]) admissible? In the following, we will answer this question with a theorem
and two examples.

Theorem 4.1. Consider the superpopulation models (1.1) and (1.2), where B is a fixed effects vector. Let Qy be a linearly
predictable variable. Denote

Loys = Qu¥s + QeXe By + Qe Vi Ty (5 — XsBy),
which is the best linear unbiased predictor (BLUP) of Qy (see Theorem 2.2 in [34]), where
ﬁs = (XS,T;XS)_XS,T;.VS:
Ly = Qs + Q:X, (X,T; X)X, T," + Q.VisT; (I — XB;),
and T, = Vs + XX, and B, = (X.T,F X;)~X.T," are defined as in Corollary 2.2. Then the following statements 1° and 2° hold:

1° For the model (1.1) with a fixed effects vector B, Loy is an admissible predictor of Qys in .#.# under the loss function (1.4);
2° For the model (1.2) with a fixed effects vector B, Loys is an admissible predictor of Qys in the class of all predictors under the
loss function (1.4).

Proof. First, since Lyys is the best linear unbiased predictor of Qy, we obtain LoX; = QX. Let Lyys = Loys + 0. Then it is easy
to verify that Lyys satisfies condition 2° in Corollary 2.4.

In the following, we shall verify that Ly also satisfies the condition 1° in Corollary 2.4, i.e., the condition (i) of the statement
2° or 3° in Corollary 2.2.

Applying the method of proving Theorem 2.1 and using the definitions of Ly, and T, and B,, we deduce that

LoVs = [Qs + QX (X,T, X5) "X, T, + QVisT, (I — X;B,)]V;
= [Qs + Q:Xr (X.T, X5) " X.T, Vs + Q- VisT,F (I — XB) Vs
= QVs + QX (X T, X5) " X.T, Vs + Q- VsV, (I — XsBy) Vs,
and
LoXsBy Vs + (Qs + Q-VisVH (I — XBo)Vs = [Qs + QX (X, T5 X)X, T, + Q-Vis T, (I — X,B;)1X,B, V,
+Qs(I — X;By)Vs + Q- VsV, (I — X;By) Vs
= QsX:ByVs + Q- X, (X.T, Xs) " X.T, XsB, Vs
+Qs(I — X;Bo) Vs + Q- VsV, (I — XsBy) Vs
= QsVs + Q- X, (X.T,M Xs) " X.T, Vs + Q- VisV," (I — X;B,) Vs
= LyV,.
Thus the condition (i) of the statement 2° (equivalently 3°) in Corollary 2.2 holds, and hence L, satisfies the condition 1° in
Corollary 2.4. According to Corollaries 2.4 and 3.2, Theorem 4.1 holds. O
Example 4.1. Consider the superpopulation models
y=1yB+e, E(e) =0, Cov(e) =1 (4.1)
and

y=18+e, e~ (0,1, (4.2)
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where B is a fixed effects scalar. It is obvious that the population total Ty = 1,y is linearly predictable. Denote f'N = glgys.

Then fN is the best linear unbiased predictor (BLUP) of Ty (cf. Example 2.2 in [29]). fN is an admissible predictor of Ty under
loss function (1.4). Then, from Theorem 4.1, the following statements 1° and 2° hold:

1° For the model (4.1), f‘N is an admissible predictor of Ty in the class of all linear predictors under loss function (1.4);

2° For the model (4.2), f‘N is an admissible predictor of Ty in the class of all predictors under loss function (1.4).

Example 4.2. Consider the superpopulation models
y=XB+e, E =0, Covie)=V (4.3)
and
y=XB+e, e~ ¥0,V), (4.4)
where B is a fixed effects vector, V is a positive definite matrix, and Xs, X, and X are all of full column rank. Let
By = XV X)XV, Yy
be the weighted least squares estimator of 8. Then ﬁN is the best linear unbiased predictor (BLUP) of the finite population
regression coefficient 8y = (X'V~'X)"'X'V~'y (e.g., cf. [34,4]). We conclude that the following statements 1° and 2° hold:
1° For the model (4.3), BN is an admissible predictor of By in the class of all linear predictors under loss function (1.4);
2° For the model (4.4), ﬁN is an admissible predictor of By in the class of all predictors under loss function (1.4).
Proof. To begin, recall that
(A+BD) '=A"—-A'cB'+DA"'C)"'DA",
for matrices A, B, C, D with appropriate orders. Thus we obtain that
T, =T, =V, ' — V' Xs(I + XV, 'Xs) "' XV, ",
XV X+ XV X)) ™ =1 — (T + XV, 'X) 7
Thus
X\T, = X\T, " = XV, ' — XV, ' Xo(I + XV, ' Xs) "' XV,
=XV, — I — I+ XV, X)XV, !
= I+ XV, ' X)X v, " (4.5)
Since X; is of full column rank, it follows from (4.5) that
Xs(X.T, X5) X[ T,} = Xs(X.T, 'Xs) "' X.T, !
= Xs[(I + XV, Xo) 7 XV, X1 (0 + XV Xs) T XY
= XXV, 'Xs) XV (4.6)
Denote L; = (XV,'X,)"'XV, ' and Q* = (X'V~'X)"'X'V~, then By = Lys and By = Q*y. Hereafter partition Q*

intoQ* = (QS*EQ,*). Because Liys = BN is the best linear unbiased predictor, we easily obtain L{X; = Q*X. Noting that
Liys = Liys + 0, it follows that L; and a; = 0 satisfy condition 2° in Corollary 2.4. In the following, we shall verify that L,
also satisfies the condition 1° in Corollary 2.4, i.e., the condition (i) of the statement 2° or 3° in Corollary 2.2. By an approach
similar to that of in Theorem 4.1, we deduce from (4.6) that

LiVs = X[V, 'Xo) ' XV, 'V,
= XV, X)X,
and
LiByVs + (QF + QVisV,H) (I — By)Vs = LiXs (X, T, Xs) X.T, Vs + (QF + Q*Vis V) (I — X (X, T, Xs) ™ X.T,)Vs
= LiXs XV, ' Xo) TIX VT Vs 4+ (QF + VsV DU — XXV X)XV Vs
= XV, X)X+ (QRVs + QF Vi)V, (I — X (XV, ' Xs) XLV, Vs

oty = : Vi), Ay i
= XV, X)X, + (Q:Q") (vi) Vo — XXV X)XV, Vs
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V.

=XV, X)) X, + XV X)) 'X'v! (V:s> VNI — XXV, X)XV Vs

I
0
= XV, X)X+ XVTIX) TV — XXV X) T XV TV
= (X,Vs X)) 7'X]

== L]Vs.

= XV, X)X, + X'VIX) X ( ) V. — XXV, X)XV )V

Thus the condition (i) of the statement 2° (equivalently 3°) in Corollary 2.2 holds, and hence L; satisfies the condition 1° in
Corollary 2.4. According to Corollaries 2.4 and 3.2, the proof is completed. O

Remark 4.1. For the model (1.1) (or (1.2)), in the case of ¥ = 02X, we may obtain the same conclusions as before, where
X, is a known matrix, and 62 > 0 is also a superparameter.
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