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1. Introduction

Cayley’s hyperdeterminant [1], the generalization to cubic 2 x
2 x 2 matrices of the usual determinant of square 2 x 2 matri-
ces, was recently recognized [2] to be at the basis of fascinating
connections between black hole entropy in string theory and the
quantum entanglement of qubits and qutrits in quantum informa-
tion theory (see [3] and references therein).

The hyperdeterminant was also used in [4] to rewrite the
Nambu-Goto Lagrangian for a D = 4 target space with signature
(2,2) in a way that makes manifest a hitherto hidden discrete
symmetry. The eight variables given by the world-sheet deriva-
tives of the string coordinate functions 9, X* are rearranged in a
2 x 2 x 2 hypermatrix X4 47, whose hyperdeterminant square root
is shown to coincide with the Nambu-Goto action. The hyperdeter-
minant being invariant under interchange of the indices A, A’, A”,
the triality invariance of the Nambu-Goto Lagrangian becomes ex-
plicit. Moreover, the hyperdeterminant encodes in a symmetric
way also the [SL(2, R)]? symmetry of the action, where the SL(2, R)
acting on the index A and the SL(2, R) acting on the index A’ are
the O(2,2) spacetime symmetry, and the SL(2, R) acting on A” is
the world-sheet symmetry.

In [5] the Green-Schwarz o -model for the N =2 superstring in
D =2 + 2 target space was re-expressed in terms of an hyperde-
terminant, once the zweibein is eliminated via its (non-algebraic)
field equation. The issue of quantum equivalence of the resulting
action with the original GS N = 2 superstring, or with the NSR
N =2 superstring, is still not completely settled.

In this Letter we make manifest a discrete triality invariance of
the NSR N = 2 superstring moving in a D = 2 + 2 target space,
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without direct recourse to Cayley’s hyperdeterminant, but rear-
ranging the fields in a way suggested by the hyperdeterminant.
This triality could well be the origin of the triality observed in [6]
between the worldsheet moduli, the complex moduli of the target,
and the metric moduli of the target.

Moreover, considering the Siegel-Berkovits action for the self-
dual superstring [7-9], we find that triality holds also in its matter
part.

It is natural to ask whether the NSR N = 2 superstring in
D =2 + 2 target space could be expressed in terms of a supersym-
metric generalization of the hyperdeterminant. We present such a
generalization, based on a quartic invariant of the SL(2|1)> super-
algebra.

2. The N = 2 superstring action

The N =2 NSR superstring action [10] in a flat target space of
signature (2, 2)! and in the conformal gauge is given by:

1
SNz =5~ /dza (da XY XY + 3 Y YY"

— i Y9y ) N, (21)

where we have used the notations of [12]: 1,y = (1, -1) is the
two-dimensional Minkowski metric, © =0,1, i =1,2 and the y¢
are the two-dimensional Dirac matrices

o [0 —i L (0 i
”‘(i 0)’ V‘(i o>'

The fermions 1/;,.“ are two-dimensional Majorana fermions, i.e.:

(2.2)

o= (i) = () o (23)

! The D =2+ 2 critical dimension for the N =2 superstring was first found
in [11].
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y0 being the charge conjugation matrix (see Appendix A for con-
ventions). The action (2.1) is invariant under the supersymmetry
variations:

§X =&, (2.4)
8Y = €€, (2.5)
Sy = —iy®¥ o, Xej + iéij)/aaa Ye;. (2.6)

We can rearrange the bosonic and fermionic degrees of freedom
(respectively X*, Y# and ;") in the 2 x 2 matrices:

O X0+ x! yo-—y! 57
AA'=E<—Y"—Y1 —xo—x1> (2.7)
and
1 (=97 + 9 w;’—w;>
p— . 2.8
Vs fz(—w;’—w; —v) — ] 28

Using these notations, the Lagrangian in (2.1) can be recast in the
form:

Ln—2= Xana Xppp' — i¥anVardp ¥pp)
% (nA”B”EABEA’B’) (2.9)
with Xapar = 347 Xan.
The supersymmetry variations (2.6) become:
8Xan = Eipin® Wap,
SWan = —ida Xag p'i® ay? e,

where the 2 x 2 matrices p; are:

(10 (0 -1
m=\o 1) P={1 o)

3. Triality invariance

(2.10)

(2.11)

Consider now the world-sheet metric:

G///\”B” = 8AwX“83~X"17,w + 3A//YM33//YUT]MV

= Xawa XpprpretPel®. (3.1)
In terms of G}, ,, the bosonic part of the Lagrangian (2.9) is given
by:
Ly =n"BGlpn. (3.2)
As shown by Duff in [4], the Nambu-Goto Lagrangian

Lng = |/ —det(G/,5) (33)

is invariant under the discrete triality transformations interchang-
ing the three indices of Xaa47. In fact, the usual determinant
of the world-sheet metric G” can be reexpressed as (minus) the
Cayley’s hyperdeterminant of the cubic matrix X444, which is ex-
plicitly triality invariant [4]:

1 /gt ' APl RUCH
DetXE——GABGABGCDGCDGA D GB C

x Xaaar Xpp'g' Xccrer Xpp'pr- (3-4)

We prove now that also the bosonic Lagrangian £, in (3.2) is
invariant under triality, up to total divergence terms. To show this,
we need the metrics G and G’ defined by:

p’ npt
Gap =Xaaa Xpppre P eh? (3.5)

"pt
G;\’B’ = XAA/A//XBB/B//EA B GAB. (3.6)

With these metrics, we can write the “triality symmetrized”
bosonic Lagrangian, explicitly invariant under triality:

;Cb = (nABGAB + nA B G’A/B/ + nA B GX//B//)

’ / " pt ! ! " p!
_ (gAA BB nA B" | BAA'.BB' (A"B )XAA’A”XBB’B” (3.7)
where
! / 'n’/ ’ !
gAA \BB' _ (AB A'B :gBB JAA (3.8)

plays the role of a 4-dimensional flat metric, and

BAA'.BB' _ (GABnA’B’ + EA’B’nAB) BBB AN (3.9)
plays the role of a 4-dimensional constant B-field.

The triality-invariant Lagrangian (3.7) differs from £, in (3.2)
by the B-term: this term is a total divergence, since it is equal to

BAA’,BB’EA”B”BA” Xan 05" Xpg
:aA”(BAA/’BB/éANB//XAA/aBNXBB/). (3,10)
This result can be generalized to the supersymmetric case. The
Lagrangian

AA'.BB'_A"B" AA’.BB' _A"B"
Ly=2=(g n“ " +B ")

x (XaaavXpp'pr — iVan Va0 ¥gg) (3.11)

is explicitly invariant under (2.10) and triality transformations, and
differs from the original N = 2 superstring Lagrangian in (2.9) only
by the B-terms. Again these terms are a total divergence. This has
already been proven for the BXX term; to show that also the By
term is a total divergence we just have to use the antisymmetry of
B and the equality:

VanYar0p Ypy = —0p Vg Yaryaa (312)

due to vy being a D =2 Majorana fermion.
4. Siegel-Berkovits formulation

As shown by Siegel [7,8] one can describe self-dual super-Yang-
Mills in superspace by extending the bosonic coordinates Xs4s to
(Xaa, @aj) where j=1,..., N (we do not include the antichi-
ral coordinates as in [9]). It is convenient to cast the (Xaa/, @aj)
into a supercoordinate Ya; = (Xaa', ©@aj) with J = (A’, j), which
is a vector representation of the supergroup OSp(N|2). In order to
implement the triality we choose the real form OSp(2, 2|2) which
has the subgroups SO(2, 2) x Sp(2) ~ SL(2, R) x SL(2, R) x SL(2, R).
Therefore, the supercoordinates are labelled by (Xaa,, ®aa,as)
where the SO(2,2) acts on the A, and As indices, Sp(2) acts on
Aj and the supersymmetry generators Qa, 4,4, act as follows:

QA;.A,A3 XBB; = €418, OBAyA;»
QAy,A2A3 ©BB,B; = €A,B,€A3B3 XBA; - (41)

Notice that there are effectively four SL(2, R) groups. Let us denote
them by SLo(2, R) xSL1(2, R) x SL»(2, R) x SL3(2, R). In addition, we
add the SL(2, R) of the worldsheet and we denote it by SL (2, R).
We have denoted by Ag, A1, A2, A3, Ay, the indices for each of
them. Thus, for example, the bosonic coordinates Xa,a,4, trans-
form under SLy(2, R) x SL1(2, R) x SLw (2, R).

In the formulation of [9], the matter part of the action reads

Sm =/d2z(ayA,5Y“)

2. (. AwBw . AoBoAiB
:/d x(nAwPwetoPoeMBIX ) a, XBoB1 By

AwBuw _AoBo . A2By _A3B
+ niwbwehoboch2bac 3839, 4o ain, OpByBs8,),  (42)
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where @A0A2A3AW = 3Aw@A0A2A3‘

The contraction of indices is performed with the invariant ten-
sors of SLy(2,R) x SL1(2,R) x SLy(2,R) x SL3(2,R) (except for
the worldsheet indices, contracted with the metric n4wBw). The
bosonic term is manifestly invariant under the triality exchange of
the three groups in SLy(2, R) x SL1(2, R) x SLy (2, R): it means that
any permutation of the Ag, A1, Ay indices leaves the action invari-
ant.

It is easy to verify that the action is invariant under the super-
symmetry transformations (4.1).

Notice however, that the bosonic term and the fermionic term
are separately invariant under the reshuffling of the SL(2) indices.
For the action to be invariant under the same triality, we have to
identify the groups SL;(2, R), i =1, 2, 3. Namely, the action is in-
variant only under the small triality reshuffling and not under the
big pentality reshuffling of the fermionic terms. To see this, con-
sider the bosonic coordinates Xa,4,4,,. The action is invariant, for
example, under the reshuffling Xa,a,4,, = Xa;4,4, as discussed
above. However, if we are reshuffling the indices as Xa 4,4, —
XAoAzA,» Where we exchange SL1(2) with SL;(2), we have to define
the new quantities Xay4,4, since they are now charged under a
new SL(2). So, in order to complete the triality, we have to identify
XAoAzA,, With X4, 4,4, which means that they transform only un-
der the diagonal subgroup of SL;(2) x SL>(2). Adding also Xa,4,4,,
we obtain an action invariant under SLo x SLgjag X SLw, SLgiag be-
ing the diagonal subgroup of SL1(2) x SL>(2) x SL3(2). In the same
way we proceed for the fermions.

We can therefore rewrite the action as

1
Sm= §fd2x [UAWBWEAOBO (6A131 XAgA1Aw XBoB1Bw

A>B A3B
+ €252 X 04,0, XBoB, B, + €737 Xa9A34,, XBoB3B, )

AwBw _AoBo (,A2By A3B
+ nftwBweAoBo (25243830, 4,004, OBoB,B3 By,

A]B]E

A2B
+e€ 2 2@A0A1A2Aw@5031323W

A1B1¢

AsB :
+€ 3 3@A0A1A3AW@BDBlBgBW)]-

The triality under the exchange of SLo, SLgjag and SL,, becomes
manifest after adding some boundary terms, as we did in the
case of the NSR action. This means adding to the metric the B
term as in (3.7), replacing the invariant tensors nAwBw¢AoBogAiBi
with %(nAwBWGAOBOEAiBi + nAOBOEAiBieAwa + nAiBieAwaeAOBO)’

nAwBweAoBocA2BagAsBs  wyith %(nAwaerBoeAsz + pfobo

ef2B2gAwBw 4 pAaBacAwBwcAoBoyeAsBs and similarly for the terms
nAwBweAoBocA1B1cAsBs and pAwBweAoBocAiBicABa I this way
we add only boundary terms.

For the ghost field, the situation is more involved, but since
this is a consequence of the specific gauge choice that reduces the
Green-Schwarz action to the Siegel-Berkovits action, the possible
violation of the triality is only through BRST exact terms which do
not affect the physical amplitudes.

There are two important aspects that we have to point out.
The first one is that the boundary terms for the fermionic pieces
work as in the case of the bosonic terms, and therefore the ac-
tion is manifestly invariant under the triality that exchanges the
three groups SLo(2), SLw(2) and SLgiag(2). The second aspect, as
was noted in [9], is that the choice A’ =2 + 2 is mandatory to
cancel the BRST anomaly. Here we found that the triality - which
is only present in the case of the supergroup OSp(2, 2|2) - implies
that cancellation of the anomalies. This is a confirmation of previ-
ous work and an unexpected present from the triality. There is an
additional minor point: the fermionic terms display an additional
SL(2, R) symmetry which implies a tetrality instead of a triality.

We do not have any interpretation, but it might refer to a twist
between the R-symmetry and the triality.

The present formulation is suitable for computations of ampli-
tudes and the manifest duality should show up in the computa-
tions. This will be explored in a separate work.

5. Super-hyper-det based on SL(2|1)3 algebra

Given the results of the previous sections it is natural to try
and generalize the hyperdeterminant, invariant under SL(2)3, to a
supersymmetric object, invariant under a superalgebra which con-
tains SL(2)> as a bosonic subalgebra. In fact we can build a quartic
(bosonic) supersymmetric object based on the SL(2|1)3 superal-
gebra which, by setting a suitable set of fields to zero, precisely
reproduces the hyperdeterminant of [1].

The SL(2|1)3 superalgebra is made out of three copies of the
following:

{Qa,Qp} = Pas,
[PaB, Qcl=—€caQp,
[Pag, Pcpl =2€acPp)s)- (5.1)

The indices A, A’, A” label the three SL(2|1) factors of the superal-
gebra. It is possible to construct a SL(2|1)3 representation with 27
fields, 14 of which, Xaaa7, Ya, Y4 and Y 4~, are bosonic while the
remaining 13, ¥aa/, Yaa7, Yara and n are fermionic. The action
of the algebra on the fields is given by:

1 1
QaXppp = EEABWB'B”, QaXpppr = EGA’B'WB”B,

Qav¥pp =€apYp,
Qar¥rpp = Xpprar,
Qa¥pp =€npYpr,

QaYpp=—€apYp,
Qa"Vprp = €arpYp,

1
QaYp= _51//BA’»

1
QarXpp'" = 5 €a"8" VBB
Qavpp = —€ap'Yp,
QA WB/B// = XAB/B// N
QA//‘(pB/B// = _EA”B”YB’v
Qavgrg = Xpap,

1
QaYp = EGABU,

1 1
QarYp= El/fA”B’ QaYp = ilﬂABu

1 1
QaYp = SEn B QarYp = —EtﬁB/A”,

1 1
QAYB”Z_EI//B”A’ QA/YB//ziwA/BH’
1
QarYpr = SEaB Qan=Ya,
QA/TIZYA/! QA//)’]:YA//.

In the quartic invariant, only the following bilinear building blocks
contribute:

X(aB) = Xanar Xpprpre® B er'E, Aap) = Vaner B ypp,
Bag) = Yarne B ypnp, W) =YaYs,
wn =YV ypia, va=Yaet Byap,
An=XaaarPppret P et XAa=Yan,

together with their prime and double prime counterparts; notice
that the building blocks with two indices are bosonic and those
with one index are fermionic. These blocks can be rearranged in
the combinations:
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¥opoan YA'

/_,f/- Y A 1 /,n

¥
X aaen

/// ‘f/ AA" ',/f

Fig. 1. The 3 x 3 x 3 cubic supermatrix.

Zag =2Xap — Aap — Bap —2Wyp,
DPp=2(Ap —va+wa— XA),

which obey very simple supersymmetry relations:

QaZpc =€aPc),

QaPp = Zap.
QaZap=QaZag =0,
QaPa=QaPa=0.
Then one easily checks that

l 'n’! npt
H= —E(ZABZAB +ZAfB/ZA B + Z //BHZA B

+ Pp0t + Dp N + D p ™)

is invariant under the action of the superalgebra. The indices are
raised/lowered with the use of the SL(2)-invariant epsilon tensors
according to the rule given in (A.5), and the factor —41—8 has been
chosen to reproduce the hyperdeterminant once all the fields but
Xaarar are set to zero.

Note 1. H can be seen as the definition of the super-Cayley deter-
minant of the cubic supermatrix given in Fig. 1.

Note 2. H is also equal to the sum of the Berezinians of the three
3 x 3 supermatrices

( ZAB %¢A) < ZA/B/ %éA’>
1 ’ 1 ’
5xs 1 X 1

Zangr LD
V2
(ix S ) (5.2)
2B

with xp = -0 25/, etc.
6. Conclusions and outlook

We have constructed the supersymmetric generalization of the
triality invariance first found by Duff in the Nambu-Goto string
moving in a flat D =2 + 2 target space. This we achieve by
adding boundary terms in the NSR superstring action, and in the
Siegel-Berkovits formulation of the selfdual superstring. Moreover,

we have proposed a supersymmetric generalization of the Cay-
ley hyperdeterminant, based on a quartic invariant of the SL(2|1)3
superalgebra. It may be intriguing to speculate on its possible ap-
plications in quantum information or in the description of black
holes in string/brane theory.

Appendix A. D = 2 gamma matrices

We use the representation:

0 —i 0 i
VOZ(i o)’ Vl:(i o)’ (A1)

for the two-dimensional y -matrices, satisfying the usual relations

{re.rPl=-n" and y*yf=—n"P1+e*ys,

where the metric is n = (—, +), € is the usual Levi-Civita symbol
and

1 0
=g 1)
The charge conjugation matrix is C = ¥, so that all the spinors
are real and the following relations hold:

1 t
)yl =ve YO P =—r"

Finally, for Majorana fermions the currents satisfy:

Er =CE, (A2)
Ey3L = —CLyséE, (A3)
EyYr=—ty“t. (A4)

The SL(2)-invariant tensor €*f is used to raise and lower the in-
dices according to:

Vo =e€qpVP, V¥ =—€"Pvy. (A.5)

Appendix B. Some notes on 0Sp(2, 2|2)

The supergroup is characterized by the following superalgebra
gene'rate.d by the bosonic generators Pag, P/, P}/p, and by the
fermionic generators Q aa/4”:

{Qana, Qpprpr}
= %GABEA’B/PA”B” + %GABP;VB/EA”B” — Papeapenrpr,
[PaB, Pcpl =2€cPp)s),
[Pap Perp] =26 Ppyyprys
[Pgrgrs Plrpi] = 2€anc Py,
[PaB, Qccrcr]l = —€caQpycricr,
[Py, Qccrerl = —€crar Qeppryers
[P4ypr. Qccrer] = —€crar Qecrpr)- (B.1)

They provide the adjoint representation of the superalgebra. De-
noting by T o4 the supergenerators of OSp(2, 2|2), by V o the com-
ponents of the supermultiplet and by fan™ the super-structure
constants, we set

TmVn = fan VR, (B.2)

and it is obvious to see that it forms a representation. Notice that
since the representation is linear, there is no problem to set either
Xaaar as a fermion or as a boson.
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