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their intersection. In this paper we compute the two groups and their intersection
explicitly in the local case and put together the local information to get sharp upper
bounds in the global case. The techniques in this paper can be used for arbitrary
abelian varieties, isogenies and number fields assuming a frequently occurring con-
dition. Several examples are worked out for the Jacobians of elliptic and hyperellip-
tic curves.  © 1996 Academic Press, Inc.

1. INTRODUCTION

It has been known for some time that a Selmer group of an abelian
variety and a group related to an ideal class group can often be embedded
into the same cohomology group. Ideally, the images of the two groups are
almost the same and we can compute one from the other. In order to do
this we need to find how close the intersection is to each of the groups. In
the past, this has been done for special cases of elliptic curves and with the
Jacobians of Fermat curves. Using techniques from Galois cohomology, we
will see that we can do this in much greater generality.

Let A and A’ be abelian varieties of the same dimension g, defined over
K, an algebraic number field, and let ¢ be a K-defined isogeny from A4 onto
A" (see Cornell and Silverman [6], Lang [12] or Mumford [18] as
general references on abelian varieties and Silverman [27] for elliptic cur-
ves). The field L, which is the minimal field of definition of the points in
A[ ¢], the kernel of ¢, is Galois over K. If H'(Gal(L/K), A[¢]) is trivial,
then the Selmer group S%K, ) can be embedded into the group
Hom g, x/(Gal(L/L)), A[$#]) (see Section 2 for a description of these
objects). Consider the subgroup of the homomorphism group of
homomorphisms that factor through the Galois group of a totally
unramified extension of L; call this group C%(K, A). From class field
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theory, this group is related to the ideal class group of L. Denote by
I?(K, A) the intersection of the group C%(K, A) and the Selmer group. We
would like to compute S K, A)/I?(K, A) and C% K, A)/I*(K, A) as
accurately as possible so as to relate the groups S?(K, 4) and C%(K, A).
We do this with local computations.

Let p be a prime of K and K, be the completion of K at that prime.
Denote by S"’(KP,A) the group A'(K,)/pA(K,). We shall assume that
H'(G, A[¢]) is trivial for all G<Gal(L/K). This condition occurs fre-
quently and we will see some examples in section 5. Under this assumption
we can embed S%(K,, A) into the group Homg k,, (Gal(LK,/LK,),
A[¢]). Let C¢(Kp, A) be the subgroup of the homomorphism group of
homomorphisms that factor through the Galois group of an unramified
extension of LK,. Denote by I?(K,, A) the intersection of the groups
C’(K,, A) and S*(K,, A).

Under the assumption that H'(G, A[¢])=0 for all G < Gal(L/K), we
have the following injections of groups

SUK, A)/I'(K, A) = || SUK,, A)/I*(K,, A)

p

CYK, A)/I’(K, A) = || CUK,, A)/I"(K,, A)

P

where p ranges over the primes of K. We will show in Section 4 that for
each finite prime p of K that does not divide the conductor of 4 or the
degree of ¢, the groups S*(K,, A), I*(K,, A), C*(K,, A) and A(K,)[ ]
are isomorphic.

We will also see along the way that the orders of the groups
SYK,, A), C'(K,, A), and I*(K,, A) can often be easily computed. Com-
puting the sizes of S*(K,, A) and C?(K,, A) is standard. The substantial
contribution here is the computation of / 4b(Kp, A) where p is a finite prime
that divides the conductor of 4. This is the computation that has caused
others trouble in the past. For elliptic curves, these computations are
greatly facilitated by the algorithm of Tate [ 28]. These injections then give
us upper bounds on the index of the group I*(K, A) in the Selmer group
and the group related to the ideal class group. We are most interested when
the intersection is close to each of the groups, because then we can often
compute one group from the other or at least bound the size of one given
the size of the other.

Selmer groups hold key information about the group of rational points
of an abelian variety over an algebraic number field, known as the
Mordell-Weil group. Since neither Mordell-Weil groups nor class groups
are well understood currently, any connection between them is helpful. On
the lighter side, part of the lore of number theory is that high-rank elliptic
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curves can produce record-breaking class groups. The practicalities of this
were first worked out by Mestre [15]. Several papers have appeared
recently where techniques were presented for computing one of these
groups from the other. Eisenbeis, Frey and Ommerborn [ 7] studied elliptic
curves of the form Y?= X>+k over Q with the multiplication by 2 map
(from now on the 2-map) and the 2-rank of the class groups of pure cubic
fields. The same curves have a rational 3-isogeny, and Satgé [22] and Quer
[20] have studied these and the 3-rank of the class groups of quadratic
fields. Washington [30] studied the 2-map for curves of the form
Y?’=X+mX*>—(m+3)X+1 over Q and the 2-rank of the class groups
of the simplest cubic fields (see Cohn [5] or Shanks [26]). Brumer and
Kramer [4] produced techniques for computing the connection in a more
general domain. They studied the 2-map and cubic extensions for elliptic
curves, defined over number ficlds that are unramified over Q at 2, at
primes of good or multiplicative reduction. McCallum [ 14] has studied the
Jacobians of the pth Fermat curves and quotients of Fermat curves using
p-isogenies and the p-part of the class group of Q({,).

In the following we produce techniques that work in far greater
generality. In Section 2 we give a global description of the Selmer group
and the group related to an ideal class group. In Section 3 we present
results that are useful for computing these groups and their intersection
over local fields. In Section 4 we put these local results together to get
upper bounds for the index of the global intersection in the Selmer group
and in the group related to an ideal class group. In Section 5 we closely
analyze the 2-map. We first give criteria for the cohomological triviality of
J[2] as a Gal(L/K)-module where J is the Jacobian of a hyperelliptic
curve. When J[ 2] is cohomologically trivial we can relate C*(K, J) to the
2-parts of the class groups of a collection of subfields of L. We finish this
section by presenting three examples. In the first example we show how to
use a curve of Mestre’s to produce a non-cyclic cubic extension of the
rationals whose class group has 2-rank at least 13. Then we look at the
Jacobian of a hyperelliptic curve whose 2-torsion is defined over a simplest
quintic field and whose Mordell-Weil rank over the rationals is 7. Lastly,
we see that the group related to the ideal class group is not always con-
tained in the Selmer group as it seems to be in all published examples.

2. SELMER GROUPS AND CLASS GROUPS

Let K be a number field; this shall always mean that K is a finite exten-
sion of Q. Let A and A’ be abelian varieties defined over K of the same
dimension g and let ¢ be a K-defined isogeny of 4 onto 4'. Let Gal(K/K)
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denote the absolute Galois group of K. By taking Gal(K/K)-invariants of
the groups in the short exact sequence

0> A[¢] > AK)-L A/(K)—0

we obtain the following long exact sequence. The symbol [ ¢ ] after a group
denotes its subgroup sent to 0 by ¢, and the expression H'(K, M) denotes
'(Gal(K/K), M) for some Gal(K/K)-module M.

0— AK)[¢]— AK) 2> A'(K)— H'(K, A[$]) > H'(K, A(K)) L ..
This gives us the short exact sequence
0— A'(K)/$A(K)— H'(K, A[¢]) > H'(K, A(K))[¢] 0.

See Atiyah and Wall [2] as a reference on group cohomology.

Let p be a prime of K, finite or infinite, and K, be the completion
of K at the prime p. For each prime p of K we obtain similar short exact
sequences

0 A[¢] —» A(K,) %> A'(K,) =0

and
0— A'(K,)/pAK,) > H'(K,, A[$]) > H'(K,, A(K,))[¢] - 0.

Since the group Gal(K /K ) is isomorphic to a decomposition group for
p in Gal(K/K), we can restrict cocycles in Gal(K/K) to cocycles in
Gal(K,/K ). This induces the restriction map

H'(K, A[$]) - H'(K,, A[$]).

We present the following commutative diagram in order to define the
¢-Selmer group for 4 over K

00— A'(K)/pA(K) ——— H'(K, A[$]) —— H'(K, A(K))[$]— 0

B

O—»HA’(KQ/(/)A( —>HH (K,, A[$]) —>HH (K,, AK,))[¢]—— 0

» » P

where p ranges over the primes of K. The ¢-Selmer group for 4 over K is
the kernel of § and is denoted S?(K, 4). The Selmer group clearly contains
A'(K)/9A(K).

The group of rational points A(K), is often called the Mordell-Weil
group; it is a finitely generated abelian group. Since the torsion of an
abelian variety is computable, one could find the free Z-rank of A(K) if one
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could compute the group A(K)/nA(K) for some integer n greater than 1. So
one often takes ¢ to be a multiplication by n» map. If ¢ is a map from A
to A" and ¢’ is a map from A’ to A with the property that ¢’ o¢ =[r] then
the following is an exact sequence of groups

AK)¢]  AK) y AK)  AK)

HA(K)[n]) ¢AK) nA(K) ¢'A'(K)

If one could compute A'(K)/pA(K) and A(K)/¢'A'(K), then one could com-
pute A(K)/nA(K). There is no known algorithm to effectively compute the
group A'(K)/pA(K) however. A Selmer group is the closest known
approximation to A'(K)/¢pA(K) that is effectively computable, which is why
they were originally of interest.

The field L, which is the minimal field of definition of the points in
A[ ¢], is Galois over K. Restricting cocycles in H'(K, A[¢]) to the sub-
group Gal(L/L) induces the following exact sequence of groups, called an
inflation-restriction sequence

0~ H'(Gal(L/K), A[$]) > H'(K, A[$]) > Hom, x,(Gal(L/L), A[¢])

where Homg,, , denotes the Gal(L/K)-invariant homomorphisms. Assum-
ing that H'(Gal(L/K), A[¢]) is trivial, we have

Hl(Ka A[¢]) &= HomG(L/K)(Gal(E/L)a A[$]).

We also assume that H'(G, A[¢]) is trivial for all groups G contained in
Gal(L/K), so for each prime p of K we also have

H'(K,, A[¢]) = Homg 4 x,(Gal(LK, /LK), A[$]).

Let m be the exponent of A[¢] and let CI(L) denote the ideal class
group of L. From class field theory, the dual of the group CI(L)/CI(L)™ is
naturally isomorphic to the group Hom(Gal(H(L)/L), Z/mZ) where H(L)
is the maximal unramified abelian extension of L, its Hilbert class field.
The group C%(K, A) is the subgroup of Homg,, (Gal(L/L), A[¢]) of
homomorphisms that factor through the Galois group of a totally
unramified extension of L. This subgroup is isomorphic to the group
Homg; x(Gal(H(L)/L), A[¢]) and so it is related to the group
CI(L)/CI(L)™. We will describe this relation for the 2-map and the
Jacobians of hyperelliptic curves in Theorem 5.3. We will call any
homomorphism that factors through the Galois group of a totally
unramified extension an unramified homomorphism.

The group S?(K, A) is the group of all elements of Hom, x,(Gal(L/L),
A[ ¢]) that map to the image of A'(K,)/¢A(K ) for all primes p of K. The
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group C% K, A) is the group of all elements that map to unramified
homomorphisms in Homg, «,/x,(Gal(LK,/LK ), A[¢]) for all primes p
of K since L is normal over K. These groups are the same locally for almost
all primes, as we will see in the next section.

3. LocaL COMPUTATIONS

In this section we describe the group A'(K,)/¢A(K,), the group of
unramified homomorphisms in Homg;x,/x, (Gal(LK /LK), A[¢]) and
the subgroup of 4'(K,)/¢A(K,) that maps to unramified homomorphisms.
If HY(G,A[¢])=0 for all G<Gal(L/K) then these are the groups
SYK,,A), C"(K,, A) and I?(K,, A). However, we will lift the restriction
that H'(G, A[¢]) =0 for all G = Gal(L/K) until we discuss infinite primes.
Since all computations will be local, and subscripts are annoying, we will
omit them. We deal with finite primes first.

Let 4 and A’ be abelian varieties of the same dimension g defined over
K, the completion of a number field at a finite prime. Let ¢ be an isogeny
from A onto A’ that is defined over K. Again define L to be the field
K(A[¢]).

From the short exact sequence

0> A[¢p]>A—> A" -0
we obtain the following injection of groups by taking Gal(K/K)-invariants
A'(K)/$(A(K)) = H'(K, A[$]).
From the restriction map from cohomology there is a homomorphism
H'(K, A[$]) > Homg; x\(Gal(L/L), A[$]).

We are first interested in describing the group of unramified
homomorphisms in Homg, x(Gal(L/L), A[¢]) and the subgroup of
A'(K)/$pA(K) that maps to those unramified homomorphisms.

LemMAa 3.1. The subgroup of unramified  homomorphisms in
Hom g, x\(Gal(L/L), A[¢]) is isomorphic to the group A(K)[¢].

Proof. Let L"" be the maximal unramified extension of L in the given
algebraic closure. The group Hom(Gal(L""/L), A[ ¢]) is isomorphic to the
group A[¢] by the map f+ f(Frob,). This map respects the Gal(L/K)-
action on each module. Taking Gal(L/K)-invariants of both groups
provides the result. ||
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Now let us consider the subgroup of A'(K)/pA(K) that maps to
unramified homomorphisms. We still need not assume that H'(G, A[$])
=0 for G = Gal(L/K). The connecting homomorphism from cohomology
sends Pe A'(K) to the class of cocycles in H'(K, A[¢]) consisting of
cocycles ¢ where &(g) =00 — Q for g € Gal(K/K) and Q € A where ¢Q = P.
The point P maps to an unramified homomorphism if and only if its
inverse images under the map ¢ are all defined over an unramified exten-
sion of L. Since L=K(A[¢$]), if one is defined over an unramified exten-
sion of L, then they all are. Let A(K)[¢#] have exponent m. From the
previous lemma, it is clear that if P maps to an unramified homomorphism,
then these preimages will be defined over the unramified extension of L of
degree m.

Let L' be the maximal unramified subextension of L over K. Let M be
the unramified extension of L’ of degree m and let 7 generate Gal(M/K).
The field ML is the unramified extension of L of degree m. These fields are
displayed in Fig. 1.

LemMA 3.2. Let the group H'(Gal(L/L'), A[¢]) be trivial. Let
Qe A(ML) and assume ¢Q = P, where Pe A'(K). There exists a Q' € A(M)
such that Q' = P.

Proof. Since H'(Gal(L/L'), A[¢]) is trivial, so is H'(Gal(ML/M),
A[¢]). Thus H' (M, A[¢]) injects into H'(ML, A[¢]) and so A’(M)/
¢A(M) injects into A'(ML)/pA(ML). So if P is in pA(ML) then P is in
pAM). 1

LEMMA 3.3. The elements of A(M)[¢] are in the kernel of the norm
from M to K.

Proof. 1If Te A(M)[¢] then TeA(L')[¢]. Since N, (AL )[¢])<
A(K)[¢], it is clear that N, x=m- N, on A(M)[¢]. Since m is the
exponent of A(K)[¢], all of A(M)[¢] is in the kernel of Ny r. |

F1G. 1. Subfield diagram.
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THEOREM 3.4. Let K be the completion of a number field at a finite
prime and let ¢ be a K-defined isogeny from A to A', which are K-defined
abelian varieties. Let L=K(A[¢]) and let L' be the maximal unramified
extension of K contained in L. Let m be the exponent of A(K)[¢],
and M be the unramified extension of L' of degree m and t generate
Gal(M/K). Assume that the group H'(Gal(L/L'), A[¢]) is trivial. The
subgroup of A'(K)/A(K) that maps to unramified homomorphisms in
Homyg,,,x(Gal(L/L), A[¢]) is isomorphic to the following group

AM)[9]n(z—1) AM)
(t=D)(A(M)[4])

by the map P+>1tQ — Q where Pe A'(K), Qe A(M) and ¢Q = P.

Proof. We chose M to have degree m over L' so that ML is the
unramified extension of L of degree m. A point P in A'(K) maps to the
homomorphism o+ a(¢ ~'(P))—¢ (P) in Hom(Gal(L/L), A[¢]). A
point P maps to an unramified homomorphism if the preimages, ¢ ~'(P),
are defined over ML. From Lemma 3.2, such a point has a preimage
defined over M. Therefore the subgroup of A'(K)/¢A(K) that maps to
unramified homomorphisms is (¢A(M)n A’ (K))/pA(K). From the short
exact sequence

0— AM)[$] —» AM)-L gA(M) - 0.
we obtain the following exact sequence by taking Gal(M/K)-invariants
0— (¢4(M) N A'(K))/$pA(K) - H'(Gal(M/K), A(M)[¢])
4 HY(Gal(M/K), A(M)).
Since Gal(M/K) is cyclic, generated by 7, we have

ker N_: AM)[¢] — AM)[¢]
(t—1)AM)[¢]

From Lemma 3.3, all of A(M)[¢#] is in the kernel of the norm. The
subgroup of A'(K)/¢A(K) that maps to unramified homomorphisms
is isomorphic to the kernel of y by the map P+—tQ—Q where
PepA(M)n A'(K), Qe A(M) and ¢$Q = P. The kernel of y is the group of
elements that map to coboundaries in H'(Gal(M/K), A(M)). So the kernel
of y is isomorphic to

H'(Gal(M/K), A(M)[$]) =

AM)[p]n(z—1) AM)
(c=D(AM)[¢D
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Let us refer to this group as the intersection quotient. Because of the
proof, the theorem holds when replacing M by any unramified extension of
M. Notice that if all of A(M)[¢] is contained in (7 —1)(A(M)), then the
intersection quotient has the same order as A(K)[¢] and so has the same
order as the group of unramified homomorphisms.

Let us discuss the computation of the intersection quotient. The group
A(M)[ ¢] and the action of 7 on it should be easy to find. So we need to
find which elements of A(M)[¢] are in (t—1)(A(M)). The following two
lemmas bring this problem from the infinite to the finite as the group

M)/Ay(M) is finite. Let NA be the Néron model of A4 over ¢, the ring
of integers in M. Define NA° to be the open subgroup scheme of NA whose
generic fiber is isomorphic to 4 over M and whose special fiber is the iden-
tity component of the closed fiber of NA. The group NA°(©) is isomorphic
to a subgroup of A(M) which we are denoting by A4,(M).

LEMMA 3.5. The groups H'(Gal(M/K), Ao(M)) are trivial for all i.

Proof. 1In [17], Milne shows that if ¥ is the completion of a number
field at a finite prime, then H'(Gal(W"™/W), Ay(W"™)) is trivial for all
i=1 where W"" is the maximal unramified extension of W in a given
algebriac closure of W. Since the Néron model is stable under unramified
base extensions (see [1, p. 214]), we know that as M is an unramified
extension of K, that the set of Gal(K““/M)-invariants of A (K“‘“) is

Ao(M). This is not necessarily the case otherwise. Since M "™ = K",
have H'(Gal(K"™/M), A((K"™))=0 for all i>1. From [2, Prop. 5],
follows that the sequence

0— H(Gal(M/K), Ao(M)) 25 H(Gal(K"™/K), Ay((K"™))
res H (Gal(Kunl'/M) (Kllllr))

is exact and we are done. ||

LeMMmA 3.6. A point T of AIM)[¢] is in (1 —1)(A(M)) if and only if the
image of T in A(M)/Ay(M) is in (t—1)(A(M)/Ay(M)).

Proof. We have the following short exact sequence of Gal(M/K)-
modules

0— Ag(M)— A(M)— A(M)/A,(M)— 0.

We take Gal(M/K)-invariants and see from Lemma 3.5 that H'(Gal(M/K),
Ao(M)) is trivial for all i. So we have

H'(Gal(M/K), A(M))=~ H\(Gal(M/K), A(M)/Ay(M)).
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Since Gal(M/K) is cyclic, each of these groups is isomorphic to the kernel
of the norm modulo the image of (r—1) on the appropriate Galois-
module. From Lemma 3.3, the elements of A(M)[¢] are in the kernel of
the norm from M to K. The result follows from the fact that the image of
T is trivial in one group if and only if it is trivial in the other. ||

We see that points in A(M)[¢] (which equals A(L')[¢]) that are in
Ao(M) are automatically in (t — 1)(4(M)). For points of 4(M)[¢] that are
not in Ay M) one must determine which have images that are in
(z— 1)(A(M)/Ay(M)).

For elliptic curves, the possible groups E(M)/E,(M) have been com-
pletely determined by the classification of Kodaira [11] and Néron [19].
If we take for £ a minimal Weierstrass model, then the group Ey(M) is the
subgroup of points of E(M) with non-singular reduction. In the following
theorem we present an algorithm for determining if a point P in E(M)[¢]
with singular reduction is in (z — 1)(E(M)). This is accomplished in con-
junction with Tate’s algorithm [28]. We must first determine whether or
not 7 acts non-trivially on E(M)/E,(M). If it does, then in most cases it is
simply a matter of determining whether or not 2|# Gal(L'/K) or if the
image of P in E(M)/E(M)=7Z/nZ is even.

THEOREM 3.7. Let E be defined by a minimal Weierstrass equation
over K and let ¢ be a K-defined isogeny from E onto E'. Let L' =
K(E[$]) n K™, let M be a finite unramified extension of L' and t© generate
Gal(M/K). A point P in E(L')[¢] with singular reduction will be in
(t—1)E(M)) in exactly the following cases. Otherwise it will not be in
(r—D)(E(M)).

1. E has type I, reduction (multiplicative) with v odd, © acts as —1 on
E(M)/Ey(M) and 2| # Gal(L'/K).

2. E has type I, reduction with v even, t acts as —1 on E(M)/Ey(M)
and the image of P in E(M)/Ey(M)=Z/vZ is even.

3. E has type IV or IV* reduction, T acts as —1 on E(M)/E,(M) and
2| #Gal(L'/K).

4. FE has type I¥ reduction with v odd, t acts as —1 on E(M)/Ey( M)
and the image of P in E(M)/E((M)=Z/4Z is 2.

5. E has type I'¥ reduction with v even (including v=20), and either the
action of T on E(M)/Ey(M) has order 2 and fixes P modulo E (M) or the
action of T on E(M)/Ey M) has order 3.

Proof. See Néron [19] or Tate [28] as a reference on the reduction
types. Since E is given by a minimal Weierstrass equation, the points of
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non-singular reduction are the same as the points of E,. Let E have
type I, reduction (multiplicative) over K. The group E(K"™)/E,(K"™) is
isomorphic to the cyclic group of v components of the special fiber of the
minimal regular projective 2-dimensional scheme & whose generic fiber is
isomorphic over K to E. The scheme & is the minimal model for E as a
curve, not as a group variety. The minimal model for E as a group variety
is the Néron minimal model (see [27, p. 358]). The components form a
loop with each component crossing the two adjacent components. The
group Gal(K""/K) acts on the group of components and preserves its
structure. Therefore, the group Gal(K""/K) must act as +1. When
Gal(K"/K) acts as + 1, then E is said to have split multiplicative reduc-
tion over K and E(K)/E,(K)=Z/vZ. When Gal(K""/K) acts as —1, then
E is said to have non-split multiplicative reduction over K and
E(K)/Ey(K)=~7Z/2Z when v is even and E(K)/E,(K) is trivial when v is odd.
If v is odd and E(K)/EyK)#0 then E(K)/E\K)=x~Z/vZ=EM)/E,(M)
and so 7 acts trivially on E(M)/E(M). Therefore P cannot be in the image
of t—1=0. If v is odd and E(K)/E,(K)=0 but 2 does not divide
#Gal(L'/K), then E(L')/E)(L')=0 and so there is no P. When v is odd
and E(K)/E)(K)=0 and 2 divides # Gal(L'/K), we have E(L')/E (L") =
Z/vZ. Since 7 acts as —1, t—1 acts as multiplication by —2 and so all
points of E(L’) are in the image of t — 1.

If v is even and E(K)/E\K) % Z/2Z then E(K)/E\K)=~Z/vZ =
E(M)/Ey(M) and so 7 acts trivially on E(M)/Ey(M). If v= 2(mod4),
E(K)/Ey(K)~Z/2Z. and 2 does not divide #Gal(L'/K), then E(L')/
EyL")=Z/2Z. 1f 2 does not divide # Gal(M/L'") either then E(M)/E (M)
~7/27 and t acts trivially. Even if 2 divides # Gal(M/L’) then the image
of 7—1 will be points whose image in E(M)/E,M)=7Z/vZ are even. The
point P being in E(L')/Ey(L') = Z/2Z, will have image 3v in Z/vZ which is
odd so it is not in the image of t — 1. When 2 divides # Gal(L'/K), we have
E(L")/Ey(L")=Z/vZ. Since 7 acts as — 1, the points whose images in E(L')/
Ey(L")~Z/vZ are even are in the image of 7—1. If v=0 (mod 4), E(K)/
E\K)=Z/2Z, and 2 does not divide #Gal(M/K), then E(M)/E,(M)=
Z/27 and 7 acts trivially. If 2 divides # Gal(M/K), but 2 does not divide
#Gal(L'/K), then E(L")/E,(L')=7Z/2Z and so 2P has non-singular reduc-
tion. Notice that since 7 — 1 acts as multiplication by —2, that P is in the
image of 7— 1. When 2 divides # Gal(L'/K), we have E(L')/E\(L') = Z/vZ.
Thus the elements of E(L')[¢] whose images in E(M)/E\(M)=Z/vZ are
even are in the image of 7 — 1.

Let E have type II or II* reduction. The group E(K"™)/E,(K"™) is tri-
vial so E(M)/Ey(M) is also and so there could not be a P. Let E have type
IIT or IIT* reduction. The group E(K"")/E(K"™") is isomorphic to Z/2Z.
Since the automorphism group of Z/2Z is trivial, we see that the action of
7 is trivial.
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Let E have type IV or IV* reduction. The group E(K"™)/E,(K"™) is
isomorphic to Z/3Z. The automorphism group of Z/3Z is isomorphic to
7/37*. 1If E(K)/Ey(K)+#0 then E(K)/E\(K)=E(M)/E,(M) and so t acts
trivially. If E(K)/E,(K)=0 and 2 does not divide # Gal(L'/K) then there
is no P. When E(K)/E)(K)=0 and 2 divides #Gal(L'/K) we have a P
defined over L’ and 7 — 1 acts as an automorphism on E(M)/E,(M) and so
P is in the image of 7 — 1.

Let E have type I reduction. If v is odd then we have E(K“")/
E(K"")~Z/AZ. The automorphism group of Z/4Z is isomorphic to
7/4Z*. Therefore E(K)/E(K) has 2 or 4 elements. If E(K)/E(K)=Z/4Z,
then E(K)/EO(K)_E(M)/EO( ) and so 7 acts trivially. If E(K)/EO(K)_
Z/2Z, then Pe E(L')[¢] is in the image of z—1 if 2P has non-singular
reduction and 2 divides # Gal(M/K).

If v is even, then we have E(K“""W)/E\(K"")x~Z/27Z x7/2Z. When
E(K)/EyK)=Z/2Z x Z/2Z, we have E(K)/E\(K)=~E(M)/E,(M) and so 7
acts trivially. When E(K)/E\(K)=Z/2Z the action of Gal(K"/K) on
E(M)/Ey(M) has order 2. Therefore, P could only be in the image of 7 — 1
if 7 fixes P modulo Ey M) and 2 divides #Gal(M/K). When
E(K)/E,(K)=0, the action of Gal(K"""/K) on E(M)/E,(M) has order 3.
There will be no P unless 3 divides # Gal(L'/K). If that is the case, then
7— 1 is an automorphism on E(M)/E,(M) and so all points P of E(L") will
be in the image of the map t—1. |

Using the algorithm of Tate, one can quickly determine the reduction
type of E over K and compute the group E(K)/E (K). As we will see in
examples in Section 5.2, it is easy to determine the action of 7 on

E(M)/Ey(M). So in practice, it is easy to determine which elements of

E(M)[ ¢] are in the image of the map 7 — 1 on E(M). So for elliptic curves,
we have an algorithm for computing the size of the intersection quotient.

At this point we compute the order of the group A'(K)/¢pA(K). Now let
O be the ring of integers in K. For i >1 there is a natural homomorphism

NA(0) > NA(O}p")

where we use p to denote the maximal ideal in . The kernel of this
homomorphism is often denoted NA’(¢) and it is isomorphic to a sub-
group of the group A4,(K) which we shall denote by A4,(K). If p is the
characteristic of the residue class field of K, then the group 4,(K) is a pro-
p-group which is isomorphic to the underlying group of a formal group
(see [17, p. 56]).

There is some m such that for all n > m, the groups 4,(K) and 4.(K) are
isomorphic, as the underlying groups of formal groups, to the product of
g copies of the additive group of ¢ where g is the dimension of 4 and of



CLASS GROUPS AND SELMER GROUPS 91

A' (see [13]). As ¢ is a K-defined isogeny of algebraic groups we can write
¢ as a g-tuple of power series in g-variables in some neighborhoods 4,(K)
and A4;(K) of the 0-points for some />=m. If k is in K, then let |k| be its
normalized absolute value, by which if 7 is a prime element of K and ¢ is
the order of the residue class field we have || =¢ ~'. Let |¢'(0)| be the nor-
malized absolute value of the determinant of the Jacobian matrix of par-
tials of ¢ evaluated at the 0-point. The value of |¢'(0)| does not depend on
the choice of parameters.

LEMMA 3.8. The order of the group A'(K)/¢pA(K) is

4'(0)] " - #AK)[¢] - #A'(K)/AY(K)
# A(K)/Ao(K)

Proof. From the snake lemma, we have the following commutative
diagram

00— A(K)[¢] H,

00— A4,(K)———— A(K)—— A(K)/4,(K) —— 0

— A)(K)/¢pA4,(K) —— A'(K)/pA(K) H, 0

with / as above. So we have

#H,

#A(K)/pA(K) = # AK)L¢]- # A/(K)/§A,(K) - —

# A'(K)/AY(K)
=#A(K - #AYK)PA(K)  — .
#AKNP]- #AYK)A(K) - 22

Let us first compute # A,;(K)/¢pA,;(K). Fix isomorphisms of 4,(K) and
A,(K) with 0%, Let u, be the Haar measure on 4,,(K) which is induced by
the product of the Haar measures on (¢ which have the property that
1(0)=1and u(p’) = |7'| for i > 0. Define u , similarly. The isogeny ¢ extends



92 EDWARD F. SCHAEFER

to a morphism of the Néron models which respects the maps from NA(O)
to NA(0/p") and also these maps for A’. We have

| dwe=]  dea=[ 10O = 19O du
AY(K) Al(K) PAIK) $AI1(K)
If H< G are subgroups of 4',,(K) then [ G: H] =u 4,(G)/u +(H). Therefore

# A)(K)/$A,(K) =¢'(0)] .

Now let us compute #A(K /A ) and also for 4’. For all i>1 the
quantities #A4,(K)/A4, . (K), Al(K )/A,+1( ) and ¢® are the same.
Since 4 and A’ are isogenous we also have #A,(K)/A,(K) equals

Ay(K)/A\(K). Therefore the quotient of # A'(K)/A4;(K) by # A(K)/A4,(K)
equals the quotient of # A'(K)/Ay(K) by #A(K)/A\(K). 1

If A and A’ are elliptic curves E and E’, then one can use Tate’s algo-
rithm to compute the orders of E'(K)/E((K) and E(K)/E,(K). The quantity
|¢'(0)] ~! is simply the leading coefficient of the power series representation
of ¢. We can compute that using the following method. First write ¢
explicitly as coordinate functions ¢(x, y)=(x', ") (see [29]). Then make
the substitutions z= —x/y and z' = —x'/y’ and start to write z' as a power
series in z (see [27, Chapt. IV]).

For arbitrary abelian varieties, if the residue characteristic p does not
divide the degree of the isogeny, then |¢'(0)] is 1, since the neighborhoods
of the 0-points are pro-p-groups. This follows from the last equation in the
above proof. If 4 has good reduction over K then A(K)= A4,(K) and also
A'(K)=Ay(K). If A does not have good reduction over K then it is not
always the case that the size of A(K)/A,(K) is equal to the size of
A'(K)/Au(K). As an example, let E be the elliptic curve defined by the equa-
tion Y?=X>—189X+ 1269 over Q;, and let ¢ be the rational 3-isogeny
gotten by dividing out by the 0-point and the points (3, +27). The dis-
criminant of E is A4,= —2%.3'2.31. This curve has split multiplicative
reduction over Qs,. The order of the group E(Q5;)/E(Qs5;) is the same as
the valuation of the discriminant for curves of split multiplicative reduc-
tion. So the order of the group E(Q5,)/Ey(Qs5;) is 1. The curve E' = E/E[ ¢]
has Weierstrass equation Y?= X*+1431X —12339. This curve has dis-
criminant 4, = —2%.3'2.313% and also has split multiplicative reduction
over Q5. Thus the order of the group E'(Q5;)/E((Qs5;) 1s 3.

The size of the group A'(K)/$A(K) is much easier to compute if ¢ is a
multiplication by #» map because then we can take 4 =A'.

ProprosITION 3.9. If K is a finite extension of Q, and A has dimension g
and if r=ord,(n) then #A(K)/nA(K)=p*tc @) #A(K)[n].
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Proof. Let A,,(K) be isomorphic to ¢%. Then we have

0 ———— A(K)[n] H,

0 ——4,(K) —————— AK)————A(K)/4,,(K) —— 0

[n] [n] [n]

0— A, (K) ——— A(K) —— A(K)/A,(K) —> 0

m

— A,(K)/nA, (K)—— A(K)/nA(K) H, 0.

It is clear that H, and H, have the same size and that # 4,,(K)/nA,,(K)=
pg"[l(3 Q])]. I

To close this section, let us discuss what happens for the completion of
a number field at an infinite prime.

LemMA 3.10. Let K be the completion of a number field at an infinite
prime. Let ¢ be a K-defined isogeny from A onto A', abelian varieties which
are defined over K. Let L=K(A[¢]) and H'(Gal(L/K), A[$])=0. The
group of unramified homomorphisms in Homg,y, x(Gal(L/L), A[$]) is tri-
vial. If K=C then A'(K)/pA(K)=0. If K=R and the degree of ¢ is odd,
then A'(K)/pA(K)=0. If K=R and there are points of A[¢] that are not
defined over R then A'(K)/pA(K)=0. Otherwise A'(K)/$pA(K) has exponent
2 and we have # A'(K)/pA(K) < 28,

Proof. Since R and C have no non-trivial unramified extensions, the
only homomorphism from Gal(L/L) to A[ ¢] which is unramified is the tri-
vial homomorphism. If K=~ C then ¢ maps onto A'(K) so A’(K)/pA(K)=0.
Let K=~R. If the degree of ¢ is odd, then A4'(K)/pA(K) embeds into
H'(Gal(C/R), A[ ¢]) which is trivial since [ C: R] is coprime to the order
of A[¢] (see [2, p. 105]). If there are points of A[ ¢] that are not defined
over R then L=~ C and so H'(Gal(C/R), A[¢]) is trivial by assumption.

The only other case is that K =R, the degree of ¢ is even and all of the
points of A[ ¢] are defined over R. We would like to show that 4'(R) has
at most 2¢ components. Let C* denote the tangent space to A'(C) at the
0-point of A'(C). Since A’ is defined over R there is a 2g-dimensional lattice
A fixed by the action of Gal(C/R) with 4'(C) isomorphic to the quotient
of C¢ by A (see [21]). We can look at this as an exact sequence of
Gal(C/R)-modules

0->4->Cs->4'(C)—0.
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By taking Gal(C/R)-invariants, we get the following exact sequence of
groups, where R# denotes the tangent space to 4’(R) at its 0-element.

0> AnR&—>RE— 4 (R)— H'(Gal(C/R), A) — 0.

Since H'(Gal(C/R), C%)=0 (see [25, p. 152]), we get a 0 at the right end
of that exact sequence. Let o generate Gal(C/R). We have
ker(c+1): 4 —> 4

(e—1)4

H'(Gal(C/R), A) =

Now the kernel of ¢ +1 on C¢ is a g-dimensional vector space over R so
the kernel of ¢+ 1 on A is a lattice of dimension g. Since 2 annihilates the
cohomology group (see [2, p. 105]), the cohomology group has size at
most 2%. The image of R? is connected, so 4'(R) has at most 2% com-
ponents.

The isogeny ¢ takes components onto components and so the size
of the group A'(R)/¢A(R) is at most 25. The group A'(R)/pA(R) embeds
into H'(Gal(C/R), A[¢]) which 2 annihilates, so 4'(R)/¢A(R) has expo-
nent 2. ||

If A and A’ are elliptic curves E and E’, then we can compute the size
of E'(K)/¢pE(K) exactly. If K=~ R we can write down a Weierstrass equation
of the form Y?=f where fe R[ X]. The discriminant of the Weierstrass
equation is 16 times the discriminant of f. If f has 3 real roots then these
discriminants are positive. If f has 2 imaginary roots then these dis-
criminants are negative. When the discriminant is positive we can write
down a Weierstrass equation of the form Y2 = (X —a)(X —b)(X — ¢) where
a, b, c are real and a<b <ec.

ProrosiTION 3.11. Let K be the completion of a number field at an
infinite prime. Let E and E' be elliptic curves defined over K and let ¢ be a
K-defined isogeny of E onto E'. Let L=K(E[¢]) and H'(Gal(L/K), E[¢])
=0. The group E'(K)/PE(K) is trivial unless K =R, the degree of ¢ is even,
all of the points of E[ ¢] are defined over K and we are in one of the follow-
ing cases when the group will have order 2.

e The discriminant of E is negative.
o The discriminant of E is positive and the 2-torsion point (a, 0) is con-

tained in E[ ¢].

Proof. The only thing left to do after the proof of Lemma 3.10 is show
the size of the group E'(K)/¢E(K) in the case that K~R, the degree of ¢
is even and all of the points of E[ ¢] are defined over K. To ease notation
we will say that K=R.
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FI1G. 2. FE as a quotient of the complex plane.

Since E is defined over R, the group of points of E over the complex
numbers is isomorphic to the complex numbers modulo a lattice generated
by 1 and ai when (4;>0) or 1/2 4+ ai (when 4;<0) where « is a positive
real number (see [27, Chap. VI]).

In the first case, E(R) is made up of two components with imaginary
parts 0 and a/2 in the given fundamental domain. In the second case, E(R)
is the subgroup of the given fundamental domain with imaginary part 0;
see Fig. 2. We have the following exact sequence

0— E'(R)/ER)—> H'(R, E[¢]) > H'(R, E(C))[¢] — 0.

Let o generate Gal(C/R) and let the discriminant of E be positive. On
E(C), the kernel of the norm, ¢ + 1, has two components, the set of points
with real part 1/2 and the set of points with real part 0. The image of 6 — 1
is just the set of points with real part 0. Thus the group H'(R, E(C)) has
order 2 and is generated by the component with real part 1/2. To deter-
mine the order of H'(R, E(C))[¢], we just need to check whether or not
an element of the kernel of ¢ is on the component with real part 1/2. The
points in the kernel of ¢ are all in E(R) and the points of E(R) intersect
the component with real part 1/2 only at 2-torsion points. Therefore if
there is a 2-torsion point in E[¢] with real part 1/2, then all of
H'(R, E(C)) is ¢-torsion. By graphing E(R) we see that the 2-torsion point
(¢, 0) is on the component of E(R) that includes the identity and so maps
to the point 1/2 in the fundamental domain. A quick computation with
2-isogenies (see [27, p. 74]) shows that by dividing out E by the subgroup
generated by the 2-torsion point (b, 0), that the quotient curve has negative
discriminant, and so the point (b, 0) must map to the point (14 oi)/2.
Therefore the point (@, 0) must map to the point ai/2. If all of E[2] is
contained in E[¢] then the points (b,0) and (¢, 0) are in E[¢] so the
group H'(R, E(C))[¢] has order 2. The group H'(R, E[¢])=
Hom(Gal(C/R), E[¢]) will have order 4 so the group E’(R)/¢E(R) will
have order 2. If E[2] is not contained in E[¢] then the group
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H'(R, E[$]) will have order 2. If the non-trivial 2-torsion point in E[¢]
is (a, 0) then the group H'(R, E(C))[¢] will be trivial and have order 2
otherwise. Therefore the group E'(R)/¢E(R) will have order 2 if (a, 0) is
the 2-torsion point in E[¢ ] and will be trivial otherwise.

If the discriminant is negative, then we see that the kernel of ¢+ 1 on
E(C) is the same as the image of o — 1; it is the subgroup of the fundamen-
tal domain with real part equal to 1/2. Thus the group H'(R, E(C))[¢] is
trivial. Since the discriminant of E is negative, the group E(R)[2] has
order 2 so the group H'(R, E[¢]) has order 2. Therefore E'(R)/¢E(R) has
order 2.

4. GLOBAL COMPUTATIONS

In this section we will bring together the local results from the previous
section to prove a theorem giving upper bounds for the index of the global
intersection in the Selmer group and in the group related to an ideal class
group. Let 4 and A’ be abelian varieties of the same dimension g, defined
over K, an algebraic number field, and let ¢ be a K-defined isogeny from
A onto A'. Let L be the minimal field of definition of the points in A[¢]
and assume that H'(G, A[$]) is trivial for all G < Gal(L/K). Let S?(K, A)
be the ¢-Selmer group of 4 over K. Let C%(K, A) be the subgroup of
unramified homomorphisms in Homg, x,(Gal(L/L), A[¢]) and let
I?(K, A) be the intersection of C*(K, A) and S*(K, A).

Let p be a prime of K. Denote by S‘*’(Kp, A) the group A'(K,,)/¢pA(K ).
Let C?K,,A) be the subgroup of unramified homomorphisms in
Homg, x, x, (Gal(LK /LK), A[¢]) and let I*(K,, A) be the intersection
of SY(K,, A) and C?(K,, A).

Fix p, a finite prime, and let m, be the exponent of the group 4(K,)[¢].
Denote by M, the intersection of the maximal unramified extension of K,
and the unramified extension of LK, of degree m,. The extension M /K,
is unramified and so the group Gal(M ,/K,) is cyclic which we shall say is
generated by 7.

Let N4 and NA’ be the Néron models of 4 and A’ over O, the ring of
integers in K. Define NA° to be the open subgroup scheme of NA whose
generic fiber is isomorphic to 4 over K, and whose special fiber is the iden-
tity component of the closed fiber of NA. The group NA°(©) is isomorphic
to a subgroup of 4(K,) which we shall denote by A,(K,); define Aj
similarly. If we compare at the 0-points of 4 and A’, then ¢ can be written
as a g-tuple of power series in g variables. Let |¢'(0)| be the normalized
absolute value of the determinant of the Jacobian matrix of partials for ¢
evaluated at the 0-point.
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THEOREM 4.1. Let H'(G, A[¢])=0 for all G < Gal(L/K). We have the
following injections of groups

P

SHK, A)/IY(K, A) = [ SUK,. A)I*K,, A)
CHK, A)I*(K, A) = [] CHK,. A)/I/K,, A)

where p ranges over the primes of K. For each finite prime p of K that
does not divide the conductor of A or the degree of ¢, the groups
SYK,, A),I"(K,, A), CX(K,, A) and A(K,)[$] are isomorphic.

The group CYK,,A) is trivial if p is infinite, and isomorphic to
A(K,)[¢] otherwise. The group I‘”(KP,A) is trivial if p is infinite, and
isomorphic to

A(Mp)[¢:| N (Tp - 1) A(Mp)
(1, = )(A(M)[¢])
otherwise. The group S*(K o A) is trivial if p is infinite unless p is a real
prime, the degree of ¢ is even, and the points in A[¢] are defined over K,

in which case the group has exponent 2 and has size at most 2%. The group
SYK,, A) has order

|'(0)| " - #A(K)[$]- #A'(K,)/Ay(K,)
# A(K,)/Ao(K,)

when p is finite.

Proof. The injections are clear from the definitions of the groups
involved. What happens at the infinite primes follows from Lemma 3.10.
Let p be a finite prime. From Lemma 3.1 we see that the group C*(K,, 4)
is isomorphic to A(K,)[4]. Since H'(G, A[$]) =0 for all G = Gal(L/K),
the group I%(K,, A) is defined and is isomorphic to the intersection
quotient from Theorem 3.4. The order of the group S*(K,, A) comes from
Lemma 3.8.

Let p be a finite prime that does not divide the conductor of 4 or
the degree of ¢. Since p does not divide the conductor we have
A(M )= AyM,). So from Lemma 3.6, all of the elements of A(M,)[¢]
are in (7, —1)(A(M,)). Thus the group I(K,, A) has the same order as
A(K,)[¢] and so is equal to C‘/’(KP,A). We also have A(K,)=A4,K,)
and A'(K,) = A,(K,). In addition, since p does not divide the degree of ¢,
we have |¢'(0)|=1. Therefore, the order of S¢(Kv, A) will be the
same as the order of A(K,)[¢]. So the image of S¢(Kp, A) in
Homg k) (Gal(LK /LK), A[¢]) is the same as C’(K,, A), which is
isomorphic to A(K,)[¢]. |
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For elliptic curves, all of the local groups are easy to compute. Use
Theorem 3.4, Lemma 3.6 and Theorem 3.7 to compute the order of the
intersection quotient. Theorem 3.7 requires a minimal Weierstrass equation
at the prime p which we may not have, but that does not matter. We can
just replace our Weierstrass equation with a minimal one at p so as to be
able to apply Theorem 3.7 since the order of the intersection does not
depend on the embedding. Use Tate’s algorithm to compute the orders of
E'(K,)/Ey(K,) and E(K,)/Ey(K,). As noted after proving Lemma 3.8, the
quantity |¢'(0)| ~' can be computed easily using [29] and [27, Chap. IV].
In the infinite case use Proposition 3.11 to compute the size of
E'(K,)/¢E(K,). The group E(K,)[¢] is trivial to compute also.

5. THE 2-MAP

The 2-map has been the most studied because it is usually the easiest
isogeny to work with that is always defined over the field of definition of
an abelian variety. In addition, one does not have to work with two dif-
ferent abelian varieties. For these reasons, 2-Selmer groups are frequently
used when trying to compute the free Z-rank of a Mordell-Weil group.
Birch and Swinnerton-Dyer [3] created an algorithm for computing
2-Selmer groups for elliptic curves and this has been implemented as a
computer program by John Cremona. Recently, algorithms have been
introduced for computing 2-Selmer groups for the Jacobians of hyperellip-
tic curves that work in special cases. For hyperelliptic curves of genus 2
there are the algorithms of Flynn [8], and of Gordon and Grant [9], and
for arbitrary genus see [23]. The algorithms of Flynn and of Gordon and
Grant have also been implemented as computer programs. As mentioned in
the introduction, the 2-map has been studied in connection with its relation
to the 2-rank of the class group of cubic extensions of Q. We will see why
in Subsection 5.1

In this section we first show how the group C*(K, J) is related to the
2-parts of class groups when J is the Jacobian of an elliptic or a hyperellip-
tic curve. We then present some examples of computing the local intersec-
tion I*(K,, E) for elliptic curves. Then we come up with simpler upper
bounds for the sizes of SX(K, 4)/I*(K, A) and C*K, A)/I*(K, A). Lastly we
do explicit computations for three examples of Jacobians of elliptic and
hyperelliptic curves.

5.1. The Group C*(K, J) for the Jucobians of Elliptic and Hyperelliptic Curves

Let C be the projective elliptic or hyperelliptic curve defined over K, a
number field, by the equation Y?=f where f is a separable polynomial of
odd degree d> 3. Let J be the Jacobian of the normalization of C and let
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oo denote the point at infinity of the normalization of C. The genus of the
curve C and the dimension of J are both (d—1)/2. Let L=K(J[2]), and
let G, be a 2-Sylow subgroup of Gal(L/K). We will see below that when
H'(G,, J[2]) is trivial that we have

H'(K, J[2]) = Hom g x\(Gal(L/L), J[2]).

By abuse of notation we will denote the preimage in H'(K,J[2]) of
C*(K, J) also by C*(K, J).

Let F be the algebra defined by F= K[ T]/f(T) and let F be K[ T]/f(T).
In [23] the author presented an isomorphism of H'(K, J[2]) and the ker-
nel of the norm from F*/F*? to K*/K*2. Any subset with d—1 elements
of the set of (a;, 0) — co, where f(a;) =0, forms a basis for J[2]. Let w be
the Weil-pairing of an element of J[ 2] with all d of the points («;, 0) — o0;
then w is a map from J[2] to u,(F). The map w induces an injective map
from H'(K,J[2]) to H'(K, u,(F)). The latter cohomology group is
isomorphic to F*/F*? by a Kummer map (see [25, p. 152]). Composing
the Kummer isomorphism and the Weil-pairing induces the desired
isomorphism.

Let us define unramified elements in the kernel of the norm from F*/F*?
to K*/K*2. We can write F~F, x...x F, where each F, is a field and we
have

FH*[F*2x F¥/F¥2x ... x F*/F*2,

For an arbitrary number field W, let us define the unramified elements of
W*/W*2 to be those which have the property that if one adjoins the
square root of a representative to W, one gets a totally unramified exten-
sion of W. We will say an element of F*/F*? is unramified if its image in
each F}/F** is unramified. The group C*(K, J) injects into the kernel of
the norm from F*/F*? to K*/K*2. We will show that its image is the same
as the subgroup of unramified elements.

LeEMMA 5.1.  Let f be a separable polynomial of odd degree d =3, defined
over K a field of characteristic 0. Let C be the curve defined by Y*=f and
let J be the Jacobian of the normalization of C. Let L=K(J[2]) and G, be
a 2-Sylow subgroup of Gal(L/K). Then the following are equivalent.

1. The group H\(G,, J[2]) is trivial.
2. The group J[2] is cohomologically trivial as a G,-module.
3. The group J[2] is cohomologically trivial as a Gal(L/K)-module.

4. Let W be the field fixed by G,. In W[ X], the polynomial f is the
product of one linear factor and (d—1)/# G, irreducible factors, each of
degree #G,.
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5. Let a; for 1 <i<d be the roots of f. For i not equal to j, the degree
of L over K(a;, o;) is odd.

is %

Proof. From [2, Thm. 6], (1) is equivalent to (2) and from [2, Prop.
81, (2) is equivalent to (3). To prove that (4) implies (5) we note that (4)
implies that if g € G, fixes two different a,’s then o is the identity. Let i not
equal j and }et G = Gal(L/K(«;, ;). Let H be a 2-Sylow subgroup in G.
The group H can be extended to a 2-Sylow subgroup of Gal(L/K), which
we will call G,. Elements of H are in G, and fix two different «;,’s so H is
trivial. Thus the degree of L over K(«;, «;) is odd. To prove that (5) implies
(4) we note that (5) implies that L is of odd degree over W(«;, ;) when i
is not equal to j. So L equals W(a;, «;). Since the degree of f/ is odd, one
of its roots must be in W and each of the rest generates L, which is (4).

Now let us prove that (1) and (4) are equivalent. Let X be the G,-set of
roots of f. Let G, act trivally on F, and let F5 be the G,-maps from X to
F,. Recall that any subset of the set of («;,0) — o0 with d—1 elements
forms a basis for J[2]. It is easy to check that the kernel of the norm from
F3 to F, is isomorphic as a G,-module to J[2]. In addition, since d is odd,
the composition of the diagonal embedding of F, in F¥ with the norm is
the identity map so the exact sequence

0->J[2]>F{ 2 F,—0
splits. Therefore the exact sequence
0— H'(G,,J[2]) > H'(G,, F}) > H'(G,, F,) -0

also splits. Because these groups are finite, condition (1) is equivalent to
H'(G,,FY)~ H'(G,, F,). Now X is isomorphic as a G,-set to the disjoint
union of its orbits and so to LIG,/H; for some set of subgroups H; of G,.
Thus
Fi>@® F$/7
J
as G,-modules. So we have

H'Y(G,,FY )=~ H' (G5, F$'"\® .- @ H'(G,, F§>/"n)

for some n. Now from Shapiro’s lemma (see [2, Prop. 2]), condition (1)
is equivalent to

HY(G,,F,)~H'(H,,F,)® --- ®@H'(H,, F,).

Now X has odd cardinality and G, is a 2-Sylow subgroup, so there is an
orbit of cardinality one. Without loss of generality we will let H, =G,. So
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(1) is equivalent to all of the groups H'(H,, F,) being trivial for j > 1. Since
H; acts trivially on F, we know that such cohomology groups are trivial
only when H; is trivial. So (1) is true if and only if X has one orbit with
a single element and otherwise consists of orbits with the same cardinality
as G,. In other words, fis the product of one linear factor and (d—1)/#G,
irreducible factors each of degree # G,, which is condition (4). ||

Condition (5) is always true for elliptic curves, and for curves of the form
y?=x" +a where p is an odd prime.

LeEmMMA 5.2. Let W be a finite extension of K, fields of characteristic 0.
The norm from W*|/W*? to K*/K*? sends unramified elements to unramified
elements.

Proof. Let W, be any finite extension of K, and let W;, for i=1 to s,
be the s conjugates of W, over K. Let «; € W, and let a; be the image of
o, in each W;. Let Wl(\};,-) be a totally unramified extension of W,. We
will abbreviate totally unramified with unramified. Then W,-(\/o;) is an
unramified extension of W, for all i. Let E be the normal closure of
Wl(\/oci) over K. We want to prove that K(\/N, x(a,)) is an unramified
extension of K. Let /< Gal(£/K) be an inertia group and pick ogel. We
want to prove that o fixes \/NW]/K(ocl) =\/cx1 -...-a,. Pick an orbit of the
set of a;’s under the action of the group generated by ¢ and number them
%, ..., «; where a(a;) =a,,, with the subscripts computed modulo j. We
have a(f )= *+./;,; and if we compute these for 7 from 1 to j then the
number of minus signs must be even. If it were odd, then af(\/oci1 )= \/oTI
and so ¢/(«;) =, and so ¢/ would be in Gal(E/W,). Since W,.(\/o;) is an
unramified extension of W, we know that ¢/ € I would also fix \/oT,., a con-
tradiction. Thus there are an even number of minus signs and so ¢ fixes the
square root of the product of the elements of each orbit and so o fixes
Jog o |

If the element @ of F has image (a;, .., a,) in [[F;, then Np(a) is the
same as the product of the Ngi(a;). We see that the norm from
F*/F*2=T[F*/F** to K*¥/K*? takes unramified elements to unramified
elements.

THEOREM 5.3 Let f be a separable polynomial of odd degree d=3,
defined over K, a number field. Let C be the curve defined by Y>=f, let J
be the Jacobian of the normalization of C and let F=K[T]/f(T). Let
L=K(J[2]) and G, be a 2-Sylow subgroup of Gal(L/K). If the group

HY(G,, J[2]) is trivial then the group C*(K,J) is isomorphic to the kernel
of the norm from the unramified elements in F*/F*? to the unramified
elements in K*/K*2,
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Proof. From Lemma 5.1, since H'(G,, J[2]) is trivial, we know J[2]
is cohomologically trivial as a Gal(L/K)-module. So H(Gal(L/K), J[2]) is
trivial for all i. From the extended inflation-restriction sequence (see [ 10,
p- 30]) we then have

H'(K, J[2]) =~ Hom g, x\(Gal(L/L), J[2]).

By abuse of notation we will denote the preimage in H'(K, J[2]) of
C?*(K, J) also by C*(K, J). Thus, C*(K, J) is the subgroup of H'(X, J[2])
consisting of classes of cocycles which, when restricted to Gal(L/L), factor
through Gal(H(L)/L) where H(L) is the Hilbert class field of L.

We have seen that the group H'(K, J[2]) is isomorphic to the kernel of
the norm from F*/F*? to K*/K*% An element a of the kernel of the norm
from F*/F*? to K*/K*? is in the image of C*(K, J) exactly when its image
(ay, ..., a,) in [[F*/F¥* has the property that for each i, the field L(\/c;)
is unramified over L with the F,’s properly embedded in L. That is, for
each K-algebra homomorphism ¢ from F to L, the field L(\/a(a)) is
unramified over L. An element a in the kernel of the norm from F*/F*? to
K*/K*? is in the subgroup of unramified elements exactly when for each K-
algebra homomorphism ¢ from F to L, the field o(F)(\/o(a)) is unramified
over o(F). We are trying to show that these two subgroups of F*/F*? are
the same. It is clear that the latter subgroup is contained in the former.

Let us prove that the former subgroup is contained in the latter. Let a
be an element of F* with Ny (a) in K** and with the property that for
every K-algebra homomorphism ¢ from F to L that L(\/o(a)) is
unramified over L. We have assumed condition (1) of lemma 5.1 and so we
have condition (4). First we will assume that K= W, where W is the fixed
field of G,, a 2-Sylow subgroup of Gal(L/K). Under this assumption, the
algebra F is isomorphic to the direct product of K and (d — 1)/ # Gal(L/K)
copies of L. Let the image of a in this direct product be (a, ..., ,). We need
to show that K(\/;, ) is an unramified extension of K and that L(\/cZ) is
an unramified extension of L for each i> 1. The latter statement is part of
the assumption. Now N (a) is equal to a, N, x(a,) - ...- Nyx(a,) and is in
K*?. Thus a, is congruent to N, x(a, - ...-a,) modulo K**. By hypothesis,
L(\/;,-) for i>1 is an unramified extension of L. By Lemma 5.2, the field

K(\/ai1 ) must be an unramified extension of K. So for every K-algebra
homomorphism ¢ from F to L we have o(F)(./o(a)) is unramified over
o(F).

Now we will no longer assume that K= W and reduce to that case.
Assume ¢ is in F* with Npx(a) in K*? and assume for every K-algebra
homomorphism ¢ from F to L that L(\/o(a)) is unramified over L.
Let F®x W be isomorphic to the product of fields [T E;, We have
S [E;: F1=[W: K] which is odd so without loss of generality, let the
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degree of E, over F be odd. There is some homomorphism y from W to L
such that the homomorphism ¢ ® y from F® x W to L factors through E,
and we can denote the induced map from E, to its image by p. Now the
map p from E, to p(E,) extends the map ¢ from F to o(F).

0®y: FQx W— E; > p(E\)cL
v U
F % a(F)

The degree of E, over F is odd, so the degree of p(E,) over o(F) is odd.
From above, since ¢ ® y is a homomorphism from F® W to L, we know
pP(EN)/pla®1)) over p(E,) is unramified. The only elements of inertia
groups we have to worry about are of 2-power order. Since the degree of

p(E,) over o(F) is odd and p extends o, we know that o(F)(\/a(a)) is
unramified over o(F) also. Therefore the subgroup of the kernel of the
norm from F*/F*? to K*/K*? of unramified elements is equal to the image
of CX(K,J). 1

The group of unramified elements in F*/F*? is the product of the groups
of unramified elements in each F*/F*2 If W is any field, such as K or an
F', then the group of unramified elements in W*/W*?2 is isomorphic to the
dual of CI(W)/Cl(W)? from Kummer theory and class field theory.

5.2. The Group I’(K,, E).

In this section we will see that for elliptic curves, the computation of
I’(K,, E) is essentially a matter of finding the action of Gal(]?v/Kp) on
E[2] and using Tate’s algorithm over K, to deduce the action of
Gal(M ,/K,) on E(M,)/EyM,). This is facilitated by that fact that the
possible groups E(M,)/E,(M,) and the possible Galois actions on them
are very limited.

Let E be an elliptic curve defined over a number field K. Condition (5)
of Lemma 5.1 is satisfied for all elliptic curves so condition (3) holds. That
says that H'(G, E[2]) =0 for all groups G contained in S5, where S5 is the
automorphism group of E[2]. So the conditions of Theorems 4.1 and 3.4
hold. From Theorem 3.4 and Lemmas 3.1 and 3.6, the order of the local
intersection, IZ(KP, ), is the same as the order of the local group of
unramified homomorphisms, Cz(Kp, E), if all of the points in E(M ,)[2]
have non-singular reduction, which will happen if the elliptic curve has
good reduction at p. So the only cases where something interesting can
happen occur when E has bad reduction at p.

From Theorem 3.4, in order to compute the size of the local intersection,
we need to find out how many elements of E(M ,)[2] are in (t—1)E(M )
and divide that quantity by the size of (v —1)(E(M,)[2]). We know from



104 EDWARD F. SCHAEFER

Lemma 3.6 that the elements of E(M,)[2] that are in (z—1)E(M,) are
those with non-singular reduction and those with singular reduction
which have the property that their image in E(M,)/E\(M,) is in
(t—1)(E(M,)/E(M,)). From Theorem 3.7 we find that the only times
that a 2-torsion point with singular reduction could possibly be in the
image of r— 1 are in the cases that E has type I, reduction where 4|v or
type I'¥ reduction with v odd or even. As we will see, in each of these three
cases, a 2-torsion point with singular reduction, may or may not be in the
group (t—1)E(M,). In the other cases, either E(K}™)/E(K,™) has no
2-torsion or a point with singular reduction generates the 2-part of E/E,
and can not be in the image of v—1. Computations of the groups
E(Q,)/E(Q,) were accomplished with Tate’s algorithm [28].

1. Examples of curves with type I, reduction with 4|v and 2-torsion
points of singular reduction in and not in the image of T—1. The curves
Y?=X?—26X>+135X—567 and Y?=X>+26X>+ 135X + 567 have dis-
criminant 4 = —2%.3%.232.239. Over Q, they each have type I, reduction
(multiplicative) with v=4. Each have two 2-torsion points with singular
reduction defined over Q5. They differ by a 2-torsion point with non-
singular reduction and so have the same image in E/E,. For both curves,
the group E(Q5™)/Ey(Q4™) is isomorphic to Z/4Z. The first curve has split
multiplicative reduction over Q5 and the second does not. Therefore the
group E(Q;)/Ey(Q;) is isomorphic to Z/4Z for the first curve and Z/2Z for
the second. The image of the 2-torsion points with singular reduction is the
element of order 2 in both groups. All of the 2-torsion is defined over
Q; for these curves, so M5 is the quadratic unramified extension of Q.
We have E(M;)/E,(M,) isomorphic to Z/4Z for both curves. The
automorphism 7 acts trivially on each element of E(M;)/Ey(M3) for the first
curve and as —1 for the second. The 2-torsion points with singular reduction
are in the image of the map 7 — 1 for the second curve, but not the first.

For both curves the size of E(M;)[2] is 4 and 7 acts trivially on each ele-
ment so (7 — 1)(E(M;)[2]) is trivial. For both curves the size of E,(M;)[2]
is 2 and from Lemma 3.6, those 2 points are automatically in
(t—1)(E(M3)). From above, the two 2-torsion points with singular reduc-
tion on the first curve are not in the image of r— 1. Thus the size of
(t—1)E(M;)n E(M)[2] is 2 and so the size of I*(Q;, E) is 2. The two 2-
torsion points with singular reduction on the second curve are in the image
of t—1. So (t —1)E(M;) n E(M)[2] and I*(Q;, E) each have size 4.

2. Examples of curves with type I¥ reduction with v odd and 2-torsion
points of singular reduction in and not in the image of T— 1. The curves
Y?=X*—-232X+23° and Y?=X>—232X—23% have discriminant A=
—2%.237. Over Q,; they each have type I* reduction with v=1. For both
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curves, two 2-torsion points are defined over a quadratic ramified extension
of Q,5. Each curve has one 2-torsion point defined over Q,; with singular
reduction. So the field M,; is the quadratic unramified extension of Q,;.
For the first curve, the groups E(Q,;)/E((Q.;) and E(M,;)/E\(M,5) are
both isomorphic to Z/4Z. For the second curve, the group £(Q,;)/Ey(Q»3)
is isomorphic to Z/2Z and E(M,;)/E(M ;) is isomorphic to Z/4Z. For
both curves, (1 —1)(E(M,;)[2]) is trivial and E(M,;)[2] has order 2. The
action of 7 on the groups E(M,;)/E\M,3) is identical to that in the last
example. So (7 —1)E(My;) n E(M,;)[2] and I(Q,;, E) are trivial for the
first curve and have order 2 for the second curve.

3. Examples of curves with type I'¥ reduction with v even and 2-torsion
points of singular reduction in and not in the image of t— 1. The curve
Y?= X3+ X>4+4X + 12 has discriminant 4= —28.32.23. Over Q, it has
type I¥ reduction with v=0. All of the 2-torsion points are defined over
Q.. So the field M, is the quadratic unramified extension of Q,. The group
(t—1)(E(M,)[2]) is trivial. Two points in E(M,)[2] have non-singular
reduction and so are in (t—1) E(M,). Two of the 2-torsion points have
singular reduction. They generate E(Q,)/E,(Q,) where they have the same
image; this group has two elements. The group E(Q3")/E(Q5™) is
isomorphic to Z/2Z @ Z/2Z. There are only 2 automorphisms of
727.® 727 fixing a given subgroup of order 2. So the group
E(M,)/Ey(M,) must be isomorphic to Z/2Z ® Z/2Z. The image of t—1 on
an element of E(M,)/E,M,) not fixed by 7 is the image of the 2 singular
points in E(M,)/EyM,). Thus the two 2-torsion points with singular
reduction are also in (t —1)E(M,), so I*(Q,, E) has 4 elements.

The curve Y?= X3 —25X has discriminant 4=2°.5° Over Qs it also
has type I} reduction with v=0. All of the 2-torsion points are defined
over Qs. This curve has three 2-torsion points with singular reduction. The
group E(Qs)/E(Qs) is isomorphic to Z/2Z. @ Z/27Z. as it is generated by
the 2-torsion points. Since the group E(QY™)/E,(QL") has been realized
over Qs it is impossible for these 2-torsion points to be in the image of
7—1. So the group 7*(Qs, E) is trivial.

The curve Y? = X> — 75X + 125 has discriminant 4 =2*.3%. 5% Over Q; it
also has type ;¥ reduction with v = 0. This curve has three 2-torsion points with
singular reduction and they are all defined over L5, the cubic unramified exten-
sion of Q5. The group E(Qs)/Ey(Qs) is trivial. The group E(Ls)/Ey(Ls) is
isomorphic to Z/2Z @ Z,/27Z. and is generated by the 2-torsion points. The field
M is the sextic unramified extension of Q5. The automorphism 7 permutes the
three 2-torsion points with singular reduction. Though all of the 2-torsion
points are in (7 — 1) E(MS5), they are also in (z — 1)E(M5)[ 2] and so the group
I*(Qs, E) is trivial. This should be clear anyway as the group E(Qs)[2] is tri-
vial, so the group of unramified homomorphisms is also.
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5.3. The Groups S* (K, A)/I*(K, A) and C*(K, A)/I*(K, A)

Let us return to arbitrary abelian varieties and derive more elegant
upper bounds for the sizes of the quotients of the Selmer group and the
group related to the class group by their intersection, for the 2-map. We
can reformulate Theorem 4.1 with the following divisibility conditions.

PROPOSITION 5.4. We have

A(K,)[2
#SX(K, A)/IA(K, 4) | [] m
and
#A(K,)[2]
CAK, A)PK A) | [] 5
#C(K, A)/IP(K, A) }_‘L #1%(K,, A)

where T is the set of primes of K consisting of the infinite primes and the
primes that divide 2f, where { is the conductor of A.

Proof. The second divisibility statement follows immediately from
Theorem 4.1. Let us consider the group S*(K, A)/I*(K, A). The given
divisibility statement differs from what appears in Theorem 4.1 at the
primes dividing 2 and the infinite primes since at all other primes we have
[¢'(0)]=1 as well as 4=A'. Let us consider the order of the group
A(K,)/2A(K,) where p is a prime of K, ie. SZ(KP, A). First assume that
p is a prime dividing 2. From proposition 3.9, we have

# A(K,)2A(K,) =215 @1 % A(K)[2]
where g is the dimension of A.

If K, ~C, then A(K,)/24(K,) is a trivial group. Let K, ~R. We have
the following commutative diagram from the snake lemma

0 ker A(R)[2] —— H'(Gal(C/R), A) —

0— R%/A(RY) A(R) H'(Gal(C/R), A) — 0
[2] [2] [2]

0—— R¥/A N (R¥) A(R) H'(Gal(C/R), A) —— 0

0 A(R)/2A(R) —— H'(Gal(C/R), A) —— 0.
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The center two short exact sequences appeared in the proof of Lemma 3.10.
The size of the kernel of the 2-map from R#/4 n (R#) to itself is 24, We see
that the size of 4(R)/2A(R) equals # A(R)[2]/2%. Notice that if K, is
isomorphic to C or to R that we have

#A(K,)2A(K,) = # A(K,)[2]/255R],

So the contribution from the infinite primes and the primes dividing 2 is
the following

#A(K,)[2] 265 @0 2 g(K,)[2]

pl\_L 2g[Kp:R] .p|2 #IZ(KP,A)
2g[K:Q] #A(Kp)[Z]
=yawar | #4200
_ [ 2AK2]
pl2 #IZ(KP’A)

since I*(K,, A) is trivial for all infinite primes from Lemma 3.10.

5.4. Examples

ExampPLE 1. A cubic field whose class group has 2-rank at least 13.

Mestre [ 16] has produced an elliptic curve E of rank at least 14 over Q.
A Weierstrass equation for the curve E is given by

Y?+357573631Y = X +2597055X > — 549082.X — 19608054.

The discriminant is odd, square-free and negative. The primes of bad
reduction are those that divide the conductor of E which are exactly the
ones that divide the discriminant. There are no non-trivial 2-torsion points
defined over Q. Let us determine whether L = Q(E[2]) is an A;- or an S;-
extension of Q. Choose another Weierstrass equation for E of the form
Y?=g where ge Z[ X]; the polynomial g will be irreducible. The quotient
of the discriminants of the two Weierstrass equations will be a square. The
discriminant of the second will be 16 times the discriminant of the cubic
polynomial g. If g(a) =0, then («, 0) is a 2-torsion point. The field F= Q(a)
is a cubic extension of Q whose discriminant differs by a square from the
discriminant of g. Thus the discriminant of the field F is not a square, so
L is an S;-extension of Q and F is a non-Galois cubic extension of Q.
Let p be an odd prime of bad reduction. The elliptic curve has type 7,
reduction (multiplicative) at p with v=1. So E(Q,™)/Ey(Q,™) is trivial
and the 2-torsion points defined over unramified extensions of Q, are in
E,. From Lemma 3.6, all points of E(M,)[2] are in (t —1)(E(M,)). From
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Theorem 3.4, the group I°(Q,, E) has the same size as E(Q,)[2]. From
Lemma 3.1 and Proposition 3.9, the groups C*(Q,,, E) and S*(Q,,, E) also
have the same size as E(Q,)[2] (which is 2). So C*(Q,, E) and S*(Q,, E)
are equal.

At the prime 2, the curve has supersingular good reduction and the
reduced curve has 5 points over F,. In fact the group E(Q,)[2] is trivial
and so the group of unramified homomorphisms at the prime 2, namely
C*Q,, E), is trivial and E(Q,)/2E(Q,), or S*Q,, E), has 2 elements.
Since the discriminant is negative, we have L =R(E[2])=C so from
Proposition 3.11 the group E(R)/2E(R) is trivial. So the three local groups
are all trivial for the infinite prime. Thus for all primes but 2, all three local
groups are the same. For the prime 2, the group C*Q,, E) is contained in
the group S*Q,, E) with index 2. Therefore, the group of globally
unramified homomorphisms, C*(Q, E), is contained in the 2-Selmer group,
S%(Q, E), with index at most 2. To show it has index 2, we need to find an
element of the Selmer group that restricts to the image of the non-trivial
element of E(Q,)/2E(Q,) in H'(Q,, E[2]). There is a rational point with
X-coordinate —2561042. When multiplied by 5, one gets a point in the ker-
nel of reduction. The valuation of the X-coordinate of this second point at
the prime 2 is —2 so it is in E£,(Q,) but not in £,(Q,). The group E,(Q,)
is isomorphic to the additive group of the ring of integers in Q, and
E (Q,)/E5(Q,) has 2 elements (see [27, Chapt. IV: Prop. 3.2 and Thm.
6.4]). Therefore this point cannot be in 2E(Q,). This point maps to a
homomorphism ramified at 2. So we know that C*(Q, E) has rank at least
13. From Theorem 5.3, since CI(Q) is trivial, the group C*Q, E) is
isomorphic to the dual of CI(F)/CI(F)> So using the generators that
Mestre produced, we can show that the class group of F has 2-rank at least
13, but we cannot show it is any greater than that.

p°

ExampLE II. A curve of genus 2 whose Jacobian has rank 7 over Q.

Let C be the hyperelliptic curve defined over Q by the equation Y?=f
where f=X° 4+ 16X* —274X° + 817X+ 178X + 1. Let J be the Jacobian of
the normalization of C. The characteristic polynomial of the Frobenius for
J over F; is t* + 1> + 31> + 3t + 9 which is irreducible over Q, so J is simple
over Q. Let {a,} be the set of roots of /. A basis for J[2] is the set of points
(a;, 0) — oo for i=1 to 4. The point (as, 0) — oo is the sum of the other 4.
The 2-torsion points are all defined over the splitting field of f which is the
simplest quintic field L with discriminant 941* (see [24]). Simplest quintic
fields are Galois over Q. The polynomial f has discriminant 94141912 The
primes we have to worry about are oo, 2, 191, and 941. We would like to
show that J(Q) has rank 7.

We have L~F=Q[T]/f(T) in the notation of Subsection 5.1. The
group H'(Q, J[2]) is isomorphic to the kernel of the norm from L*/L*?
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to Q*/Q*2. If we compose this isomorphism with the coboundary embedd-
ing from J(Q)/2J(Q) to H'(Q, J[2]) we get a map which is identical to the
map X — 7T which is defined as follows (see [23]). Pick a degree 0 divisor
D=3 n,R; of C defined over Q whose support does not contain any point
of C with Y=0 or the point co. Define
(X=T)(D)=]] (X(R,

l) - T)ﬂi.

One can show that the image of a point (x, y) — co where y #0 is x — T by
finding the image of an equivalent divisor whose support does not contain
0. Let L,=Q,[T]/f(T). We similarly have embeddings of J(Q,)/2J(Q,)
into L¥/L** by the map X — T. If the prime p of Q splits in L then L, is
isomorphic to the product of 5 copies of Q, and the 2-torsion is rational
over Q,. Then we have

p—Q [T]/f ) p XQ/) by TH((X], cee a’S)'

Again by finding the image of an equivalent divisor one can show that the
point (a;, 0) — 00 maps to a,—a, at the jth component of (Q}/Qj*)° for
j#i and to the product of the other 4 entries at the ith component.

The 2-rank of the class group of L is 4 (see [24]). Since condition (5)
of Lemma 5.1 is satisfied, the groups H'(G, J[2]) are trivial for all i and
for all G contained in Gal(L/Q). Therefore the group H'(Q, J[2]) is
isomorphic to both Homg,y,,o,(Gal(L, L), J[2]) and to the kernel of the
norm from L*/L*? to Q*/Q*2 Thus, from Theorem 5.3, the group
C*(Q, J) is isomorphic to the group of unramified elements in the kernel
of the norm from L*/L*? to Q*/Q*?. Since Q has a trivial class group,
we know C?(Q,J) is isomorphic to exactly one copy of the dual of
CI(L)/CI(L)* Therefore C*(Q,J) has rank 4. The roots of f are all real,
one is in the interval (—28, —27), two are in (—1, 0), one in (5, 6) and one
n (6, 7). Since there are 3 negative roots and 2 positive roots and they are
units, the narrow and wide class numbers of L are the same.

The points (—17, +1223), (=9, +557), (—6, +317), (—2, +73),
(0, £1) and (4, +£37) are all in C(Q). The points ((5+./177)/2, +£191)
and (5—./177)/2, £191) of C give conjugates over Q and we will denote
them by (f,, £191) and (f,, +191) respectively. In this example, the
notation (n) will refer to the divisor (n, . /f(n)) — oo and its image in
J(N)/2J(N) over the appropriate field N. Let us compute the local groups
for the four interesting primes. We know from the proof of Proposition 5.4
that the size of J(R)/2J(R) is the same as #J(R)[2]/2* which is 4. If we
map (—2) into (L* /L*?)°, which is isomorphic to (R*/R*?)°, we get
(1, =1, —1, —1, —1) and if we map (0) we get (1, 1,1, —1, —1). So (—2)
and (0) generate J(R)/2J(R). Now the prime 2 is inert in L and so
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TABLE 1
Some Points of J(Q4;)/2J(Q o) and Their Images in L%, /L%

x—=35 x—6 x—37 X—oy X —os

1 —1 —1 -1 -1
1 1 1 1 —1
1 —1 —1 1
1 1 —1
1 1 —1
(—17) 1 ~1 —1
-9) 1 ~1 ~1

1

1

1

1

1

—_—

|
Bl

(

(—6) —1 -1

(—2) —1 —1
(0) - 1 1
(4) — -1 1

(B1)+(B2) -1 1

— = —m — = — NN
N = o om — = N

|
Bl

J(Q,)[2] is trivial. Thus the group C*(Q,, J) is trivial and from Proposi-
tion 3.9, the group S*(Q,,J) has rank 2. The prime 941 ramifies totally
in L and so J(Qq,)[2] is trivial as are the groups S*(Q4,J) and
C?*(Qyy4;,J) (and so this prime can be ignored).

We have

Yi=f=(X—ay) - (X—a5)=(X—=5)(X—6)(X—37)(X—159)% (mod 191).

So the prime 191 splits in L and so C*Q,q,, J) and S*(Q,o;, J) each have
rank 4. In Table I we present a list of some rational points of J(Q,o;) and
their images in L3, /L%5; where 7 is a prime element and —1 is a quadratic
non-residue modulo 191. Along the top is written x —a; to remind us how
to compute the ith component.

We see that (a,), (ay), (—2) and (0) form a basis for J(Q,q,)/2J(Q9;)
and that I*(Q,,,,J) has rank 3. So our first estimates from Theorem 4.1
show that C*(Q, J)/I*(Q, J) has rank at most 1, from the prime 191, and
S%(Q, J)/I*(Q, J) has rank at most 5, which is 2 from the infinite prime, 2
from the prime 2 and 1 from the prime 191. Using the fact that the narrow
and wide class numbers are the same, we see that we cannot have a quad-
ratic extension of L which is ramified only at oo therefore S*(Q, J)/I*(Q, J)
has rank at most 3. Since C*(Q, J) has rank 4, we see from Theorem 4.1
that the rank of S*(Q, J) is between 3 and 7.

At this point we will show that (—17), (—=9), (—6), (—2), (0), (4) and
(f1) + (B,) are all independent points of infinite order in J(Q). The prime
37 splits in L and we have

Y2 =f=(X—4)(X—8)(X—12)(X—16)(X—18)  (mod 37).
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TABLE 11
Some Points of J(Qj,)/2J(Q3;) and Their Images in L%, /L%

x—4 x—38 x—12 x—16 x—18

(=17)
(=9)
(—6)
(0)
(=2)
4)
(B1)+(B2)

R R L
O = = RN N —
—_ 0N = R — N
—_ N — N — —
— N RN —

In Table II are the images of the given rational points in L% /L%? where
2 is a quadratic non-residue of 37.

Since none of the images of these points is trivial, none of them is a tor-
sion point. Notice that (—17), (—9), (—6), (0) are all independent, and so
are independent points of J(Q) of infinite order. We have the relations
(=2)=(=9)+(=6), (4)=(=17) and (f))+(f:)=(=9) in J(Qs)/
2J(Q5,). The prime 73 also splits in L and we have

Y2=f=(X+26)(X+19)(X+2)(X—13)(X—18)  (mod 73).

In Table III are the images of the given rational points in L% /L3 where
5 is a quadratic non-residue of 73. We see that (—2) is independent of
(—17), (=9), (—6), (0). Now if there is a dependence relation of (4) on
(—=17), (=9), (—6), (0) and (—2) in J(Q)/2J(Q) then the same relation
holds in any J(Q,)/2J(Q,). Over Qs; the only such relations involving (4)
are (4)=(—17) and (4)=(—17)+(—=2)+(—=9)+(—6). Over Q,; the
only such relations involving (4) are (4)=(—9)+(—2) and (4)=(—17)+
(—6)+(—2). Since there is no intersection in relations locally, there is no

TABLE III
Some Points of J(Q;3)/2J(Q;) and Their Images in L% /L%’

x+26 x+19 x+2 x—13 x—18

(—17) 1 1 5 5 1
(—9) 5 5 5 5 1
(—6) 5 5 1 1 1
(0) 5 1 1 5 1
(—2) 1 5 5 5 5
(4) 5 1 1 1 5

(B1)+(B2) 1 5 1 5 1
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relation globally. From its image in L%, /L%, it is clear that the point
(B,) +(p,) is independent of the rest. Therefore the Mordell-Weil rank of
J over Q is at least 7. But the Selmer group has rank at most 7. Therefore
the Mordell-Weil rank is exactly 7.

In this example, as in the last, we have C*Q,J)=1%(Q,J). It is a
straightforward computation to show that the images of the four independ-
ent points (—2)+(—6), (—=2)+(=9), (—=2)+(—17), (0)+(4) are
unramified at all primes.

ExampLE III. C*(K, A) is not always contained in S*(K, A4).

In the examples that have been worked out in the literature like the ones
above, the group of unramified homomorphisms is always contained in the
Selmer group; see [ 7, 20, 30] and [27, p. 321, 10.9(e)]. This is not always
the case, however. Let L be a cyclic cubic extension of Q with class number
4; such fields exist, like the one with conductor 163. Now C*(Q, E) is
Hom g,y 10/ Gal(H(L)/L), E[2]) where H(L) is the Hilbert class field of L.
Since H*(Gal(L/Q), E[2]) =0, there is only one possible Galois group
Gal(H(L)/Q). Since 4, contains V, as a subgroup and the quotient acts on
V, as Gal(L/Q) acts on E[2], we know that 4, must be that group. Let
p be a prime of H(L) whose restriction to Q is p, an odd prime, and
assume that p is an unramified extension of p with a decomposition group
of order two. By Tchebotarov’s density theorem, there are infinitely many
such primes. Choose a polynomial fe Z[ X] whose roots generate L and
assume p does not divide the discriminant of /. Let the following be the fac-
torization of f:

J=(X =0 )(X —0,)(X —a3)
and define g in the following way:

g = (X —pay)(X — po,)(X — pasy).

Let E be the elliptic curve defined by the equation Y?=g. The points
T,=(pa;, 0) are the non-trivial 2-torsion points. There are four Gal(L/Q)-
invariant homomorphisms from Gal(H(L)/L) to E[2]; these are the
four elements of C?*Q, E). They restrict onto the four unramified
homomorphisms in Hom(Gal(Q,/Q,), E[2]). The 2-torsion points are
representatives for E(Q,)/2E(Q,). These points are mapped to the
homomorphlsms that send an element Y €Gal(Q,/Q,) to Y 3T,—5T;
where 1T, is a 4-torsion point. The coordinates of the 4-torsion points lying
over the point (pa,, 0) are

(poy £p \/ — o) (o —as),

+P\/ 1 — o) (0 —ag) \/P _“2)+\/P | —a3))
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where the first and third + must agree. From the Y-coordinates, it is clear
that the 4-torsion points are defined over a ramified extension of Q,. By
symmetry, all three non-trivial 2-torsion points will map to ramified
homomorphisms. So the sizes of S*(Q,,, E) and C*(Q,, E) are each 4 and
they have trivial intersection. One could also show this by noticing that £
has type I§ reduction over Q, with E(Q,)/2E(Q,)=Z/2Z x Z/2Z and
using Theorem 3.7. Since the group C?*(Q, E) maps onto the group
C*(Q,, E), which has trivial intersection with the group $*(Q,, E), the
group C?*(Q, E) cannot be contained in the 2-Selmer group.
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