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Let s(n) be the sum of the digits of n written to the base b. We determine the joint
distribution (modulo m) of the sequences s(k,n}, ..., s(k,n). In the case where m and
b—1 are relatively prime, we find that their values are equally distributed among
/-tuples of residue classes (modulo m).  © 1989 Academic Press, Inc.

1. INTRODUCTION

Given an integer b > 2, denote by s(n) the sum of the digits of the non-
negative integer n expressed to the base b. A. O. Gelfond [2] proved that,
ifk=21, m=2, and (m, b—1)=1, then the numbers s(kn), n=0, 1, 2, ... are
distributed equally among residue classes (mod m). In this paper we
consider the joint distribution (mod m) of the sequences s(k,n), ..., s(k,n)
in the general case.

Throughout this paper, ail variables are positive integers unless stated
otherwise. We will assume that £>1, m>2, b>2, and that k,, .., k, are
distinct. Since s(bn) = s(n) for all n, we lose no generality in assuming that
bltkforj=1,.,°¢.

For arbitrary ry, .., r,, form the system of congruences

s(k;n)=r; (mod m), j=1, .., 7. (*)

We will prove the existence of, and evaluate, the rational number

1
L= lim —A—,card{0<n<N:n satisfies (x)}.
N = o0

We begin with a simple argument giving a necessary condition for (x) to
have a solution. We will let g = (m, b — 1) throughout this paper.

PROPOSITION 1. If (x) has a solution, then so does the system

kin=r, (mod g), j=1, .., 7. (%x)
132

0022-314X/89 $3.00

Copyright © 1989 by Academic Press, Inc.
All rights of reproduction in any form reserved.


https://core.ac.uk/display/82360248?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

DISTRIBUTION OF DIGITAL SUMS 133

Proof. Since
s(k;n)=k;n (mod bh—1)
for every j, it follows that
stk;n)y=k;n {mod g)

for every j. Thus every solution of (*) also satisfies (xx). |}

It follows from the elementary theory of congruences that, if (**) has a
solution, it has precisely (dy, ..., d,) solutions, where

dj=(kjsg)’ j=1”/

Thus if the sequences (s(k,n)) are statistically independent (mod m), we
expect the following theorem.

THEOREM 1. If (xx) has a solution, then

L=<_g_>‘(d1,..., d,)
m g

As special cases, we have the following generalizations of Gelfond’s
theorem.

COROLLARY 1. If (m,b—1)=1, and (+*) has a solution, then L=1/m’.

COROLLARY 2. Let ¢=1. If (m,b—1,k\}|r, in (*x), then L=
(m b—1,k)/m.

2. TYPE / Sums

To prove Theorem 1, we investigate the sum

) e(ﬁ )) a,-s(kjn))g (1)

ogsn< N

where e(x)=exp(2nix) and 0<a,<m for j=1,..,7. In an extension of
common usage we call (1) a Type £ sum.

LEMMA 1. If n=n'b"+n", where 0 <n" <b’, then

s(n)=s(n")+ s(n").
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Proof. Uf n=Y,¢b", then n'=3%,, b~ and n"=3%,_ &b’ The
result follows since X, ;=X ., &+, &. |

LEMMA 2. s(k(n+ wb"))=s(Lkn/b"]+ kw) + s(kn) — s([kn/b"]).
Proof. By Lemma 1,

stkn+ kwb"))=s <[%’;:| + kw) +s (kn - [’—;—';:I b’)
s (kn — [%] b’) = s(kn)—s <|:§;jl> ]

Let K= [k,, .., k,]. For 0<h< K, we define

T(r,v, h)= Y e (% i ajs(kjn)),

and

(v+h/KYB <n<(v+ (h+ 1)/k)b j=1 , (2)
1
T(r,v)= Y, T(r,v,h)= Yy e(—— Y ajs(kjn)>.
O0sh<K v <n<(v+1)b mj=1
LEMMA 3. For O<u<b, let
bh+u bh+u
éjz s A= .
Kk, K
Let {(h, u, v) be the complex number
1 '4
e (—r; Y, a;(s(k;bv + éj)—s(éj—kji))). 3)
j=1
Then
T(r+1,v,h)= Y {(h uv)T(r,0, bh+u—KA2).
O<su<b
Proof. Write
1 ¢
T(r+1,v,h)= Y, Y e(—— Y ajs(kjn)>,
O<u<b (bo-+(bh+u)K)b <n<(bo+(bh+ut1yK)pr N1

and in each inner sum replace n by n + (bv + 4)b". The inner sums become

L Z a;stk;(n+ (bv+ A)b"))
1

4
e(: )
((bh+u)/K -y <n<((bh+u+1)/K~—-2A)b" j=
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By Lemma 2 with k =k, and w=bv + 4, the summand equals

e <~:; é a, (s ([kg"}r ke (bo + x)) +s(k,n)— s ([ké”])))

The result now follows from the observation that

k;n
[ér}:zéj—k&z

in each inner sum. |
LEMMA 4. Let A(v) be the K-by-K matrix whose (h, i)th entry is

Av,l(h’ l) = Z C(h’ u, U). 4)
O<u<d
bh+u=i(mod K)

Then

T(r+1,0,0) T(r, 0, 0)
= A(v) ;
T(r+1,0, K—1) T(r.0,K—1)

Proof. The result follows at once from Lemma 3 by matrix multiplica-
tion. |

The following is an immediate corollary of Lemma 4.

PROPOSITION 2. Ifr=1, then

T(r,v,0) 1
A ETEPT S B (5)
T(r, v,'K—— 1) 0

3. Type £ MATRICES

We call the matrices A(v) Type £ matrices. We assume throughout this
section that v=0. It is clear from (3) that

{(hyu,0)=1

for 0<bh+u<Kk
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Denote by A, ,(h, i) the (k, i)th entry of A(v). By (4),
T(r, 0, h)= A, (A, 0). (6)

We now derive a formula for 4, (4, i).
For 1> 0 and 0 <i< K, we make the (invertible) change of variables

Ki+i=bh+u, (7)

where h>0, 0<u<b. We now define the function a(4, i) as follows: for
0<A<b,

a(d, iy={(h, u, 0).

For
A=ub"+v, O<u<b 0<v<d,
; (8)
a(A, )=a(v,i)a (,u, [Kvb:i- l])
We note that
a(0,i)=1 for 0<i<Kk 9)

LEMMA §5. Forallr,0<h<K,0<i<Kk,

Ao, (h, 1) = > a(4, i). (10)
b < m+?< (h+ )"

Thus

|4o,.(h, D) < > L. (11)
hbr < K).+:'1< (h+ 1)d
Proof. The result is easily verified for r=0, and the case r =1 follows

at once from (4) and (7). Assume that (10) holds for r; we prove it for
r+ 1. By matrix multiplication,

AO,r+1(h, l)= Z AO,l(ha ’y)AO,r('y’ l)
0<y< K
By the induction hypothesis, this is

) by au, y) v a(v, i).

O<y< K I v
hb<Kp+y<(h+1)b YOS Kv+i<(y+1)b
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Let y =Ku+7y. We may regard u and y as functions of y, namely,
u=[¥/K] and y=y — K[¢/K]. Thus we can rewrite the sum over y and
W as a sum over ¥; ie.,

AO,r+l(hs l)= Z a(#» )’) Z a(v, 5)

v v
hb<y <(h+1)b WS Kv+i<i(y+1)b

We now make the substitution (8) in the inner sum; then
a(A, i) =a(v, i) a(p, y).
Thus
Ao, silh )= Z Z a(4, i).
hb<¢<'l’(h+1)b (Kp+y)b’<lﬂ-:i<(l<p+y+l)b’

Since ¥ = Ku + v, this becomes

= D a(4, i),

i
WtV KA+ i< (h+1)brt!

which completes the induction. ||

We say that the Type ¢ matrix A(0) is trivial if a(4,i)=1 for 0< i< b,
0<i< K If 4(0) is trivial, it follows from (8) that

a(A, i)=1 forall 120, 0<i<Kk {12}
LemMa 6.  If the matrix associated with the Type ¢ sum T(r,0) is trivial,
then T(r,0)=»b".
Proof. By (2) and (6),

T(r,0)= Y Ag,(h0)

O0<h<K

By Lemma 5, this is

Y ¥ a(4, 0).

O0<h<T A
hY' < KA< (h+1)0

The result now follows from (12). |

641,33,2-3
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PROPOSITION 3. If the matrix associated with the sum T(r, Q) is trivial,
then for all n =0,

1 4
e (;j; ajs(kjn)> =1.

Thus

i a;s(k;n)=0 (mod m).

j=1

Proof. Given n=0, choose r so that " >n. By Lemma 6, T(r,0) is a
sum of " unimodular complex numbers adding to b". Thus each term of
T(r,0) equals 1. |

We now investigate nontrivial matrices. If A(0) is nontrivial, then
a(Ag, ip) # 1 for some 0 <A, < b, 0<iy <K By (9), 4,#0.

Choose r'>1+log, K, so that " > Kb. It is easily seen that the sum
(10) for each entry of A" is nonempty.

LemMa 7. If A is nontrivial, then

{Ag A0, ip)] < Y, 1.

!
O<Ki+ip<b”
Proof. By (10),

A (0, 1) = Z a(4, io).

A
O< Ki+ig<bd"

This sum contains both a(0, i)=1 and a(4,, iy)# 1. The result follows
since (10) is a sum of unimodular terms not all equal. |

Lemma 8. If A is nontrivial, then for 0<i< K,
[AO,Zr'(O, l)' < Z l
0<Kiii<b2"

Proof. From the identity 4> = 4" A" and matrix multiplication,

AO,Zr’(O’ l) = Z AO,r’(O’ V) AO,r’(y’ l) (13)

O0gy< X
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For r=r', the sum in (10) is nonempty for each (A, /). Thus it follows from
(11) and Lemma 7 that

IAOr(Os lO)AOr’(lO’ l)l<< Z 1)( Z ])

0<K&ii0<b" igb” < Ku +I’;<(io+ )8
Combining this with (11) and (13) yields

400N < Y 5 5 L

0<sy<K A ) u .
0K Ki+y<d pbf SKu+i<iy+1)4

The result follows upon rearranging this triple sum. |

LeMMA 9. If A is nontrivial, then for 0<i< K,

Y ook D) <b”.

Osh<K

Proof. By (11} and Lemma 8§,

Y oah i< ) ) 1,

0<h<K 0<h<K . A )
R S Ki4+i<(h+1)bY

from which the result follows. ||
In a similar way we can prove

LemMma 10. For all v=0,0<i<K,

Z IAv,l(ha i)'sb

O<h<K

4. APPLICATION TO TYPE / SUMS

PROPOSITION 4. If the associated Type ¢ matrix is trivial, then
lim : Y e(lias(k )) 1
— — . n)l=1.
NowNg oy \M ;2 Y
Proof. This follows at once from Proposition 3. |

We begin our investigation of the nontrivial case with the following
lemma, whose proof follows easily by matrix multiplication.
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LemMma 11. Let A=[a, ;] be a K-by-K matrix and let
v(0)
V= . .
v(K—1)
Define N(V)=Yoc,x 0(i)l, and suppose that 3, ,_xla,) <M for
0<i< K. Then N(Av)< MN(v).

LemMma 12. If the matrix A corresponding to the sum T(r,0) is non-
trivial, then for a=0, v20,

‘T(zar/ + 1’ U)l SbZ(l—é)ar’+1
for some real 8 >0 which is independent of v.

Proof. For all r >0,

T(r,v,0)
\T(r, o)< Y, \T(r,0,h)|=N
O0<h<K T(r,v,K—l)
Thus, by Proposition 2,

1

! 2ar’ 0

|T(2ar' + 1, v)| < N| A(v) AQ0)“ | .

0

1t now follows from Lemmas 9, 10, and 11 that
1

0
| TQar' + 1, v}l <bc®N{ | . |},
0
where ¢=3 ., |4o2(h i)l. Since c<b?, then ¢=b>"""2 for some
0> 0. Since

[

fen JEIARY

the result is established. ]

The next lemma is an easy corollary of Lemma 12.
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LEMMA 13. If the matrix A corresponding to the sum T(r, 0) is non-
trivial, then for some § >0,

T(r,v) < b1~

uniformly for r =0, v=0.

PROPOSITION 5. If the matrix A corresponding to the sum T(r,0) is non-
trivial, then for some 6 >0,

1 4 1—6
y e(;]Z ajs(kjn)) <N

O€n< N =1
as N—- .

Proof. We partition the interval 0 <z < N into subintervals of the form
v;b"<n< (v, +1)b" where 0<r;<log, N for all i, and where each value of
r; appears in at most »— 1 subintervals. The sum in question is bounded
by X, |T(r;, v;)], which by Lemma 13 is

<Z b(lvé)fi

<(b-1) Y -

O<iglogy N

The result follows upon summing this geometric series. [

PROPOSITION 6. If the matrix associated with T(r, Q) is nontrivial, then
Sfor some n>=0,

Y a;s(kin)#0  (mod m).
1

j=
Proof. Were this not the case, we would have
T(r,0)=b"

for all r 20, in contradiction to Lemma 13. J

S. DETERMINATION OF TRIVIAL AND NONTRIVIAL SUMS

By Propositions 3 and 6, the matrix 4(0) associated with the sum 7{(r, 0)
is nontrivial if and only if
£

Y. a;s(k;n)#£0 (mod m)

j=1
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for some n>0. We now determine precisely when this happens. We
consider two cases.
PROPOSITION 7. Suppose that m|a;(b—1) for j=1, .., ¢. Then

é a;s(k;n)=0 {mod m) (14)

j=1

for all n if and only if
£
Y ak;=0  (modm). (15)

Proof. We have
s(k;n)=k;n {(mod b—1)
for all n. Thus for all n,
a;s(k;n)=a;k;n (mod a;(b— 1)),
so that

a;s(k;n)=a;k;n (mod m).

It is clear from this that if (15) holds, then (14) holds for all # >0, and that
if (15) fails, then (14) fails for n=1. |

PROPOSITION 8. Suppose that m | a;(b—1) for some j. Then for some n,

‘Z a;stkn)£0  (mod m). (16)

j=1

Before giving the proof, we establish some lemmas.

Let k be the largest k; for which m | a,(b— 1), and let a be the coefficient
a; corresponding to k. We further put 2= (k, b). Note that 4 < b since we
are assuming that b | k.

LEMMA 14. There exists f >0 such that

(i) b1 (fk/h+1)v for 1<v<h
(ii)) bifk+h
(i) b*)fk+h
Proof. Let w be the largest divisor of » which is relatively prime to b/h.
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wlh, (w,ﬁ>=].
w

Choose u relatively prime to i/w. Then the congruence system

u (mod ﬁ)
W

1 (mod w)

Then

t

]

(17)

n

5
h
has a solution ¢ >0, and (¢, #)= 1. Since h= (b, k), we can define f, by

b
0<fO<Z’ Sok=—h (mod b).

Let A= fyk/h; then
hi= —h (mod b).
Thus (4, b/h) = 1, and therefore

(6.08)-1.

Since also (4, b)| b, then by the maximality of w,
(4, b)|w. (18)
Let u=1tb/h—1; then w|u by (17), and
hp= —h (mod b). {19}
Since w|pu, then (4, b){u by (18), and so the congruence
fir=p  (modb) (20)

has a solution f; > 0. Let f = £, /,; then by (20),

th
—+1=

Since (1, h) =1, conditions (i) and (ii) follow. Condition (iii) follows from
(i) since bh )} fk+h. |
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From the inequality

h  h . (
—— < =< min

h+1 h
k+1 k&

k k-1

we see that, for sufficiently large y, we can choose positive integers a and
B such that

h . (h+1 &
Y — hH? —_— Y
k+1b <a<kb <B<m1n( )b.

We may rewrite these inequalities as

ka < hb? < (k + 1)a, 21)
(k—-1)g<hb’<kB<(h+1)b".
We define
T, =fb"+ua
T,=f b1 4a
2=f 22)
1;=fb"+ B

T4= fbv 1 + B’
where f is as defined in Lemma 14. For i=1, 2, 3, 4, let
4
8= a;s(k;z,).
i=1
Finally, we partition the set {1,2, .., /} into the following classes:

T={j:kj=%k for some vsh}

J={j¢T:mlab—1)}
I={j¢T:m|a;(b—1)}.

LEmMMA 15, Fori=1,2,

Y aistkty_ )= Y a;s(k,Ty) (mod m).

jel jel
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Proof. Since t,,_ =1, (mod b—1), then
s(k;ty ) =s(k;ty) (mod b—1)

for all je I The result follows since m|a;(b—1) for all jel. |

The following lemma is an immediate corollary.
LEMMA 16, §;—8,—S;+S,=51— 85— S5+ 5% (mod m), where

Si= Y asik;t,).

jeTulJ

We now restrict our attention to je TuJ. For such j, k; < k. We write
Sk =bu;+ uj, O<u;<b
ok, = b'v; + v}, 0 <b (23)

Bk, =b'w; + wj, 0<w;<b.

LeMMA 17. IfjeJ, then v;=w;,.

Proof. Since a<p by (21), then »;<w;. Suppose that v;<w;; then
by (23),

ok; < w;b" < k;. (24)

Now k; <k since je J; thus k; < hb” by (21). We conclude that 1 <w, <#.
It follows from (21) that

W, w,
—h—’koz<wjby<(#k+1)<x,

W w,
(#k—1>ﬂ<wjby<711kﬂ.

By (24), this implies that k,= (w;/h)k, contrary to the hypothesis that je J.
This contradiction establishes the resuit. ||
LemMMa 18. S, —S,—S;+S,=87—57— 83+ S} (mod m), where
Si=3 a;sik;t,)

jeT

Proof. By (22) and (23),
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kiy=ub’* '+ (u;+v,)b" +v;
kity=ub’ 2+ ub’* +u;b" +v; 25)
ks =ub" "+ (u)+ w))b" + w;
kita=wb" 2 +ub’* '+ wb’ +w).
By Lemma 17,
s(kty) —s(k;ty) — s(k;T3) + s(k;t4) =0
for jeJ. The result now follows from Lemma 16. |
LEMMA 19. If k;=vk/h, 1 <v<h, then uj=b—v if and only if v=n~h.
Proof. By Lemma 14,

([;llj+1>v_=_o (mod b)

if and only if v = A. Thus
fki=—v (mod b)
ifand onlyif v=~h. |

LemMMA 20. If k;=vk/h, 1 <v<h, then v;=v—1 and w;=v.

Proof. Since h <k, then

v—1 v
< -
( p k+1)a\hka.

But

(v—1)bvs(v;lk+1>a
by (21), so that
(n—1)b" <~ ka.
h
Since also

%ka<vby
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by (21), we conclude by (23) that v,=v — 1. A similar argument establishes

that w;=v for 1 <v<h, and this follows for v=#h from (21). ||

Lemma 21. Sl — 52 - S3 + S4 = a(s(kfl) - S(kfz) - S(k‘t3) + S(kf4))

{mod m).

Proof. Let jeT, k;#k. Then k,=(v/h)k where 1<v<h. By the two

preceding lemmas, we have

uFb—v, v=v-—1, W,

J=V.

Thus
s(bu;+uj+v;) = s(bu;+ uj+w;) — 1.
Therefore, by (25),
s(k;ty)—s(kjty) —s(k;t3) + s(k;14) = 0.
The result now follows from Lemma 18. |
LemMMa 22. a(s(kt,)—s(kt,) —s(kty) + s(kt,)) # 0 (mod m).

Proof. Let k=k; By Lemmas 19 and 20,
h.

Il

uj=b—nh, v,=h—1, w
Thus by (25),
s(kt,)—s(kty) —s(kty) + stkty) =s(u;) — s(u;+ 1)+ b.
Now
Sk+h=(u+1)b

(26)

by (23) and Lemma 19. Thus bfu;+1 by Lemma 14. It follows that

s(u;+1)=s5(u;) + 1. By (26) we conclude that
stkt)— s(kty) —s(kt;) +stkry)=b— L.

Since k and a were chosen so that m | a(b— 1), the result follows.

Proof of Proposition 8. By Lemmas 21 and 22,
§5,—-8,-8,+5,#0 (mod m),
so that
S;#0 (mod m)

for some i Thus (16) is satisfied with n=1,. |
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6. PROOF OF THEOREM 1
We begin the proof by writing

Cy=card{0<n<N:s(k,n)=r; (mod m)forj=1,..,¢}

‘1 a

= Z l—I —n; z e(; (s(kjn)—rj)>.
O0sn<N j=1 O<a<m

Multiplying out the sums and rearranging, we obtain

§<m... Y, e(—égajrj) Yy e(—;;;ajs(kjn))

O<ar<m 0sn< N

1
CN—W0<

=

By Propositions 4 and 5, the (rational) limit

. Cy
L= lim -~
1m N

N—ow

exists, and

1 1
L=—3 Y o X e —;Zaﬂj,
Oga <m O<ar<m j

(ay,...,ar)e R

where R is the set of /-tuples (ay, ..., a,) for which the corresponding Type
£ sum is trivial.
By Propositions 3 and 6, R is the set of /-tuples (a,, ..., a,) for which

i a;s(k;n)) =0 (mod m)

j=1

for all n>0. By Propositions 7 and 8, this implies that

L=# r X e(‘%%laj’j)-

O<aj<m O<gar<m
miai(b—1) mlas(b—1)
m|3;aik;
Therefore
1 1 u
L=m_2’—+‘ X o X e _;Za/"j X e(;Zajk,-)
Oai<m O<ar<m Jj Ou<m 7
) e(alvl(b—l)>.. Y e(d,v,(b—l))
Osvi<m m Ov,<m m
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Rearranging this sum, we obtain

1 ‘1 1 a;
L=— — — ~L(k; b—1)v,—r)).
m0$§:<m jl;llmosvzj<mm0<azj<me(m(k}u+( )U] r]))
Therefore
1 ‘1
L=— Y% I_[;card{0<01<m:m|k,u+(b—1)v,~r,}.

Osu<m j=1

We recall that g = (b — 1, m). The congruence
(b—1v=r—ku (mod m)

has g solutions v if g|r — ku, and none if g | r — ku. Thus

1 ‘g
t=— ¥
O<u<m j=1
glry—ku
for j=1,..¢

Therefore
g\ 1
L= (;) ;card{0<u<m:kjusrj (mod g), j=1, ... ¢}.
By the elementary theory of congruences, this implies that

'
1
L= (%) ;card{0<u<g: ku=r;(mod g),j=1,.,¢}. (27)

The congruence system appearing in (27) is just the system (#x). The
theorem now follows from our earlier remark that if (*+) has a solution,
then it has precisely (d,, ..., d,) solutions.

7. FURTHER REMARKS

By taking more care in the above arguments, it is possible to give an
explicit error bound for the remainder term

R(N)=§A7N~L.

Indeed, it is shown in [3] that

[R(N)| < 8p°T’N 7, (28)
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where
__4sin’(n/2m)
T BT log(h*T?)

This bound is far from best possible.
The results of this paper are easily generalized to deal with the system

stkin+h)=r, (modm), j=1,..,¢ (*%x)

in the case where

_[ke
h,-~[K] (29)

for some p with 0 <p < K Lemma 3 is easily generalized to this case, and
the generalization of Theorem 1 follows at once. (See [3].)

For a system (xxx) where (29) does not hold, it can still be possible to
obtain an analog of Lemma 4 using a matrix of a slightly different form.
(See [3] for an example of this.) We conjecture that the techniques of this
paper can be extended to generalize Theorem 1 to the case (#*x).

Gelfond’s proof [2] of his theorem used generating functions rather than
Type ¢ sums. Thus the proof of Theorem 1 provides a new proof of
Gelfond’s result. It is unlikely that generating functions can be used to
obtain nontrivial bounds for Type ¢ sums with ¢ > 1.

Finally, we mention another application of Type 2 sums. Gelfond [2]
conjectured that, if (m,4—1)=1, then the numbers s(p) (p prime) are
equally distributed among residue classes (mod m) This conjecture would
be true if, for a=1, . -1,

¥ e(5stp)) = otat) (30)

pP<N

as N—oo. By using Vaughan’s version of Vinogradov’s method of
exponential sums [ 1], it is easily seen that (30) follows from the following
conjecture.

CONJECTURE.  For all sufficiently large N there exist U and V such that
U22, V22 UV<N, and such that for all M with U< M < N/V, we have

a 2
> ) ( Y 6’(;1‘ (S(jn)——s(kn))) =o(N?log 12 N))

V<j<N/M V<k<NM \M<n<2M
n< Njj
n< N/k

as N - 0.

The bounds (28) are far too weak to prove this conjecture.
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