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Abstract

In the present work, the authors determine coefficient bounds for functions in certain subclasses of starlike and convex functions
of complex order, which are introduced here by means of a family of nonhomogeneous Cauchy—Euler differential equations. Several
corollaries and consequences of the main results are also considered.
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1. Introduction and definitions

Let A denote the class of functions f(z) normalized by
o
f@ =2+ ad, (1.1)
k=2
which are analytic in the open unit disk
U={z:zeCand |z| < 1}.

A function f(z) € A is said to be in the class S*(y) if it also satisfies the following inequality:

m[1+l<zf@—1>}>o (z €Uy e C* = C\ {O}). (12)
y \f(@)

* Corresponding author. Tel.: +1 604 721 7455; fax: +1 604 721 8962.
E-mail addresses: oaltintas @baskent.edu.tr (O. Altintag), hisimya@baskent.edu.tr (H. Irmak), owa@math.kindai.ac.jp (S. Owa),
harimsri @math.uvic.ca (H.M. Srivastava).

0893-9659/$ - see front matter © 2007 Elsevier Ltd. All rights reserved.
doi:10.1016/j.aml1.2007.01.003


http://www.elsevier.com/locate/aml
mailto:oaltintas@baskent.edu.tr
mailto:hisimya@baskent.edu.tr
mailto:owa@math.kindai.ac.jp
mailto:harimsri@math.uvic.ca
http://dx.doi.org/10.1016/j.aml.2007.01.003

0. Altintas et al. / Applied Mathematics Letters 20 (2007) 1218-1222 1219

Furthermore, a function f(z) € A is said to be in the class C(y), if it also satisfies the following inequality:

m(1+lzf (Z)>>o (zeU;y eC. (1.3)
y f(@)

The function classes S*(y) and C(y) were considered earlier by Nasr and Aouf [10-12] and Wiatrowski [15],
respectively (see also [8,9,14]).
We also let SC(y, A, B) denote the subclass of A consisting of functions f(z) which satisfy the following condition:

” [1 N 1 (z[sz’(z) +A=Mf@)])
y \ Aff@+ A —-Nf(2)

1)} >B (f@QeA0SAS1;058<1;yeChzel).
1.4)
Clearly, we have the following relationships:
SC(y,0,0) =8*(y) and SC(y,1,0) =C(y).

Recently, the function class satisfying the inequality (1.4) was considered by Altintas et al. [4]. For other special
cases of the function class SC(y, A, B), we refer the reader to the investigations by (for example) Altintas et al. [1-3,
5-7]. The main object of the present investigation is to derive some coefficient bounds for functions in the subclass
B(y, A, B; u) of A, which consists of functions f(z) € A satisfying the following nonhomogeneous Cauchy—Euler
differential equation:

d*w

dw
Pm H A H Wz F (e = 1+ 2+ W)
(w:=f@)eA gk eSCly, B);uekR\ (—o0,—1]). (1.5
2. Coefficient estimates for the function class SC(y, A, )
For functions in the class SC(y, A, B), we first establish the following result.
Theorem 1. Let the function f(z) € A be defined by (1.1). If the function f(z) is in the class SC(y, A, B), then
n—2
TT1 +2lv1( = B
— (n e N*:=N\ {1} ={2,3,4,...)). 2.1

lan) < 2=
=Dl +1(n —1)]
Proof. Let the function f(z) € A be given by (1.1) and let the function F(z) be defined by
F@=2f@+1-Mf@ (f@eA0=rs1zel).

Then, from (1.4) and the definition of the function F(z) above, it is easily seen that
1 (zF'(2) )}
R+ — ( —1)|>8
[ Yy \ F@)

F@=z+) Azt e A (Ac=[+rk—Dla:k e N).
k=2

with

Thus, by setting
1 (z2F ()
I+ (ﬁ - 1) — B
1-p
or, equivalently,

F(@)=[1+yd-pB)(h(z) - DI F(2), 2.2)

= h(z)
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we get
h(z)=1+ciz4+ >+ (zel). (2.3)
Since
RM@E)>0 O=B<1lyelCh,
we conclude that
lenl =2 (neN).
We also find from (2.2) and (2.3) that
(n— 1Ay =2y(1— B)[1 + Ay + As+ -+ Ay_y].
In particular, for n = 2, 3, 4, we have

Ay =2y(1 = B) = |A2] = 2ly|(1 - B),
2|1 =AM +2[y|d — B)]

243 =14 Ay = |A3] = 2

and

2ly|(1 = A +2[y|d = A2+ 2]y |1 - p)]
3! ’

respectively. Using the principle of mathematical induction, we obtain

3A4 =1+ Ar + A3 = |A4] £

n—2
T11 +2y1 = B)]
< /=0 *
|A,l £ D (n € N¥). 2.4)
Moreover, by the relationship between the functions f(z) and F(z), it is clear that
Ay =[1+A(n—Dla, (neN, (2.5)

just as we indicated above.
The inequality (2.1) now follows from (2.4) and (2.5). This evidently completes the proof of Theorem 1. [J

By choosing suitable values of the admissible parameters 8, A, and y in Theorem 1 above, we deduce the following
corollaries.

Corollary 1. If a function f(z) € A is in the class SC(y, A, 0), then

n—2
[TG+2lvD
Jj=0

|| <
(n—=DIl+xr(n —1)]

(n € N*).

Corollary 2 (cf, e.g., Nasr and Aouf [10]). If a function f(z) € A s in the class S*(y), then

n—2
[1G+2lvD
<= *
lay| = =1 (n € N¥).
Corollary 3 (cf, e.g., Nasr and Aouf [10]). If a function f(z) € Ais in the class C(y), then

n—2
[TG +2IyD

jan] S (e N,

n!
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Corollary 4. If a function f(z) € A is in the class SC(1 — «, A, B), then
n—2

[ +20 =)= p)]
Jj=0

lay| =
(n—DN 4+ Ar(n — 1)]

(n € N*).

Corollary 5 (c¢f. Robertson [13]). If a function f(z) € Ais in the class S*(1 — «), then

n—2
[TLJ+201 - )]
< /= *
|an| = (l’l—l)' (l’lEN )
Corollary 6 (c¢f. Robertson [13]). If a function f(z) € Ais in the class C(1 — «), then
n—2
[0 +20 - o)
jan) < 22 (n € N¥).
n!

3. Coefficient bounds for the function class B(y, A, 8; n)
Our main coefficient bounds for functions in the class B(y, A, 8; w) are given by Theorem 2 below.

Theorem 2. Let the function f(z) € A be defined by (1.1). If the function f(z) is in the class B(y, A, 8; ), then

n—2
I+mw@2+p ]_[O[j +2|yl(1 = B)]
j=

lan| = (n € N). (3.1)
m=Dn+pw)mn+1+w[l+Arn-—1)]
Proof. Let f(z) € A be given by (1.1). Also let
o0
g@)=z+Y bt eSCy. 1 B). (3.2)
k=2
so that
Ad+w2+w
n = n N*; R\ (—oc, —1]). 33
EESICES ) (n e N, ueR\ (—o0, —1]) (3.3)
Thus, by using Theorem 1, we readily obtain
n—2
T+mw@+w [T +2y1d =Bl
(n € NY),

lan| =
m—DIn+uwn+1+wl+rn—1))]
which is precisely the assertion (3.1) of Theorem 2. [J
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