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A characterization of 2-arc-transitive dihedrants, that is, Cayley graphs of dihedral groups, is
given in [3, Theorem 8.4], describing such graphs either explicitly or as cyclic covers of certain
basic dihedrants. The proof is carried out via a reduction scheme based on the classical results
due to Schur and Wielandt, saying that cyclic groups of composite order and dihedral groups
are all B-groups [4, Theorems 25.3 and 25.6]. Consequently, the automorphism group A of a
connected 2-arc-transitive Cayley graph X � K2n of a dihedral group D2n = 〈ρ, τ | ρn = τ 2 =
(ρτ)2 = 1〉 is necessarily imprimitive, allowing the above mentioned reduction with respect to
blocks of minimal length. The various possibilities that may occur for such blocks are covered
in [3, Lemmas 7.1–7.5]. Unfortunately, in Lemma 7.2 (and consequently in Lemma 7.3) one of
the cases needed to be considered was missed out. This case essentially leads to the situation,
where the group A has an imprimitivity block system with blocks of size 2 having nonempty
intersection with both orbits of ρ, and a single edge between any two adjacent blocks.

In this note we fill out the gap by proving a new lemma (Lemma 3 below) taking care of
this case too, and thus replacing [3, Lemmas 7.2 and 7.3]. In doing so we obtain the following
strengthening (Theorem 1 below) of [3, Theorem 8.4] which reduces the class of basic dihedrants
that may give rise (via cyclic covers) to 2-arc-transitive dihedrants.

Let n � 3. We let G denote the class of graphs containing complete bipartite graphs Kn,n,
complete bipartite graphs minus a matching Kn,n − nK2, incidence and nonincidence graphs
B(H11) and B ′(H11) of the Hadamard design on 11 points, and incidence and nonincidence
graphs B(PG(d, q)) and B ′(PG(d, q)), with d � 2 and q a prime power, of projective spaces;
and we let H denote the class of graphs containing cycles C2n, complete graphs K2n, and graphs

DOI of original article: 10.1016/S0095-8956(02)00033-3.
E-mail address: dragan.marusic@uni-lj.si.
0095-8956/$ – see front matter © 2002 Elsevier Inc. All rights reserved.
doi:10.1016/j.jctb.2006.01.003

https://core.ac.uk/display/82359088?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
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q+1 obtained as regular Z2-covers of Kq+1,q+1 − (q + 1)K2, q an odd prime power, by iden-

tifying the vertex set of the base graph with two copies of the projective line PG(1, q) where the
missing matching consists of all pairs [x, x′], x ∈ PG(1, q), and the edge [x, y′] carries voltage
1 if x − y is a nonsquare in GF(q), and voltage 0 in all other cases.

Theorem 1. Let n � 3, and let X be a connected, 2-arc-transitive Cayley graph of a dihedral
group D = D2n = 〈ρ, τ | ρn = τ 2 = (ρτ)2 = 1〉 of order 2n. Then one of the following occurs:

(i) either X ∈ G ∪H; or
(ii) X is a regular cyclic cover of a graph in G; more precisely: there exists a proper divisor m

of n such that the set B of orbits of 〈ρm〉 is an imprimitivity block system of AutX relative
to which X is a regular Zn/m-cover of XB , the latter being a graph in G admitting a regular
dihedral group D/〈ρm〉.

Let X �= K2n be a connected dihedrant of order 2n, n � 3, relative to the group D2n =
〈ρ, τ | ρn = τ 2 = (ρτ)2 = 1〉. A block B of AutX is said to be cyclic if there are w ∈ V (X)

and m ∈ Z#
n such that B coincides with the orbit 〈ρm〉w, and is said to be dihedral if there are

vertices u and v belonging to distinct orbits of ρ and m ∈ Zn \ Z∗
n such that B = 〈ρm〉u ∪ 〈ρm〉v.

The first lemma below corrects an error—having no consequence to [3, Theorem 8.4]—in the
statement of [3, Lemma 7.1].

Lemma 2. (Correction to [3, Lemma 7.1].) Let n � 3, X �= K2n be a connected dihedrant of
order 2n, let B be an imprimitivity block system of A = AutX, let ρ generate the cyclic subgroup
of index 2 in a regular dihedral subgroup D2n = 〈ρ, τ | ρn = τ 2 = (ρτ)2 = 1〉 of A, and let K

be the kernel of the action of A on B. Then one of the following occurs:

(i) the blocks in B are all cyclic and K ∩ 〈ρ〉 = 〈ρm〉 for some m ∈ Z#
n; or

(ii) the blocks in B are all dihedral and K ∩ 〈ρ〉 = 〈ρm〉 for some m ∈ Zn \ Z∗
n.

Lemma 3. (Replacement of [3, Lemmas 7.2 and 7.3].) Let n � 3, X �= K2n be a connected
2-arc-transitive dihedrant of order 2n and valency at least 3, let D = D2n = 〈ρ, τ | ρn = τ 2 =
(ρτ)2 = 1〉 be a regular dihedral subgroup of A = AutX, let B be an imprimitivity block system
of A with blocks of length k � 2, and let K denote the kernel of the action of A on B. If |B| � 3,
then the following hold:

(i) if the blocks in B are cyclic, then X is a regular Zk-cover of a 2-arc-transitive dihedrant
XB , the latter admitting a 2-arc-transitive action of the group A/K ;

(ii) if the blocks in B are dihedral, then there exists an associated imprimitivity block system B′
for the group A with kernel K ′ such that either:
(a) the blocks in B′ are cyclic, in which case (i) holds for B′; or
(b) there are vertices u and v from different orbits of ρ such that either {u,v} or

{u,v,ρn/2u,ρn/2v} is a block inducing B′, and X is, respectively, a regular Z2-cover
or a regular Z2

2-cover of a 2-arc-transitive circulant XB′ , the latter admitting a 2-arc-
transitive action of the group A/K ′.
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Proof. First note that, because of 2-arc-transitivity of X, given any two blocks B,B ′ ∈ B, a ver-
tex in B has at most one neighbour in B ′. Also, part (i) follows directly by Lemma 2 and the
argument used in the proof of [3, Lemma 7.2(i)].

We may therefore assume that the blocks in B are dihedral. By Lemma 2 there exists m ∈ Zn \
Z∗

n such that K ∩ 〈ρ〉 = 〈ρm〉. Let u and v be two vertices from different orbits of ρ belonging to
the same block B ∈ B, and let [S,T ], where S = −S ⊆ Z#

n, and T ⊆ Zn, be the symbol of X rela-
tive to the triple (u, v,ρ), that is, for each i ∈ Zn we have that ui = ρiu and vi = ρiv are adjacent,
respectively, with ui+s , s ∈ S, and vi+s , s ∈ S, and, moreover, ui is adjacent with vi+t , t ∈ T .
Then B coincides with the set 〈ρm〉u ∪ 〈ρm〉v = {u0, um, . . . , u(k/2−1)m, v0, vm, . . . , v(k/2−1)m}.
Let C be an imprimitivity block system contained in B consisting of minimal blocks, and let H

be the kernel of the action of A on C. If the blocks in C are cyclic, then B′ = C satisfies part (a)
of (ii). We may thus assume that the blocks in C are dihedral, too.

Let C ∈ C be the block containing u0. Since the restriction AC
C of the setwise stabilizer AC to

C is, by minimality of C, primitive and contains the group DC
C , it transpires that there are only

two possibilities for C: Either C = {u0, v0} or C = {u0, v0, un/2, vn/2}. Moreover, if the latter
occurs then the kernel of the action of A on C is isomorphic to Z2

2, and so X is a regular Z2
2-cover

of XC and thus every 2-arc in XC is a projection of a 2-arc in X. Hence B′ = C satisfies part (b)
of (ii). This leaves us with the case C = {u0, v0}. For each i ∈ Zn let Ci = ρiC. If for any two
adjacent blocks Ci and Cj , the bigraph X[Ci,Cj ] is isomorphic to 2K2, then B′ = C satisfies part
(b) of (ii). We may therefore assume that, for any two adjacent blocks Ci and Cj , the bigraph
X[Ci,Cj ] is isomorphic to K2 + 2K1. By deriving a contradiction we shall see that this case
cannot occur. First, it may be easily seen that the symbol of X is [∅, T ] with T ∩ (−T ) = ∅ and
|T | � 3. Clearly, XC ∼= Circ(n,T ∪ −T ), is an n-circulant with symbol T ∪ (−T ), admitting an
arc-transitive action of A/H . In addition, since A acts transitively on 2-arcs of X, it follows that
for any pair of neighbours vt , and vt ′ , t, t ′ ∈ T , of u0, there is an automorphism in Au0 switching
vt and vt ′ . Thus A/H (or rather a subgroup of index 2 which fixes {Ct | t ∈ T }) acts doubly
transitively on {Ct | t ∈ T } (as well as on {C−t | t ∈ T }). In summary,

A/H is doubly transitive on {Ct | t ∈ T } and on {C−t | t ∈ T }. (1)

Moreover, an automorphism of X switches u0 with v0, and so its image in A/H interchanges the
sets {Ct | t ∈ T } and {C−t | t ∈ T }. We now use the classification of arc-transitive circulants (see
[1, Theorem 1] or [2, Theorem 1.3]) to analyze the possible structure of XC . By this classification,
XC can be the complete graph Kn, a normal circulant, a lexicographic product Γ  K̄r where Γ is
an arc-transitive circulant of order d and dr = n, or a deleted lexicographic product Γ  K̄r − rΓ ,
with Γ , d and r as above.

Case 1. XC ∼= Kn.
This case is covered in the last paragraph of the proof of [3, Lemma 7.3] and cannot occur.

Case 2. XC is a normal circulant.
In this case A/H has a normal cyclic group 〈ρ〉/H ∩〈ρ〉 ∼= Zn and so A/H ∼= Zn : AC0 , where

AC0 is the vertex stabilizer in the quotient graph XC . Now AC0 can be identified with a subgroup
in Aut Zn. But the latter is abelian, and so AC0 is abelian, too. Its action on {Ct | t ∈ T } ∪
{C−t | t ∈ T } is therefore regular and so it cannot act doubly transitively on {Ct | t ∈ T } (and
{C−t | t ∈ T }), proving that this case cannot occur.

Case 3. XC is a lexicographic product.
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There exist d, r � 2 such that dr = n and XC ∼= Γ  K̄r , where Γ is an arc-transitive d-
circulant. So we may assume that there is an imprimitivity block system of XC which superim-
posed on C gives rise to a new imprimitivity block system of X, call it D, generated by the block
{u0, ud, . . . , u(r−1)d , v0, vd, . . . , v(r−1)d}. Now there is a natural orientation of the circulant XC
induced by X, with an arrow pointing from Ci to Ci+t for all t ∈ T . Using (1) and the fact that
X is 2-arc-transitive, we can reduce our analysis to the following three possibilities: Either d = 3
(and Γ ∼= K3) and all edges between two blocks in XC have the same orientation; or d = 2, in
which case XC ∼= Kn/2,n/2; or r = 2 and the bigraph between two adjacent blocks in XC is a
directed 4-cycle. It is immediate that the first possibility gives rise to a disconnected graph X,
and applying the argument, used in the penultimate paragraph of the proof of [3, Lemma 7.3],
so does the second possibility. Finally, if r = 2 then D is generated by {u0, un/2, v0, vn/2}. If the
kernel of the action of A on D is 〈ρn/2〉, then {u0, un/2} gives rise to a new imprimitivity block
system B′ satisfying part (a) of (ii). If however the kernel of the action of A on D is transitive on
the blocks, then B′ = D satisfies part (b) of (ii).

Case 4. XB is a deleted lexicographic product.
Using a similar argument as in Case 3, we end up with two possibilities. Either d = 2, and

so XC ∼= Kn/2,n/2 − n/2K2, or r = 3 and the bigraph between two adjacent blocks in XC is a
directed 6-cycle. Again, the first possibility is covered in the penultimate paragraph of the proof
of [3, Lemma 7.3]. As for the second possibility, we see that 〈ρn/3〉 is normal in A and the
corresponding orbits give rise to an imprimitivity block system B′ satisfying part (a) of (ii), thus
completing the proof of Lemma 3. �
Proof of Theorem 1. With Lemma 3 in hand, the proof literally follows that of [3, Theorem 8.4].
Part (b) of Lemma 3(ii) is taken care by [3, Lemmas 7.4 and 7.5], whereas the argument in the
case of cyclic blocks, given at the end of the proof of [3, Theorem 8.4], may be extended to show
that a 2-arc-transitive dihedrant which is a cyclic cover of K4

q+1 (arising from cyclic blocks) is
also a cyclic cover of Kq+1,q+1 − (q + 1)K2 (arising from cyclic blocks). �
References

[1] I. Kovacs, Classifying arc transitive circulants, J. Algebraic Combin. 21 (2004) 353–358.
[2] C.H. Li, Permutation groups with a cyclic regular subgroup and arc transitive circulants, J. Algebraic Combin. 21

(2005) 131–136.
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